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The chiral doublets for nuclei inA,100 and 130 regions have been studied with the particle-rotor model.
The experimental spectra of chiral partner bands for fourN=75 isotones inA,130 region have been well
reproduced by the calculation with the configurationph11/2^ nh11/2

−1 . The possible chiral doublets inA,100
region have been predicted by the particle-rotor model with the configurationpg9/2^ ng9/2

−1 based on the
analysis of the spectra, thev−I relation, theBsM1d andBsE2d transition probabilities, and the structure of the
wave functions. The possible chiral doublets for nuclei with asymmetric particle and hole configurations are
also discussed.
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I. INTRODUCTION

Static chiral symmetries exist commonly in nature. We
can find many examples including the macroscopic spirals of
snail shells and the microscopic handedness of certain mol-
ecules. In particle physics, it is a dynamic property distin-
guishing between the parallel and antiparallel orientations of
the intrinsic spin with respect to the momentum of the par-
ticle. In nuclear physics, triaxially deformed doubly odd nu-
clei can rotate in a left-handed and right-handed geometrical
configuration, which is the manifestation of chiral symmetry
breaking predicted recently[1]. The angular momenta of the
core and of the odd particles can form either a left-handed or
a right-handed combination. These two possibilities are
transformed into each other by the chiral operator which
combines time reversal and rotation by 180°,x=TRspd, in-
stead of any other simple rotation. In the ideal case, the two
equivalent chiral arrangements are independent with each
other, and we can get two degenerate bands with the same
quasiparticle configuration.

In Ref. [1], a pair ofDI=1 bands found in134PrsN=75d,
with the ph11/2^ nh11/2

−1 configuration [2], has been sug-
gested as a candidate for the chiral doubling. Recently,
the possible experimental evidences are reported for a
series of chiral twin bands in odd-Z N=75
isotoness130Cs,132La,134Pr,136Pmd [3] and N=73 isotones
s128Cs,130La,132Prd [4]. Hartley et al. [5] reported the chiral
doublet bands in136Pm, and compared the calculated transi-
tion strength ratiosBsM1d/BsE2d of the chiral bands with the
experimental values for the first time. Using a phenomeno-
logical core-particle-hole coupling model similar to that in
Ref. [1], the chirality in odd-odd nuclei has been studied
based on the configurationph11/2^ nh11/2

−1 and compared with
the experimental data, more details can be found in Refs.
[6–8] and the references therein. In the mass regionA
,130, there are many other experimental evidences[9–12]
which support the existence of the chiral doublet bands in

triaxially deformed doubly odd nuclei. Furthermore, the first
chiral bands in the even-even nucleus have been observed in
136Nd recently[13].

On the theoretical side, such chiral bands have been pre-
dicted by the particle-rotor model(PRM) and tilted axis
cranking(TAC) model based on the mean field approxima-
tion for triaxial deformed case[1]. The breaking of the chiral
symmetry is due to the fact that the axis of the uniform
rotation lies outside any of the principal plane of the density
distribution. The semiclassical mean field description for
tilted nuclear rotation can be traced back to 1980s[14–16].
The qualities of the TAC approximation have been discussed
and tested in Ref.[17] with the PRM model. A detailed dis-
cussion of the self-consistent tilted axis cranking approach
can be found in Ref.[18]. The advantage of the mean field
approach is that it can be easily extended to the multiquasi-
particle case. However, the mean field approach violates the
rotational invariance and the total angular momentum is not
a good quantum number. The chiral doublet bands are the
results of the TAC in the triaxial case and can be observed
experimentally due to the breaking of the chiral symmetry by
quantum tunneling effect, as demonstrated in PRM. Al-
though much effort has been devoted to study the TAC phe-
nomena, the more microscopic relativistic mean field model
and Skyrme–Hartree-Fock calculations have been reported
only in the context[19,20] of planar rotation, i.e., magnetic
rotation, due to their sophisticated codes and time consuming
numerical procedures. In Ref.[21], using hybrid Woods-
Saxon and Nilsson model to replace the single-particle ener-
gies in the triaxial TAC model of Ref.[1] and combining
with shell correction method, the existence of chiral charac-
teristic for 134Pr and188Ir has been demonstrated.

