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In-medium meson properties and field transformations

S. Kondratyuk, K. Kubodera, and F. Myhrer
Nuclear Theory Group, Department of Physics and Astronomy, University of South Carolina,
Columbia, South Carolina 29208, USA
(Received 26 March 2003; published 6 October 2003

Since the existing calculations of the effective meson mass in nuclear medium involve approximations, it is
important to examine whether they satisfy the general requirement of the equivalence theorem that the physical
observables should be independent of the choice of field variables. We study here consequences of nucleon
field transformations. As an illustrative case we consider the in-medium effective pion mass calculated for the
s-wave pion-nucleon interaction in the linear-density approximation. We demonstrate that it is necessary to
include the Born term explicitly in order that the effective pion mass should obey the equivalence theorem.
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[. INTRODUCTION we believe it is still informative to study thewave contri-
butions alone. Whils-wave interactions are more relevant to

luding th bility of d ion. has b kaon condensatiofd], we consider here the pion for sim-
cluding the possibility of meson condensation, has been e>iilicity. This should not affect the main conclusions of this

tensively studied for several decadds-4], various aspects naner since they follow from the transformation of the
of the problem continue to draw considerable attention,cieon—rather than the meson—field. The basic nature of
[5-10. A number of calculations of effective in-medium me- he issues involved is expected to reveal itself even in the
son properties have been done based on effective field theOB(esent limited treatment.

approaches, such as chiral perturbation theégf§T), in or- The pion-nucleon scattering amplitude is calculated here
der to incorporate the basic properties of low-energy hadrobased on the relativistic chiral Lagrangigiv] at tree level.
interactions in a field-theoretic framework. One of the issuesn this formalism the in-medium modification of the pion
discussed intensively in the literature is the off-shell invari-mass comprises contributions from contact pion-nucleon in-
ance of the in-medium effective meson mdss, equiva- teractions and from the nucleon exchariern) term. The
lently, its invariance under transformations of interpolatingcontact interaction includes effects of explicit chiral symme-
field variables. According to the well-known equivalence try breaking through the nucleanterm and has been exten-
theorem[11-15 any observables, and hence in-medium ob-Sively considered in the pag$,7]. In this paper we empha-
servables as We||' should be independent of the choice (ﬁize that, in addition to the contact interaction, the Born term
field variables. A question of practical importance is whethermust beexplicitly taken into account in order to ensure the
this requirement is fulfilled in actual calculations that involve Off-shell invariance of the effective pion mass. This is shown
approximations such as truncations of the Lagrangian, thBY evaluating the effective in-medium mass in two different
linear-density approximation, et¢see, e.g., Refs[6-9). representat!ons of the Lagranglan Whlc_h are connected by a
Detailed studies by Thorsson and Wirzi# and Leeet al. transformation of the nucleon interpolating field.

[8] have demonstrated that the in-medium effective meson

mass calculated in the linear baryon density approximation

and next-to-leading order inPT is independent of the Il. THE EFFECTIVE LAGRANGIAN

choice of meson field variables in conformity with the oy arguments are based on the second-order relativistic
Qquwalence theorem. Beyond the I|near-den§|ty approxXimaehira| Lagrangiar{17,18 containing the pion fields,, (with
tion, one ne_eds to take into account _the possible influence g\ ector indexa=1,2,3 and the nucleon field. The La-
multibaryonic terms in the Lagrangian as well as ”UCleargrangian reads
correlations. This challenging problem has been addressed
by several authorgsee, e.g., Refs[2,8—-1Q), and further
studies in this direction are certainly warranted. £=L£2+8+22, (1)

