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A K-matrix formalism is used to relate the amplitudes for the three reactionspd→3Heh, p+ 3H→3Heh, and
pd→3Hp+. Free parameters are fitted to the available experimental data and an extrapolation below theh3He
threshold is made to see the origin of theh3He threshold enhancement. The existence of a virtual—and not a
quasibound—state finds support in the data. TheK matrix permits a discussion ofh-p mixing. A mixing
parameter of 0.010s5d, i.e., a mixing angleu=0.6s3d°, is extracted from a best fit to the very recentpd
→3Hep0 reaction data.
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In this paper we concentrate on the few-body interactions
of h mesons in three-nucleon systems. These complement
our knowledge on theh-nucleon interaction and properties
of the h meson itself. Considerable experimental, phenom-
enological, and theoretical work has been devoted to under-
stand theh3He system. Early SATURNE experiments found
a large cross section for thepd→h3He reaction close to the
h threshold[1]. One interesting feature of this process is an
enhancement of the meson formation amplitude in the few
million electron volt energy region close to the threshold. A
similar effect was also noted in the studies of thepn→dh
reactions made at CELSIUS[2]. Both of these reactions in-
dicate the possibility for virtual or quasibound states to be
formed in these systems. It is expected that in the deuteron
the state of interest is a virtual state, whereas in helium it
may also be virtual but there a bound state is not ruled out
[3–5]. While the slopes of the formation amplitudes indicate
the existence of such states, more detailed properties may be
found only with an extrapolation of these amplitudes below
theh3He threshold. This is made possible with the pion pro-
duction experimentspd→3Hp+ and pd→3Hep0 undertaken
by COSY [6,7]. These results obtained at backward angles
supplement the older SATURNE cross sections measured
some distance away from the threshold[8].

In this work we present a multiple-channelK-matrix
analysis ofh3He formation. In addition to the reactions listed
above, we also include the data from thep+ 3H→3Heh pro-
cess studied at Brookhaven[9]. Altogether the data comprise
17 measurements. The number of importantK-matrix param-
eters, obtained with some minor theoretical input, amounts to
four. Unfortunately the system is not strongly constrained,
and so new data are welcome.

A parallel study is devoted to the effect ofh-p mixing in
these systems. It has been suggested in Ref.[6] that such a
mixing is enhanced by the existence of ah3He bound state.

This enhancement has been found in a subsequent experi-
ment [7]. These two related questions are discussed in this
paper. A full description, in the isospin symmetric limit,
within a zero range approximation requires at least five real
K-matrix elements. Couplings to the open three-body and
four-body channels induce phases. Since the present data are
not sufficient for a full determination of all the relevant
K-matrix elements, a model ofSs1535d dominance is used to
remove some ambiguities.

Let the isospin invariant states ofh and p0 mesons be
described byuhd and upd. Due to some isospin mixing inter-
action Hm these states mix into the physical statesuhd and
upd. The relation of these two equivalent sets of states is

uhd = Nfuhd − uupdg and upd = Nfupd + uuhdg, s1d

whereu is a mixing parameter andN=1/Î1+u2 is the nor-
malization factor. These two sets of states form a com-
plete orthonormal basis with the relations

shupd = 0 = shupd and shupd = Nu = − spuhd. s2d

The mixing parameter follows from interactions at the
quark level due to differences in the light quark masses
and to electromagnetic effectsf10g.

The transitions in the few-body systems may be analyzed
in terms of the scattering matricesT that lead to the physical
h andp in the final states

Tshd = spduTuh3Hed and Tspd = spduTup3Hed. s3d

On the other hand, when discussing the formation pro-
cesses and final stateh interactions, that are supposed to
be isospin conserving, it is more convenient to use the
isospin basis

Tshd = spduTuh3Hed and Tspd = spduTup3Hed. s4d

The simple relationship between these amplitudes is

Tshd = Tshdshuhd + Tspdspuhd < Tshd − uTspd, s5d
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Tspd = Tshdshupd + Tspdspupd < Tspd + uTshd. s6d

The physicalT-matrix elements are used to describe the
experimental data. However, to parametrize these data we
are going to use the isospin basis amplitudes for the scat-
tering matrixT and for the reaction matrixK.