In this paper, the chiral doublet structures for nuclei in
A,100 and 130 regions will be studied with the particle-
rotor model. The rotational levelsBsM1d andBsE2d and the
total angular momentum as a function of the rotational fre-
quency will be presented to analyze the properties of the
chiral doublet bands. The chiral doublet bands observed in
A,130 region will be described and inA,100 region will
be predicted.*Email address: mengj@pku.edu.cn
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II. FORMULATION

To describe the interplay between the motion of particles
and the collective motion, Bohr and Mottelson proposed to
take into account only a few so-called valence particles,
which move more or less independently in the deformed well
of the core, and to couple them to a collective rotor which
stands for the rest of the particles[22]. The division into core
and valence particles is not always unique. Generally, one
divides the Hamiltonian into two parts: an intrinsic partHintr,
which describes microscopically a valence particle or a
whole subgroup of particles near Fermi level; and a phenom-
enological partHcoll, which describes the inert core.

The total PRM Hamiltonian is written as

H = Hintr + Hcoll. s1d

Here, we consider the case of a proton particlep and a
neutron holen in the intrinsic channel, i.e.,

Hintr = hp + hn. s2d

The formalism can be extended to the multiproton or
multineutron cases.

For a single-j model, the quadrupole deformation poten-
tial which results in the energy level splitting is

Vp =
206

A1/3bFcosgY20 +
sin g

Î2
sY22 + Y2−2dG . s3d

The corresponding single-particle energy for a single-j
model can be obtained as

hpsnd = ±
1

2
CHS j3

2 −
js j + 1d

3 Dcosg +
1

2Î3
f j+

2 + j−
2gsin gJ ,

s4d

where the plus sign refers to a particle, the minus to a
hole, and the coupling constantC is

C =
195

js j + 1d
A−1/3b MeV. s5d

The angular momentum operators of the coresRW d and of
the valence particless jWd form the total angular momentum

IW,

IW = RW + jWp + jWn. s6d

For the case of the triaxial rotation, the moments of inertia
for irrotational flow are

Jn = J sin2Sg −
2p

3
nDsn = 1, 2, 3d, s7d

whereJ depends on the quadrupole deformationb and the
mass parameterf23g. Usually, the moment of inertia in-
creases with the angular momentum. For simplicity, a
constant moment of inertia is assumed in the calculation.

The Hamiltonian of the core is

Hcoll = o
n=1

3 sÎn − ĵnd2

2Jn

. s8d

The total Hamiltonians1d is invariant under180° rotations
about the intrinsic axessD2 symmetry groupd. So the
eigenvectors of PRM Hamiltonian can be writtenf24g as

uIMal =Î 1

2s1 + dK0dH o
K,kp,kn

Ckpkn

IKa fuIMKkpknal

+ s− 1dI−jp−jnuIM − K − kp − knalgJ , s9d

where uIMKl is the WignerD function, ukpknl is the prod-
uct of the proton and neutron statesu jkl, Ckpkn

IKa is the ex-
pansion coefficient, and the summation is restricted to
uK u ø I, uki u ø j i, si =n,pd, sK−kp−knd even, kp+kn.0,
whenkp+kn=0, kpù0. The angular momentum projections
onto the quantization axiss3-d in the intrinsic frame and
thez axis in the laboratory frame are denoted byK andM,
respectively, and the other quantum numbers are denoted
by a.

The reduced transition probabilities are defined as

Bssl, I8a8 → Iad = o
M8M

ukf, IMauT̂lmui, I8M8a8lu2,

s10d

wheres=E or M indicates electric or magnetic transition,
respectively, andl is the rank of electric or magnetic
transition operator from initial statei to final statef.

The quadrupole moments in the intrinsic system and the
laboratory frame are connected by the relation

Q̂2m = Dm0
2p Q̂820 + sDm2

2p + Dm−2
2p dQ̂822, s11d

where Q̂2m and Q̂82m are the transition, operators of the
core in the laboratory frame and the intrinsic frame, re-
spectively. For the stretchedE2 transitions we have

BsE2, Ia → I8a8d

= Q0
2 5

16pU o
K,K8

kp,kn

Ckpkn

IKa Ckpkn

I8K8a8FcosgkIK20uI8K8l

−
sing

Î2
skIK22uI8K8l + kIK2 − 2uI8K8ldGU2

,

s12d

in which the contribution from the single particles is ne-
glected as theQ0 value is much larger than that from the
single particles.Q0=s3/Î5pdR0

2Zb is the intrinsic charge
quadrupole momentum,R0 the nuclear radius, andZ the
charge number.