To shed more light on the issue of the off-shell invariance
of the in-medium meson properties, in this paper we examine
consequences of transformations of the nucleon field. Ouhere the superscripts show the ordeiQnwith Q being
study is supplementary to those of Rdfs-9] wherein trans- & generic notation for small four-momenta or the pion
formations of meson fields were discussed. We limit our-mass. The pion Lagrangiaﬂf; is given in terms of the
selves here to the consideration of an in-medium effectivestandard nonlinear fields), which we expand in powers
pion mass calculated in the standard linear-density approxief the pion field,
mation of the optical potential theoif\t,2,1q. Furthermore,
we only deal with thesswave pion-nucleon interaction. Al- Lo )
though (possiblg¢ meson condensation is very likely to be U=u2= p< ' )_ 1+'_;_ ¢ -
influenced by not onlys-wave but alsg-wave interactions,

Although the behavior of mesons in nuclear medium, in-
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where f is the pion decay constanij is the pion mass,
and  are the Pauli isospin matricésSince we will con-

)

(4)
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constant, andc,,...,c, are the standard low energy
constantg.

It is convenient to combine mﬁb from Eq. (7) with

4c,M?yny from Eq. (8) to form a modified nucleon mass
my=m-4c;M?. The difference betweemy andmwill lead to
corrections ofO(Q% in all the quantities calculated below.
Since such corrections are beyond the oré¢@? we are
interested in, we will simply keep the notation for the

. . . . » (2)
sider only tree-level contributions to the pion-nucleonnucleon mass and drop the term My from L.

scattering amplitude, we will omit polynomials containing

three or more pion fields; such terms are denoted by an Ill. EFFECTIVE PION MASS IN NUCLEAR MATTER

ellipsis. The purely pionic Lagrangian in E€L) is
2 2

£<2):f_-|-r(u Ut + ):}(3 *).((w*)_M_*Z.,_
T 4 12 X+ 2 /,L(P ¢ 2 (%) 1

with the trace pertaining to the>2 isospin matrices. The
pion-nucleon Lagrangian in Eq1) involves the covariant

derivative

1
D= (aﬂ + E[UT’ (aﬂu)]> W

i
= (O’)M+ WeaﬁyTy(Pa(ﬂ#QDB))w"' e

where we have used E@2) for the expansion ofi. The

relevant parts of the Lagrangian are

£D = uiD - m b+ 1
= (iD —m)y ZQA'WWs‘ﬂ
I 1 .
= l//(|$ - m)lﬂ_ Peaﬁyl/’r},@a(a @B)w

s s ..
il (d Q) ysh+
and
L2 = cyTr(x.) - %Tr(uﬂuy)@D“Dwﬁ H.c)
C3 — C4—
S Tru W)= oy y Uy, U
2

2M —
201(4M2 - ?902) b

- 553 (0,8) (LB HF )

5

(6)

)

- 5550, P PP+ 20D (P

. Cq4 — B
- leaﬁyﬁl/ﬂ’(ﬁ NI P)p+ -+,

where m is the nucleon massjg, is the axial coupling

)

The effective in-medium pion mass is determined by the
pole position of the full in-medium pion propaga{&]. The
pole position corresponds to the energy of a pionic mode
state and is related to the pion self-energy in the medium. We
will apply the usual mean-field approximatip®,16], where,
to the first order in the nuclear density the sswave pion
self-energy is proportional to the isospin-symmetric forward
pion-nucleon scattering amplitude. The general structure of
the pion-nucleon scattering amplitude[#l]

'y =it L .
Tap(P. O:P", q )—u(p)[éaﬁ<D +WB>

[Tw Tﬁ] - [qu’] -
+ (D * am B)]U(P), (9)

2

where the initial and final nucleon and pion four-momenta
arep, p’ andq, g, respectively, and the initial and final
pion isospin indices are and 8. The nucleons are on the
mass shell—described by Dirac spina®), U(p’)—while

the pions can be off shell in general. The amplitud¥s
and B* are functions of the standard kinematic variables

