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Integral formula for calculating rigorously the full Glauber series of the elastic scattering
between two cluster nuclei

M. M. H. El-Gogary
Physics Department, Faculty of Science, Cairo University, Giza, Egypt
(Received 30 January 2003; published 20 November P003

In a previous work, the full Glauber series of the elastic scattering between two cluster nuclei has been
evaluated in an approximate way. The present paper introduces a more elaborate technique to calculate such
series rigorously. The deuteron-carbon elastic angular distribution is calculated by the two approaches and the
results showed that the inaccuracy of the previous approach is significant at large angles. Impressive fit is
observed to the experimental data when the phase variation is included in the present analysis.
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[. INTRODUCTION terms (orbits) into simple recursion formulas. Their results
During the past three decades. hadron-nucleus an btained fora-«a collision showed that the evaluation of the
g P ' ull series brings the Glauber model predictions closer to the

nucleus-nucleus high-energy elastic collisions have been e)é'xperimental data over the available range of momentum
tensively analyzed by the multiple scattering theory Oftransfer[4 10

Glauber and his co-workgt,2]. The attractive point of ap- The preliminary applications of this method have been
plying this model is that even with simple uncorrelated waveegiricted to study the elastic scattering between two very
functions and effective nucleon-nucle@iN) scattering am- light nuclei (mass numbers less than or equal jpbecause
plitudes, one can obtain a microscopic description for thesghe number of generators of the permutation group grows
reactions. As a matter of fact, the theory has shown greatpidly for heavier systemid1,12. As an attempt to extend
success in describing the elastic scattering of hadrons fronhe application of this method, Huarj@3] has proposed a
various target nuclei. The data are excellently reproducegechnique, in which the cluster structures are assumed for the
especially when the higher orders of the multiple scatteringolliding nuclei. The idea is that the multiple scattering oc-
series are taken into accoy®-5]. For nucleus-nucleus col- curring by the collision between clusters and the subcollision
lisions, a definite answer about the success of this theory isetween nucleons in such clusters will consider fewer num-
still lacking. The reason is that the actual calculation of theber of particles so that the method developed by Yin, Tan,
scattering amplitude becomes very tedious and difficult fomnd Chen can be used. However, this attempt does not ac-
projectile and target mass numbers greater than or equal to dount properly for the possible sub-collisions between these
In such cases, the full Glauber multiple scattering series corelusters[14]. Actually, exact classification of the multiple
tains numerous terms so that its complete summation is imscattering terms obtained by this technique is lengthy and
practical. Moreover, the higher-order multiple scatterings intime consuming. We have to classify first the multiple scat-
volve multdimensional integrals, which are cumbersome tdering terms representing the collisions between clusters into
evaluate even for simple Gaussian forms of the nuclear deroerbits, then the subcollision terms between the nucleons of
sities and\IN scattering amplitudes. In the early stages of thethe clusters involved in each orbit. In fact, each cluster-
analyses made, the theory has been applied by proposirguster orbit contains a different kind and number of subcol-
different approximate methods in which the series is trundisions, and therefore their classification will depend on
cated[6—9]. The results showed that such incomplete calcuwhich clusters are colliding. To avoid this trouble, EI-Gogary
lations are clearly less well founded, especially at highemand co-worker$15,16 have approximated the multiple scat-
angle cross sections. Eventually, the question of the signifitering picture corresponding to this technique by treating the
cance of the higher-order corrections in improving the pre<luster-cluster orbits of the same order as if they have equal
dictive power of the Glauber model cannot be assessed umontribution to the scattering amplitude, and this contribution
less one retains the full multiple scattering series in thehas the value of the single scattering orbit result raised to a
calculations. power equal to the order of each orbit. Using this approxi-
Later, with the aid of permutation group, Yin, Tan, and mation, the angular distributions of the reactions
Chen[10] have succeeded in classifying the multiple scatter--1°C, a-*°Ca, *°C-*°C, *60-1%C, and*®0-'%0 have been cal-
ing terms into sets; each set contains the terms that hawailated and compared with the experimental data and the
equal contribution to the scattering amplitude. As a resultcomparison has shown that a clear difference at large angles
the terms of the same contribution are represented by orsill persists.
typical term, referred to as an orbit, and the number of these In the present work, the analyqi$6] is improved by ac-
equally contributing terms is referred to as the length of thiscounting for the multiple scattering series between two clus-
orbit. Furthermore, using Gaussian forms for Nid scatter-  ter nuclei accurately. The multiple scattering terms of such
ing amplitude and the nuclear density, they have transferregeries have been classified into the exact set of orbits and the
the multdimensional integrals corresponding to the typicakorresponding multidimensional integrals have been calcu-
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lated analytically using single Gaussian forms for the nucleapf he NN profile function,F(B)z1—exr{iX(6)], the phase-
densities and th&IN scattering amplitudes. The results ob- ghjft operator is given by

tained by the developed formulas are used to account for the

inaccuracy of the previous approximation and the reliability _ A B .
of the Glauber model in explaining the nucleus-nucleus scat-  exdixag(b, {S},{§'})]= 111 - [j(b+5-5)]. (5
tering data. In Sec. Il the optical phase-shift function result- i=1j=1

ing from the scattering between two cluster nuclei is derived

rigorously. Section Il contains a comparison between th s seen in Eq(5) the multiple scattering between nucle-

results of the present formula and the previous &, by

taking the D!?C collision as an example. The method
of integration is shown in Appendix A, while the orbits
and lengths needed in the calculations are exhibited it

Appendix B.

II. NUCLEUS-NUCLEUS PHASE SHIFT FUNCTION
UNDER CLUSTER STRUCTURE

ons will contain too many terms foA, B=4. For more
tractable calculations, the projectile and target nuclei are
assumed to have cluster structure withy nucleons in
ach cluster, leading tM, clusters in nucleug\ and Mg
clusters in nucleu® (note thatMy is a common divisor
for A andB). Under this treatment, Ed5) is reexpressed
as[13]

In Glauber theory the nucleus-nucleus elastic scattering exflixas(b, Sl {§ﬁ'6})] =111 —T5(b, {§1a}'{§f6})]

amplitud§FAB(q) is specified by the optical phase-shift func-

tion xag(b) as[9]

Fas(@) = ik H(@) fo 3(aD{L - exglixas(®)]Ib db (1)

=ik fo I - exixs®Pb db, (@)

whereq is the momentum transferred from the projectile
nucleusA to the target nucleus8, k is the incident mo-

mentum of the projectile nucleus, aibds the impact pa-
rameter vectorH(q) is the correction factor arising from

the effect of the center-of-mass correlatiof®d. xag(b)

Ma Mg
i=1 j=1
(6)
with
Fij(bl {§ia}v {§j,5}) =1- H H [1 _Fia,jﬁ(b + éa - §j,5)];
a=16=1
(7

wherel’;; represents the profile function of scattering be-
tween theith cluster in nucleug\ andjth cluster inB and
I'i.js is the scattering between theh nucleon of theth
cluster inA and éth nucleon ofjth cluster inB. One can
simplify further this problem by applying the permutation
group method of Yin, Tan, and Ch¢a0]. In this method,

stands for the phase-shift function containing such a corthe multiple scattering terms are classified into sets of
rection consistently9] and it is related to the uncorrelated terms, each set contains the terms of equal contribution to

OneiXAB(B)v by
exiliTas(B)] = f JADH(@) dg f 3(aD)
0 0

xexixag(b") o’ db'. 3)

From the multiple scattering picture of Glaube(AB(B)
can be related to the elementdN phase shiftsy;(b) as

Xasl0, {8}, {8} = é%xij(t? +5-9)
and is given by
exixas(b)]
= (WA(RD W) exdixas(d, {S} (S DIWaTe),

(4)

where, WA({fi}) [We({F{})] is the projectile[targe] wave
function that depends on the position vect{r$ [{Fj’}] of

the scattering amplitude. All terms in each set are repre-
sented by one typical term, referred to as an “orbit,” and
the number of terms in this set is referred to as the
“length” of that orbit. Now, having classified the terms of
the multiple scattering between clusters imioorbits, Eq.

