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We have studied the rapidity distribution of secondary hadrons produced in nucleus-nucleus collisions at
ultrarelativistic energies within the ambit of the Landau’s hydrodynamical model. A reasonable description of
the data can also be obtained by using the Bjorken’s hydrodynamical model if the boost invariance is restricted
to a finite rapidity range. The sensitivity of the hadronic spectra on the equation of state vis-à-vis the velocity
of sound has been discussed. The correlation between the velocity of sound and the freeze-out temperature has
been indicated. The effects of the nonzero widths of various mesonic and baryonic degrees of freedom up to
the mass value,2.5 GeV are seen to be small.
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I. INTRODUCTION

One of the important problems in the field of relativistic
heavy-ion collisions is to find out the equation of state(EOS)
of the matter formed after nuclear collisions at ultrarelativis-
tic energies[1]. Under the assumption of local thermal equi-
librium, the EOS is the functional relation between pressure
sPd and the energy densitysed, where P and e are related
through the velocity of soundcs, which is defined ascs

2

=s]P/]edisentropic [2]. For a massless, noninteracting gas,cs
2

=1/3 (ideal gas limit). The velocity of sound plays a crucial
role in the hydrodynamical evolution of the matter created in
heavy-ion collision and affects, among others, the momen-
tum distribution of the particles originating from the fluid
elements at the freeze-out stage. In the present work we will
assume the order of the phase transition from quark-gluon
plasma (QGP) to hadrons to be first order. However, it
should be mentioned here that this issue is not fully settled
yet. The phase transition from QGP to hadrons could be
weak first order, second order, or it may be just a crossover
depending on the mass of the dynamical quarks[3]. Consider
a situation where QGP is formed at the initial state. In such a
scenario, the matter evolves from an initial QGP state to the
hadronic phase via an intermediate mixed phase of QGP and
hadrons due to the expansion of the system(hence cooling)
in a first order phase transition scenario. Finally the system
disassembles to hadrons(mainly pions) at the freeze-out
where the interaction among the particles becomes too weak
to maintain the equilibrium. The velocity of sound is very
different in the three stages of expansion mentioned above,
reflecting the interaction among the constituents of the mat-
ter in the three stages. While in the QGP phase, it should in
principle approach the ideal gas limit, in the mixed phase it
should reduce to zero due to vanishing pressure gradient,
indicating “softness” of the EOS. Then below the critical
temperature, it should have a value that reflects the presence
of interacting hadrons in the system.

Relativistic hydrodynamical models have been routinely
used to describe the multiplicity distribution in the rapidity
space, transverse mass spectra of hadrons, etc., produced in
nuclear collisions. One of the aims of the present work is to
calculate the velocity of sound for hadronic system and com-

pare the results with lattice QCD calculations. In the present
calculation we have taken into account the nonzero width of
the unstable hadrons. We study the rapidity distribution of
the particles within the framework of relativistic hydrody-
namical models proposed by Landau and collaborators[4]
and by Bjorken[5]. The results of the analysis performed
within these models will be compared with experiments to
extract the velocity of sound. It is expected that at AGS and
also at SPS energies, the Landau hydrodynamical model can
be applied, although the Bjorken hydrodynamical model has
been used at SPS energies. The main criticisms of Landau
model are:(i) neglect of leading particle effects and(ii ) re-
moval of radiation energy due to the deceleration required in
this model for full stopping. These difficulties, however, can
be removed if one assume that during the collisions the va-
lence quarks move without much interaction and the energy
carried by the gluon fields is stopped in the collision volume
[6]. This assumption is justified because the gluon-gluon in-
teraction cross section is larger than quark-quark interaction
due to larger color degeneracy of the gluons. The gluon field
thermalizes after a timeti, providing the initial condition of
the Landau model. In this picture the removal of energy of
the decelerated gluons fields due to the bremsstrahlung is
prohibited by the color confinement mechanism. Under these
conditions, it is obvious that only a fraction of the beam
energy is stopped in the collisions, which can be taken into
account by introducing an inelasticity factor in the model[6].