2 12 ’ ’
L4 -+ 2p(a+q )],VB:_( 9D 1
4m 2m
The isospin-symmetrig-wave interaction is described by
the invariant amplitud®*. In the tree-level approximation,
the amplitude comprises contributions from tise and
u-channel nucleon pole graphs, which constitute the
“pseudovector” Born terndg,,,=D:+D;,, and from the four-
particle contact grapb;:

D" = Do+ D = D5 + D; + D, (11)

where the explicit expressions are obtained using the
Lagrangians, Eq9.7) and(8),

_ mi 14:) 14
Ds = 2f2 ( vg— v 2m>’ (12

+ mi 14:) 14

= — + —
D, 2f2 (VB +v 2m>’ (13

’We use the definitions of Ref§19,7] for the low-energy con-

e will put arrows over isospin vectors and use the boldface forstants and the conventions of REZ0] for the Dirac matrices, Lor-

the usual three-vectors.

entz vectors and their products, Feynman rules, etc.
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., 4cM? o 2c, the contact term contributions tM2,, are of the same
De=-——*—=pl@p@p +@p)@p)l+-7@a).  order,0(Q?.
At first sight, the presence of the Born contribution
(14) Mgff’Bom in Eq. (19) may not look significant as its effect can
In the mean-field approximatiofi2,16] the pion self- formally be absorbed into the contact term by using, e.g.,
energyll(w,k,p) is given by the forward scattering ampli- C;=C2~03/(8m) instead ofc,. In fact, the expressioMZy
tudeD* in the nucleon rest frame, i.e., forandvg evaluated =M?+Mg(; has appeared in the literatufg]. We shall
from Egs.(10) with p=p’=(m,0) andgq=q’ =(w,k): show however that, in order to ensure tIMaiff is indepen-
dent of the nucleon interpolating field, oneustkeep track
(@, k, p) == pD*(v=0, 15 = (k*~ @?)/(2M)). (15  of the terms of different origins.

This kinematical situation describes a pion interacting
with a heavy, nonrecoiling nucleon in the Fermi sea. Sub- V. TRANSFORMATION OF THE NUCLEON FIELD AND
stitution of Eqs.(11)—(14) into Eqg. (15) yields THE EQUIVALENCE THEOREM FOR THE
2.1 2 n IN-MEDIUM PION MASS
p | 9a(k = )

(o, k, p) = 72 ame? 7 2(c; + Cg)w” + 203k? Insofar as the effective pion mass has the status of an
observable quantity, the equivalence theorem requires it to
+0(Q% p?), (16)  be invariant with respect to redefinitions of the

interpolating—or off-shell—fields. The off-shell invariance
of the scattering matrix has been studied in various ap-
proaches, including axiomatic field theof¥1], Lagrangian
and Hamiltonian formalisms[12,13, the path-integral
method[14] (which in yPT is exemplified by the generating
[w®=k? = M? = T(w,k, p)] ™, (17)  functional approach24,17), and Feynman-graph techniques
) ) ) _ _ [15]. The role of the equivalence theorem in hadronic phys-
whenk=0, i.e., M is the solution of the dispersion equa- jcs has been also discussed recently within several models
tion for w: and approximation schem¢a5.
2 a2 _ _ The main purpose of the present paper is to study conse-
0 =M"~1l(w,k=0,p) =0. (18 quences of the equivalence theorem for the effective in-
Using the pion self-energy of Eq16), we get for the medium pion mass as calculated using the commonly em-

whereo=-4c;M? equals the nucleon term up to correc-
tions of O(Q%) [19].

