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An attempt to extract critical exponentsg, b, andt from data on gold nuclei fragmentation due to interac-
tions with nuclear emulsion at energies 4.0A GeV and 10.6A GeV is presented. Based on analysis of Campi’s
second charge moments, two subsets of data at each energy are selected from the inclusive data, corresponding
to “liquid” and “gas” phases. The extracted values of critical exponents for the selected datasets are in
agreement with predictions of the three-dimensional Ising universality.
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I. INTRODUCTION

Multifragmentation, a breakup of an excited nucleus into
many intermediate mass fragments, has been discussed for
almost 20 years in terms of statistical mechanics; possible
critical behavior was investigated. In its ground state nuclear
matter behaves like a liquid. Mean field theory simulations
[1] predict that nuclear equation of state resembles that of
van der Waals gas. Therefore existence of a phase transition,
spinodal instabilities, and a critical point are expected. How-
ever, the nature of the possible phase transition is still under
debate. Existing experimental data do not lead to a conclu-
sive answer[2–5].

In many papers it was shown(e.g., Ref.[3]) that nuclear
interactions undergo two stages. During the first stage,
prompt nucleons are emitted from the colliding system and
they carry out a large amount of available kinetic energy.
They result from quasielastic and nonelastic collisions of
projectile and target nucleons. Immediately after the colli-
sion, the remnant of the nucleus is in an excited state with
temperatureTi. At the second stage, the excited remnant ex-
pands and cools evolving into a neighborhood of the critical
point on the temperature-density plane[6]. Then it breaks up
into many intermediate mass fragments and freezes out at
temperatureTf. This last process is the multifragmentation. It
was also shown that the total charged fragment multiplicity
is proportional to the temperature of the colliding system,
both toTi andTf [6].

In the 1990’s there were many attempts to extract critical
exponents in nuclear fragmentation from the experimental
data, e.g., Refs.[7–10]. A method of charged moments in-
vented by Campi[11] and supported by percolation theory
[12] was commonly applied. These attempts did not take into
account the fact that it is only the remnant of the nucleus that
undergoes multifragmentation process, so all prompt par-
ticles (participating in the nucleus-nucleus collision) were
included in the analysis. This approach raised a critique
[13,14], that pointed out that: inclusion of prompt particles,
assumption that fragment multiplicity is directly proportional
to the temperature of the fragmenting system, and using frag-

ment chargesZi instead of fragment massesAi are not justi-
fied and can significantly change the resulting values of criti-
cal exponents.

Recently, the EOS Collaboration[15] calculated critical
exponents based on a high-statistics sample of fully recon-
structed events from fragmentation of Au nuclei with energy
1.0 GeV/nucleon, taking into account the above criteria and
using fragment masses, not charges. The obtained results are
in agreement with the previously extracted values of the
critical exponents[7]. Therefore, the exclusion of prompt
particles and performing analysis based on moments of mass
distribution, instead of charge distribution, does not impact
resulting values. This can be understood based on the fact
that a large majority of prompt particles are fragments with
chargeZ=1. Their impact on the second charge moments
(that take square of the charges) is much smaller than that of
heavier fragments.

In this paper we present the analysis of data coming from
interactions of projectile gold nuclei with nuclear emulsion
at primary energies 4.0 and 10.6 GeV/nucleon.

II. THE EXPERIMENT

Stacks of BR-2 emulsion pellicles were irradiated with
gold ion beam at the AGS accelerator at Brookhaven Na-
tional Laboratory. The stacks were oriented so that the beam
was parallel to the pellicles. Interactions were found during a
microscope scanning along the primary tracks in order to
obtain a sample with minimum detection bias. The two
datasets consist of 448 events at 4.0 GeV/nucleon and 884
events at 10.6 GeV/nucleon. In each event analyzed, multi-
plicities and emission angles of all produced particles and
fragments of colliding nuclei were measured. In addition,
charges of projectile nucleus fragments were determined.
Singly charged particles(released protons and produced
pions) were distinguished unambiguously from heavier frag-
ments. Charges of heavier fragmentssZù2d of the projectile
were measured using a photometric method with a charge-
coupled device camera[16].