(6) can be rewritten as

extlixas(D, {5}, (5]

m Ma Mg _
=1 +21 wq _Hl [-Ty(b, {8} {5 N1V, (8
= i=1 j=

In this equation, each cluster-cluster orbiis represented
by an (M4 X Mg)-dimensional matrixA(v), with element
Aj;(v) either equal to 1 or 0, andiy(v) is the number of
repetitions(length) of the corresponding orbit. The matrix
A(v) corresponds uniquely to a typical term expressing the
multicluster collision and its elemed; ;(v) is equal to “1”

or “0” according to whethef’; is considered or not in the
typical term (orbit). Of course, the number of elements
having value 1, in a matrix, is the order of scattering of
the collision term expressed by this matrix. Applying Eq.

the projectile[targef nucleons whose projections on the (7) into Eq. (8), it can be written in terms of théIN

impact parameter plane a{é}[{sij’}]. With the definition

collisions as
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exdiXAB(B CRRERY

Ma Mg [ my My My
_1+2 T[T} 2 TTI1[-Tiajs
i=1 j=1  7j=1 a=15=1

Aji(v)
X(b + §a’ —_ §]’5)]Ala,]§(77|1)} . (9)

2 . ..
Here, m;=(2Mn—-1) is the number ofNN collisions be-
tween two clusters. The matrix whose elemeats;s(7;)
is an(Mp X Mg)- dimensional matrix, where eadth row

and jth column element in this matrix is also a matrix of

dimensionMy X My. Expanding the product signs omnd
j in Eq.(9), we can get th&IN collision terms correspond-
ing to each cluster-cluster orbit by

extlixap(b, {§ o, {5,)]
M Mg my Aij(v)
—1+ET1(v)[HH ( El) }
7ij

i=1 j=1
|:MAMBMNMN

<[ ITII1I H[‘Fia,ja(6+§a‘

i=1 j=1 a=1 5=1

(10)

provided that, ifA;;(v)=0 the corresponding summation
sign 2"‘1 is dropped out and all the elemenls, ;s(7;) of

the absent indexy; are omitted. Clearly, Eq(10) shows

PHYSICAL REVIEW C 68, 054609(2003

exflixag(d, {5}, (5]
Ma Mg My My

nq ny(v)
=1+ Tl(v){ > T T TTITII[-Tiajs

i=1 j=1 a=1 5=1

X(b+§,- §j’5>]Aiavw‘“'v>}. (11)
where u is the serial index to number the subcollision
orbits representing the collision between clusters with an
orbit v and T,(u, v) is the length of these orbitd’;, s is
related to theNN scattering amplitudé; , ;s by

Ia]&(b) (12

o ka d’ge” (iq b)fia,ij(Q),
whereky is the wave number of the incident nucleon.

Assuming, for simplicity, that all thé&lN amplitudes are
equal(which is approximately true at high enejggnd ne-
glecting further the spin effects,, ;; can be parametrized by
(9]

Ia]ﬁ(q) _(| +ple Fa /2 (13
whereo is the totalNN cross section, and is the ratio of
the real part to the imaginary part of the forwaX scat-
tering amplitude. Herep is taken to be complexﬂ 3
+i9?, the real partg? is typically the slope parameter of
the NN differential cross section while the imaginary part
Y2 is a free parameter introducing a phase variation of the
NN scattering amplitude. Inserting E(L3) into Eq. (12),

we obtain

that the subcollisions proceeded by a cluster-cluster orbit

v depend on which elements;(v) equal to 1. Thus, the F,ajg(b+sia =gexd- (b+sa— 5)2/2E] (14
present form accounts for the multiple scattering betweeR}wth
two cluster nuclei more comprehensively than the previ- o )
ous formula in Ref[16]. Now, after classifying the sub- g= 4——(1 —ip).
collision terms corresponding to each cluster-cluster orbit, Ge
Eq. (10) takes the form Substituting Eq(14) into Eq. (11) gives the result
|
A ny ny(v) Ma Mg My My R _
exfixae(d, {§a} {5 N]=1+2 Ti(0)) 2 Tolp, (=92 Vexpl = 2 2 > X Ajgjslu, v)(b+5,- 89728
=1 wu=1 i=1 j=1 a=1 5=1
(15

with Ve M M M wherep, and pg are the normalized single particle density
e« functions and they are chosen to be of the single Gaussian
Vo, 1) =2 2 2 2 Aol v). type
i=1 j=1 a=1 5=1
Let us consider the wave function of the system to have ad o,

the form pi(r) = WT,ze‘“ir , 1=AB.

Ma My Mg My Adopting wave functior{16) and the phase-shift function

| elP=]] H paFi) LT TT pa(Fis (16)  (15), we can perform the integration of E@}) analytically
i=1 a=1 j=1 6=1 and get
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n ny(v) TABLE |. Parameters of the nucleon-nucleon amplitude.
exixag(0)]=1+caCe> T1i(v)] X Talm, V)(-g)V2H? =
=1 u=1 E/A (MeV/nucleon o (fm?d) p B (fm?) Ref.
5 47 11.951 0.97 0.46#.25 [17,18
X R(u, vjexd - Wy, v)b°] (17 625 915 117 0378.89 [19]
78 6.79 1.32  0.3250.51 [18,19
with 85 5.99 1.00 0.238.39 [17]
27M, My 212.5 3.28 0.93 1.240-i0.98 [17,2Q
C = {ﬂ} ' F=AB 325 286 053 0.060t.05 [21]
do(q)
Ma My Mg My — 2
5 77 = [Fag(@)]*. (21)
R(p, v) = [H [T (4782w (1, v)]} {H (—>] dQ
i1 a=1 =1 51 \ &5, 9
and lll. APPLICATION TO D- '2C SCATTERING
Mg My ) ¢, 0 In Sec. Il, using simple Gaussian forms for the nuclear
W(g, v) =2 > ag— ————|. densities and theNN scattering amplitudes, the nuclear

phase-shift function representing the full Glauber multiple
The details of the integration process and the definition offcatering series between two cluster nuclei has been derived
w, anda’s andc’s coefficients are given in Appendix A. analytically. The present analysis is an exact treatment to the

Now, the single Gaussian model chosen for the nucleafPProximation introduced in Ref16]. To test the signifi-
density leads to an exact result for the center-of-mass cofz@nce of such a correction in an application the exact and the

relation functionH(q) given by[6]

H(q) = ex q2( ! + 1)
V=P 4\ a2 " BLZ) |

Incorporating Eqs(17) and (18) into Eq. (3), the corre-
lated phase-shift functiofyag(b) can be obtained as

(18)

ng ny(v)
exdixas(0)]=1+cacs>, T1(v) >, Tolu, v)(-g)V2r?
=1 ,u:l
X Rz, vexd—W(u, vb?] (., (19)
where
— 1 ( 1 1 ) -1
R R
w Aai Baé
and

R=

With the result of Eq(19), the integration in Eq(2) gives
the scattering amplitude by

N ny(v)
Fas(@) =1+caCs> T1(0)) 2 Tolu, v)(—g)Valw?)
=1 pn=1

D 2
X Fi(’u Y exp[— 4 1 (20)
2W(u, v) AW(u, v)

The angular distribution of the elastic scattering is then;21/2 ()

determined by

approximate phase-shift formulas are applied to calculate the
angular distribution of the B2C elastic scattering. As a mat-
ter of significance of this comparison, the effect of the Cou-
lomb field is neglected in these calculations. The lab energy
of the deuteron is taken to be 94, 125, 156, 170, 425, and
650 MeV, where the corresponding experimental data are
available [22-25. The cluster structure specific to the
D-12C system is assumed &,=1, Mg=6, andMy=2. The
orbits, lengths, and\-matrices required in the present for-
mula for this structure are exhibited in the Tables IllI-IX, in
Appendix B. The formula in Ref{16] requires only Tables
Il and IV representing the cluster-cluster collisions, and the
sub-collisions corresponding to the single scattering between
these clusters, respectively. The subcollisions corresponding
to the higher orders are approximated in terms of the single
scattering ones. The input parameters are those associated
with the NN scattering amplitude and the nuclear densities.
For the parameters of thé¢N scattering amplitude, the values
used corresponding to above energies are listed in Table |.
In this table, the usudNN parametersr, p, and 3 (the
real part of 8”) are obtained by averaging the values of the
neutron and proton parameters available in the references
stated. The values @f andg?, which are not available, have
been determined either by interpolating between the avail-
able ones or by requiring the unitarity conditipt8] that

B2 =[(1+p*)/16m]o.