Bjorken hydrodynamical model predicts a plateau struc-
ture for the rapidity distribution of the fluid elements which
is not observed experimentally for the entire rapidity range.
It has been indicated in Ref.[7] from perturbative QCD that
the initial energy distribution is a broad Gaussian in rapidity
even at LHC energies. However, we will show that a good
description of the data is possible at AGS and SPS energies
in the framework of Bjorken’s model if we treat the upper
limit of the fluid rapidity as a parameter. In other words, the
boost invariance has to be limited in a finite rapidity range
for the description of the data.

The paper is organized as follows. In the following sec-
tion we obtain the velocity of sound for a hadronic model
and compare the result with the lattice QCD calculations[3]
and those obtained from a simple confinement model as dis-

PHYSICAL REVIEW C 68, 064903(2003)

0556-2813/2003/68(6)/064903(8)/$20.00 ©2003 The American Physical Society68 064903-1



cussed in Ref[8]. In Sec. III we extract the velocity of sound
from the particle number density in rapidity space at AGS
and SPS energies. Finally, in Sec. IV we present summary
and discussions.

II. EQUATION OF STATE FOR HADRON GAS

For the study of the EOS for the hadronic gas we take all
the hadrons as listed in the particle data book up to the
strange sector. The complete list is given in Table I. The
thermodynamical quantities such as energy densitysed and
pressuresPd can be calculated using the standard relations,

e = o
hadrons

g

s2pd3 E EspWdfsEdrsMddM2d3p,

P = o
hadrons

g

s2pd3 E pW2

3E
fspWdrsMddM2d3p, s1d

where E=ÎpW2+M2 is the energy of the particle of three-
momentumpW and invariant massM, g represents internal
degrees of freedom, andfsEd is the well-known thermal
distribution for bosons and fermions which is given by
fspWd=hexpfsE−md/Tg±1j−1, wherem is the chemical poten-
tial andT is the temperature. The summation in Eq.s1d is
carried out for all the hadrons up to strange sectorf9g. The
sensitivity of the EOS on the hadronic and electromag-
netic spectra has been studied in Ref.f10g, with less num-
ber of hadrons and the widths of the hadrons are ignored.
rsMd denotes the spectral function of the hadrons of pole
massm and widthG given by

rsMd =
1

p

MGsMd
sM2 − m2d2 + M2G2 . s2d

Note that for stable particlersMd→dsM2−m2d as G→0.
To evaluate the spectral function of a hadron in a thermal
bath one should consider all the elastic and inelastic pro-
cesses through which the hadrons under consideration in-
teract with all the constituents of the thermal bathf11g.
These interactions give rise to the momentum dependent
effective mass and widths. However, in the present work
we restrict to the vacuum values of these quantities which
are taken from Ref.f9g. The spectral function can also be

related to the two body phase shiftsdd of the various pro-
cesses asrsMd~ddsMd/dM, leading to the results obtained
by S-matrix formalism of the statistical mechanics pro-
posed by Dashenet al. [12].

From Eq.(1) one can calculate the entropy densityssd by
using the relations=se+P−mnd/T wheren is the net baryon
density given by

n = o
baryons

g

s2pd3 E fsEdrsMddM2d3p,

gef f is the effective degeneracy which is parametrized as
gef fsm, Td=90s/s4p2T3d. The velocity of sound form=0
can be calculated from thegef f as

cs
−2 =

T

s

ds

dT
= 3 +

T

gef f

dgef f

dT
. s3d

We will assume the chemical potential to be zero for me-
sons and consider two cases for baryonic chemical potential,
m=0 and 200 MeV.

In Fig. 1 we plot the variation of various thermodynamic
quantities:e, P, gef f, andcs

2 as a function of temperature. We
make two observations:(a) the effects of the finite width in
the masses of the hadrons on the thermodynamical quantities
turn out to be small and(b) the effect of the finite baryonic
chemical potential leads to slightly larger values ofe, P, and
gef f but lower values ofcs

2 at a (typical) freeze-out tempera-
ture of 120 MeV.

TABLE I. Particles taken for calculation.