The experimental method of identification of prompt par-
ticles (i.e., nucleons directly participating in the collision) in
emulsion experiments is not available. We can, however, es-
timate the number of prompt particles as a difference be-*Electronic address: Henryk.Wilczynski@ifj.edu.pl
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tween the total number of emitted protonsNprot and the num-
ber of spectator protonsNspec. The number Nprot is
determined using charge balance of the projectile fragments.
We have estimatedNspec as the number of singly charged
particles that are emitted at the angleu,2u0, whereu0 is the
average proton emission angle given by relationu0=0.12/p,
andp is the momentum per nucleon of the projectile before
fragment emission[17].

In this paper critical exponents were extracted using the
Campi’s charge moment method. The charge moments in our
analysis were calculated in two different ways. One of them
is to find non-normalized charge moments, taking into ac-
count all heavysZ.2d fragments,a particles, and protons
emitted from the vertex of interaction following Gilkeset al.
[7]. The other way is for normalized charge moments and
excludes prompt protons following Elliottet al. [15]. The
two ways were used to detect possible inconsistencies com-
ing from the choice of the method.

III. CHARGE MOMENTS

Following Campi [11,18], we define the total charged
fragment multiplicitym, as m=Nf+Na+Nprot, whereNf de-
notes the number of fragments with chargeZù3, Na is the
number of emitteda particles, andNprot is the number of
emitted protons.

The distance from the critical point for a given event can
be properly measured by a difference between multiplicitym
and the multiplicity at the critical pointmc. The validity of
this assumption rests on a linear dependence between tem-
perature of the systemT and the total multiplicitym that was
shown to be valid by Haugeret al. [3]. Therefore we intro-
duce a variablee:

e = m− mc. s1d

Fragments of a given chargeZf were counted on event-by-
event basis to determine the fragment charge distribution
NZf

. The normalized charge distribution was defined as
nZf

=NZf
/ZA0

, whereZA0
is charge of the nucleus remnant

undergoing fragmentation, given by a sum of charges of
all fragmentsZf ù2 plus total charge of spectator protons.

In order to compare the experimental results with theoret-
ical calculations based on the Fisher model of droplet con-
densation[19], which is commonly applied to nuclear frag-
mentation, mass distributions should be used and should be
normalized to the remnant massA0 rather than to its charge
ZA0

. In emulsion experiments, fragment mass is not measur-
able; therefore it was assumed that fragment chargeZf is
proportional to its massAf. It was also assumed that on av-
erage, charge and mass distributions are equal,NsZfd=NsAfd.
In fact, the same assumption is made also by other authors, at
least in specific ranges of charges. This is dictated by the
difficulty in measuring masses of all heavier fragments
emerging from the interaction vertex. In case of electronic
experiments, masses of fragments only in some small mass
range are measured. Therefore, we have to rely on the as-
sumption of proportionality between mass and charge.

Following Campi [11], we define thekth moment of
charge distribution as

Mksed = o nZf
sedZf

k, s2d

where the sum extends over all charged fragments except
prompt protons in the “gas phase,” that is, fore.0. In the
“liquid phase,” wheree,0, in addition the fragment with
highest chargeZmax is omitted from summation. The above
procedure is motivated by the Fisher model: the bulk liq-
uid of infinite volume is excluded from calculation on the
“liquid” phase. Similar procedure is carried out in perco-
lation models, in which the percolating cluster of infinite
size is excluded from calculation on the liquid phase.

With the above assumptions, and based on the Fisher
model, in the thermodynamic limit the following relations
are valid[15]:

M2sed , ueu−g, s3d

nZf
sed , Zf

−t for e = 0. s4d

In addition, Baueret al. [20] have shown that

Zmaxsed , eb for e , 0. s5d

In these equationsb, g, and t are the critical exponents.
Zmaxsed is the average charge of the largest fragment for a
given distance from the critical pointe. The above rela-
tions are valid in the neighborhood of the critical point,
provided that the system is at coexistence and the effects
of Coulomb energy are relatively small. It was shown in
Ref. f21g that these assumptions are approximately valid
in nuclear fragmentation, so that the system can be treated
as being at coexistence. Far away from the critical point,
the behavior of the system is dominated by the mean field
regime and these relations are not followed. Very close to
the critical point, on the other hand, finite size effects
come into play andM2 does not rise to infinity withe
approaching zerofEq. s3dg, but achieves some maximum
value. The critical exponentsb, g, andt are not indepen-
dent. A scaling relation between them exists:

t = 2 +
b

b + g
. s6d

Practical calculations of the moments of charge distribu-
tions were based on averaging in the small bins of multiplic-
ity m of event-by-event distributions[15,7]:

kMksedl =
1

N o Mk
i sed =

1

No
i
So

Zf

nZf

i sedZf
kD , s7d

wherei is the index of an event,N denotes the total num-
ber of events in a given small range ofe, and Mk

i is a
charge distribution moment for eventi.