The effective in-medium pion madd.; is defined as the
pole of the pion propagator

square of the effective mass ployed mean-field approximation. It should be emphasized

) 5 ) ) s that the off-shell invariance of observables holds not only in
M&t= M=+ Mgt gom + Meti e + O(Q°, p%) general, but also at tree level separatgl@]. This fact is

p EM? crucial for our present calculation as it allows us to apply the

= Mz{l - 2(— A o+ 2(c, + cg)Mzﬂ equivalence theorem to the tree-level amplitudes, which sig-

M 4m nificantly simplifies the approach. It is also important that the

+O(Q3, p?), (19) equivalence theorem is applicable to the transformations in-

o volving only the pion or only the nucleon fields, as well as to
where we have separated the Born contribution for latefyore complicated transformations in which both pion and
convenience. The contribution of the Born te®i,, 0 nucleon field variables change. The invariance of the effec-
Mgff is tive mass with respect to field transformations of the pion

2012 field separately was extensively discussed befees, e.g.,
M(ZeffBorn: pw, (20) R(_afs.[6—9]). Here we consider a complementary case whgre
‘ 4mf? it is the nucleon field that undergoes a transformation while
the pion field does not change. Specifically, we consider a

. - +
while the contribution of the contact ter®; equals transformation of the nucleon field,

2 __Pro 2 2
Mgiro= = palo+ 2(c2 + cM?]. (21) ¢—>< A A >¢, (22

L+izyst 6= 5@
The Born contribution is estimated to be
Mgff’Bom%O.066M2(p/pO), wherepg is the normal nuclear where\ is a real parameter. This may be viewed as a
matter density (p,=0.17 fn73), using g,=1.27, f truncated form of the chiral rotation
=92.4 MeV, M=139 MeV, andm=938 MeV. However, a —exgi(\/f)ys7 ¢}y in which the terms linear and qua-
guantitative evaluation of Eq19) is quite sensitive to the dratic in the pion field are retained. As before, we drop the
precise values of the term and the low-energy constants terms with three or more pion fields since they are irrel-
c, and c; (see Refs[19,22] regarding the values of the evant to our tree-level calculation. The truncation, how-
low-energy constants and R¢R3] for a recent discussion ever, should not suggest that the parameter of the trans-
on the o term). Such numerical analysis is outside the formation is small: the equivalence theorem holds for any
scope of this work, and we remark only that the Born and\ in Eq. (22). The redefinition of the nucleon field, Eq.
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(22), entails the transformation of the Lagrangian in Eq.

(7):

2m

AN—.
f YT QY5

A— .
LR LR~ 97 ) ysp=i

2

OaN  — A—

+ %eamdf(o’ NPTy - €apy gz 9" (4 Ay
2m\?_—

et (23

while the Lagrangian£'? and £%, in Egs.(5) and(8) do
not change. The transformed Lagrangian, given by th
sum of Eqgs.(5), (23), and(8), defines a new representa-
tion of the theory; we will put tildes over the quantities
calculated from the transformed Lagrangian.

The tree-level isospin-symmetric amplitude in the new

representation is the sum of a new Born teﬁﬁomzﬁg
+D/, and a new contact term;:

D*=D}y+ Di=D{+D! +D;. (24)

PHYSICAL REVIEW C68, 044001(2003

M= M2+ Mgff,Born + Mgff,c +0(Q3 p?), (31

where the Born and the contact term contributions equal

2012
~ p(9aM
Mgff,Born:?( am +4m7\2) (32)
and
Vo= - o+ 2corcyMZami], (33

respectively. Thex-dependent terms present Mgff,Bom

nd I\~/I§ff'C mutually cancel when the sum in E¢31) is

taken, and comparison with Eq19) shows that the
equivalence theorem is fulfilled for the effective mass

Mets = Megs, (34

which is a direct consequence of E8). The crucial
observation is that this representation invariance of the
in-medium pion mass holds only Both the Born and the
contact contributions are taken into account.

