
PHYSICAL REVIEW C 68, 034911 ~2003!
Thermal analysis of production of resonances in relativistic heavy-ion collisions
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Production of resonances is considered in the framework of the single-freeze-out model of ultrarelativistic
heavy-ion collisions. The formalism involves the virial expansion, where the probability to form a resonance in
a two-body channel is proportional to the derivative of the phase shift with respect to the invariant mass. The
thermal model incorporates the longitudinal and the transverse flow, as well as kinematic cuts of the STAR
experiment at RHIC. We find that the shape of thep1p2 spectral line qualitatively reproduces the preliminary
experimental data when the position of ther peak is lowered. This confirms the need to include the medium
effects in the description of the RHIC data. We also analyze the transverse-momentum spectra ofr, K* (892)0,
and f 0(980), and find that the slopes agree with the observed values. Predictions are made forh, h8, v, f,
L(1520), andS(1385).
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I. INTRODUCTION

With the help of the mixed-event technique, the STA
Collaboration has managed to obtain preliminary results
the production of hadronic resonances. The data were
sented forK* (892)0 @1,2#, r(770)0 @3,4#, f 0(980) @3,4#, and
L(1520) @5–7#. The invariant-mass distribution of the pa
ticles produced in the decays of the resonances may be
to get the information on the possible in-medium modific
tions of hadron masses. Such modifications are predicte
various theoretical models of dense and hot hadronic ma
@8,9#, as well as hinted by the enhancement of the dilep
production in the low-mass region@10,11#. Most interest-
ingly, the measured invariant-mass distribution of thep1p2

pairs@3,4# also suggests a drop of the effective mass of thr
meson by several tens of MeV@3#. This effect was recently
discussed by Shuryak and Brown@12#, Kolb and Prakash
@13#, and Rapp@14#, with the conclusion drawn that it is
genuine dynamical effect induced by the interaction of thr
meson with the hadronic matter. On the other hand, the m
surement of the invariant-mass distributions of thepK pairs
indicates that the effective mass ofK* (892)0 remains un-
changed@2#.

Since one measures the properties of stable hadrons w
move freely to detectors, the experimentally obtained co
lations may bring us information only about the final stag
of the evolution of the hadronic matter, i.e., about the con
tions at freeze-out. From this point of view, it is interesting
analyze the production of resonances in the framework of
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thermal approach~the single-freeze-out model of Refs.@15–
17#! which turned out to be very successful in reproduci
the yields and spectra of stable hadrons. In particular,
thermal model can be naturally used to study the impac
the possible in-medium modification of ther-meson mass on
different physical observables, e.g., on the correlation in
invariant mass of thep1p2 pairs, the ratios of the resonanc
abundances, or their transverse-momentum spectra.

The paper is organized as follows. In the following se
tion we outline the Dashen-Ma-Bernstein formalism used
describe a gas of hadronic resonances. In Sec. III, we pre
the invariant-mass correlations ofp1p2 pairs emitted from
a static thermal source, and in Sec. IV we discuss the ef
of the temperature of such a source on the shape of the s
tral p1p2 line. In Sec. V, we present the main assumptio
of the single-freeze-out model. With the knowledge of bo
the experimental kinematic cuts~Sec. VI! and the feeding
from the decays of higher resonances~Sec. VII!, the model is
then used to compute the invariant-mass spectrum of
p1p2 pairs ~Sec. VIII!. In Secs. IX and X, we present th
model results for the ratios of the resonance yields and
the resonance transverse-momentum spectra~wherever it is
possible we compare the model results with the prelimin
data!. The paper contains three Appendixes which give
parameters for thep1p2 phase shifts and explain in simpl
terms the implementation of the experimental kinematic c
in our calculations of two- and three-body decays.

