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Analysis of heavy-ion fusion reactions at extreme sub-barrier energies
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A coupled-channels analysis has been carried out for fusion reactions in the $Jsiigrf®. It demon-
strates that conventional coupled-channels calculations are unable to reproduce the unexpected steep falloff of
the recently measured cross sections at extreme sub-barrier energies. Heavy-ion fusion excitation functions are
also analyzed in terms of th@factor, as this offers a pragmatic way to study fusion behavior in the energy
regime of interest. It is shown that the steep falloff in cross section observed in several heavy-ion systems
translates into a maximum of ti#factor. The energies where the maximum occurs can be parametrized with
a simple empirical formula. The parametrization, which is derived here for rather stiff heavy-ion systems,
provides an upper limit for reactions involving softer nuclei.
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[. INTRODUCTION nuclear part of the real ion-ion potential has the form
The asymptotic behavior of reaction cross sections at very Vo
low energy is a critical issue for calculating reaction rates of U(r,a) = r-RrR1” (1)
astrophysical interest. Recently, it was pointed out that fusion 1+ex Y

cross sections for several heavy-ion systems show an unex-

pected behavior at very low energi¢s], with a much with the following values for the parametersy,
steeper falloff than obtained in conventional coupled-=77.68 MeV,a=0.63 fm, andR=9.837 fm, and aesulting
channels calculationi2], or from Wong's formulg3]. Inthe  Coulomb barrier 0f132.4 MeV. An effective 8 value is
present work, we first take a detailed look at the fusion ofintroduced in terms of the reduced matrix element of a
®Ni+#9Y, the system originally reported in RefL], but not  deformation amplitudey, , (of multipolarity X and projec-
analyzed in terms of coupled-channels calculations. We thefion 4, on the quantization axjsas
relate the study of fusion reactions at extreme sub-barrier
energies to a representation in terms of féactor. This off 20 +1 V47(2\ + 1)Byy . (EN)
factor, which in the past has been successfully applied to By = 2l +1<|f”“x”|i>: (3+N)Z (2
. . . . . . f

fusion reactions with lighter ions at low energies, proves to
be an alternative, pragmatic way of characterizing and exwherel; andl; are the spins of the initial and final states.
ploring the behavior of heavy-ion fusion cross sections in thélere, the result is expressed in terms of the atomic nuiiber
energy domain of interest. To our surprise, a maximum apand the reduced transition probabilB(EN) (in Weisskopf
pears systematically in the evolution 8fwith the energye  unit9). In this way, it is possible to deal on equal footing with
for all systems exhibiting the steep falloff described abovefransitions in odd and even-even mass nuclei. This effective
This maximum occurs at values & corresponding to a /S value is identical to the usud@ value for transitions from
rather high excitation energy in the compound nucleus.  the 0" ground state of even-even nuclei. From definiti@

we now obtain the matrix element of the deformation ampli-

tude v, between the initial and final states,

Il. COUPLED-CHANNELS CALCULATIONS

PN
The experimental cross sections féiNi+8%Y [1] are (IMglen,[1iM;) = <|iMi)‘M|lfo>%
compared in Fig. @) with three calculations. The solid and Vel
dotted curves are the results of coupled-channels calculations B
which are performed in the rotating target frame approxima- = (iMikge]1iMy) \m 3)