The BsM1d values are the following:
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BsM1, Ia → I8a8d

=
3

16pU o
m,kp,kn,kp8,kn8

1

s1 + dK80d
1

s1 + dK0d

3Ckpkn

IKa Ckp8kn8
I8K8a8fkIK1muI8K8l

3kkp8kn8usgp − gRd j pm + sgn − gRd jnmukpknl

+ s− 1dI−jp−jnkI − K1muI8K8lkkp8kn8usgp − gRd j pm

+ sgn − gRd jnmu− kp − knlg + signU2

s13d

where sign represents the contribution due to the symme-
try of stateuIMal in Eq. s9d, which is the same as the first
two terms in Eq.s13d by the replacementK8→−K8, k8p
→−k8p, and k8n→−k8n. The spherical tensor of rank-1
jm is

jm = S j0 = j3, j±1 =
7s j1 ± i j 2d

Î2
D . s14d

III. RESULTS AND DISCUSSIONS

For the numerical calculation, we follow the procedures
in Ref. [1] to study the chiral doublet structures inA,100
and 130 nuclei using the particle-rotor model. First, the ro-
tational spectra of these four isotones inA,130 nuclei in
Ref. [3] are calculated and compared with the experimental
data. We fix the configuration asph11/2^ nh11/2

−1 and J
=25 MeV−1. The parameters in our calculation are listed
in Table I. Second, the proton and neutron configuration
pg9/2^ ng9/2

−1 is adopted in the calculation ofA,100 nuclei
with J=30 MeV−1, g=−30°, andC=0.1 MeV, 0.20 MeV,
0.25 MeV corresponding to the deformationb<0.06, 0.12,
0.15, respectively. In the calculation ofBsM1d andBsE2d, the
quadrupole momentsQ821 andQ82−1 are zero in the intrinsic
frame by definition. Since we are only interested in the
trends of theBsM1d andBsE2d instead of the absolute values
of BsM1d andBsE2d, theg factorsgpsnd−gR are set as 1 or −1
for the proton or neutron, respectively, and the intrinsic
quadrupole moments are chosen asQ820=cosg, Q822

=Q82−2=−sin g/Î2. Finally, the chiral doublet structures with
asymmetric particle-hole configurationpg9/2

−1
^ nh11/2 in 104Rh

are also discussed.
For g=−30°, we have the axial length relation

R1,R2,R3 and denote the intrinsic axes 1, 2, and 3 as thes,
i, and l axes, respectively[22]. The moment of inertia as a

function of g-deformation is presented in Fig. 1. When
g=−30°, one hasJl=Js=

1
4Ji, i.e., the collective angular mo-

mentum vectorRW tends to align along the intermediate axis,
which minimizes the rotational energy[22]. The single-
particle and -hole angular momentum vectors will tend to
align along the short and long nuclear axes, respectively.
These three angular momenta are mutually perpendicular to
each other. These orientations maximize the overlap of the
particle densities with the triaxial potential, and result in
minimizing the interaction energy[1].

The four pairs of chiral doublet bands have been observed
in A,130 region[3]. The observed and the calculated en-
ergy spectra for130Cs, 132La, 134Pr, and136Pm are presented
in Fig. 2. The configurationph11/2^ nh11/2

−1 and the moment of

TABLE I. The parameters in the triaxial PRM calculation. Com-
pared with Ref.[3], the sameg value is taken and the parameterC
is comparable with«. s«<0.95bd.

75
130Cs 75

132La 75
134Pr 75

136Pm

CsMeVd 0.175 0.19 0.19 0.21
«[3] 0.16 0.175 0.175 0.195
g[3] −39 −32 −27 −27

FIG. 1. The moments of inertia for irrotational flow as functions
of g deformation.