The phase-variation parametef (the imaginary part of
“B") is obtained by comparing the calculated and the ex-

TABLE Il. Nuclear rms radii[9].

Nucleus P D 12¢

0.81 2.17 2.453
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FIG. 1. Full Glauber series analysis for angular distribution of O (deg)

the DA°C elastic scattering at 94 MeV. The curves compare the

res_ults obtained by the nuclear_phase-shift formula of this ek the D2C elastic scattering at 125 MeV. The curves are labeled as
solid curve and the corresponding formula of R¢t6] (the dashed Fig. 1. The dots are the experimental dE2a]
curve). The dashed curve is an approximation to the solid curve T '

calculations. The curves display the predictions obtained by taking 10°
the phase-variation parametgf=0. The dots are the experimental
data[22].

FIG. 2. Full Glauber series analysis for angular distribution of

LI B SN St M B B S B B S B B B e B R IR B B B e B S B B R

T T T

12 _
perimental D¥2C angular distributions. The density pa- D-7C (E,,, =156 MeV)

rameter is obtained frorf9]

16° | E
3) (1-1h) - ]
2 .
a?=|=|——->=, i=AB - ]
' (2 [(rd) = (r3)] i ]
Where<ri2> and(rf,) are the mean square radii of the col- g r 1
liding nuclei and the proton, respectively, and the mea- §
sured values of their square roots are given in Table Il. 5

At the beginning, the accuracy of the present analysis has =
been checked by reproducing the exact Glauber results of $
two applications, calculated independently using the same
parametrization for the inputs needed: First, the cross sec-
tions of 1980, 2570, and 4200 MeM-« scattering are cal- 10' £
culated by taking the cluster structuf®,=2, Mg=2, and b
My=2) and once again by consideririyl,=1, Mg=1, and
Mn=4). The results obtained from the two structures are
found identical and in agreement with the exact Glauber se-
ries calculations given in Refl4]. This ensures that the

e sl

—d.

present approach accounts properly for the multiple scatter- 1005' = '1'0' = '1'5' = '2'0' = '2'5' = '3'0' s

ing between the clusters considered in the nuclear system, 6 (deg)

the fact that the previous analysis does not verify. Second, -

using this analysis the calculation of the'8G total cross FIG. 3. Full Glauber series analysis for angular distribution of

section at 4200 MeV yields the exact Glauber result reporte¢he D12C elastic scattering at 156 MeV. The curves are labeled as
in Ref.[9] given byo,,,=620.46 mb. Now, the DZC angular  in Fig. 1. The dots are the experimental df24].

054609-5



M. M. H. EL-GOGARY

PHYSICAL REVIEW C68, 054609(2003

1045""|"'-|'-"|'ﬁ—"|'—f-'|'E 104:- 3

10° £ 3 |

10° b -

1 0 F E

16’ F 3 [ ]

2 ~ 10°F 3

£ Wy 1 £ :

o] ] = 5 ]

2 ] £ I ]

2 ] St ]

10° £ 3 Z .

3 [o) 10 :_ “J

< : 3

16 E e X ]

] 10" .

S - ]

w0 e e [ ]

0 10 20 30 40 50 i b

8. (deg) [ ]

1 1 1 " L 1 N N 1 1 | : 1 L N 1
FIG. 4. Full Glauber series analysis for angular distribution of 0 5 10 15
the D2C elastic scattering at 170 MeV. The curves are labeled as 0 (deg)
lab

in Fig. 1. The dots are the experimental dg28].

3

1 ——————1—— -
12 _
D-"C (E, =425MeV)
10 -
%
=
E
o]
- L
2]
S
101_- -
100 " L " L 1 N . L . 1
5 10 15
0. (deg)

20

FIG. 6. Full Glauber series analysis for angular distribution of
the D1%C elastic scattering at 650 MeV. The curves are labeled as
in Fig. 1. The dots are the experimental di2&].

distributions resulting from the present approa@olid
curve and previous approximatiofdashed curveare com-
pared with the experimental datdots in Figs. 1-6. The
curves are calculated by setting the phase-variation param-
eter 2 equal to zero. Figures 1-6 show that the two ap-
proaches yield similar results at small angles and give sig-
nificantly different ones at large momentum transfers. As
mentioned in Sec. |, the inaccuracy of the previous approach
relative to the present one is neglecting the actual subcolli-
sions of the higher-order multiple scattering between clusters
and approximating their contributions as powers of the single
scattering ones. So the significance of such a difference
would be at large angles where the contributions of higher
orders are dominant. Of course, the heavier the system ap-
plied, the bigger the error resulting from this approximation.
Concerning their agreement with the experimental data, all
calculations as shown do not agree with the measurements at
large angles. Also, it is clear that the results obtained with the
previous approximatior(dashed curvegsare closer to the
large angle data at energies 94, 125, 156, and 170 MeV than
the exact calculation ongsolid curve$. This trend has been
justified previously in Refg5,21] as a result of the approxi-
mation made in the calculation of the multiple scattering

FIG. 5. Full Glauber series analysis for angular distribution ofSeries. On the other hand, the reverse situation obtained here
the D2C elastic scattering at 425 MeV. The curves are labeled agor energies 425 and 650 MeV reflects that the energies hav-

in Fig. 1. The dots are the experimental dg24].

ing this trend are not sufficiently high for the Glauber theory.
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FIG. 7. Effect of phase varaition on the angular distribution of
94 MeV D-1C elastic scattering. All curves are obtained from the
nuclear phase-shift formula introduced in this work. The solid curve o o
shows 20 calculated result with the value given in Table I. The  FIG. 9. Effect of phase variation on the angular distribution of

dashed curve showg=0 calculated result. The dots are the experi- 156 MeV D2C elastic scattering. The curves are labeled as in Fig.
mental datg22]. 7. The dots are the experimental dg22].
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FIG. 8. Effect of phase variation on the angular distribution of  FIG. 10. Effect of phase variation on the angular distribution of
125 MeV DZ2C elastic scattering. The curves are labeled as in Fig170 MeV D¥2C elastic scattering. The curves are labeled as in Fig.
7. The dots are the experimental d§2z)]. 7. The dots are the experimental dg2a].
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FIG. 11. Effect of phase variation on the angular distribution of
425 MeV D-“C elastic scattering. The curves are labeled as in Fig. FG. 12. Effect of phase varaition on the angular distribution of
7. The dots are the experimental d2d]. 650 MeV D+2C elastic scattering. The curves are labeled as in Fig.
7. The dots are the experimental dat&).