II. PRODUCTION OF RESONANCES AND THE PHASE
SHIFTS

The formalism for the treatment of resonances in a h
ronic gas in thermal equilibrium has been developed
Dashen, Ma, and Bernstein@18#, and Dashen and Rajarama
©2003 The American Physical Society11-1
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BRONIOWSKI, FLORKOWSKI, AND HILLER PHYSICAL REVIEW C68, 034911 ~2003!
@19#, and in the context of heavy-ion physics has been
called and further elaborated by Weinhold, Friman, a
Nörenberg@20–24# ~see also Refs.@25–27#!. The basic for-
mula following from the formalism is that the density of th
resonance per volume and per unit invariant massM pro-
duced in the two-body channel of particles 1 and 2 in therm
equilibrium is given by

dn

dM
5 f E d3p

~2p!3

1

p

dd12~M !

dM

1

expS AM21p2

T
D 61

, ~1!

whered12(M ) is the phase shift for the scattering of particl
1 and 2,f is a spin-isospin factor,T is the temperature, an
the sign in the distribution function depends on the statist
In practice, one may replace the distribution function by
Boltzmann factor, since the effects of the quantum statis
are numerically small.

As pointed out by the authors of Ref.@22#, in many works
the spectral function of the resonance is usedad hocas the
weight in Eq.~1! instead of the derivative of the phase shi
which is the correct thing to do. For narrow resonances
does not make a difference, since then both the spectral f
tion and the derivative of the phase shift peak very sharpl
the resonance position,mR , i.e., dd12(M )/dM.pd(M
2mR), and then one recovers the narrow-resonance lim

n(narrow)5 f E d3p

~2p!3

1

expS AmR
21p2

T
D 61

. ~2!

However, for wide resonances, or for effects of tails, t
difference between the correct formula~1! and the one with
the spectral function is very significant, not only concep
ally but also numerically.

We first focus on thep1p2 scattering. We use the ex
perimental phase shifts, which can be parametrized w
simple formulas of Ref.@28#:

tan„d l
I~M !…5A12mp

2 /M2q2l

3
~Al

I1Bl
Iq21Cl

Iq41Dl
Iq6!~4mp

2 2sl
I !

M22sl
I

,

~3!

where q5AM224mp
2 /2, mp5139.57 MeV is the mass o

the charged pion, and the remaining parameters are liste
Appendix A. The relevant channels areI 51, l 51 (r); I
50, l 50 ( f 0 /s); and I 52, l 50.

Figure 1 shows the weights in Eq.~1!, i.e., the quantities
f dd(M )/(pdM), plotted as functions ofM. The factor f
consists of the spin degeneracy, 2l 11, and the isospin
Clebsch-Gordan coefficient, equal to 2/3 for the isosingle
for the isovector, and 1/2 for theI 52 channel. In the isovec
tor channel the peak of the weight function is found
762.7 MeV, which corresponds to the inflection point
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d(M ), and not the point whered(M )5p/2, which is at
773.6 MeV ~note a 10 MeV ‘‘dropping’’ of ther-meson
‘‘mass’’!. For the isoscalar channel the corresponding cu
in Fig. 1 peaks at 932.5 MeV. We note that in this channel
weight function f dd/(pdM) is significantly different from
the spectral function. The latter one appears in the calc
tion of the productionrate ~see, for instance, Refs.@13,14#!,
whereas our study concerns the invariant-mass spe
where formula~1! holds. As a result of the use of the pha
shifts, there is a very small contribution from thes meson,
since the strength of the scalar channel, as seen in Fig.
small. It is worthwhile to note that it peaks at the two-pio
threshold@28#, which is an immediate consequence of E
~3! for l 50. The contribution of theI 52 channel is small
~also note that it is negative since the phase shift in t
channel is a decreasing function ofM, cf. Ref. @19#!.

For three-body decays’ formulas analogous to Eq.~1! may
be given, c.f. Refs.@18,19#. They would involve the detailed
dynamical information on the decay process. For our purp
this is not necessary~the three-body decays feed the range
rather low invariantp1p2 masses! and also not practical
since the detailed information on the dynamical dependen
of the appropriate transition matrices is not easy to extr
from the experimental data. In our calculations, we inclu
the resonances decaying into three-body channels which
very narrow (v, h, andh8). Thus, as is customary in simi
lar applications, we only account for the phase-space dep
dence on the invariant massM, and do not consider dynami
cal effects of the transition matrix.