Baryons Mesons

p p+,−,0

n hs547–1440d, h8
Ns1440–2600d f0s800–1710d, f1s1285, 1420d, f2s1270–2340d
Ds1232–2420d rs770–1700d, r3

Ls1115–2350d vs782–1650d, v3

S+,−,0 a0s980–1450d, a1

Ss1382–1820d f, f3, ps1300–1800d, p2

J0,+ f4, h1, K1s1270–1400d
Js1530–1820d a2, a4, b1, K2

V− K±,0, KL,S
0 , K*, K0,2,3,4

*

FIG. 1. Variation of energy densitysed, pressuresPd, effective
statistical degeneracysgef fd, and velocity of soundscsd with tem-
peraturesTd.
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For comparison of our results with those from the lattice
QCD calculations[3], we parametrize the variation of energy
density sed of lattice QCD results with temperature as fol-
lows [13]:

e = T4A tanhFBS T

Tc
DCG , s4d

whereA, B, andC are parameters whose values are 12.44,
0.517, and 10.04, respectively. Note that the effect of
baryons in the EOS is neglected here.

The evolution of the system under the assumption of
boost invariance along the longitudinal direction is governed
by the equation[5]

de

dt
+

e + P

t
= 0, P = cs

2e, s5d

where cs is the velocity of sound in the medium. We
would like to mention here that the velocity of sound sets
the expansion time scalefstexpd−1,s1/edde/dt=s1+cs

2d/tg
for the system. This time scale should be larger than the
collision time scalefstcolld−1,nsv, wheres is the cross
section,v is velocity, andn is densityg for thermal equi-
librium to be maintained in the system. Therefore, deter-
mination of velocity of sound becomes very important for
the study of the space time evolution of the system in
general and hadronic spectra in particular.

We obtain the expression for the velocity of sound as(see
also Ref.[13])

cs
2 = F3 + BCS T

Tc
DC 1

coshfBsT/TcdCg sinhfBsT/TcdCgG−1

.

s6d

The results for the confinement model were obtained from
Ref. [8] by extracting gef fsTd by using the relatione/T4

=sp2/30dgef f and Eq.(3).
In Fig. 2 the energy density, effective statistical degen-

eracy, and the velocity of sound evaluated in the hadronic
model at zero baryonic chemical potential are compared with
the lattice datasm=0d and those obtained form the confine-
ment model. We observe the following.

(a) Our results match with those from the lattice and the
confinement model nearTc.

(b) They are higher than those obtained from lattice below
Tc. (In this context we would like to point out two things.
First, lattice results usually employ quark masses which are
too large, leading to larger pion masses,mp

latù3mp
physical. The

resulting thermal suppression of these degrees of freedom
causes a considerable discrepancy for lattice EOS with re-
spect to EOS for hadron gas. Second, the lattice calculations
below Tc have large errors.)

(c) At temperatures belowTc the velocity of sound shows
an interesting trend, it increases with decrease in tempera-
ture, then falls to zero as temperature of the system ap-
proaches zero.

(d) The complete EOS for the system with initial QGP
state, may be those obtained from lattice for temperatures
aboveTc and those given by the present calculations for tem-
peratures belowTc.

The velocity of sound, which is an input to the hydrody-
namical evolution of the system via EOS, influences the ra-
pidity distribution of the hadrons. In the following section
we try to extract the velocity of sound from the rapidity
distributions of various hadrons produced from heavy-ion
collisions for various collision energies using hydrodynami-
cal model. We then compare the values obtained with the
results of the model under consideration.

III. RAPIDITY DISTRIBUTION OF SECONDARIES
AT AGS AND SPS ENERGIES

There are two well known hydrodynamical models, as
mentioned before[4,5], for the description of the space time
evolution of the system formed after the collision of heavy
ions. It may be mentioned that in the coherent interactions
the collective effect is an important feature, unlike incoher-
ent collisions where collision is considered to be a succes-
sion of independent nucleon-nucleon interactions. The basic
difference is, in Landau’s model, in the center of mass of the
collision two nuclei would be stopped and all the kinetic
energy would be used up for the particle production, while
the baryon transparency in the midrapidity region is the basic
feature of Bjorken’s model. However, Landau’s model can
be applied to describe the system formed after nuclear colli-

FIG. 2. Variation of energy density,gef f, and velocity of sound
using the combined results of hadron gas, confinement model, and
lattice calculations with temperature. The lattice results for energy
density have been read from Ref.[3]. gef f and cs

2 are derived by
using the equations mentioned in the text.
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sion with appropriate initial conditions as mentioned in the
Introduction. It is expected that the Landau hydrodynamics
will work well at AGS and may be at SPS energies, while the
Brojken hydrodynamics should, in principle, work well for
energies at RHIC and LHC.