tion [4] and include the low-lying quadrupole and octupole
excitations of the®Ni projectile and the®®Y target, their ~whereM; andM; are the magnetic quantum numbers of the
mutual excitations, as well as the two-phonon quadrupolénitial and final states, respectively. The two quadrupole
excitation in®Ni (see Table) The two approaches differ transitions in®%Y have been combined into one transition
only in the way fusion is calculated. because the two excitation energies are almost identical.
The solid curve is based on a real ion-ion potential andThe same was done for the two octupole transitions.
ingoing-wave boundary conditions, and the fusion is ob- The dotted curve in Fig.(&) is based on a similar calcu-
tained from the ingoing flux inside the Coulomb barrier, nearation, but it includes an additional short-ranged imaginary
the local minimum of the interaction potential. This is the potential. The fusion is then obtained as the sum of the ab-
conventional method in coupled-channels calculations of fusorbed and ingoing flux. These two methods of simulating
sion reactiong4]. The Woods-Saxon potential used for the the fusion process produce almost identical cross sections
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0N+ %Y TABLE I. Low-lying states in®Ni and 8% . In the case ofNi,
T the reduced transition rat&EM) for the quadrupole transitions are
10°F = from Ref.[25] and the values recommended by Spe#i are used
(@) ? for the octupole transitions. TH&E\) values for®Y are from Ref.
10" = [27]. The effectives value is defined in Eq(l).
10°F 3 Nucleus | i N E(MeV) Byu(En) B
E 10 - ot 2* 2 1333 135 0.208
% F 3 60N 2* 4* 2 2.506 61.0 0.442
0% 3 0 3 3 4040 13.9 0.208
10°F - vz 3/z 2 1507 206  0.058
3 122 5/ 2 1.745 2.32 0.062
10 E 89y 12" 512" 3 2222 183 0172
B — 1 1z 7283 2.530 19.7 0.178
- (o) — Coupled channels T /27 9/2" 5 0.909 5.14 0.085
4 __ ----- C. C. with imaginary pot. __
T -=- One dim. barrier penetration with a more modest increase at lower energies. It should be
2 ']l’+ noted that Wong'’s formula, used to fit the data in Hét,
o 0 4 pr_oduces a constant logarithmic d_eriv_ative at low energies
] " with a value around 1.5not shown in Fig. {b)].
; The solid curve of Fig. () was obtained from the
coupled-channels calculations based solely on a real ion-ion
potential. It exhibits an oscillatory behavior below the Cou-

lomb barrier. The oscillations are caused by coupled-
channels effects that are damped out when the short-ranged
imaginary potential is include@lotted ling. The solid curve
rises steeply near 115 MeV because of a local minimum in

mic derivatives for the same system, derived from the dat@)of the E:f;;oglkﬂ Fillutsh r:uc'?ar ?.Otinttlalthmsfldg the barrlerb at
The solid and dotted curves are the results of the coupled-channe mi”_h. h he | ah.se Sla imit to the USIO? proqess ﬁ'
calculations discussed in the text. Also shown are the results for ‘L:PWt is threshold. This value may not be realistic since the

one-dimensional barrier penetration calculation based on an adNergy of the ground state of the compound nucleus is much
justed interactior(see text for details lower, i.e., Q=90.5 MeV. In contrast to the calculations,

the data points increase continuously below the Coulomb

near and above the Coulomb barrier, but there are differenc bsarrler without any sign of leveling off. The same behavior

. . . as observed for four other systems in Réf.
at lower energies, as discussed below. Finally, the dashe . . L
S ! . . . In Ref. [5], it was pointed out that the large logarithmic
curve in Fig. 1a) is the result of one-dimensional barrier

penetration calculations with the same ion-ion potential pagerivatives obtained from the measurements are consistent
rametersv, anda, but with a radiusR=10.26 fm adjusted to with the large diffuseness of the ion-ion potential that these

. authors have often used to fit high-precision fusion data
reproduce the measured data in the 122—-126 MeV ener . . . .
range, resulting in a Coulomb barrier of 127.3 MeV. g[%,?]. Their calculations with a large diffuseness of 1.3 fm

8Nli + 58Nii do i i
The unexpected steep falloff in low-energy fusion crossfor the systen?™Ni+ **Ni do improve the agreement with the

sections in Ref[1] was originally analyzed by plotting the data at lower energies when compared to results obtained by

o A : .~ using a conventional, more realistic diffuseness of 0.65 fm
lt?rgggtthhrg'igﬁ{gﬁ:‘\_ﬁgg;heenr:%is duerﬁgefgs:;n cross seation (see Fig. 3 in Ref]5]). However, the calculated logarithmic

derivative does eventually saturate and exhibit a local maxi-
1 d(Eo) mum. In fact, this maximum may be part of an oscillatory
Eo dE (4) behavior, as seen in Fig(H). The experimental logarithmic
g . . . .
derivatives, on the other hand, continue to grow with de-
Figure Ib) compares such derivatives obtained from bothcreasing energy.
the measured fusion cross sections and the three calculations A possible reason for the fact that a large diffuseness is
displayed in Fig. (&). As discussed in Refl], the experi- sometimes needed to fit high-precision fusion data could be
mental results, shown as closed and open circles, were olthat the low-energy fusion becomes sensitive to the ion-ion
tained from consecutive data points and from least-squargsotential inside the Coulomb barrier. This part of the inter-
fits to three data points, respectively. The dashed curve, olaction may not be accurately modeled by the conventional
tained from the one-dimensional barrier penetration calculawoods-Saxon parametrization in Ed). In order to investi-
tion, increases in the vicinity of the Coulomb barriget to  gate this point, we have modified the interaction fer R
127.3 MeV, see aboyeThe rise levels off below the barrier with a larger diffuseness;, but have kept the interactiqi)