III. RESONANCES IN THE STATIC SOURCE

First, in order to gain some experience, we consider
simplest case of the emission of particles from a sta
source. We will come back to a more realistic descripti
incorporating the flow in Sec. V. We also assume in t
section the single-freeze-out hypothesis@15–17#, hence no

FIG. 1. ~Color online! The weight functions (1/p f ) dd/dM in
the isoscalar, isovector, and isotensor channels, plotted as a fun
of the p1p2 invariant mass. The phase shifts are taken from
parametrization of the experimental data@28#. Numerical labels in-
dicate the peak positions~in MeV! which correspond to inflection
points in the phase shifts as functions ofM. The I 52 channel is
negligible.
1-2
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effects of rescattering are incorporated after the chem
freeze-out. We thus assume the chemical freeze-out temp
ture to be@29–31#

Tchem5165 MeV, ~4!

and, as we have said, the thermal freeze-out occurs a
same temperature,Ttherm5Tchem. In the following section,
we will lift this assumption.

We now simply use Eq.~1! with T5Tchem, and include
the following resonances that couple to thep1p2 channel:
r, f 0 /s, v, h, h8, KS , and f 2(1270). Forv, both the
three-body mode,v→p1p2p0, and the two-body mode
v→p1p2, are incorporated. The appropriate branching
tios are included in the constantf in Eq. ~1!. For channels
other than those of Fig. 1, where the experimental ph
shifts are included, we use the simple Breit-Wigner para
etrization, which is good for the narrow resonances. For
width of KS we take the experimental resolution of the STA
experiment, which is about 10 MeV@32#. The width ofv is
also increased by the same value.

We compute the spectra at midrapidity, hence we use

dn

dMdy
uy505(

i
f iE

p'
low

p'
high p'dp'

~2p!2

1

p

dd i~M !

dM

3
AM21p'

2

expS AM21p'
2

T
D 21

, ~5!

where i labels the channel,n is the volume density of the
p1p2 pairs, andM is the invariant mass of thep1p2 sys-
tem. The above formula, written for two-body decays,
supplemented in the actual calculation with the three-b
reactions. The limits for the transverse-momentum integ
tion are taken at the upper and lower cuts for the ST
experiment@4#, p'

low50.2 GeV andp'
high52.2 GeV.

The results of the calculation are shown in Fig. 2~a!. The
two-body resonances lead to well-visible peaks, while
three-body channels ofv, h, andh8 produce typical broad
structures at lower values ofM. Note that the scalar-isoscala
channel generates the resonancef 0 and a smooth backgroun
s. This background increases with the decreasingM, and
peaks at the threshold.

IV. CHEMICAL VERSUS KINETIC FREEZE-OUT

In this section, we analyze in simple terms the effects
possible lower temperatures of the thermal freeze-out on
shape of thep1p2 invariant-mass correlations. To this en
we simply use Eq.~5! at a lower value ofT.

Consider, for brevity of notation, the gas consisting on
of p1, p2, and r0. We assume isospin symmetry for th
system, which works very well for RHIC@43#. The pions
rescatter elastically through ther channel. The total numbe
of pions that are observed in the detectors is equal to
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Np5Vchem@23np~Tchem,m50!12333nr~Tchem,m50!#,
~6!

where

ni~T,m!5E d3p

~2p!3
expS 2Ami

21p21m

T
D . ~7!

The factor of 2 in front ofnp in Eq. ~6! comes from thep1-
p2 degeneracy, the factor of 2 in front ofnr comes from the
fact thatr decays into two pions, and the factor of 3 is th
spin degeneracy ofr. The chemical potentialm vanishes at
the chemical freeze-out. The volume at the chemical free
out is denoted byVchem.