In the following we briefly discuss the rapidity distribu-
tion of the particles produced in relativistic heavy-ion colli-
sions in Landau and Brojken models.

The amount of entropysdSd contained within a(fluid)
rapidity dy in the Landau hydrodynamical model is given by
[4,14],

dS

dy
= − pR2ls0bcsexpfbv fgFI0sqd −

bv f

q
I1sqdG , s7d

where q=Îv f
2−cs

2y2, v f = lnsTf/T0d, Tf is the freeze-out
temperature,y is the rapidity,R is the radius of the nuclei,
2l is the initial length,s0 is the initial entropy density,
2b=s1−cs

2d/cs
2, and I0,I1 are the Bessel’s functions. The

quantity pR2ls0 is fixed to normalize the experimental
data at the midrapidity. Forv f @csy the quantitydS/dy can
be approximated by a Gaussian distribution,

dS

dy
, const

expS−
y2

2s2D
Î2ps2

, s8d

wheres=2v f/s1−cs
2d.

The entropy density in the Brojken hydrodynamics is
given by [14]

dS

dy
=

ApR2

Tf
sfexpf− 2bv fg, s9d

whereA is a constant andsf is the entropy density at the
freeze-out. It is to be noted that the quantitydS/dy is
independent of the rapidity in accordance with the as-

sumption of boost invariance along the longitudinal direc-
tion f5g.

The multiplicity distribution of the secondaries is ob-
tained by folding the multiplicity density in rapidity space
mentioned above by the thermal distribution of the fluid el-
ements,

dN

dY
=

g

s2pd3 E dN

dy
fsMT, y, YdMTcoshsY − yddyd2pT,

s10d

where dN is the number of particles within the rapidity
interval dY, MT is the transverse masss=ÎpT

2+M2d of the
particle, E=MTcoshsY−yd is the energy and fsEd
=s1/expfE/Tg±1d. dS/dy is related todN/dy by a constant
factor ssee Ref.f13g for detailsd. Performing thepT inte-
gration in the above equation, we obtain

dN

dY
~ T3E dN

dy
hsy, Y;m, Tdexpf− m coshsY − yd/Tg dy,

s11d

where

TABLE II. AGS results.

Type (GeV) cs
2 x2 Probability

Proton 4A 1/5 (1/3) 0.65 (34.5) 1.0 (0.023)
Proton 6A 1/5 (1/3) 2.15 (40.2) 1.0 (0.010)
Proton 8A 1/5 (1/3) 7.1 (74.8) 0.999(0.00001)
Proton 11.6A 1/5 (1/3) 1.49 (31.1) 1.0 (0.0388)

FIG. 3. Rapidity spectra for protons at 4A, 6A, 8A, and
11.6A GeV Au+Au collisions compared to rapidity spectra ob-
tained from Landau hydrodynamics with velocity of sound 0.2
(solid line) and 0.333(dashed line).

FIG. 4. Rapidity spectra for pions at 40A, 80A, and
158A GeV Pb+Pb collisions compared to rapidity spectra obtained
from Landau hydrodynamics with velocity of sound 0.2(solid line)
and 0.333(dashed line).
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hsy, Y;m, Td =
m2

T2 + 2
m

T

1

coshsY − yd
+

2

cosh2sY − yd
.

s12d

It may noted from Eqs.s11d ands12d that the particle mass
tends to make the rapidity distribution narrower.

It may be mentioned that, while in Landau’s model the
width of the rapidity distribution is sensitive to the velocity
of sound and the freeze-out temperature, in the case of
Bjorken’s model it is not(because of its independence of
rapidity, the quantity,dS/dy can be fixed here by the normal-
ization at the midrapidity). While integrating overy in Eq.
(11), we treat the range ofy as a parameter in case of
Bjorken’s hydrodynamics[15]. In case of Landau’s hydrody-
namics the integration limit for rapidity is infinite. We apply
Landau’s model to the rapidity distributions of the produced
hadrons at AGS and SPS energies. It will be seen later that
Landau model fits the pion rapidity spectra well at lower SPS
energies, however at highest SPS energy the description is
not very satisfactory, therefore we do not attempt to apply
the model to RHIC energies. We fix the freeze-out tempera-
ture Tf to be 120 MeV a value obtained by studying the
transverse momentum distributions of the hadrons[16,17].