IV. FLUCTUATIONS CLOSE TO THE CRITICAL POINT

One of the basic effects of the second-order phase transi-
tion is the appearance of significant fluctuations in the neigh-
borhood of the critical point, in a small range of temperatures
T (or other parameter measuring distance from the critical
point). Fluctuations grow as the critical point is approached
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and appear at increasingly large scales. In the case of a nor-
mal liquid, the effect is known as the critical opalescence:
fluctuations of density of the liquid and sizes of gas bubbles
result from vanishing latent heat of the phase transition as
the critical point is approached. In the Fisher model applied
to nuclear fragmentation, this is reflected by the divergence
of the isothermal compressibilitykT at the critical tempera-
ture Tc: small variations of the pressure result in big density
changes. In the neighborhood of the critical point, the vol-
ume and surface terms of the Gibbs free energy of fragment
formation vanish and the fragment distribution is dominated
by the power law of Eq.(4).

In case of multifragmentation, fluctuations can be ana-
lyzed using moments of charge distributions. Campi sug-
gested a variableg2 linearly dependent on variances2 of the
chargekZl distribution:

g2 =
M2M0

M1
2 = 1 +

s2

kZl2 , s8d

Figure 1 showskg2l as a function of multiplicitym for
energies 4.0 and 10.6 GeV/nucleon. As critical value of mul-
tiplicity mc is not identified at this stage, charge moments
were calculated withZmax excluded. For multiplicities
smaller thanm.30, kg2l grows monotonically with multi-
plicity, for multiplicities larger thanm.40, it falls down
monotonically. Fluctuations ofg2, reflected in large disper-
sion, are largest for multiplicities between 10 and 40. It is
commonly assumed that the strong maximum ofkg2l results
from undergoing a phase transition at critical point multiplic-
ity m=mc. The region of multiplicitiesm,mc is called a
liquid phase, and events withm.mc are called to be in a
“gas” phase. However, the presence of maximum ofkg2l is
not a conclusive argument for appearance of phase transition.
It was shown[15] that such maximum is observed also in
systems that do not undergo a phase transition. Therefore,
Fig. 1 will be treated as only a hint for possible phase tran-
sition in a specific range of multiplicities. It is also worth
mentioning that g2 fluctuations at energies 4.0 and
10.6A GeV agree well with each other.
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FIG. 1. kg2l as a function of total charged fragment multiplicity
m at energies 4.0 and 10.6 GeV/nucleon. The error bars show the
dispersion ofg2 in each bin.
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FIG. 2. Mean value of the second charge momentkM2l as a
function of multiplicity m for energies 4.0 and 10.6 GeV/nucleon.
The error bars show dispersion ofM2 values in each bin.

20 40 60 80
0

1

2

3

4

σ Z
m

ax

m

10A GeV

FIG. 3. Standard deviation ofZmax as a function of multiplicity
m at energy 10.6 GeV/nucleon.
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FIG. 4. Scatter plot of second charge moments for individual
events M2

i as a function of multiplicity m at energy
10.6 GeV/nucleon.
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In order to analyze the fluctuations closer, the mean val-
ues of second moment of charge distributionkM2l were plot-
ted versus multiplicity in Fig. 2. Characteristics similar to
that of kg2l is seen. Large dispersion ofM2, especially in the
liquid phase reflects strong fluctuations of experimental val-
ues. Also, theZmax distribution exhibits large fluctuations in
the m range between about 20 and 40. Figure 3 shows the
standard deviation ofZmax as a function ofm.