We now introduce theS-wave scattering matrixT for the
idealized four-channel two-body systemupdd, u3Hehd,
u3Hep0d, u3Hp+d. These channels are denoted by the suffices
p, h, p, p+, respectively. The important couplings to open
few-body channels are at first forgotten. The scattering ma-
trix and the basic interactions are described and parametrized
in terms of a realK matrix. Next, the Heitler equation for the
T matrix is solved. This becomes a simple matrix equation

Tj ,k = Kj ,k + iSlKj ,lqlTl,k, s7d

where j,k,l are the channel indices andql is a diagonal
matrix of the center-of-mass momenta in each channel.
Here the region of interest spans from about 10 MeV
below theh3He threshold to some 10 MeV above it. For
these low energies the experimental data exists. Also,
in this region theKj ,k elements are believed to be constant.
The model used here supposes the interactions to conserve
isospin. In this way theK matrix is calculated in between
the uhd, upd, and up+d states. Since the isospin symmetry
for the p+ is supposedly not violated one hasup+d= up+d
and, in addition, some simple symmetries relate the matrix
elements in theu3Hep0d and u3Hp+d channels. In this way
the parameters needed to fix the 434 K matrix are
reduced from ten to six. These are
Kp,p, Kp,h, Kp,p, Kp,h, Kh,h, Kp,p. In practice, only five of
these matrix elements are needed, since the coupling to
the entrancepd channel is very small and so one findsKp,p
to be irrelevant. Other elements are related by the isospin
symmetry: Kp,p+=Î2Kp,p, Kp+,h=Î2Kp,h, Kp+,p+=2Kp,p,
Kp+,p=Î2Kp,p.

The solution of the four-dimensional Eq.(7) may be
brought to a typical form

Tsp, hd =
Ap,h

1 − iqhAh,h
, Ah,h = Kh,h +

i3qpKp,h
2

1 − i3qpKp,p
,

Ap,h = Kp,h +
i3qpKp,pKp,h

1 − i3qpKp,p
, s8d

whereAh,h is the h3He scattering length andAp,h the pd
→ 3Heh transition length. For the pion production ampli-
tudes one obtains

Tsp, pd =
Ap,p

1 − iqhAh,h
= −

1

Î2
Tsp, p+d, where

Ap,p =
Kp,pf1 − iqhKh,hg + iqhKp,hKh,p

1 − i3qpKp,p
s9d

and the isospin relationship between thep+ and p is sat-
isfied. Equationss8d and s9d contain expressions which
change rapidly in the smallqh region. One such term in-
volves the scattering lengthAh,h. A quasibound state, if it
exists, is given by the condition

1 − iqhAh,h = 0, s10d

which is to be satisfied by a complex momentumqh
B. For a

largeAh,h this momentum is close to the threshold and the
factor 1/s1−iqhAh,hd induces rapid energy dependence of
the formation amplitudes in this region. This has been
found in theh production experimentf1,3g, and one can
expect a similar behavior in other channels. However, in
the pion production amplitudes another factor arises
which tends to suppress such an effect. It is due to theAp,p
of Eq. s9d. There the existence of a quasibound state is
expressed as the dominance ofKh,h. Therefore, if Kh,h
were to differ from Ah,h in a significant way, then one
would expect a sizable energy dependence in the pion
formation amplitude. However, as will be seen later, the
indications are thatKh,h<Ah,h. This question is discussed
below.