The rapidity distributions of the protons[18,19] at AGS
energies are well described by the Landau hydrodynamical
model with velocity of sound,cs

2=1/5, a value different from
that corresponding to an ideal gas(Fig. 3). For cs

2=1/5 the

TABLE III. SPS results for pions.

Type (GeV) cs
2 x2 Probability

p− 40A 1/5 (1/3) 1.03 (51.7) 1.0 (0.0013)
p− 80A 1/5 (1/3) 2.6 (66.3) 0.999s7310−7d
p− 158A 1/5 (1/3) 19.0 (146.0) 0.80s4310−19d

FIG. 5. Rapidity spectra for pions at 40A, 80A, and 158A
GeV Pb+Pb collisions compared to rapidity spectra obtained from
Bjorken’s hydrodynamics. The values ofymaxs=−ymind used in the
integration of Eq.(11) are 1.44, 1.65, and 1.6 for beam energies
40A GeV, 80A GeV, and 158A GeV, respectively.

FIG. 6. Rapidity spectra forK+ at 40A, 80A, and 158A
GeV Pb+Pb collisions compared to rapidity spectra obtained from
Landau hydrodynamics with velocity of sound 0.2(solid line) and
0.333(dashed line) andTf=120 MeV.

FIG. 7. Rapidity spectra for kaons at 40A, 80A, and 158A
GeV Pb+Pb collisions compared to rapidity spectra obtained from
Bjorken’s hydrodynamics. The values ofymaxs=−ymind used in the
integration of Eq.(11) are 1.4, 1.5, and 1.6 for beam energies
40A GeV, 80A GeV, and 158A GeV, respectively.

VELOCITY OF SOUND IN RELATIVISTIC HEAVY-ION… PHYSICAL REVIEW C 68, 064903(2003)

064903-5



value of the chi square is considerably smaller than forcs
2

=1/3 (Table II). The peak of the distribution at the midrapid-
ity in the experimental data seems to indicate a large depo-
sition of collision energy in these interactions, where the
Landau’s hydrodynamical picture is applicable.

For SPS energies the density of pions in rapidity space
[20] is well reproduced(Fig. 4) within the ambit of Landau’s
model with cs

2=1/5 andTf=120 MeV for 40 and 80 GeV/
nucleon beam energies. ForEbeam=158 GeV/nucleon thex2

worsens(Table III). The Bjorken’s model also does not give
a satisfactory description of the data at higher SPS energies
(158A GeV). However, as shown in Fig. 5 at lower energies,
Bjorken’s model gives a reasonable description of the data.

Interestingly, the K+ spectra are well reproduced(Figs.
6 and 7) with the same freeze-out temperature and velocity
of sound as mentioned above for all the beam energies for
both the models. However, the K− spectra(Fig. 8) are repro-
duced with a slightly higher freeze-out temperature,
132 MeV. A good description of the data for 40 and
80 GeV/nucleon beam energies is also obtained forTf

=120 MeV andcs
2=1/3.5(x2=0.1 and 0.3, respectively). For

Ebeam=158 GeV/nucleon we obtaincs
2=1/4 for same freeze-

out temperaturesx2=0.3d. The values ofx2 are shown in
Table IV. It is well known that the system formed in nuclear
collisions at AGS and SPS energies has nonzero baryonic
density and in such a situation the differences in the values
of the freeze-out parameters forK+ andK− are expected(see
Ref. [21] for details).

The pion data from SPS at 40A, 80A, and 158A GeV en-
ergies can also be reproduced if we use the Gaussian ap-

TABLE IV. SPS results for kaons.

Type (GeV) cs
2 x2 Probability

K+ 40A 1/5 (1/3) 0.463(18.0) 1.0 (0.38)
K− 40A 1/5 (1/3.3) 0.56 (0.16) 1.0 (1.0)
K+ 80A 1/4.5 (1/3) 0.4 (12.7) 1.0 (0.75)
K− 80A 1/5 (1/3.3) 3.0 (0.67) 0.99 (1.0)
K+ 158A 1/4.5 (1/3) 0.39 (15.6) 1.0 (0.55)
K− 158A 1/5 (1/3.5) 3.8 (0.8) 0.99 (1.0)

FIG. 9. Rapidity spectra for pions at 40A, 80A, and 158A
GeV Pb+Pb collisions compared to rapidity spectra obtained from
Eqs.(8) and(11). The width of the Gaussian in Eq.(8) is a param-
eter here.