Figure 4 shows a scatter plot of second charge moments
for individual eventsM2

i versus multiplicity m at energy
10.6 GeV/nucleon. Strong fluctuations ofM2

i for multiplici-
ties 15ømø45 are clearly visible, which result in large dis-
persion ofM2 values (shown as error bars in Fig. 2). For
systems undergoing a second-order phase transition, it is ex-
pected that fluctuations rise in the neighborhood of the criti-
cal point. Therefore, observation of large fluctuations quite
far away from the expected critical region should be attrib-
uted to a different physical phenomenon. For example,
events with values ofM2

i .4 and multiplicitym,20 are fis-
sionlike (only two heavy fragments plusa’s and protons).
Two distinct groups of experimental points are seen in Fig. 4.
One of these groups consists of events with multiplicity
smaller thanm=35 andM2,0.9, the other—of events with
multiplicities larger thanm=30 and largestM2 values for a
given m. The former group, with small multiplicities and
smallM2

i , suggests that the fragment charge distribution must
be dominated by one heavy fragment—i.e., the expected
characteristics of the liquid phase. On the other hand, the
latter group of events, with large multiplicity and largerM2,
suggests existence of a larger number of small fragments;
thus it resembles the expected characteristics of the gas
phase. The two groups are also clearly distinguishable in Fig.
5, showing the charge distribution of the heaviest fragment,
Zmax, as a function of fragment multiplicitym. The liquid
group can be seen at largeZmax, smallm region, while the gas
group corresponds to smallZmax, largem. These two groups
were selected from the inclusive experimental data for fur-
ther analysis on the basis of their second charge moments
M2. Figure 6 shows the selection criteria. The liquid group of

events consists of those with multiplicity smaller thanm
=35 located below the solid line, while the gas group con-
sists of events withm.30 and located above and to the right
of the dashed line. Similar selection was performed for data
at energy 4.0 GeV/nucleon—see Fig. 7. The lines shown in
Figs. 6 and 7 were varied around, resulting in slightly differ-
ent selection criteria. Four different selections were tried to
determine the impact of the selection criteria on the resulting
values of critical exponents. Each time, the critical exponents
obtained were in agreement within statistical errors with the
values presented later in this paper.

Let us look at these two selected groups in order to check
if they really can be treated as liquid and gas phases. For
example, Fig. 8 presents charge distributions as a function of
heavy sZ.2d fragment multiplicityNf for the two selected
groups of data. Fragment charge distributions are clearly dif-
ferent in both groups. The charge distribution for the group
of low multiplicity events consists mainly of events with one
heavy fragment emittedsZù45d. If the second fragment is
emitted, it has a small chargesZø5d. Therefore, we will
refer to this group of data as liquid as for these events one
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FIG. 5. Scatter plot of charge of the heaviest fragment,Zmax, for
individual events as a function of multiplicitym at energy
10.6 GeV/nucleon.

FIG. 6. Selection of liquid and gas groups of events in theM2
i

-m scatter plot.

FIG. 7. Second charge momentM2
i for individual events vs mul-

tiplicity m for energy 4.0 GeV/nucleon. Events selection criteria.
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large fragment remains after collision in analogy to the large
drop of liquid. In most cases there are onlya’s and protons
accompanying the large heavy fragment. The second group
of events has a totally different charge distribution that con-
sists of events with number of emitted heavy fragments rang-
ing from 1 to 8 and charges of fragmentsZø25. The major-
ity of fragments in this group has chargesZø15. We will
call this group of events a gas as it consists of events with
many light fragments emitted. The analysis presented in sub-
sequent sections presents results on these selected sets of
data unless explicitly stated otherwise.

V. CRITICAL EXPONENT g

In order to extract the critical exponentg and the critical
value of multiplicitymc, the method known as “g matching”
was used[20,15]. The outline of this method is the follow-
ing. A trial value of the critical multiplicitymc is chosen. For

a given mc, a distribution of mean values of the moment
kM2sedl is determined as a function of distance from the criti-
cal pointe=m−mc. Then the ranges ine are chosen to fit the
power law(3) to the experimental data, separately for the gas
and liquid phases. With fitting boundaries determined, the
linear fit to the lnkM2sedl versus lnueu is made to extract val-
ues of the slopeg separately for gas and liquid phases.