In general, the full Glauber series calculation performed with
the present analysis does not reproduce well the experimegyerall g-dependent phase factor multiplied by el scat-
tal data of the D¥C angular distributions. However, better tering amplitude. Taking a nonzero value fgt will intro-
agreement may be obtained if one improves the accuracy @fyce such a factor in the present analysis. As in their calcu-
the values used for thaIN amplitude parameters and the |ations, no restriction has been imposed on the values of the
unrealistic Gaussian form used for the nuclear density. hase-variation parameter except the fitting with the scatter-
As a matter of fact, the exact Glauber theory results ofing data. Just? is varied as a free parameter and the best fit
hadron-nucleus and-a collisions have shown very close of the 42+0 calculated results with the data is achieved at
agreement with the experimental data when the phase varighe values given in Table I. The effect of such a phase in the
tion is invoked in their calculation§4,15. The authors in  exact Glauber calculations of the € angular distribution
these attempts have treated the effect of this phase as @\presented in Figs. 7-12. We can see from these figures that

TABLE lll. Orbits, lengths, andA matrices representing the  TABLE IV. Orbits, lengths, and\ matrices representing the sub-
terms of the multiple scattering betwebh,=1 andMg=6 clusters.  ¢oljisions between the constituents of the cluster-cluster scattering
The elements;;(v) in the third column are given in the same order gxpressed by the terri;;. The elements\y, ;5 in this table are

as thel’s obtained by the cluster-cluster collision tefffi 1[Flj-]Ali. given in the same order as thés obtained by the subcollision term
J:
Total number of collisions terms is 63. H2_1 Hi:l [Fla’lg]Alwl&. Total number of subcollisions terms is 15.
v T1(v) Aygi(v) “ T, ) Arg16lp, 1)
1 6 100000 1 4 1
2 15 110000 2 2 5
3 20 111000 3 2 6
4 15 111100 4 2 7
5 6 111110 5 4 11
6 1 111111 6 1 15
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TABLE V. Orbits, lengths, and matrices representing the sub- TABLE VI. Orbits, lengths, andA matrices representing the
collisions between the constituents of the cluster-cluster scatteringubcollisions between the constituents of the cluster-cluster scatter-

expressed by the terf]? 1[1"1,-]. The elements\,, ;s in this table  ing expressed by the terf]? 1[F”]' The elements\y, ;s in this
J: =,
are given in the same order as this obtained by the subcollision table are given in the same order as e obtained by the subcol-
term, [ 1[H2 lH;l(FlaJ&)Ala,jrs], Total number of subcollisions lision term[[ 1[H2 1H;1(r1avj§)A1a,ja]_ Total number of subcolli-
j=1 " Ta=1""6= =1 a=

terms is 225. sions terms Is 3375.
M Tolu, 2) Aggjsps 2 M Tolu, 3) Aggjslps 3
1 8 1 1 1 16 1 1 1
2 8 1 3 2 48 1 1 3
3 8 1 6 3 24 1 1 6
4 16 1 5 4 48 1 1 5
5 24 3 6 5 96 1 1 7
6 2 6 6 6 48 1 3 5
7 24 1 11
8 8 6 7 7 72 1 3 7
9 4 5 5 8 12 1 6 6
10 24 5 7 9 96 1 5 6
11 6 6 10 10 60 3 6 6
12 8 6 11 11 48 1 5 5
13 24 1 15 12 288 3 5 6
14 24 7 11 13 120 3 6 7
15 12 6 15 14 2 6 6 6
16 4 5 15 15 60 1 6 11
17 12 7 15 16 12 6 6 7
18 8 1 15 17 144 1 1 15
19 1 15 15

18 240 3 6 11

19 30 6 6 10
consideration of the phase improves remarkably the agre(g-0 8 5 s 5
ment of the Glauber model predictions with the data at en21 144 5 5 7
ergies 94, 125, and 156 MeV and relatively at 170, 425, an@2 180 5 7 7
650 MeV. Furthermore, this phase has its strongest effect @3 20 7 7 7
large angles where higher orders of interference are domiy 12 6 6 1
nant. The physical origin of the phase variation has not yebg 120 5 6 1
been settled, despite its impressive role in fitting various ex- 60 6 7 1
perimental data. Also, the values obtained in Table | show
that the energy dependence ¢t is varying. It should be 96 > S 1
mentioned here that the phase-shift analyses could impog® 360 5 7 1
some constraints on the phase-variation parameter dfithe 29 120 7 7 11
scattering amplitude generated from a particular parametri3o 30 6 6 15
zation for theNN potential. The analysis in Ref26], for 31 120 5 6 15
example, provides values fow? at energies 210 and 32 120 6 7 15
325 MeV/nucleon considered here. The values are obtaineé;i3 12 5 5 15
from the parametrization of the spin- and isospin-average
NN amplitude, generated from the phase shifts, with a seried? 120 5 ! 15
of Gaussians. Particularly, the spin independent part of such® 90 7 7 15
a parametrization has yielded fof the value -0.49 frhat 36 40 6 11 15
210 MeV and the value —0.75 firat 325 MeV (see Tables 37 60 5 11 15
[l and IV of Ref. [26]). In this work the Gaussian form of 38 120 7 11 15
the NN amplitude that neglects the spin effects has yieldedq 30 6 15 15
numerically higher values —0.98 and -1.05%fat the corre- 6 5 15 15
sponding energiessee Table ). The difference occurs be-
tween the predictions of the two approaches arising from thé! 30 ! 15 15
reliability of their dependencies, namely, the inputs needed? 12 1 15 15
and the approximation mad&0]. Unfortunately, the errors 43 1 15 15 15

associated with these dependencies are not known in order to
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TABLE VII. Orbits, lengths, and\ matrices representing the subcollisions between the constituents of the
cluster-cluster scattering expressed by the tEﬁnl [I'y;]. The elements\,,, ;5 in this table are given in the
J:

same order as th&’s obtained by the subcollision terf{* 1[H2 lﬂil(Flayj(s)Ala,ja]. Total number of
]: a= —
subcollisions terms is 50 625.

M Tol, 4) Atajsms, 4 M Talp, 4) Asajsm, 4)

1 32 1 1 1 1 42 70 7 7 7 7
2 128 1 1 1 3 43 16 6 6 6 11
3 96 1 1 3 3 44 336 1 6 6 15
4 64 1 1 1 6 45 112 6 6 7 11
5 128 1 1 1 5 46 960 1 5 6 15
6 320 1 1 1 7 47 1680 1 6 7 15
7 384 1 1 3 5 48 336 6 7 7 11
8 640 1 1 3 7 49 320 1 5 5 15
9 48 1 1 6 6 50 2880 1 5 7 15
10 320 1 1 1 11 51 3360 1 7 7 15
11 288 1 1 6 7 52 560 7 7 7 11
12 192 1 1 5 5 53 56 6 6 6 15
13 1280 1 1 5 7 54 560 1 6 11 15
14 720 1 1 7 7 55 336 6 6 7 15
15 192 1 3 5 5 56 720 5 5 6 15
16 960 1 3 5 7 57 2240 5 6 7 15
17 480 1 3 7 7 58 840 6 7 7 15
18 16 1 6 6 6 59 32 5 5 5 15
19 288 1 1 6 11 60 720 5 5 7 15
20 112 1 6 6 7 61 1680 5 7 7 15
21 640 1 1 1 15 62 560 7 7 7 15
22 1440 1 1 7 11 63 112 6 6 11 15
23 336 1 6 7 7 64 560 1 11 11 15
24 128 1 5 5 5 65 560 6 7 11 15
25 1920 1 1 3 15 66 288 1 5 15 15
26 2880 1 5 7 7 67 1680 1 7 15 15
27 560 1 7 7 7 68 1120 7 7 11 15
28 2 6 6 6 6 69 140 6 6 15 15
29 112 1 6 6 11 70 336 1 11 15 15
30 16 6 6 6 7 71 560 6 7 15 15
31 720 1 1 6 15 72 24 5 5 15 15
32 672 1 6 7 11 73 336 5 7 15 15
33 56 6 6 7 7 74 420 7 7 15 15
34 640 1 1 5 15 75 112 6 11 15 15
35 2880 1 1 7 15 76 112 1 15 15 15
36 1680 1 7 7 11 77 336 7 11 15 15
37 112 6 7 7 7 78 56 6 15 15 15
38 16 5 5 5 5 79 8 5 15 15 15
39 640 1 3 5 15 80 56 7 15 15 15
40 2160 1 3 7 15 81 16 11 15 15 15
41 1120 3 7 7 11 82 1 15 15 15 15

assess the uncertainty in these predictions. Surely, the poteh©50 MeV and Ahmed and co-workef&7] have clarified

tial model approaches are more consistent and comprehethat the values of? provided by the potential model calcu-
sive in restricting the\NN parameters, but the phase-variation lation are not necessarily the same as the values obtained
parameter may change substantially with more elaborate pavith a phenomenological factor describing at best the small
tential models. However, Franco and Y#j have obtained a angle data. The best determination in the present analysis
similar difference between the two findings at 643 andwould be obtained when one uses realistic nuclear density,

054609-10



INTEGRAL FORMULA FOR CALCULATING RIGOROUSLY... PHYSICAL REVIEW C 68, 054609(2003

TABLE VIII. Orbits, lengths, andA matrices representing the subcollisions between the constituents of
the cluster-cluster scattering expressed by the IH_?ng[I‘lj]. The elements\,, ;s in this table are given in
]:

the same order as tHés obtained by the subcollision terrp]® l[HZ 1H§_1 (T'10,j9)*12%]. Total number of
J: a= —
subcollisions terms is 759 375.