FIG. 1. (a) Fusion excitation function fof'Ni+8%. The data
are from Ref[1]. The arrow represents an upper lingl) logarith-

L(E) =d[In(Eo) J/dE=
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60

Ni+ 2%y that the failure to reproduce the steep falloff in tPi
+8%y system is caused by the Hill-Wheeler approximation
for the barrier shape used in the Wong formula. However, as
shown in this work and in Ref9], coupled-channels calcu-
lations, which do not employ this approximation, are also
unable to reproduce this feature in the data.

140

120

u(r) (Mev)

Ill. SFACTOR REPRESENTATION

100 . . . .
While the behavior of fusion cross sections at the lowest

beam energies is illustrated well by the logarithmic deriva-
tives introduced in Ref[1] and used in Figs. 1 and 2, we

80g ) :3 ) 1|0 ) > ) 14 shall show below that an alternative, pragmatic representa-
r (fm) tion is also possible in terms of @& factor. Historically, the
5—mT—T—F———————T— T S factor was introduced as a useful way of parametrizing
- (b) - cross sections for radiative proton capture, and for light-ion
4 — fusion reactiong10,17. It is defined in terms of the fusion

— Coupled channels .
- .~ Constant S-factor . cross sectiorwr as[12]

% 3 %} -- C.C.witha=2a - SE) = Eo(E)exp2m7). ©)
o 4

whereE is the center-of-mass energysZ,Z,€%/(fv) is the
Sommerfeld parameter, andl is the beam velocity. The
Gamow factor ex-277) accounts for the main part of the
strong energy dependence of the fusion cross section in
light-ion reactions, so that th& factor is essentially a
E (MeV) constant or exhibits only a weak dependence on energy far
below the Coulomb barrier. The ground st&evalues for
FIG. 2. (a) lon-ion potentials used in the coupled-channels cal-light-ion reactions are usually positive. The reactions can,
culations for®Ni+8%. (b) Logarithmic derivatives for the same therefore, in principle take place down to zero center-of-
system. The solid curve is the same as in Figh).1The dashed mass energy, and thg factor is often extrapolated t&
curve is the coupled-channels calculations veith 2a. The dotted- =0,
dashed line corresponds to a constarféctor (see text for details The Sfactor for heavy-ion fusion has a very strong energy
dependence just below the Coulomb barrier: it increases
unchanged for >R, with a diffuseness 08=0.63 fm. The steeply with decreasing energgee Fig. 3, reflecting the
specific form for the interior region, in terms of EQ), is weaker energy dependence of the(E) product when com-
pared to that of the Gamow factor. Nevertheless Sffiector
a 1 a must show a maximum for heavy-ion fusion because it has to
Uini(r) = gu(r, &) + 5(1 - E)VO for T<R. (5  reach zero when the reacti@value is negative. This occurs
at the positive center-of-mass ener@~=-Q, since the
It should be noted that the two interactions, Eds.and(5), ground state of the compound nucleus is reached at thi; en-
match up ar =R with a continuous derivative. ergy. AtE=-Q, on the other hand, the Gamow factor will
Figure Zb) compares the results of Coup|ed-channe|5 Ca|5t|” have -a finite value. From the definition of ti&factor
culations with 8,=2a in Eq. (5) with the conventional [EQ.(6)], it therefore follows that
Woods-Saxon parametrizati¢solid curve in both Figs. (b) _ _
and 2b)]. It is clear that the new approach improves the SE) =0 for E—=-Q when Q=0 (7
agreement with the data in the 122—130 MeV domain. Howdt should be noted that the logarithmic derivatives must even-
ever, at lower energies, the curve develops a maximum aniaally go to infinity whenE— —Q as mentioned in Refl1].
starts oscillating. This trend is similar to that calculated inFor light-ion fusion reactions with positive ground st&pe
Ref. [5], but it has been obtained here with a realistic inter-values, the lowest entrance channel energy where fusion can
action outside the Coulomb barrier. Thus, the new calculatake place is evidenthe=0. At this energy the produdo
tions still cannot reproduce the experimental logarithmic dewill go to zero, whereas the inverse Gamow factor(@x))
rivatives at the lowest energies. For completeness, the totavill go to infinity. Their product in Eq.(6) may therefore
potentials obtained from the Coulomb and the nuclear ionfeach a finite value aE=0.
ion interactions in the two calculations are shown in Fig. The interesting question now is at which energy will e
2(a). While the new minimum in the potential energy of factor for heavy-ion fusion reach a maximum when Qe
Umin=108 MeV is 5 MeV lower than the previous value, itis value is negative? The examples shown in Fig),3%Ni
still considerably higher than the 90.5 MeV ground state en-+5%8Ni [13], ®Ni+8%Y [1], °9Zr+8%, %0zr+%Zr, and °zr
ergy of the compound nucleus. In R§8] it has been argued +9Zr [14], are the five systems that were discussed in Ref.
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hinders the fusion process at these high excitation energies.
In Ref. [1], it was suggested that, because of the high exci-
ff ‘ \ tation energy, the hindrance might be an entrance channel
\ \ phenomenon rather than a compound nucleus effect. How-
ever, to the best of our knowledge, a model calculation re-
sulting in a maximum of th& factor at these high excitation
energies in the compound nucleus has not yet been proposed.
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IV. SYSTEMATICS OF LOW-ENERGY DATA