FIG. 2. Calculated and experimental energies for yrast band
(circles) and yrare band(squares) with the configuration ofph11/2

^ nh11/2
−1 in four N=75 isotones130Cs, 132La, 134Pr, and136Pm. The

open symbols correspond to the calculated values. The filled sym-
bols correspond to the experimental values. For the details, see the
text.
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inertia of the rotor,J=25 MeV−1, have been chosen in the
calculation. The available data and also the recommended
bandhead spinsI=9"d are taken from Ref.[3]. According to
the « deformation of three-dimensional TAC calculation[3],
the corresponding parametersC are chosen as in Table I.
Similar as in Ref.[3], the calculated spectra are separated by
1.5 MeV for display. The data of130Cs, 132La, 134Pr, and
136Pm are shifted by −2.47 MeV, −0.96 MeV, +0.45 MeV,
and +1.80 MeV, respectively. In such a way, the calculated
energies are set to be equal to the experimental data atI
=15", so that the experimental and the calculated spectra can
be compared easily. In Fig. 2, the calculated and observed
energy levels are coincident with each other and both show
the energy degeneracy aroundI=15" for 134Pr. For the other
N=75 isotones, the sidebands are displaced modestly in en-
ergy from the yrast bands. For130Cs, this displacement stays
roughly constant at<0.22 MeV in the data and at
<0.25 MeV in the calculated data, respectively, in the spin
interval 11",I,15". There is a relatively large energy dis-
placement between chiral bands in132La and 136Pm. It is
shown that the chiral doublet bands observed inA,130 nu-
clei can be well understood from the PRM, similar to that in
Refs. [6,7]. The mutual orientation of angular momentum
components has also been studied and the same conclusion
as Refs.[6,7] has been drawn, namely, the spontaneous chi-
ral symmetry breaking leads to the doubling of states.

After the discussion forA,130 nuclei, we wonder
whether the chiral doublets exist inA,100 nuclei with the
configurationpg9/2^ ng9/2

−1.
For theA,100 nuclei, the rotational bands obtained from

the PRM Hamiltonian withJ=30 MeV−1 and g=−30° are
presented in Fig. 3. The left, middle, and right panels corre-
spond to the case ofC=0.1 MeV, 0.2 MeV, and 0.25 MeV,
respectively. The combination of the proton particle with the
neutron hole favors thes-l plane. At the beginning of the

bands, the collective angular momentumRW is small and the

total angular momentumIW lies in a principal plane defined by
the short and long principal axes of the deformed nucleus.

There are two degenerate solutions(planar solution) obtained
by the rotationR3spdfor R1spdg that can be combined into
degenerate states of opposite signature, similar to that in Ref.
[1]. In all the panels of Fig. 3, the characteristic ofDI=1
bands appears in low lying states beforeI=11". With the

spin increasing,RW becomes comparable to the single-particle

angular momentum,IW gradually turns towards thei axis and
does not lie in any of the principal plane. This is demon-
strated in all of the three panels of Fig. 3 with the two lowest
bands becoming nearly degenerate aroundI=12". In the left
panel, the yrast band and the yrare band are close to each
other nearI=12" despite the fact that the overall energy
displacement between the two lowest bands is relatively
large. In the middle panel, the two lowest bands become
nearly degenerate near the spin interval 11",I,13". The
interval of energy degeneracy is 11",I,15" in the right
panel. This shows that the chiral symmetry favors the case
with larger deformation. AfterI=15", the degenerate energy
band splits into four bands withDI=2. The near degeneracy
for the pairs ofDI=1 bands give the signal that chiral doublet
bands exist inA,100 nuclei with the configurationpg9/2

^ ng9/2
−1.

From the PRM energies in Fig. 3, the frequency can be
calculated by means ofvsId=fEsI+1d−EsI−1dg/2 [17]. The
functions Isvd are presented in Fig. 4. The deformation pa-
rameterC in the left, middle, and right panels is taken as
0.1 MeV, 0.2 MeV, and 0.25 MeV, respectively, as in Fig. 3.
In Fig. 4, whenI,8", the frequencyv is negative because
the total angular momentum near the bandhead is mainly
provided by the orientation of the particle and the hole. This
is the region where the classical mean field approximation
does not work. The negative rotational frequency means that
the rotation is not the collective rotation usually assumed in
cranking approximation but intrinsic excitations. When 8"
øIø12"s0ø"vø0.3 MeVd, the total angular momentum is
provided by the single particle and the hole together with the
core. The rotation is aplanar. The bands in this spin region
show up as a nearly straight line in all three panels of Fig. 4.