M Ta(u, 5) Atajsm, ) M Tal, 5) Atajsm, )

1 64 1 1 1 1 1 71 720 15 6 6 6 1
2 320 1 1 1 1 3 72 180 11 6 6 6 7
3 640 1 1 1 3 3 73 4480 15 5 6 6 1
4 160 6 1 1 1 1 74 5040 15 7 6 6 1
5 320 5 1 1 1 1 75 720 1 7 6 6 7
6 960 7 1 1 1 1 76 5600 15 15 1 1 1
7 1280 5 1 1 1 3 77 2240 15 11 7 1 1
8 2400 7 1 1 1 3 78 1512 15 7 7 6 1
9 960 5 i 1 3 3 79 1680 1 7 7 6 7
10 1600 7 1 1 3 3 80 960 15 5 5 5 1
11 160 6 6 1 1 1 81 1680 15 5 5 7 1
12 960 1 1 1 1 1 82 4480 15 5 7 7 1
13 1120 6 7 1 1 1 83 2520 15 7 7 7 1
14 640 5 5 1 1 1 84 2520 1 7 7 7 7
15 4800 5 7 1 1 1 85 90 15 6 6 6 6
16 3360 7 7 1 1 1 86 1680 15 11 6 6 1
17 1920 5 5 1 1 3 87 720 15 6 6 6 7
18 9600 5 7 1 1 3 88 5600 15 15 6 1 1
19 5600 7 7 1 1 3 89 1008 15 11 6 7 1
20 80 6 6 6 1 1 90 2520 15 6 6 7 7
21 1120 1 6 1 1 1 91 3360 15 15 5 1 1
22 640 6 6 7 1 1 92 2240 15 15 7 1 1
23 2400 % 1 1 1 1 93 2520 15 11 7 7 1
24 6720 1 7 1 1 1 94 5040 15 6 7 7 7
25 2240 6 7 7 1 1 95 80 15 5 5 5 5
26 640 5 5 5 1 1 96 3360 15 5 5 5 7
27 9600 5 5 7 1 1 97 1680 15 5 5 7 7
28 1680 5 7 7 1 1 98 1680 15 5 7 7 7
29 4480 7 7 7 1 1 99 3150 15 7 7 7 7
30 640 5 5 5 1 3 100 240 15 11 6 6 6
31 7200 5 5 7 1 3 101 2520 15 15 6 6 1
32 1120 5 7 7 1 3 102 1680 15 11 6 6 7
33 2800 7 7 7 1 3 103 4480 15 15 5 6 1
34 20 6 6 6 6 1 104 1260 15 15 7 6 1
35 640 1 6 6 1 1 105 5040 15 11 7 6 7
36 180 6 6 6 7 1 106 1120 15 15 5 5 1
37 3360 5 5 6 6 1 107 1344 15 15 5 7 1
38 4480 1 6 7 1 1 108 2520 15 15 7 7 1
39 720 6 6 7 7 1 109 8400 15 11 7 7 7
40 3200 % 5 1 1 1 110 420 15 15 6 6 6
41 1680 1% 7 1 1 1 111 2520 15 15 11 6 1
42 1344 1 7 7 1 1 112 2520 15 15 6 6 7
43 1680 6 7 7 7 1 113 2240 15 15 15 1 1
44 320 5 5 5 5 1 114 1008 15 15 11 7 1
45 9600 15 5 1 1 3 115 6300 15 15 6 7 7
46 3360 15 7 1 1 3 116 80 15 15 5 5 5
47 2240 1 7 7 1 3 117 2240 15 15 5 5 7
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TABLE VIII. (Continued)

M To(u, 5) At jsp: 5) % To(, 5) At jsp: 5)

48 2520 6 7 7 7 3 118 7560 5 15 5 7 7
49 2 6 6 6 6 6 119 4200 5 15 7 7 7
50 180 1 6 6 6 1 120 504 15 15 11 6 6
51 20 6 6 6 6 7 121 1680 15 15 15 6 1
52 2240 5 6 6 1 1 122 2520 15 15 11 6 7
53 1440 1 6 6 7 1 123 640 15 15 15 5 1
54 920 6 6 6 7 7 124 5040 15 15 15 7 1
55 5600 5 1 1 1 1 125 5040 5 15 11 7 7
56 1344 5 6 7 1 1 126 420 15 15 15 6 6
57 5040 1m 6 7 7 1 127 720 15 15 15 11 1
58 240 6 6 7 7 7 128 1680 15 15 15 6 7
59 2400 5 5 5 1 1 129 40 15 15 15 5 5
60 2240 5 5 7 1 1 130 720 15 15 15 5 7
61 3360 5 7 7 1 1 131 1260 15 15 15 7 7
62 1008 11 7 7 7 1 132 240 15 15 15 11 6
63 420 6 7 7 7 7 133 180 15 15 15 15 1
64 32 5 5 5 5 5 134 720 15 15 15 11 7
65 2400 5 5 5 1 3 135 20 15 15 15 15 6
66 1680 15 5 7 1 3 136 10 15 15 15 15 5
67 2240 % 7 7 1 3 137 90 15 15 15 15 7
68 6300 5 7 7 7 7 138 20 15 15 15 15 11
69 252 6 7 7 7 10 139 1 15 15 15 15 15
70 20 11 6 6 6 6

precise nucleon-nucleon amplitudes, full multiple scatteringnethod more practical and efficient so it can be used now to
series, and coupling of inelastic channels for the reactiomxtend the full Glauber series calculations to systems with

concerned. greater mass numbers. In particular, proposing a cluster pic-
Finally, one can summarize the findings of the presenture for the composite-composite scattering gives an advan-
study as follows. tage in the following technical points. First, the classification

(1) The calculation of the full Glauber series of the mul- in this picture is performed in parts depending on the order
tiple scattering between two nuclei has been simplified byof scattering between clusters, therefore the application of
introducing an approach in which the colliding nuclei areYin’s method will concern only the particles contained in the
decomposed into clusters and the scattering between theselliding clusters. Second, the method of Yin in this picture
clusters is classified by the permutation group method of Yincatches a larger number of terms having equal contribution
Tan, and Cher{10]. As an example, the cluster approachto the scattering amplitude and consequently obtains a
introduced in this work has reduced the straightforward calsmaller number of orbits than the situation where no cluster-
culation of (22*-1) multiple scattering terms of the BC  ing is used.
collision into merely 513 equivalent orbigthe typical terms (3) The ¥*#0 calculated results presented here have
and their repetitions In such a way, the scattering amplitude shown a strong signature that the effect of the phase variation
is very easy to compile and at the same time is rigorous likenust be considered in Glauber theory calculations.
the formula containing all terms in RqR21]. In comparison
with an approximatiorj16] to the present approach, the re-
sults show that it is necessary to include all the terms of the APPENDIX A
Glauber multiple scattering series in order to obtain accurate In this appendix, the detailed derivation of the analytic
values for the differential cross section, especially at largdormula of the nuclear phase-shift function given by Eiy)
momentum transfer. is presented. The formula is developed by performing the

(2) In general, classifying the terms of the multiple scat-integration of Eq(4) via Eq.(16) for the nuclear density and
tering series by Yin’s method without clustering the colliding Eqg. (15) for phase-shift operator. With these ingredients the
nuclei is practically limited to mass numbers less than olintegration overz coordinates is straightforward and H¢)
equal to 4[4,11-13. The cluster approach makes this with the remaining integral becomes
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TABLE IX. Orbits, lengths, andA matrices representing the subcollisions between the constituents of the cluster-cluster scattering
expressed by the tenﬂ? 1[1"1]-]. The elements\,, ;s in this table are given in the same order as reobtained by the subcollision term
J:

H?Zl[ﬂizlﬂi:l (T'10,j9)*12%]. Total number of subcollisions terms is 11 390 625.