The chemical freeze-out is defined as the stage in
evolution when the abundances ofstable~with respect to the
strong interaction! particles have been fixed. Next, the sy
tem expands, and while it progresses in its evolution,
elastic scattering may occur. This scattering proce
through the formation of unstable resonances, until the s
tem is too dilute for the scattering to be effective and t
thermal freeze-out occurs. At the moment of the therm
freeze-out, the total number of pions in our example is

Np5Vtherm@23np~Ttherm,mp!12333nr~Ttherm,mr!#,
~8!

FIG. 2. ~Color online! The volume density of thep1p2 pairs
plotted as a function of the invariant mass, obtained from the th
mal model with a static source, Eq.~5!. ~a! The case ofTtherm

5Tchem5165 MeV. ~b! The case ofTtherm5110 MeV. The num-
bers indicate the position of ther peak~in MeV!. The labels indi-
cate the decays included, with the two-bodyp1p2 channels and
the three-body channels,v→p0p1p2, h→p0p1p2, and h8
→hp1p2. The relative contributions from the resonances a
fixed by the value of the temperature.
1-3
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BRONIOWSKI, FLORKOWSKI, AND HILLER PHYSICAL REVIEW C68, 034911 ~2003!
whereVtherm is the volume at the thermal freeze-out,mp and
mr52mp ~the reactionr0↔p1p2 is in equilibrium! are the
chemical potentials which ensure thatNp is conserved, as
requested by the fact that the system had frozen chemic
Knowing the ratioVtherm/Vchem, we could computemp com-
paring the right-hand sides of Eqs.~6! and~8!. However, for
the present purpose, where we are only interested in
shape of the correlation function inM and not the absolute
values, this is not necessary. The chemical potential ente
Eq. ~8! as a multiplicative constant,Vthermexp(2mp /Ttherm).
Since we do not control in the present calculation the v
ume, we can remove the normalization constant from
consideration. The argument holds if more reaction chan
are present.

Thus, we redo the calculation of the preceding secti
based on Eq.~5!, but now with a lower temperature and a
arbitrary normalization constant. The results forTtherm
5110 MeV are shown in Fig. 2~b!. We note a prominen
difference from the case of Fig. 2~a!, where the temperatur
was significantly higher: the high-M spectrum is suppressed
while the low-M spectrum is enhanced. Beginning from t
high-mass end, we note that thef 2 resonance has practicall
disappeared, the relative strength of thef 0 to the r peak is
only about 1/5 compared to 1/3 in Fig. 2~a!; finally, left to the
Ks peak we note a significantly larger background from
s tail, the shoulder of ther, and theh decays. While for
T5165 MeV, the hight of this background is only slight
above the hight of ther peak, forT5110 MeV it rises to
about two times the hight of ther peak.

We also remark that due to the presence of the ther
function in Eq.~5!, the position of the peak is shifted down
wards from the original vacuum value to 752.2 MeV f
Ttherm5165 MeV, and to 744.0 MeV forTtherm5110 MeV.

To conclude this section, we state that the very sim
thermal analysis shows that the shape of the ‘‘spectral li
of thep1p2 system depends strongly on the temperature
the thermal freeze-out, which, when compared to accu
data, may be used to determineTtherm in an independen
manner. In the following sections, we elaborate on this
servation by incorporating other important effects.

V. FLOW AND THE SINGLE-FREEZE-OUT MODEL

The medium produced at midrapidity in ultrarelativist
heavy-ion collisions undergoes a rapid expansion, chara
ized by the longitudinal and the transverse flow. Although
flow has no effect on the invariant mass of a pair of partic
produced in a resonance decay, since the quantity is Lor
invariant, it nevertheless affects the results, since the k
matic cuts imposed in the experiment in an obvious man
break this invariance. In Refs.@15,16#, we have constructed
thermal model which includes the flow effects. The mod
has the following main ingredients.

~1! There is one universal freeze-out, occurring at
temperature

Tchem5Ttherm[T.165 MeV. ~9!

In Refs. @15–17,29#, we have demonstrated that with th
inclusion of all hadronic resonances the distinction betw
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the traditionally considered chemical and thermal freeze-o
is not necessary, at least for RHIC.