Lk

The relation between the two representations of the low-
energy fusion data, namely, ti&factor and the logarithmic
derivative, can be understood by looking at the derivative of
the Sfactor. From Eqs(4) and(6), one obtains the following
expression:

¢ 4 O & >

FS

as_ _
dE—S(E){L(E) = ] (8)

A maximum in theS factor implies thatdSdE=0. This is
fulfilled when the logarithmic derivative is

_ m™n _ 77212262 mN AlAZ
Lcs(E)—E—W\/7m, (9)

whereA; andA, are the mass numbers of the reaction part-
- ners andmy is the nucleon mass. This function, which is the
& B (Meﬁ,o) 8 9% % ggarithmic derivative for a constars factor, is shown by
o the dotted-dashed curve in Fighb2 The logarithmic deriva-
FIG. 3. Plots of theS factors vsE—E,. The parameters,and  tive L(E) extracted from the experimental data will intersect
E,sf(MeV) are used to conveniently place many colliding systemsthe curveL4E) exactly at the energy where the experimen-
on the same plot. The solid curves are results of coupled-channetal S factor exhibits a maximum in Fig.(8). Let us denote
calculations, and the dashed curves are fits to the fusion data bastlte energy and logarithmic derivative where this intersection
on Wong'’s formula(a) For systems that have a clear maximum in occurs byEs and L;=L(E,), respectively. These two quanti-

the S factor at low energy, values afy andE,s; are 69.26, 26 for  ties are then related by the equation
58N+ %8Ni, 92.98, 50 for 59Ni+8%, 126.02, 92 forzr+8y,

130.00, 87 for?%Zr+92Zr, 128.24, 84 foP%Zr+°Zr; (b) for systems wZZ,&  |my AA,
where theSfactor has not quite developed a clear maximum, values Ls= F 2 A+A (10)
of 70 and Ey(; are 40.10, —11 for%0+144Sm, 48.41, -3 forf0 s e
+29%pp, 56.30, -3 fort®F+2%%Ph, 74.20, 7 foPNi+5Ni, 126.80,  since they fall on the curve defined in E®).
92 for 5OTi+ 2%8pp, respectively. There is nothing particularly special about tBefactor,