M To(u, 6) Aggjslie, 6) M Tolu, 6) A i, 6)

1 1280 1 1 1 3 3 3 110 403200 15 5 5 7 7 1

2 1920 1 1 1 1 3 3 111 80640 15 5 5 5 6 3

3 768 1 1 1 1 1 3 112 2688 15 5 5 5 5 1

4 128 1 1 1 1 1 1 113 7920 11 6 7 7 7 7

5 13440 7 1 1 1 3 3 114 10880 15 6 7 7 7 1

6 7680 5 1 1 1 3 3 115 302400 15 11 7 7 1 1
7 8064 7 1 1 1 1 3 116 201600 15 15 7 1 1 1
8 3840 5 1 1 1 1 3 117 26880 15 15 5 1 1 1

9 2688 7 1 1 1 1 1 118 3960 11 6 6 7 7 7

10 768 5 1 1 1 1 1 119 47520 15 6 6 1 7 7

11 384 6 1 1 1 1 1 120 100800 15 11 6 1 1 7
12 16800 7 7 1 1 3 3 121 40320 15 15 6 1 1 1

13 26880 5 7 1 1 3 3 122 1320 11 6 6 6 7 7

14 5760 5 5 1 1 3 3 123 1880 15 6 6 6 1 7

15 26880 7 7 1 1 1 3 124 14400 15 11 6 6 1 1

16 40320 5 7 1 1 1 3 125 264 11 6 6 6 6 7
17 7680 5 5 1 1 1 3 126 1320 15 6 6 6 6 1

18 13440 7 7 1 1 1 1 127 24 11 6 6 6 6 6
19 16128 5 7 1 1 1 1 128 16632 15 7 7 7 7 7

20 1920 5 5 1 1 1 1 129 138600 15 5 7 7 7 7

21 3840 6 7 1 1 1 1 130 252000 15 15 7 7 1 3
22 2688 1 1 1 1 1 1 131 120960 15 15 5 7 1 3
23 480 6 6 1 1 1 1 132 13440 15 5 5 5 5 7

24 40320 7 7 7 1 1 3 133 192 15 5 5 5 5 5
25 134400 5 7 7 1 1 3 134 27720 15 6 7 7 7 7

26 80640 5 5 7 1 1 3 135 221760 15 11 7 7 7 1
27 7680 5 5 5 1 1 3 136 378000 15 15 7 7 1 1
28 26880 7 7 7 1 1 1 137 161280 15 15 5 7 1 1
29 80640 5 7 7 1 1 1 138 13440 15 15 5 5 1 1

30 40320 5 5 7 1 1 1 139 15840 15 6 6 7 7 7

31 2560 5 5 5 1 1 1 140 10880 15 11 6 1 7 7

32 11520 6 7 7 1 1 1 141 151200 15 15 6 1 1 7
33 26880 1 7 1 1 1 1 142 40320 15 15 11 1 1 1
34 8064 15 1 1 1 1 1 143 5940 15 6 6 6 7 7

35 2880 6 6 1 1 1 7 144 31680 15 11 6 6 1 7

36 3840 1 6 1 1 1 1 145 25200 15 15 6 6 1 1

37 320 6 6 6 1 1 1 146 1320 15 6 6 6 6 7

38 15120 7 7 7 7 1 3 147 3960 15 11 6 6 6 1

39 100800 5 7 7 7 1 3 148 132 15 6 6 6 6 6
40 134400 15 7 1 1 3 3 149 55440 15 11 7 7 7 7

41 40320 15 5 1 3 1 3 150 277200 15 15 7 7 7 1
42 1920 5 5 5 5 1 3 151 302400 15 15 5 7 7 1
43 25200 6 7 7 7 1 3 152 80640 15 15 5 5 7 1

44 161280 11 7 7 1 1 3 153 3840 15 15 5 5 5 1

45 201600 15 7 1 1 1 3 154 36960 15 11 6 7 7 7

46 53760 15 5 3 1 1 1 155 166320 15 15 6 1 7 7
47 1920 5 5 5 5 1 1 156 151200 15 15 11 1 1 7
48 14400 6 7 7 7 1 1 157 26880 15 15 15 1 1 1
49 80640 1 7 7 1 1 1 158 15840 15 11 6 6 7 7

50 80640 15 7 1 1 1 1 159 55440 15 15 6 6 1 7
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M To(u, 6) At jsp 6) M To(u, 6) At jslp 6)

51 13440 15 5 1 1 1 1 160 30240 15 15 11 6 1 1
52 5400 6 6 1 1 7 7 161 3960 15 11 6 6 6 7
53 23040 1 6 1 1 1 7 162 7920 15 15 6 6 6 1
54 13440 15 6 1 1 1 1 163 440 15 11 6 6 6 6
55 1200 6 6 6 1 1 7 164 34650 15 15 7 7 7 7
56 2880 11 6 6 1 1 1 165 10880 15 15 5 7 7 7
57 120 6 6 6 6 1 1 166 75600 15 15 5 5 7 7
58 11088 6 7 7 7 7 3 167 1520 15 15 5 5 5 7
59 151200 1 7 7 7 1 3 168 240 15 15 5 5 5 5
60 403200 15 7 7 1 1 3 169 55440 15 15 6 7 7 7
61 268800 15 5 7 1 1 3 170 166320 15 15 11 7 7 1
62 40320 5 5 5 5 7 1 171 100800 15 15 15 7 1 1
63 768 5 5 5 5 5 1 172 1620 15 15 15 5 1 1
64 7920 6 7 7 7 7 1 173 27720 15 15 6 6 7 7
65 100800 1 7 7 7 1 1 174 66528 15 15 11 6 1 7
66 241920 15 7 7 1 1 1 175 25200 15 15 15 6 1 1
67 134400 15 5 7 1 1 1 176 7920 15 15 6 6 6 7
68 13440 15 5 5 1 1 1 177 1088 15 15 11 6 6 1
69 3960 6 6 7 7 7 1 178 990 15 15 6 6 6 6
70 43200 1 6 7 7 1 1 179 55440 15 15 11 7 7 7
71 80640 15 6 7 1 1 1 180 10880 15 15 15 7 7 1
72 26880 15 11 1 1 1 1 181 43200 15 15 15 5 7 1
73 1320 6 6 6 1 7 7 182 2880 15 15 15 5 5 1
74 10800 1 6 6 1 1 7 183 33264 15 15 11 6 7 7
75 11520 15 6 6 1 1 1 184 55440 15 15 15 6 7 1
76 264 6 6 6 6 1 7 185 14400 15 15 15 11 1 1
77 1200 1 6 6 6 1 1 186 1088 15 15 11 6 6 7
78 24 6 6 6 6 1 187 1088 15 15 15 6 6 1
79 924 7 7 7 7 7 7 188 1584 15 15 1 6 6 6
80 33264 5 7 7 7 7 7 189 18480 15 15 15 7 7 7
81 189000 15 7 7 7 1 3 190 23760 15 15 15 5 7 7
82 268800 15 5 7 7 1 3 191 5400 15 15 15 5 5 7
83 100800 15 5 5 7 1 3 192 160 15 15 15 5 5 5
84 8064 15 5 5 5 1 3 193 27720 15 15 15 6 7 7
85 64 5 5 5 5 5 5 194 31680 15 15 15 11 7 1
86 1584 6 7 7 7 7 7 195 5400 15 15 15 15 1 1
87 55440 1 7 7 7 7 1 196 1088 15 15 15 6 6 7
88 302400 15 7 7 7 1 1 197 7920 15 15 15 1 6 1
89 403200 15 5 7 7 1 1 198 1848 15 15 15 6 6 6
20 134400 15 5 5 7 1 1 199 15840 15 15 15 1 7 7
91 8064 15 5 5 5 1 1 200 1880 15 15 15 15 7 1
92 990 6 6 7 7 7 7 201 1200 15 15 15 15 5 1
93 31680 1 6 1 7 7 7 202 7920 15 15 15 11 6 7
94 151200 15 6 1 1 7 7 203 3960 15 15 15 15 6 1
95 161280 15 11 1 1 1 7 204 1584 15 15 15 1 6 6
96 33600 15 15 1 1 1 1 205 2970 15 15 15 15 7 7
97 440 6 6 6 7 7 7 206 1320 15 15 15 15 5 7
98 11880 1 6 6 7 207 60 15 15 15 15 5 5
99 43200 15 6 6 1 1 7 208 3960 15 15 15 15 6 7
100 26880 15 11 6 1 1 1 209 1320 15 15 15 15 11 1
101 132 6 6 6 6 7 7 210 990 15 15 15 15 6 6
102 2640 1 6 6 6 1 7 211 1320 15 15 15 15 1.1 7
103 5400 15 6 6 6 1 1 212 264 15 15 15 15 15 1
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TABLE IX. (Continued)