FIG. 3. Rotational energies vs total angular momentum for the
configurationpg9/2^ ng9/2

−1 calculated withJ=30 MeV−1, g=−30°,
and differentC values. Full lines correspond to even and dashed to
odd spin.

0 0.3 0.6

5

10

15

20

25

I

0 0.3 0.6
hω [MeV]

0 0.3 0.6

C = 0.1 MeV C = 0.2 MeV C = 0.25 MeV

FIG. 4. The total angular momentum as a function of the rota-
tional frequency for the configurationpg9/2^ ng9/2

−1 calculated with
g=−30° andJ=30 MeV−1. The filled and open circles represent the
yrast and the yrare band, respectively.
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For higher spins, the core becomes dominant to contribute to
the total angular momentum and the angular momentum will
align along thei axis, leading to the kink of the second kind
of the moment of inertiaJs2d=dIsvd/dv (see Fig. 4), which is
the slope of the curveIsvd. This kink represents a reorienta-
tion of the total angular momentum from the aplanar towards
the i axis. After the kink, the angular momenta of the core
and the single particles will align along the intermediate axis,
which is the direction of the total angular momentum, and
the signature splitting appears. It should be noted that the
stability of chiral geometry depends on the competition be-
tween strength of the single-particle Hamiltonian and the Co-
riolis force whose strength is related to the moment of iner-
tia. The signature splitting should not appear if chiral
geometry is always stable.

In order to study chiral doublet structures, the reduced
BsM1d and BsE2d transition probabilities are presented in
Fig. 5 for the case ofC=0.2 MeV andJ=30 MeV−1. Since
we are only interested in the trends of theBsM1d andBsE2d,
the transition values in Fig. 5 are given in the units of the
BsM1d andBsE2d yrast intraband transitions atI=3", respec-
tively. The upper panel shows theBsE2d transition probabili-
ties, and the lower panel corresponds to theBsM1d values.
The filled symbols and the open symbols represent the tran-
sition probabilities of the bands with even spin and odd spin,
respectively. The interband transition probabilities reflect the
change from the planar to the aplanar rotation[1]. At low
spins, it is the case of planar rotation, and there are weak
interband transitions but strong intraband transitions in Fig.
5. NearI=12", where the two bands come very close and the
rotation becomes aplanar, the interband transitions in both
directions are observed. At the crossing point, the two intrin-
sic structures are mixed, and the interbandBsE2d transition is

larger than the intrabandBsE2d transition. AfterI=15", the
rotation rapidly aligns towards the principali axis. There
appears the spin-dependent splitting in the level energies.
TheBsE2d transition is not affected by this splitting. This is a
regular electric transition betweenDI=2 bands as shown in
the upper panel of the Fig. 5. Moreover, it is observed that
the inter bandBsE2d transitions disappear. AfterI=15", the
calculatedBsM1d transition in the lower panel of the Fig. 5
shows odd-even staggering. The dominantBsM1d transition
appears for the intraband of the yrast band with odd spin and
for the interband(yrast band to yrare band) with even spin.
The above conclusions are consistent withBsM1d/BsE2d
staggering discussed for the partner bands in Refs.[8,25].

To find out the range ofg deformation for the appearance
of chiral doublet bands, the calculated level energies for a
particle and a hole coupled to the triaxial rotor with different
g values are shown in Fig. 6, similar to that in Refs.[1,6] but
for different configuration. We find that the chiral doublet
bands appear in the interval −35°,g,−25°. It should be
noted that the difference between yrast bands and yrare
bands has been amplified by subtracting a rotor energy
I2/60 MeV. In most cases, the energy difference is within
0.7 MeV. It indicates that there is a certain margin of theg
−deformation, where the energy degeneracy is expected. The
best condition for the appearance of the chiral doublet bands
is g=−30° in A,100 region with the configuration ofpg9/2

^ ng9/2
−1, similar to that in Refs.[1,6].