nor about the valueg; andLg where the logarithmic deriva-
[1]. They all exhibit a steep falloff in the fusion cross sectiontive extracted from measurements intersects with the loga-
at low energies. The solid curves are the results of coupledithmic derivative for a constan® factor. It is simply an
channels calculations discussed in R&f.and abovefor the  alternative, convenient way of characterizing the unexpected
system®Ni+ 8% calculations witha,=2a are showip The steep falloff of the measured fusion cross sections. Thus,
dashed curves are fits to the data at higher energies based when theS factor reaches a maximum, the logarithmic de-
Wong's formula which was used in Rdfl] for those sys- rivative will have reached a value that exceeds the expecta-
tems where coupled-channels calculations are not availablgions based on the coupled-channels calculations. The values
It is seen in Fig. 83) that the data for these systems all Ey obtained in Ref[1] are close to the corresponding values
develop a maximum in th& factor at low energies. For the of Eq. The advantage of th® factor is that it gives a simple
system®Zr+°9Zr, there appears to be a steep increase at thend direct representation of the fusion cross section, whereas
lowest energies, below the local maximum. This behavioithe logarithmic derivative$Eq. (4)] and also the so-called
might be caused by a small target contamination frombarrier distributiong15] are more indirectly derived quanti-
heavier Zr isotopes as discussed in R&f. According to Eq.  ties. Moreover, the enerdy,, which was defined in Ref1],
(7), the maximum of theS factor has to occur at a definite is model dependent, whilgs and Lg are obtained without
energy, but it is again surprising that it corresponds to dree parameters.
rather large excitation energy in the compound nucleus, in It turns out that the value dfs is nearly identical for all
the range of 20—30 MeV, where the associated level densitfive systems shown in Fig.(8, with an average value of
remains very large. There is evidently some mechanism th&.33 MeV'! (see Table Il, category). Assuming that

oE exp[2rn(n—1,)]

T O b ¢ > @

=23
o
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TABLE II. The parametet’=2Z,Z,\A;A/(A1+A,), the energyE,, and the logarithmic derivativie;, which
characterize the maximum of tt&factor for different systems. Also given are the lowest measured energy
(Emin) @and the corresponding cross sectiofy,;,). The first category of systems exhibits a clear maximum in
the S factor. In the second category, a maximum has not quite been reached, but can be estimated by
extrapolating the logarithmic slope to the value for a cons&dattor. In the third category, there is no clear
sign of a maximum in thé& factor.

System e Es(MeV) Ls(/MeV) Enin(MeV) Omin(Ao)(ub) Ref.
Category |

58Nii+ 58N 4222 94.0 2.29 93.3 4@20) [13]
60N+ 8%y 6537 122.9 2.37 121.4 <0.09 [1
907r+8% 10436 170.8 2.31 168.7 0.38.07) [14]
90Zr+99zr 10733 175.2 2.29 172.1 0.48.07) [14]
90Zr+92zr 10792 170.7 2.40 169.6 0.12.05 [14]
Category Il

160 +1445m 1882 57.7 2.13 56.6 1580) [6]
160 +208pp 2529 69.6 2.15 70.0 2400) [19]
19F 4.208pp 3079 75.5 2.32 75.1 23) [17]
40Ca+907¢ 4210 93.2 2.32 93.4 84060 [20]
64Nlj + N 4435 89.0 2.61 89.2 16.81.0) [18]
50Tj+208pp 11454 181.2 2.32 179.8 0.00001 [16]
Category Il

19F 4 232Th 3394 70.5 0.580.08 [21]
40Ca+%7r 4251 91.7 41(6) [20]
40Ar+ 1165 4908 95.7 3.81.1) [23]
64Ni+ "1Ge 5249 97.5 13.83.3 [22]
40Ar+1485m 6262 112.7 0.80.5) [23]
40Ar+ 1545 m 6289 108.8 1.60.9) [23]
88Kr+ 5Ge 7317 120.7 6.85.5 [24]
86Kr+100Mo 10281 155.4 14.41.5) [24]
86Kr+109Ru 10868 162.4 4.90.8 [24]

2.33 MeVis a “universal” value, Eq(10) can be used to +°Zr which, as mentioned before, might be due to small
derive an analytic expression for the enekEyy Thus, insert- contaminations by heavier isotopes in the target. The tri-

ing the valueLs=2.33 MeV'! into Eq.(10), we obtain angles in Fig. 4 are estimated valueskfobtained by ex-
- trapolating the logarithmic derivatives of the measurements