M T2(M7 6) Ala,jé(/-"v 6) M TZ(M! 6) Alot,j é(M! 6)
104 24 6 6 6 6 6 7 213 440 15 15 15 15 11 6
105 264 11 6 6 6 6 1 214 132 15 15 15 15 15 7
106 2 6 6 6 6 6 6 215 12 15 15 15 15 15 5
107 11088 11 7 7 7 7 7 216 132 15 15 15 15 15 6
108 166320 15 7 7 7 7 1 217 24 15 15 15 15 15 11
109 504000 15 5 7 7 7 1 218 1 15 15 15 15 15 15
exfli xaa(b)] = (WAUS D Wa((S 1lexixae(b, {S o (S ][ Wa¥e)
ny ny(v) Ma My Mg My .
= 14003 T 3 T (-9 [ (H I1 ds. ) | (HHd%)
=1 u=1 i=1 a=1 j=1 6=1
Ma My Mg My Ma Mg My My _
xexp[ PIPIFEAEDIDIEEEDIPIPIPIFME IETICEI M %'5)2/(243)]
i=1 a=1 =181 i=1 j=1 a=1 5=1
ny ny(v)
=1+caCe> Ti(W)| 2 Talp, v)(=9)V2#V1, (b) (AL)
=1 u=1
From (b+5,~S9)%= (be+ X=X/ 9>+ (by+Yi,—Y])? and
Ma My Mg My Ma My Mg My
o= TTT1 8. (1T 11 = (1T T ox.an. ) TT T ).
i=1 a=1 j=16=1 i=1 a=1 j=1 81
the integrall , (b) can be separated into two similar formsyrandy coordinates as
l,u,v(b) = I/,L,v(bX)ll,L,v(by)! (AZ)
where, the form ok is given by
Ma My Mg My Ma My Mg My
mo=[ (MM e (TITT dx;ﬁ)exp{ 33 -3 3 adx
i=1 =1 j=1 6=1 i=1 a=1 j=1 6=1
Mp Mg My My B
- E 2 E 2 Aia,jé‘(:u’! U)(bx+ Xia ~ XJ,Z;‘)Z/(ZB):| . (A3)
i=1 j=1 a=1 s=1
Let uj;=X ,~by, then we get
Mg My Mg My Ma Mg My My .
(D) = f ( H de&)eXp[‘ 2 2 aé(uja‘* b? - 2 E 2 E Ajgjslpe, v)ui;/(Zﬁ)]
j=1 81 j=1 8=1 i=1 j=1 a=1 5=1
Ma My Mg My _ Mg My _
x\ [T H dXianp{‘ (axzﬁ > 2 Aigjs U)/(Zﬂ)>xi2a + (E > s U)ujﬁlﬂ)xia] . (A4)
i=1 a=1 =1 6=1 j=1 =1
Using the integral formula
f " exil + qxd p( i )ﬁ >0
exp(— p>@ + gx)dx = ex — ,
B pXP£q a2) o p
the integration in the curly bracket of E¢A4) is performed and we obtain
Ma My _ Mg My
IM,U<bX>[H 11 {478 Wia(u, v)}l’z} exp[— 22 aébﬁ] X({Mg}, {M}), (A5)
i=1 a=1 j=1 =1

where,
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s Mg My -1
Wia(/J“v U) = |:2ﬁ<2ﬁai+ E E Aia,j&(#’ U)>:|

j=1 6=1

and

Mg My Mg My Mg MN2 My
X({Mg}, {M\}) :f (H I1 duj,;)exp[— > > asi5Mg, MN)uj25+ > > X asisMa, My)ujslig

j=1 =1 =1 6=1 j=1 6=1 p=o+1
Mgl Mg My My Mg My

+ 2 2 2> ai55Mp, Myujsig =0, X (Mg, Myujs | -
=1 1=j+1 6=1 g=1 j=1 =1

The sets{Mg}, {M\} marked inX({Mg}, {My}) characterize the indices of the variables we shall integrate over and the
coefficientsa’'s andc’s are given by

Ma My Ma My
aj&,jJ(MBv ) aB 21 2 Alajr?(/'(’! U)W,a(,LL, U)+21 2 Alajé(/-l/l U)IZB
Ma My
5i5(Mp, My) = 22 D% Aigjs(its VA, VW12, ),
i=1 a=1
Ma My
a;515(Mg, My) = 2> > Ajg s, VA 41500 VW1, V), (A6)
i=1 a=1

Cjs(Mg, My) = 2af.

Now, X({Mg}, {M\}) can be evaluated recursively by the following procedure: First, separate the integration over the
variables of indexMg as

My Mn My Mg-1 My
X({Mg}, {M\}) :f (;[l dUlg)(EldUzB) ([Hl du(MB—l)ﬁ)eXp|:_ > > aj554Mg, MN)szs

j=1 &=1
Mg-1My-1 My Mg-2 Mg—1 My My
+ 2 2 X asipMa, Myutig+ X > > D ajs8(Mg, Myuj st
=1 6=1 p=o+1 =1 15j+1 5=1 =1
Mg-1 My My My
-b > > ¢js(Ms, MN)Uw]f (H dUMBB)eXp|:‘ > Ay, smgo(Ms, MN)“%/IBS
j=1 =1 B=1 =1
My-1 My Mg-1 My My My
+ > > aMB:S,MBB(MBi ) Uy goUmgst > 2> AsMpB (Mg, MU suy g8~ -b ECM 5(MB, N)UMBzS '
=1 p=o+1 j=1 &=1p=1
X({Mg}, {Mp}) = X({Mg — 1}, {MyH X(Mg, {My}). (A7)

X(Mg, {M\}) can be expressed also as

My-1 My-1 My-2 My-1
X(MBy{MN}):f< 11 dUMBa>eXp[ 2 2y om0 M, M) Uiy ot 2 2 Awgamgs(Me, MUy s
1

=1 p=o+l
Mg-1 My My-1 My-1
+ D> D asm s(Ma, MU sUy 5 = by E Cumgs(Me, MUy s
71 =1 g1