~2! To describe the geometry and flow at the freeze-o
we adopt the approach of Refs.@33–42#. The freeze-out hy-
persurface is defined by the condition

t5At22r x
22r y

22r z
25const, ~10!

while the transverse size of the fire cylinder is made finite
requesting that

r[Ar x
21r y

2,rmax. ~11!

In addition, we assume that the four-velocity of the expa
sion at freeze-out is proportional to the coordinate, name

um5
xm

t
5

t

t S 1,
r x

t
,
r y

t
,
r z

t D . ~12!

The model is explicitly boost invariant, which in view of th
recent data delivered by BRAHMS@43# is justified for the
description of particle production in the rapidity range21
,y,1.

~3! All resonances from the Particle Data Tables@44# are
included in the calculation, which is important due to t
Hagedorn-like behavior of the resonance mass spect
@45–48#.

The model has altogether four parameters: two ther
parameters,T and the baryon chemical potentialmB , which
are fitted to the available particle ratios, and two geome
parameters,t and rmax, fitted to the transverse-momentu
spectra. The details of the model can be found in Ref.@17#.
The model works very well and economically for the partic
ratios @29#, transverse-momentum spectra@15#, as well as
strange-particle production@16#.

VI. KINEMATIC CUTS

The next important effect is related to the experimen
cuts and traditionally has been the domain of experimen
ists. However, in the present application the inclusion of
relevant kinematic cuts of the STAR analysis@3,4,32# can be
included straightforwardly. Needless to say that the pro
inclusion of kinematic constraints is frequently crucial wh
comparing theoretical models to the data.

For two-body decays, the relevant formula for the numb
of pairs of particles 1 and 2, derived in Appendix B, has t
form

dN12

dM
5

dd12

dM

bm

p1*
E

p1,low
'

p1,high
'

dp1
'E

y1,low

y1,high
dy1E

plow
'

phigh
'

dp'E
ylow

yhigh
dy

3C2
0C1

hC2
hu~12cos2g0!

using0u
S~p'!, ~13!

with all quantities defined in Appendix B.
For the case of three-body decays, we have

dN12

dM
5bE

0

`

2pp'dp'E
2`

`

dy
dN12~p',y!

dM
S~p'!, ~14!
1-4
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whereb is the branching ratio anddN12(p
',y)/dM has been

evaluated in Appendix C, with full inclusion of all cuts re
evant in the STAR experiment.

The cuts in the STAR analysis of thep1p2 invariant-
mass spectra have the following form@3,4,32#:

uypu<1,

uhpu<0.8, ~15!

pp
'>0.2 GeV,

while the bins in pT[upp
'1pp

'u start from the range 0.2
20.4 GeV, and step up by 0.2 GeV until the range 2
22.4 GeV. These conditions are implemented in the ca
lation shown below.

VII. DECAYS OF HIGHER RESONANCES

An important ingredient and, in fact, the key to the su
cess of the thermal models in both reproducing the part
ratios and the transverse-momentum spectra@15–17,29#, is
the inclusion of resonances. Although the thermal distri
tion suppresses the high-mass particles, their abund
grows exponentially according to the Hagedorn hypothe
@45–48#, and in practice one needs to take very high valu
of the mass of the resonances in order to obtain stable re
@50#. We include all resonances from the Particle Data Tab
@44#. The high-lying resonances decay in cascades, eve
ally producing stable particles.

The resonances considered in this paper, in particular,
also acquire substantial contributions from the higher re
nances, e.g.,h8→r0g, or f(1020)→rp. Such effects, en-
tering at the level of a few tens of percent, are difficult
account for accurately in our formalism. This is due to t
dynamics characterized by the parameters that are not
known. For instance, the decay ofh8 may proceed through
the r0g channel, as well as directly into the uncorrelat
three-pion state,p1p2p0, which forms a smooth back
ground around ther peak. In other words, the feeding of th
r from the higher resonance need not reproduce the shap
r peak from Fig. 1, and the resulting dependence onM may
be altered to some extent. This important but, due to exp
mental uncertainties, not easy issue is left for later studies
the moment we take the simplest way, and assume tha
shape of the spectral line in Fig. 1 is not altered. T
amounts to including a multiplicative factord for each con-
sidered resonance. These factors are obtained from the
mal model as discussed in Refs.@17,29#. The thermal param-
eters for the full RHIC energy ofAsNN5200 GeV are@51#