The fitting boundaries are determined in the following
way. Figure 9 presents a comparison of second moments of
charge distribution for the selected liquid phase and all avail-
able experimental data atm,mc. It should be noted that we
expect that far from the critical point, behavior of the system
is dominated by the mean field regime and the power law is
not followed. Similarly, very close to the critical point, the
finite size effects preventM2 from rising to infinity with e
approaching zero, and again the power law relation is not
valid. These two expected effects are visible in Fig. 9. There-

FIG. 9. Mean value of second charge momentkM2l for the liq-
uid phase as a function of multiplicitym at energy
10.6 GeV/nucleon. Full squares show data for all events with
m,mc, and open circles represent data for selected liquid events
only. The line shows the fit used to determine critical exponentg.

FIG. 10. Mean value of second charge momentkM2l for the gas
phase as a function of multiplicitym at energy 10.6 GeV/nucleon.
Full squares show data for all events withm.mc, open circles
represent data for selected gas events only. Plotted lines show fits to
the gas data(solid line) andm.mc data(dotted line).

FIG. 11. Mean value of the second charge momentkM2l for a
gas phase with exclusion of the largest chargeZmax as a function of
multiplicity m for energy 10.6 GeV/nucleon.
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FIG. 8. Charge distributions in events with different heavy frag-
ment multiplicity Nf for the two selected groups of experimental
data at energy 10.6 GeV/nucleon.
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fore, if a number of both leftmost and rightmost points in
Fig. 9 are to be rejected from calculations, the central region
marked by the straight line is a natural choice for them
region to be used in calculating theg exponent.

Similar comparison for the gas phase is shown in Fig. 10.
The impact of selection of the gas phase is not significant in
this case. The region of the power law dependence is not
clearly seen. This may be due to the inclusion of the charge
of the largest fragmentZmax in the gas phase. The largest
charge dominates the second moment, shifts it to the higher
values, and makes the power law less visible, probably due
to the finite size effect. Thus, it may be interesting to check if
the exclusion ofZmax also in the gas phase reveals a clear
range of power law dependence ofkM2l versuse. The M2
moment for the gas phase computed withoutZmax is shown in
Fig. 11. Open circles represent moments computed for the
gas group of data, and filled circles represent those for all
experimental data atm.mc, without selection. In both cases
the region of power law behavior can be found. This region
is much larger for selected gas data compared tom.mc data,
so it is a reasonable choice for the region ofe in which the fit
should be performed. In other words, Fig. 11 was used as a
guideline in determining fitting region in the gas phase in the
g matching procedure. The value ofggas=1.14±0.05 deter-
mined from moments of charge distribution withZmax ex-
cluded is very close to the value determined by the gamma
matching procedure(i.e., with Zmax included, see below).

The above procedure was repeated for several trial values
of the critical pointmc. The value of the critical exponentg

and critical point mc is found by demanding thatuggas
−gliquidu takes a minimum value andggas and gliquid agree
with each other within statistical errors. Trial values of the
critical point were selected in the range 25ømcø35.

Results of the calculations at energy 10.6 GeV/nucleon
are presented in Tables I and II. Table I shows results ob-
tained based on normalized charge distribution moments,
whereas Table II presents results from calculation based on
non-normalized moments. It is seen that both procedures
give exponents that agree with each other within statistical
errors. The final value of exponentg is calculated as a mean
value ofggas andgliquid for normalized moments. The critical
point is determined atmc=31±2 and the critical exponent
g=1.17±0.09.

It should be noted that calculation of non-normalized mo-
ments involves all projectile fragments, while proper evalu-
ation of normalized moments requires that all preequilibrium
particles should be removed from the calculation. Thus, these
two methods involve summation over different sets of frag-
ments emitted from the collision. As discussed in Sec. III, for
normalized moments the charge distribution is normalized by
ZA0

, i.e., the charge of the nuclear remnant undergoing mul-
tifragmentation. Figure 12 presentsZA0

as a function of frag-
ment multiplicitym, with marked ranges ofm used in calcu-
lating the critical exponents: 7ømø21 in the liquid phase

TABLE I. Critical exponentg for gas and liquid phases for
different choices of trial value of critical pointmc at energy
10.6 GeV/nucleon used ing matching procedure. Normalized mo-
ments.