Using the transformed Lagrangian, we obtain for the new Without considering the nucleon field transformation, one

s channel,u channel, and contact diagrams

5o moj( Vg v ) N2(2m+ v) + Agav (25)
ST 2f2\1vg-v 2m f2 '
~, m A2(2m-v) -\
D = _93( B, i) @MY Ao
2t \vg+v 2m f

~,  4cM? g, ) o .o2c3
De=-—z—+ —pl@p(a’p +@p)(a'p)]+ - (ad)
4ma?
= (27
Note that bothD}, . =D:+D’ and D} depend on the arbi-
trary transformation parametex. Only the sum D*

=D},,,+D; is independent oh. Thus the complete tree-
level scattering amplitude is invariant under the field
transformation, Eq(22), and we have

D*=D". (28
Exactly as was done in the original representatisee

Egs.(15) and(18)], the effective masg/leff in the new rep-
resentation is obtained by solving the dispersion equation

w?~M2-Tl(w, k=0, p) =0, (29)

where the pion self-energy is proportional to the ampli-

might falsely conclude from Eq19) that the effective mass
could be calculated based on the contact term alone. For
example, from the outset one might want to usgc,
-g2/(8m) instead ofc, in the Lagrangianc?, of Eq. (8) in
order to forgo the Born term throughout the calculation. In
doing so, one would have to take into account the following
two points. First, the consistency of calculation would re-
quire one to drop the Born term in all considered represen-
tations. Second, since the equivalence theorem dictates
[12,15 that transitions between representations are effected
solely by changes of field variables while the coupling con-
stants must stay unchanged, the cons@ntould not be
redefined differently in different representations. In the origi-
nal representation, a calculation based on the contact term
with the constant’, would lead to an effective mass of the
form

Mz{l - #[m 2(cy+ cg)Mz]} +0(Q% p?), (39

which numerically gives the same value as E). How-
ever, an effective mass calculated solely from the corre-
sponding contact term in the new representation would
then equal

2

+0(Q% p?).
(36)

This expression contains an arbitrakydependent term

M2 1 - o+ 2(ch + coM?] | - po
f2M2[0'+ (o +cyM7] [ -p 2

= _ 3 e ;
tude D* evaluated at the forward scattering, nucleon rest’? 4M\“/f= and hence cannot in general be equal to Eqg.

frame kinematics:

(w, k, p) = = pD*(v = w, vg = (k2 - wd)/(2m)). (30)

Using Eqs.(24)—(27), we obtain in the new representation

(35). Thus any attempt to mimic the Born contribution by
modifying the contact term will lead to an effective mass
which will depend on an unphysical parameter, which is
unacceptable sincégs is an observable quantity that

should not depend on the choice of representation.
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V. CONCLUDING REMARKS or with their counterpart§Egs. (23) and (8)] in the new
representation, the nonrelativistic heavy-baryon formalism
using the standard dimensional regularization would allow
, , : X ; C e O 3 one-to-one correspondence between the loop and small
invariant in-medium pion mass by considering the pion-momentum expansiord7,26,19. Another line of develop-
nucleon contact interactions alone. We have also demonment would be to consider consequences of simultaneous
strated that the representation invariance cannot be obtain%qi,anges of meson and nucleon field variables.

by subsuming the nucleon-exchange effgets represented 1o make our argument as transparent as possible, we
by the Born terminto the contact term. Only by explicitly adopted in the present paper the mean-field approximation
including the Born contribution, together with the contact|imited to leading order in the nuclear density and considered
term, does the effective mass become invariant under redefiyave  interactions only. Nevertheless, our main
nitions of the interpolating nucleon field. conclusion—that in calculating in-medium meson properties
~ As a physical observable, the effective mass should bg js necessary to include the meson-nucleon Born contribu-
independent of the choice of all interpolating fields of theton explicitly in addition to the contact interaction—follows
Lagrangian. The relativistic chiral Lagrangian employed infrom quite general field-theoretical considerations and

the present work at tree level provides a suitable model fognoyig therefore hold in more realistic models as well.
studying effects of nucleon field transformations. It would be

In an approach based on the relativistic chiral Lagrangian

interesting to o_btain anal(_)gous results within the framev_vork ACKNOWLEDGMENTS
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