The real physical situation involves the coupling of the
two-body channels to the continuum spectrum of three-body
NNN, Ndp and four-bodyNNNp channels. The coupling to
these systems may be strong and it is not easy to calculate.
On phenomenological grounds it requires additional terms in
the K matrix, so that

Kj ,k → Kj ,k + ScKj ,c

iqc

1 − iKc,cqc
Kc,k, s11d

where the summationsan integrationd over the continuum
few-body channelsc is to be performed. This equation
induces complex contributions to the real two-channel ma-
trix elements. Here we estimate the magnitude of these
contributions. The phases that arise are calculated in terms
of a model or left to a best fit determination. The fine
tuning of the parameters is done later. The large matrix
elements are those related to the low-energyh3He chan-
nel. These enter essentially in the form of final-state in-
teraction factors in theh3He system. One can visualize the
relationship between theK-matrix parametrization and a
model description of the meson formation via an expres-
sion

Tsi, hd =E drdr 8cisr 8dUi,hsr 8, r dF j0sqhrd + expsiqhrd
Th,h

r G .

s12d

Here, c denotes a wave function in the initial channeli
and Ui,h is an operator responsible for the meson forma-
tion. The term in square brackets is the final-state wave
function expressed in terms of thehHe scattering matrix
Th,h=Ah,h/s1−iqhAh,hd. Up to terms linear in the final mo-
mentumqh, one obtains from Eqs.s8d and s12d

Ai,h = Ui,hF1 +
Ah,h

R G . s13d

The Ui,h and Ui,h/R are results of the integrations in Eq.
s12d. The radiusR reflects the range of final-state interac-
tions and is expected to be close to the3He radius. For-
mula s13d contains effects from all the channels character-
ized by high intermediate momenta, i.e., allK-matrix
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elements other thanKh,h or Ah,h, which have already been
specified explicitly. Now, we show that the other matrix
elements are small.

The SATURNE cross section[1] for the pd→3He h reac-
tion is given byTsp, hd of Eq. (8). These data fixuAp,hu rather
precisely to the value of 0.013 fm. On the other hand, pro-
vided uAh,hu<5 fm, there is a whole region of ReAh,h and
Im Ah,h values that are equally likely. This result is consis-
tent with the findings of Ref.[11]. For example, the modulus
of Eq. (8) is invariant with respect to the sign change
ReAh,h↔−ReAh,h. These two possibilities describe differ-
ent physics. Large positive values of ReAh,h correspond to a
virtual state, an analog of theNN spin 0 state at low energies
and the singularity of the scattering matrix given by Eq.(10)
is located in the third quadrant of the complexqh plane. The
other option, a negative length, signifies a quasibound state,
which is analogous to the deuteron. One sees that the forma-
tion cross section cannot distinguish between these two pos-
sibilities.

The Brookhaven data, for thep+ 3H→3Heh process[9],
permit one to extract two smallK-matrix elements. These
data are described by the amplitude

−
1

Î2
Tsp, hd =

Kp,h

s1 − iqhKh,hds1 − iqpKp,pd − qhqpKp,h
2 ,

s14d

giving uKp,hu<0.07 fm, avalue that depends only slightly
on the choice ofKh,h. The coupling of3Heh to 3Hes3Hdp
is rather weak, and an inspection of Eq.s8d tells us that its
contribution to ImAh,h is quite small. Therefore, the
Brookhaven experiment implies that theh3He state decays
mainly into three- or four-body systems. Now, bothh for-
mation experiments permit a simple description of the
two-body channels. Since it is well established that low-
energyhN physics is dominated by theSs1535d resonance
we extend this dominance to few-body systems. Thus the
channel coupling is given by

Ui,j = FsqidÎgiK 1

ES− ELÎg jFsqjd, s15d

where thegi couple the resonance to the meson-nucleon
channels,k¯l denotes a suitable average of the resonance
propagator over the binding and recoil energies, and the
Fsqjd are the form factors for the meson-3He s3Hd systems.
The latter are expected to be about unity in theh channel
and small in thep channels due to the high momenta
involved. The ratiogp/gh may be extracted fromSs1535d
decay. Next, Eq.s15d—when combined with thesp, hd
data—yieldsuKp,pu<0.001 fm, anegligible value. There is
another consequence of Eq.s15d, the phase ofUp,h is
given by the phase of theSs1535d propagator. For low-
energy h3He scattering, the relevant energies in the
meson-nucleon system fall well below the resonance.
Therefore, the dominant mode of decay is closed andUp,h
is almost real. The uncertainty in the relative sign in the
coupling constantsÎgi and Îg j may be removed by the
Ss1535d state wave function, where the SUs3d coupling

mechanism of Ref.f12g gives a positive sign forKp,h.
We are now ready to study thepd→3Hp+ reaction[7].