Trial mc gliquid ggas ugliquid−ggasu

26 0.80±0.00 1.45±0.06 0.63±0.10
28 0.96±0.11 1.32±0.05 0.35±0.12
29 1.04±0.11 1.26±0.05 0.22±0.12
30 1.12±0.12 1.20±0.05 0.08±0.13
31 1.20±0.13 1.14±0.05 0.05±0.14
32 1.27±0.14 1.08±0.05 0.19±0.15
34 1.42±0.15 0.96±0.04 0.46±0.16

TABLE II. Critical exponentg for gas and liquid phases for
different choices of trial value of critical pointmc at energy
10.6 GeV/nucleon used ing matching procedure. Non-normalized
moments.

Trial mc gliquid ggas uggas−gliquidu

26 0.78±0.07 1.30±0.11 0.48±0.13
28 0.93±0.09 1.22±0.10 0.20±0.14
29 1.02±0.10 1.17±0.10 0.15±0.14
30 1.09±0.10 1.13±0.10 0.03±0.14
31 1.17±0.10 1.08±0.10 0.09±0.14
32 1.24±0.12 1.03±0.09 0.21±0.14
34 1.39±0.13 0.94±0.08 0.45±0.15

TABLE III. Critical exponentg for gas and liquid phases for
different choices of trial value of critical pointmc at energy
4.0 GeV/nucleon used ing matching procedure. Normalized
moments.

Trial mc gliquid ggas uggas−gliquidu

26 0.83±0.09 1.32±0.09 0.49±0.13
28 1.01±0.11 1.22±0.09 0.21±0.14
29 1.10±0.12 1.17±0.08 0.08±0.14
30 1.18±0.13 1.12±0.08 0.06±0.14
31 1.27±0.14 1.07±0.08 0.20±0.15
32 1.35±0.15 1.01±0.07 0.33±0.16
34 1.52±0.16 0.91±0.07 0.61±0.17

FIG. 12. Mean value ofZA0
as a function ofm. The regions ofm

used in calculation of exponentg are shown by the dotted lines.
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and 48ømø67 for the gas phase. Although the variation of
ZA0

is considerable, especially in the gas region, the variation
of the second charge moment is much smaller, since the nor-
malizedM2 depends on lnZA0

. On the other hand, the pre-
equilibrium particles(more numerous in the gas phase) are
omitted from calculation of normalized moments. Thus, the
variation of ZA0

is compensated by exclusion of the pre-
equilibrium particles, resulting in similar values of normal-
ized and non-normalized moments.

The analogous results of theg matching procedure at en-
ergy 4.0 GeV/nucleon are given in Tables III and IV. The
determined critical point ismc=30±2 and the critical expo-
nent g=1.15±0.09. Figure 13 shows values ofugliquid−ggasu
plotted as a function of trial values of critical multiplicity at
energy 10.6 GeV/nucleon. Figure 14 presents results of fit-
ting procedure forgliquid and ggas for critical multiplicity
valuemc=30 at the same energy.

VI. CRITICAL EXPONENTS b AND t

After determination of the critical multiplicitymc and
ranges ofe in which to fit the critical exponents, determina-
tion of the exponentsb and t is straightforward. Based on
Eq. (5), the mean value of lnZmax was plotted as a function
of lnum−mcu (Fig. 15). The slope of the linear fit to the plotted

relation gives the critical exponentb. A linear fit was made
within the fitting boundaries determined during theg match-
ing procedure. At energy 10.6 GeV/nucleon, the determined
value of b=0.33±0.01 with x2/ndf=1.66, and at
4.0 GeV/nucleon,b=0.34±0.01 withx2/ndf=0.99.

The critical exponentt was determined from the equation
[7,15]

D lnkM3l
D lnkM2l

=
t − 4

t − 3
. s9d

Figure 16 presents lnkM3l versus lnkM2l for the gas phase
at energy10.6 GeV/nucleontogether with the linear fit.
The slope of this linear fit is used to determine thet
exponent, which ist=2.11±0.05 at 10.6 GeV/nucleon and
t=2.12±0.04 atenergy 4.0GeV/nucleon. Thet exponent
was calculated based on data from the gas phase. Al-
though Eq.s9d is valid on both sides of the critical point,
the effects due to finitesand smalld size of the system are
enhanced in the liquid phase. We keep in mind thatZmax is

TABLE IV. Critical exponentg for gas and liquid phases for
different choices of trial value of critical pointmc at energy
4.0 GeV/nucleon used in gamma matching procedure. Non-
normalized moments.