T5165.6 MeV,

mB528.5 MeV,
~16!

mS56.9 MeV,

m I520.9 MeV.
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The calculation leads to the following enhancement fact
coming from the decays of higher resonances:dKS

51.98,

dh51.74, ds51.13, dr51.42, dv51.43, dh851.08, df 0

51.01, anddf 2
51.28. Thus, the effect is strongest for ligh

particles,KS , h, r, andv, while it is weaker for the heavie
h8 and scalar mesons.

VIII. RESULTS OF THE SINGLE-FREEZE-OUT MODEL

We may finally come to presenting the results of the c
culation in the framework of the single-freeze-out mod
The calculation includes the kinematic cuts described in A
pendixes. B and C, and the enhancement factors from
higher resonances,di , described in Sec. VII. The expansio
parameters are taken to bet55 fm andrmax54.2 fm, which
according to the fits of thep' spectra correspond to th
centrality of 40–80%@51#. In Fig. 3, we show the results
obtained with the help of Eqs.~13, and~14! with the STAR
kinematic cuts~15!, for four sample bins in the transvers
momentum of the pair,pT , with the lowestpT in Fig. 3~a!
and highest in Fig. 3~d!. The contributions of various reso
nances are clearly visible. We note that the shape of
spectrum changes with the assumedpT bin. For both the
lowest and the highestpT the low-M region is suppressed
while at intermediatepT the spectrum has large contribution
at low M. In our calculation, the relative contributions from
various resonances isfixed, as given by the model. Also, th
relative normalization between Figs. 3~a!–3~d! is preserved.
The labels at ther peak indicate its position in MeV. We
observe that it is lowered compared to the vacuum value,
to the thermal effects, and assumes values between 740
747 MeV. This fall is not as large as that observed in t
preliminary STAR data@3,4#, where the position of the pea
resulting from fitting the data is much lower, about 700 Me
Our single-freeze-out model with the vacuumr meson is not
capable of producing this result.

This is perhaps the most important outcome of our ana
sis: both the naive thermal approach, Fig. 2, and the f
fledged single-freeze-out model with expansion and ki
matic cuts areunable to reproduce the (preliminary) STA
data if the vacuum value of the I51 pp phase shift (3) is
used.This confirms the earlier conclusions of Shuryak a
Brown @12# and Rapp@14#. The model with the vacuumr
can bring the peak down to;740 MeV, calling for about
additional 40 MeV from other effects, such as the mediu
modifications.

In order to show how the medium modifications w
show up in thep1p2 spectrum, we have scaled thepp
phase shift in ther channel, according to the simple law

d1
1~M !scaled5d1

1~s21M !vacuum, ~17!

wheres is the scale factor. We uses50.91, which places the
peak at 700 MeV. The result of this calculation is shown
Fig. 4. Now, with the loweredr position, the calculation
looks very similar to the preliminary data of Refs.@3,4#. With
the r peak moved to the left the dip between ther andKS
1-5
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FIG. 3. ~Color online! The invariantp1p2 mass spectra in the single-freeze-out model for four sample bins in the transverse mom
of the pair,pT , plotted as a function ofM. The contribution of various resonances are labeled in~c!, with h indicating the joint contribution
of h andh8. The kinematic cuts of the STAR experiment are incorporated. The labels at ther peak indicate its position in MeV, lowered
as compared to the vacuum value due to thermal effects.
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peaks is largely reduced, as seen in the preliminary d
Also, the background on the left side of theKS peak, coming
from other resonances, is, for the consideredpT bin, signifi-
cantly higher than the hight of ther peak.