Given a small value ofKp,h, along with a negligibleKp,p,
then Eqs.(9) and the experimental data from Ref.[7] yield a
crude estimate ofuAp,pu<0.000 21 fm.

The data used consist of eight measurements of the3Heh
cross section in the threshold region[1], four measurements
of the 3Hp+ cross section[7], four measurements of the
3Hep0 cross section[7], and one result for thep+ 3H
→3He h reaction[9]. We limit the available data to the low-
energyh region to stay with the approximation of a constant
K matrix. The first two reactions yield absolute values of the
Kp,h and Kp,p matrix elements. However, the relative phase
of these has to be left to an experimental determination. We
set

Kp,p =
Kp,h

v
expsicd, s16d

wherev= uKp,h/Kp,pu=5.54s50d is well determined from the
h and p+ formation experiments. The phasec and the
h -p mixing angleu are free parameters. To elucidate the
interference pattern in the equations of the preceding sec-
tion, the p formation amplitudes are now presented in a
simplified form. Forgetting an irrelevant overall phase up
to terms linear in smallKp,h one has

−
1

Î2
Tsp, p+d = Kp,pFexpsicd +

iqhKp,h

1 − iqhAh,h
vG,

Tsp, p0d = Kp,pFexpsicd +
iqhKp,h + u

1 − iqhAh,h
vG . s17d

In these equations the twoK-matrix parameters are real. A
positive sign forKp,h is preferred by theSs1535d domi-
nance and also by the best fit to the experimental data.

Using theMINUIT minimization package, an overall best
fit search to the data yieldsKp,h=0.0115s9dfm, Kp,p
=0.00207s3dfm, Kp,h=0.067s11dfm, Kp,p=0, Kh,h=4.24s29d
+i0.69s81dfm, Ah,h=4.24s29d+i0.72s81dfm, c=4.14s27d, and
u=0.010s0.005d=0.6s3d°. The small difference between
Im Kh,h and ImAh,h is due to the explicit inclusion ofKp,h.
As discussed in the preceding section, the large error in
Im Ah,h arises since theh formation cross section is not re-
strictive on the values ofAh,h. The real part of the3Heh
scattering length is seen to be large and positive—signalling
the existence of a virtual state in this system.

The idea behind the detection ofh-p mixing at COSY
was to exploit the ratio of the charged and neutral pion cross
sections Rmix, [6]. According to isospin invariance,Rmix
should equal two. However, the mixing induces corrections
such that

Rmix ;
uTsp+du2

uTsp0du2
=

2uTspdu2

uTshdshupd + Tspdspupdu2

=
2

N2u1 + uTshd/Tspdu2
. s18d

There is an additional reason for studying the ratioRmix,
rather than the separate cross sections, since in this way
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most of the systematic errors are removed. Because of that
we limit our discussion to the data obtained in one labo-
ratory. The amplitudes obtained in the preceding section
and u=0.010s5dfu=0.6s3d°g reproduce the trends in the
measured values to a fair degree as shown in Table I. The
data and overall fit from the model display a maximum
just above theh threshold. However, in the data a mini-
mum below the threshold is also indicated, but it is not
reproduced here. For comparison, in Fig. 1, thepd
→ 3Hep0 cross section calculated with a mixing angle of
u=0.010 isplotted against the experimental resultsf7g.

The last step in this analysis has been a more detailed
extraction of theh-p mixing parameteru. Note that Eqs.
(17), which are essential for that procedure, have a very
simple structure at the thresholdqh=0. This point determines
the unknown phasec. We find two basic solutions that differ
by the sign ofu. The negative sign is ruled out by all present
day theories foru [10,14–17]. The actual value ofu is then
extracted by the energy dependence of the ratioRmix and the
energy independence inuTsp, p+du below the threshold indi-
cated in Table I. However, the best fit parameters are not well
determined and their errors are large. The need for more
precise and more numerous data is evident.