Trial mc gliquid ggas uggas−gliquidu

26 0.77±0.07 1.53±0.08 0.75±0.11
28 0.96±0.08 1.42±0.07 0.46±0.11
29 1.05±0.09 1.36±0.07 0.31±0.11
30 1.13±0.09 1.30±0.07 0.17±0.11
31 1.22±0.09 1.24±0.07 0.02±0.11
32 1.30±0.10 1.18±0.06 0.13±0.12
34 1.47±0.11 1.06±0.06 0.41±0.14

FIG. 13. Differenceugliquid−ggasu as a function of trial multiplic-
ity mc at energy 10.6 GeV/nucleon.

FIG. 14. Mean value of second charge momentkM2l for a liquid
and gas as a function of multiplicitym at energy 10.6 GeV/nucleon.
The plotted lines show fits to experimental data used to determine
critical exponentg.

FIG. 15. Mean value of lnkZmaxl as a function of distance from
critical point e for the liquid phase at 10.6 GeV/nucleon.
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excluded fromM2 calculation in the liquid phase and thus
there are only very few fragments left in the calculation,
resulting in altering the calculated value of thet exponent
f22g. Therefore, it is a common practice to calculatet
based on data in the gas phase onlyf8,23,10g.

To verify the consistency of the exponentt determination,
the t was also calculated from Eq.(4). This equation is sup-
posed to be valid at the critical point, but in order to have
sufficient statistics, data with 25,m,35 were used. Nor-
malized charge distribution was calculated and plotted in
Fig. 17. The exponentt is given by the slope of the linear fit
to the data points for charges fromZ=6 toZ=16. For charges
smaller than 6, the assumptions of the Fisher model are not
valid [24] and for charges larger than 16 the experimental
data statistics is too small. The resulting valuet
=2.19±0.33, with reducedx2=1.2, is in agreement with the
previously determined value.

VII. DISCUSSION

Table V summarizes the values of critical exponentsg, b,
andt at energies 4.0 and 10.6 GeV/nucleon, both for normal-
ized and non-normalized charge moments, determined in this
work. For comparison, exponents obtained by the EOS,
EMU01, and KLMM experiments are also shown, as well as

the values predicted by the liquid-gas and percolation mod-
els. The data on theb and g exponents from Table V are
plotted in Fig. 18. The values ofb and g exponents deter-
mined in this work are very close to those expected for the
“liquid-gas” phase transition, both for 4.0 and
10.6 GeV/nucleon data. We note that the critical exponents
discussed here were determined from the selected liquid and
gas groups of events. Earlier analyses, without such a selec-
tion, gave values of the exponents which do not agree with
any of the models.

Values of the critical exponentt predicted by the perco-
lation and liquid-gas models are not too different. As experi-
mental errors are large compared to the difference between
the predicted values oft, this exponent cannot be used to
discriminate models of multifragmentation.

Presented in this work a suggestion that the Fisher’s liquid
drop model properly describes the multifragmentation pro-
cess, is in agreement with recently published results of the
ISiS Collaboration[21], confirming that the Fisher’s scaling
law is followed by experimental data. In addition, Maderet
al. [25] have shown a similarity between predictions based
on the Fisher model and clusterization process in the three-
dimensional Ising model, so that droplet condensation and
d=3 Ising belong to the same universality class. Therefore,
multifragmentation can be interpreted in a similar way as

TABLE V. Critical exponentsg, b, t at energies 4.0 and 10.6 GeV/nucleon obtained in this work,
compared with the results from other experiments and with model predictions.

Data g b t

Au-Em 4.0A GeV norm 1.15±0.09 0.34±0.01 2.12±0.04
Au-Em 10.6A GeV norm 1.17±0.09 0.33±0.01 2.11±0.05
Au-Em 4.0A GeV 1.23±0.09 0.36±0.02 2.15±0.04
Au-Em 10.6A GeV 1.11±0.09 0.33±0.02 2.16±0.05
Au-C 1.0A GeV (EOS [15]) 1.40±0.10 0.29±0.02 2.14±0.06
Au-Em 10.6A GeV (EMU01 [10]) 0.86±0.05 0.25±0.02 2.23±0.05
Au-Em 10.6A GeV (KLMM [8]) 0.19±0.02 1.88±0.06
d=3 Ising (liquid-gas) 1.23 0.33 2.21
d=3 percolation 1.80 0.41 2.18

FIG. 17. Normalized fragment charge distribution in events with
multiplicity m within the range 25,m,35.