My-1
2
Xf dUMBMNEXp[‘ My, MMy (Me: MUy + ( > avgsmg(Me, MU, s
5=1

Mg-1 My
+ EamMBM (Mg, My)Uj 5= byCy v, (Ma, M N))uMBM ] (A8)
=1 =1

Integrating over the variabIaMBMNin Eq. (A8), we get
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- 1/2 2 Mg, M
X<MB,{MN})=( ) exp( Gy Me: M) bi)X(MB,{MN—l}), (A9)
M MN)

MMMy (Me, My) 42y My, MMy (M,

where the integration over the remaining variables of intigxtakes the form

My-1 My-1 My-2 My-1
X(MBa{MN_l}):f H Uy )exp|: E Ay smgo(Me, My = 1)Uy gt 2 2 awgsmgs(Me, My— DUy sty g

5=1 p=o+1
Mg-1 My My-1 My-1
+ 22> ajsm B(MB1MN 1)u; Uy g8~ - by 2 Cm 6‘(MBrMN Duy, 5]
j=1 &=1 p=1

with coefficients given by

Ay smgs(Me, My = 1) = ay_sm (Mg, My) = [afAB(s,MBMN(MBa M)/ 4ay m, Mgy (Me, M) 1,
avgsmgs(Me, My=1)=ay _smys(Me, My) +[am s mom, (Me. My)aw g mgm, (Me. M) 28y v, mgm, (Me, M) 1,

3jsmgp(Me, My=1) =ay5m (Mg, My) +[@) 5mm, (M, My)aw g mgm, (Me, M)/ 28 m, mgm, (Me, M),
Cumgs(Me, My = 1) = €y (Mg, M) +[Cym (Me, My)aw, s v, (M, MN)/ZaMBMN,MBMN(MB, My 1. (A10)

Using Eqgs.(A6) and (A10), we can deduce recursively all the coefficients of the differévig, {My—1}) multiple
integrals. The solution oK(Mg, {My}) can be obtained in terms of these coefficients as

Mg-1 My
X(Mg, 1) = deM 1exp[ avgimg1(Me, 1 Uiy gt ( > 2 AjsMg 1(Mg, )uj&_bXCMBl(MBu 1))UM31}

j=1 =1

- 12 ¢ 1(Mg, 1) Me 1 M
:<—Ml)> > p<8—b2 exp | 2 2 sma(Mar DU
B

CIVIRRVIRT 4ay 1 mg1(Me, 1) =1 o1
Mg-1Mp-1 My Mg-2 Mg-1 My My
+2> > X AsMg 1(Mg, Dayg, MBl(MB1 Dujsujs+2 AP ajﬁMBl(MBv Dayg MBl(MBv Duj Ui
=1 5=1 p=ot+l =1 15j+1 o=1 =1

Mg-1 My
- 2b,ep 1 (Mg, 1) > > 8jsm1(Ms, 1)“]5}/43-M31,M81(MB: 1)] :
j=1 ¢6=1
Therefore X(Mg, {My}) can be determined by
My

X(Mg, {M\}) = [T X(Mg, &). (A11)
51

Substituting with the result of EA11) into Eq. (A7), it gives

X({Mg}, M) = H(*)m exg 3 Mo O (A12)
SR NI | 2 angangiMe 8 |77 & dauomgoMp, 9 |08 N

where

My My Mg-1 My
X({Mg - 1}1{MN})ZJ ([E[ldulﬁ><;j[1du23) (H dum,-1) )eXp|: > 2 a56Mg- 11MN)uj25

=1 6=1
Mg-1My_; My Mg—2 Mg-1 My My
+ 2 2 X asipMag= L MYusu gt > X X D aisisMe— 1, Myuj st
=l &1 p=otl =L 15j+1 =1 =1
Mg-1 My
-b > Ecjﬁ(MB_laMN)uj6:|
=]

with new coefficients given by
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8j5j5(Mg—1,My) =a;5j5(Mg, My) — 2[ fomg(Me, K)/4ay v k(M. K],

Mn
a5j5(Mg — 1,My) = aj55(Mg,

My

My) + 2 [ 5mk(Mg, K)a g mok(Ma, K128y g mk(Me, K],
k=1

a515(Mg = 1,My) = a;55(Mg, My) + > [a5m k(Mg K)aygm (Mg, K)/2ay  m k(M. K],
k=1

My
Cjo(Mg = 1,My) = ¢j5s(Mg, My) + 2, [cy (Mg, K03 5m(M, K)/28y jm (M, K)]. (A13)
k=1
Thus, repeating the above steps fdg-1 variables and the lower ones we obtain
Mg My 1/2 Mg My Ja(J 5)b
X = | TTTT () fex (A19)
oh M= | L0519 2 2 a4, 0

Substituting Eq(A14) into Eq.(A5), 1, ,(b,) and similarly
l,..(by) are obtained and then E¢A2) gives

Ma My B Mg My
_ 2\ /. v
OE |:H H {4 BW, (i, )}:| |:H H (ajaja(l 5))]

i=1 a=1 =161
Mg My 2 s
i, 9) )
X exp| — af- 2217 2|, (A15)
p{ <J§1§§l . 4854, 9)
Thus, applying Eq(A15) in Eq. (Al) the formula given
by Eq. (17) is obtained.

APPENDIX B

ond column represents the length of this orbif;(v) refers

to the elements of th& matrices representing the cluster-
cluster orbits and the six binary numbers in the third column
are the values of the elements;(v),j=1,2, ...,6, respec-
tively.

Tables IV-IX exhibit the orbits, lengths, ankl matrices
representing the subcollisions resulting from the cluster-
cluster collisions given in Table Ill. In these tablesrepre-
sents the serial index of the subcollision orbit due to the
collision orbitv. Ty(u, v) represents the length of the subcol-
lision orbit (u, v). The elements of thA matrices represent-
ing the subcollisions orbits am, ;s In the Ay, ;s(u, v) col-
umns of these, the corresponding binary numbers are

The D.]-ZC Scattering is assumed to have a cluster StrucabbreViated with code numbers rEferring to their structure

ture with M,=1 cluster in nucleusA, Mg=6 clusters in
nucleusB, and My=2 nucleons in each cluster. Using the
permutation method introduced in RgRO0], the multiple

TABLE X. The sets of binary numbers represented by the code
numbers given in thé,,s(u, v) columns of the Tables IV-IX.

scattering terms representing the collisions between these

clusters and those representing the subcollisions betweerCode number

Corresponding set of binary numbers

their constituent nucleons have been classified into sets; each
set contains the terms that have equal contribution to the
scattering amplitude. All terms in each set are accounted for
by one of them as a typical tertreferred to as an orhiand

their number(called the length of this orbitA set of (0, 1)
matrices is used to express the typical tefthgy are called

A matrices for shojt The orbits, lengths, and matrices
representing the full Glauber series of the'4d- scattering

are tabulated in this appendix. They are obtained by enumer-
ating and investigating the possible cluster-cluster collisions
and the possible subcollisions proceed between the nucleons
involved in each cluster-cluster orbit. Trails are now under-
taken by the author to translate the details of this procedure
into a computer program. Table lll contains the orbits,
lengths, andA matrices representing the possible collisions
betweenM,=1 and Mg=6 clusters.v in the first column

1 1 0 0 0
2 0 1 0 0
3 0 0 1 0
4 0 0 0 1
5 1 0 1 0
6 1 1 0 0
7 1 0 0 1
8 0 1 1 0
9 0 1 0 1
10 0 0 1 1
11 1 1 1 0
12 1 0 1 1
13 1 1 0 1
14 0 1 1 1
15 1 1 1 1

represents the serial index of the orbit, andv) in the sec-
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(the sets of binary numbers represented by these codes agementsAqyji, Ajqjp, A1zj1, A1zj2 =1, respectively, as in
shown in Table X. The binary numbers corresponding to the shown Table IV; the second number representsiiseof |
elementsA;, j{(u, v) can be obtained from these codes as=2, as in shown Table V..., the six code representsitbe
follows: The first code number represents the values of thef j=6, as shown in Table IX.
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