The value of the mixing parameter obtained here is
smaller than theu=1.5s4d° extracted from thepd→hNN re-
action [13]. Theoretical calculations yield values in the re-
gion of s0.75−0.85°d [14–16], although angles twice as large
have also been suggested[17].

So far we have assumed that all the isospin violation is
due to theh-p mixing. However, there are other sources of
such a violation. These can enter in two ways.

(1) The two reactionspd→3Hp+ and pd→3Hep0 need
not be exactly in the ratio 2 to 1 as is assumed in Eq.(18),
since they contain explicit isospin violation effects such as
the difference between the3He and3H nuclear wave func-
tions, Coulomb interactions and different meson momenta.
This effect is analyzed in terms of an additional free param-
eter l, by assuminguTsp+du2/uTsp0du2 to be 2l. The best fit
value ofl=1.04s5d is found to improve ourRmix ratio in Fig.
1. In this way, the mixing parameter is reduced tou
=0.007s5d. However, this procedure uses a very limited data
base. An extension of the data could possibly lead to a dif-
ferent value ofl. On the other hand, qualitative theoretical
arguments in Ref.[18] do seem to suggest a value ofl that
is greater than unitys<1.10d. One conclusion from this type
of overall renormalization is that the error inu could well be
larger.

(2) An additional isospin violation effect in thepd
→3Heh reaction could also arise fromr-v mixing. However,
since our approach is based on phenomenologicalK-matrix
parameters such an effect would not change directly the
present determination ofu. Presumably this would contribute
to an overall normalization correction and so is taken into
account by the abovel correction.

The conclusion is that, even though these two effects
could be at a 10% level, they do not lead to any dramatic
effect at theh threshold and so are incorporated in the mul-
tiplicative factorl.

In addition to the above corrections, it should be remem-
bered that Eq.(18) is written down forS waves under the
assumption that these dominate in the backward scattering,
whereas a more correct expression would involve the effect
of higher partial waves. That possibility was incorporated by
simply adding an additional “background” contribution as a
complex constantc to Tsp, pd. However, the best fit proce-
dure indicated thatc was very small and so ruled out any
significant contribution of this kind.

TheK-matrix formalism developed here is able to account
for the structure seen at theh threshold in the experimental
ratio uTsp+du2/uTsp0du2 as a manifestation ofh-p mixing. It
also enables an estimate of 0.010(5) to be made of the mix-
ing angle. Unfortunately, at present this estimate has a large
uncertainty, which could be significantly reduced by the re-
moval of several uncertain systematic effects in the available
experimental data. This clearly exposes the need for more
precise data over the energy range covering theh threshold.
Such data should be detailed within the rangeplab=1.55
−1.59 GeV. In addition, some data points further from the
threshold would be very valuable in order to study the non-
threshold value ofuTsp+du2/uTsp0du2 and so tie down more
precisely model parameters such asl.

TABLE I. The experimental and calculated amplitudes
uTsp+du2f10−7 fm2g for the p+ production. Other columns give ratios
R=uTsp+du2/uTsp0du2 calculated with a mixing angle ofu=0.010. The
experimental results are from COSY[7]. The first column gives the
proton laboratory momentum in giga-electron-volt.

plab uTsp+duexpt
2 uTsp+ducalc

2 Rexpt Rcalc

1.560 47.4(3.9) 49.7 2.05(0.17) 2.04
1.570 45.8(6.6) 48.8 1.84(0.27) 2.08
1.571 47.5(2.2) 46.0 2.24(0.11) 2.17
1.590 62.6(8.6) 47.6 2.57(0.27) 2.11

FIG. 1. Thepd→3Hep0 cross section calculated with the mix-
ing angleu=0.010 andl=1.04. The experimental results are from
COSY [7]. The dashed curve is theK-matrix fit, where the error
bars of thepd→3Hp+ and pd→3Hep0 data have been doubled in
an attempt to simulate systematic errors in that data.
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