We also remark that the shape of the curves obtaine
the single-freeze-out model for intermediate values ofpT is
closer to the naive thermal-model calculation of Fig. 2 w
Ttherm5110 MeV rather thanTtherm5165 MeV. This is
reminiscent of the ‘‘cooling’’ effect of the resonance deca
Ref. @29#. Indeed, the enhancement factorsdi , higher for low
massM and lower for high massM, connected with the
feeding of the resonances by even higher excited states,

FIG. 4. ~Color online! Same as Fig. 3~c! with r meson scaled
down by 9%. Now the peak of ther has moved to the preliminary
value observed in the STAR experiment@3,4#.
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to the modification of the spectral line such that it resemb
a lower temperature spectrum obtained without the re
nance feeding.

IX. RATIOS OF THE RESONANCE YIELDS

In this and the following section, we present the results
the single-freeze-out model for the ratios of the resona
yields and the resonance transverse-momentum spectr
our analysis we shall consider two cases: in the first~stan-
dard! case we assume that the masses of hadrons are
changed by the in-medium effects, whereas in the sec
case we assume that the mass of ther meson at freeze-out is
smaller than its vacuum mass. Inspired by the prelimin
STAR results@3,4#, we shall use for this purpose a rather lo
value ofmr* 5700 MeV. In these two cases the values of t
thermodynamic parameters are determined from the exp
mental ratios of the yields of stable hadrons~those listed in
Table I of Ref. @51#!. This givesT5165.664.5 MeV and
mB528.563.7 MeV for the standard case@51#, and T
5167.664.6 MeV and mB528.963.8 MeV for the case
with the modified mass of ther meson. The reason for no
including the ratios of the resonance yields as the inpu
our approach is twofold: first, the data describing the prod
tion of the resonances are preliminary; second, there are
measurements of the resonance spectra in the central ev
For example, the data onr0 production were collected fo
the centrality class 40–80%.

We take into consideration the modification of the mass
1-6
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TABLE I. ~Color online! Predictions of the thermal model for the ratios of hadronic resonances mea
at RHIC atAsNN5200 GeV. In the two model calculations, the two different effective masses of ther meson
have been assumed. In the first case~second column! mr* 5770 MeV, whereas in the second case~third
column! mr* 5700 MeV. The two thermodynamic parameters have been fitted only to the ratios of s
hadrons. In the first case they are the same as those discussed in Sec. II. The preliminary experime
are taken from Refs.@4,7#. Both the experimental and the theoretical pion yields are corrected for the
decays.

Model Model
mr* 5770 MeV mr* 5700 MeV Experiments

T ~MeV! T5165.664.5 T5167.664.6
mB ~MeV! mB528.563.7 mB528.963.8
h/p2 0.12060.001 0.11260.001
r0/p2 0.11460.002 0.13560.001 0.18360.028@4# (40–80 %)
v/p2 0.10860.002 0.10260.002
K* (892)/p2 0.05760.002 0.05460.002
f/p2 0.02560.001 0.02460.001
h8/p2 0.012160.0004 0.011560.0003
f 0(980)/p2 0.010260.0003 0.009760.0003 0.04260.021@4# (40–80 %)

0.20560.033@4# (0 –10 %)
0.21960.040@4# (10–30 %)

K* (892)/K2 0.3360.01 0.3360.01
0.25560.046@4# (30–50 %)
0.26960.047@4# (50–80 %)
0.59560.123@4# (0 –10 %)
0.63360.138@4# (10–30 %)

f/K* (892) 0.44660.003 0.44860.002
0.58460.132@4# (30–50 %)
0.52860.106@4# (50–80 %)
0.02260.010@7# (0 –7 %)

L(1520)/L 0.06160.002 0.06260.002 0.02560.021@7# (40–60 %)
0.06260.027@7# (60–80 %)

S(1385)/S 0.48460.004 0.48560.004
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the r meson only, since at the moment there are no exp
mental hints concerning the behavior of the masses of o
resonances@except for the mass ofK* (892)0 which is not
changed#. In Ref. @49#, we studied the effect of the in
medium mass and width modifications on the outcome of
thermal analysis in the situation where a common scaling
baryon and meson masses with the temperature or the
sity was assumed~only the masses of the pseudo-Goldsto
bosons were kept constant!. The results of Ref.@49# showed
that moderate modification particle masses are admissib
satisfactory description of the ratios of hadron abundan
measured at CERN SPS may be obtained in a thermal
proach with the modified masses of hadronic resonan
however, the changes of the masses affect the values o
optimum thermodynamic parameters. Similar results w
obtained from the analysis of the first RHIC data@50#. The
effects of the in-medium mass and width modifications
the outcome of the thermal analysis were also studied
Refs.@52–56#.