To further investigate the microscopic reasons of chiral
doublet bands, the structure of the wave functions for the
yrast bands and the yrare bands for the configurationpg9/2

^ ng9/2
−1 are presented in Fig. 7. They are taken from the tri-

axial PRM calculation withC=0.25 MeV, J=30 MeV−1,
andg=−30°. Here, only the first term in Eq.(9) is adopted to

FIG. 5. BsM1d andBsE2d values as functions of the total angular
momentum for ag9/2 particle and ag9/2 hole coupled to a triaxial
rotor with g=−30°.BpsM1dsI=3d andBpsE2dsI=3d are, respectively,
the intrabandBsM1d and BsE2d transitions of the yrast band atI
=3". The filled symbols correspond to the even spin, while the open
ones to the odd spin. The symbols, circles, squares, triangle ups and
triangle downs represent, respectively, the intraband transitions of
the yrast band, the intraband transitions of the yrare band, the in-
terband transitions from the yrast band to the yrare band, and the
interband transitions from the yrare band to the yrast band.

FIG. 6. Rotational bands of ag9/2 proton particle and ag9/2

neutron hole coupled to a triaxial rotor withC=0.2 MeV andJ
=30 MeV−1. Different values ofgs−5° ,−10° , . . . ,−50°d are taken in
the calculation. Full lines correspond to even and dashed to odd
spin.
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calculate the probability distribution as the function ofK. We
choose the top ten basis statesu12MKk1k2l with the largest
contribution to the yrast band states. The probability distri-
butions are far more complicated than we have expected.
This complexity indicates that the composition of the total
angular momentum is not as simple as in the picture of the
classical mean field approximation and the quantum effects
are very important. Moreover, this complexity may be sig-
nificantly reduced with different choice of basis states[6]. In
Fig. 7, the yrare bands(filled squares) have the similar prob-
ability distributions with the yrast bands(filled circles) in
many panels. It partly provides the reason why there is en-
ergy degeneracy between these two bands. Meanwhile, the
quantum effect is so important that the chiral symmetry is
broken, as can be seen also in theBsM1d andBsE2d values in
Fig. 5.

Recently, Koikeet al. [25] reported the chiral doublets in
104Rh with the asymmetrical configurationpg9/2

−1
^ nh11/2,

which motivated the study of the chiral symmetry breaking
in 104Rh here. The energy spectra for yrast and yrare bands
with the configurationspg9/2

−1
^ nh11/2, J=30 MeV−1, and C

=0.2 MeV are presented in Fig. 8. The corresponding nuclei
with such configuration can be found easily inA,100 re-
gion, e.g.,104Rh. The upper and lower panels of Fig. 8 show
the calculated energies as a function of spin forg=−25° and
g=−30°, respectively. In both panels, the two lowest bands
are near degenerate in the spin interval 11",I,16". It

shows that the chiral doublets exist also in nuclei with asym-
metric particle-hole configurations.

IV. CONCLUSIONS

The chiral doublets for nuclei inA,100 and 130 regions
have been studied with the particle-rotor model. The experi-
mental spectra of chiral partner bands forN=75 isotones
130Cs, 132La, 134Pr, 136Pm in A,130 region[3] have been
well reproduced by the calculation with the configuration
ph11/2^ nh11/2

−1 . The possible chiral doublets inA,100 region
corresponding to a g deformation in the interval
−35°,g,−25° have been predicted by the PRM model
with the configurationpg9/2^ ng9/2

−1 based on the analysis of
the spectra, thev-I relation, theBsM1d andBsE2d transition
probabilities, and the structure of the wave functions. The
possible chiral doublets for nuclei with asymmetric particle
and hole configurations are also discussed.

ACKNOWLEDGMENTS

This work was partly supported by the Major State Basic
Research Development Program under Contract No.
G2000077407 and the National Natural Science Foundation
of China under Grant Nos. 10025522, 10047001, and
19935030.

FIG. 7. The main structure of the triaxial PRM eigenstates as a
function of the total projectionK for C=0.25 MeV, g=−30°, and
I=12". The probabilities of the yrast band, the yrare band, the sec-
ond excited band and the third excited band, are given by filled
circles, filled squares, filled triangles up, and filled triangles down
symbols, respectively. The quantum numbers for corresponding ba-
sis states are indicated in the upper left corner of each panel.

FIG. 8. Rotational spectra for the yrast and yrare bands with the
configurationspg9/2

−1
^ nh11/2, C=0.2 MeV, andJ=30 MeV−1. The

upper and lower panels shows the cases ofg=−25° andg=−30°,
respectively. The filled circles indicate the yrast band, and the open
circles indicate the yrare band.
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