_ [ AA, to the point where they intersect the cutlygs for a constant

Es= 0'35{2122 A+ AJ (MeV). (11) Sfactor, defined in Eq(9). The estimated values & are in

reasonable agreement with the solid curve, except perhaps

This expression is given by the solid curve in Fig. 4. Thefor the systenf“Ni+ 84Ni [18], where the estimated value is
solid points are the valuesg obtained for the five systems below the curve. It is worth noting that this system is softer
mentioned above. A common feature of these five systems ithan the one studied via tI8Ni+ %8Ni reaction.
that the reacting nuclei are all rather stiff. Experiments with “softer” or well-deformed nuclei have

There are other measurements in the literature whers theusually not been performed at sufficiently low energies to
factor has not quite reached a well-defined maximum, buextend into the region where tH&factor exhibits a maxi-
starts to deviate at the lowest energies from the calculationsium. This may not be so surprising since the strong
based on coupled-channels or on Wong's formula. There isoupled-channels effects, typical for softer or well-deformed
even some evidence for a maximum in one or two casesuclei, tend to broaden the effective barrier distributii]
Examples areTi+2%%Pb [16], 19F +29%Pp [17], 5Ni+5Ni  and push the energy where the steep rise in the logarithmic
[18], %0 +2%%Pp [19], 180 +144Sm [6] and 4%Ca+°%Zr [20].  derivative occurs down to even lower energies. Examples of
These systems are also included in Table Il under category Isystems where stronger couplings play a role &€
and some are displayed in Figh3 as well. The solid curves +232Th [21], *°Ca+°Zr [20], ®Ni+ “Ge [22], “°Ar+116Sn,
represent the coupled-channels calculations reported in tHEAr+148Sm, 4%Ar+1%%Sm [23], and %Kr+7%Ge, 85Kr
original references. The behavior f6t0+14Sm and*Ca  +1%Mo, 8%Kr+194Ru [24]. These systems are also included
+997Zr at the lowest energies is similar to that seen¥@r  in Table Il under category lIl. The open circles in Fig. 4 are
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00— — T T T T contributor to fusion for these two systems even at lowest
energies. It thus appears that the behavior discussed above is
present for both fusion-evaporation and fusion-fission reac-
0 ° tions.

150 —

V. CONCLUSIONS

8 To summarize, our investigations show that 8factor is
00 - a convenient representation of fusion cross sections for
o heavy-ion systems at extreme sub-barrier energies. She
- ° e Well determined E T factor reveals through the presence of a maximum irSthe
v Extrapolated Eg E curve the unexpected steep falloff in cross section reported
S0~ o  E,: upper limit of Eg previously. By combining the two representations, the loga-
rithmic derivative and thé& factor, we were able to derive a
simple empirical formula for the energy where tBdactor
L develops its maximum for reactions with stiff partners.
% 2000 4000 6000 8000 10000 12000 The coupled-channels calculations presented here demon-
Z,Z,(AAJA+A) " strate that the low-energy behavior of heavy-ion fusion cross
sections is sensitive to the way fusion is defined, with or
FIG. 4. Systematics of the enerds where theS factor has a  without an imaginary potential. Moreover, the low-energy
maximum as a function of the paramet&{Z,VA;Ax/(A;+Ay). The  behavior is also sensitive to the parametrization of the ion-
solid curve is calculated with the empirical expression given by Eqion potential inside the Coulomb barrier, and the conven-
(11). The solid points were obtained for systems that exhibit a cleational Woods-Saxon form may not be best suited for a real-
maximum in theSfactor (category | in Table Ii. The triangles were istic description. At present, coupled-channels calculations
obtained by extrapolating the logarithmic derivative to the value forhave not been able to reproduce the data down to the lowest
a constanB factor, £q.(9). The open circles show the lowest mea- gnergies. On the experimental side, it is clearly of interest to
sured energ¥n, for those systems where no sign of a maximum in yeasyre fusion cross sections down to even lower energies,
the S factor has been found so far. especially for softer colliding systems, in order to investigate
whether the experimental logarithmic derivative keeps in-
upper limits for the correspondings values and represent creasing, exhibits a maximum, or starts oscillating.
the lowest energy where measurements have been per-
formed. _ _ _ ACKNOWLEDGMENT
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