FIG. 10. Same as Fig. 9, but for kaons.

FIG. 8. Rapidity spectra forK− at 40A, 80A, and 158A
GeV Pb+Pb collisions compared to rapidity spectra obtained from
Landau hydrodynamics with velocity of sound 0.2 forTf

=120 MeV (dashed line) and 132 MeV(solid line).
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proximation of Eq.(8) in Eq. (11) and treat the width of the
Gaussianssd as a parameter. Results are shown in Fig. 9. The
value of s=0.9, 1.1, and 1.25 for pion at beam energies
40A, 80A, and 158A GeV, respectively. Results obtained for
kaons in this procedure are shown in Fig. 10. It is important
to note that the values of the widths of the Gaussian which
represent the rapidity distribution of the fluid elements are
1.25, 1.45, and 1.95 for 40A, 80A, and 158A GeV energies,
respectively, and these values ofs are consistently higher
than the values obtained for pions. The difference can be
attributed to the mass difference between pions and kaons
because pions and kaons are subjected to the same longitu-
dinal flow velocity.

In Fig. 11 we show the constantx2 contour in thecs
2-Tf

plane. The results indicate that we need a value ofcs
2 less

than 1/3 for a reasonable description of the data. We observe
that cs

2,1/5 near the freeze-out for different collision ener-
gies and for various hadronic species. This indicates a certain
kind universality for the hadronic matter produced in heavy-
ion collisions at a late stage of the evolution(freeze-out).

IV. SUMMARY

We have evaluated the velocity of sound in a hadronic
model with hadronic degrees of freedom up to the strange
sector. This calculated velocity of sound is compared with
the results obtained from lattice QCD calculations[3] and
those obtained for the confinement model[8]. The values
compare well at the critical temperature. The effect of non-
zero width of hadrons on the EOS is found to be small.
Taking a nonzero baryonic chemical potential slightly de-
creases the velocity of sound. Fixing the value of the freeze-
out temperatures,120 MeVd from thepT spectra of hadrons
[16,17] we find that a value ofcs

2=1/5 give a good descrip-
tion of the data for Landau’s hydrodynamical model. The
data are also well reproduced within the ambit of the hydro-
dynamical model proposed by Bjorken if the boost invari-
ance is restricted to finite rapidity range. The value ofcs

2

=1/5 indicates that the expansion of the system is slower in
comparison to the ideal gas scenarioscs

2=1/3d and hence for
such a system the maintenance of thermal equilibrium be-
comes easier. We observe that different hadron species pro-
duced in the nuclear collisions at different energies are well
reproduced by a value ofcs

2,1/5, indicating some kind of
universality of the matter at the freeze-out stage.

Several other effects which are ignored in the present
work need to be mentioned at this juncture. For a complete
description of the space time evolution of the system formed
after heavy ion collisions both the transverse and longitudi-
nal expansions should be considered. The transverse momen-
tum spectra of the hadrons are strongly affected by the trans-
verse flow. The rapidity distribution of the hadrons which is

obtained after integrating out the transverse momentum may
not be strongly affected by the transverse flow. However, the
normalization of the rapidity spectra may be substantially
affected by the transverse flow. The other quantities which
may affect the normalization include nonzero chemical po-
tential of the mesons, arising from the lack of chemical equi-
librium in the system. The hadrons(pions, kaons, and pro-
tons) originating for the decays of various mesonic(r, v, f,
etc.) and baryonic(D, etc.) resonances are ignored here. If
the distribution of the resonances is homogeneous in the ra-
pidity then the effects of the hadrons originating from their
decays on the rapidity distributions can be ignored, otherwise
these effects may change the distribution depending on the
degree inhomogeneity and the abundances of the resonances
at the freeze-out point. With the centrality of the collisions
the normalization and the width of the distribution of had-
rons in rapidity space changes. The normalization in the
present work is treated as a parameter and the change in the
width with centrality is rather small. At 158A GeV SPS en-
ergy the width of the rapidity distribution of a charged par-
ticle increases from 1.5 to 1.62 when the centrality changes
from s0–5d% to s25–35d% [22].
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