FIG. 16. Relation between charge moments lnkM3l and lnkM3l
for the gas phase at 10.6 GeV/nucleon.
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condensation of liquid drops in equilibrium with the bulk
liquid.

One can try to estimate a critical temperature of the sys-
tem by using a relation between multiplicity and temperature
of the system given in Refs.[3,6]. Estimation of the initial
temperature of the system after collision,Ti, was based on
Fermi gas model and did not take into account the expansion
of the system. The final temperature of the system at
breakup,Tf, was estimated based on a relation between mul-
tiplicity m and temperatureT for isotopic-yield-ratio ther-
mometer given in Ref.[3]. Our values of critical multiplicity
(mc=30 andmc=31 at 4.0 and 10.6 GeV/nucleon, respec-
tively) correspond to Ti=9.3±0.7 MeV and Tf
=5.4±0.2 MeV. The error ofTi reflects uncertainty of the
input parameters in the Fermi gas model. TheTi andTf val-
ues bracket the critical temperature of the system. This esti-
mated range for the critical temperature is comparable with
theoretical estimates for small nuclear systems[26,27] and
with results obtained in Ref.[21]. The estimation of the criti-
cal temperature relies on the assumption that relation be-
tween multiplicity m and temperature of the system estab-
lished for energy 1.0A GeV applies also for higher energies
4.0 and 10.6 GeV/nucleon.

The above results, together with results of the ISiS Col-
laboration [21], suggest that not all multifragmentation
events undergo a second-order phase transition. In Refs.[5]
and [21] the ISiS data were shown to undergo a first-order
phase transition ending at a critical point. The data in this
paper show the same behavior. Forum−mcu.0 the system is
away from the critical point. Form−mc,0 the system is
below the critical point and would undergo a first-order
phase transition. Only atm=mc, or when M2 diverges, or
Zmax vanishes, is the system at its critical point and under-
goes a continuous(second-order) phase transition.

As noted earlier, the excited nucleus after a collision
evolves into the neighborhood of the critical point on the

density-temperature plane. If multifragmentation occurs
close to the critical point, critical exponents characterizing
second-order phase transition occurring in the neighborhood
of the critical point should be observed. If for some events
multifragmentation occurs far away from the critical point
and they are included in the analysis, the observed values of
critical exponents could be altered so that the whole picture
of the physical process is obscured. In such situations a
proper selection of events should help obtain true values of
critical exponents.

Events excluded from our analysis show very strong fluc-
tuations of the second moment of the charge distribution sig-
nificantly far away from the critical point, especially in the
liquid phase. Large fluctuations could result from coexist-
ence of two different phases with different properties inside a
single nucleus. Below critical multiplicitymc (proportional to
temperature of the system) two separate phases with signifi-
cantly different properties could coexist in nucleus as is sug-
gested by mean field[28,29,1] or canonical model calcula-
tions [30]. The coexistence of the two phases may take place
in wide ranges of temperature and pressure. This could ex-
plain large fluctuations of second moment of charge distribu-
tion far away from the critical point. It is also important to
stress that momentM2 is proportional to the isothermal com-
pressibility of the system. Therefore, large fluctuations ofM2
correspond to fluctuations of the compressibilitykT and to
fluctuation of the density of the system. Large fluctuations of
M2 observed in liquid phase(Fig. 4) may be interpreted as
resulting from large density difference between the two co-
existing phases.

In summary, an attempt to extract critical exponentsg, b,
andt was performed, using data coming from interactions of
gold nuclei with nuclear emulsion at energies 4.0A GeV and
10.6A GeV. To extract the exponents, two subsets of data
with characteristics similar to that of gas and liquid phases
were selected, based on analysis of Campi’s second charge
moments. The extracted values of the critical exponents for
the selected datasets are in agreement with predictions of
liquid-gas model of phase transition. The same analysis per-
formed without the selection of gas and liquid samples fa-
vors neither percolation nor liquid-gas model of phase tran-
sition. A suggestion is made that data excluded from the
above mentioned samples represent events in which phase
transition, if any, occurs far from the critical point.
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FIG. 18. Comparison of determined and predicted values of
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