Our predicitions for the ratios of the resonance yields
presented in Table I. The most interesting are the results
the r0/p2 ratio, which is 0.11 for the case without the in
medium modifications and 0.14 for the case with the mo
03491
ri-
er

e
f
n-

e
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s
p-
s,
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e

n
in

e
or

i-

fied r mass. The first value is in a good agreement with
theoretical number presented recently by Rapp@14#. We can
see that the effect of the droppingr-meson mass helps us t
get closer to the preliminary experimental result of 0.1
however the theoretical and the experimental values still
fer by more than one standard deviation. Our model value
the ratio f 0(982)/p2 is a factor of 4 smaller than centra
value of the preliminary experimental result. On the oth
hand, our results forK* (892)/K2 andL(1520)/L are larger
than the preliminary experimental values, whereas
f/K* (892) ratio agrees rather well with the experiment~c.f.
Table I!.

A comparison of the theoretical and experimental resu
for the ratios involving resonances is interesting from t
point of view of the discussion on the decoupling tempe
ture Ttherm, i.e., the temperature characterizing the therm
freeze-out. IfTtherm is significantly smaller thanTchem, one
expects@57–59# that the measured ratios such asK* /K or
r0/p2 are smaller than the values determined at the che
cal freeze-out. This behavior is due to the readjustment of
resonance abundances~formed in elastic collisions! to the
decreasing temperature on the path the system follows f
1-7



e

ra
io
tu
m
a

d
ha
am
ro
te
d
ct
c

ra

lli-

e
o

on

%
the

the
all

p of
wn
the
e
the
eri-
-
e

g to

-
for

lysis
ch.
s
tra.
e

e-
iva-
l
ncy
n in-
are-
ng
re-

m
le-

in

s

BRONIOWSKI, FLORKOWSKI, AND HILLER PHYSICAL REVIEW C68, 034911 ~2003!
Tchem down toTtherm. Our results shown in Table I indicat
that certain experimental ratios are indeed smaller@such as
K* (892)/K2 or L(1520)/L for central collisions#, whereas
some are larger@r0/p2 and f 0(982)/p2]. Consequently,
from the comparison of the theoretical and experimental
tios, at the moment, it is hard to draw a definite conclus
about the difference between the two freeze-outs. The s
gets even more involved in view of the possible in-mediu
modifications of the masses, which affect the ratios and m
complicate the overall thermodynamic picture.

X. TRANSVERSE-MOMENTUM SPECTRA

In this section, we present the single-freeze-out mo
results for the transverse-momentum spectra of various
ronic resonances. The method of the calculation is the s
as that used in the calculation of the spectra of stable had
@15–17#. In particular, the feeding of the resonance sta
from all known higher excited states is included, which lea
to the enhancement of the resonance production chara
ized by the factorsdi . As usual, the two thermodynami
parameters and the two geometric parameters~fitted sepa-
rately for different centrality windows! are taken from Ref.
@51#. Knowing the centrality dependence oft andrmax, we
may analyze the resonance production at different cent
ties and compare it to the existing data~note that the data on
r production are collected only for rather peripheral co
sions corresponding to the centrality window 40–80 %!.

In Fig. 5, we show our results for the transvers
momentum spectra ofr0 and f 0(892), and compare them t

FIG. 5. ~Color online! The midrapidity transverse-momentu
spectra of ther0 and f 0(980) mesons, as obtained from the sing
freeze-out model. The model parameterst55 fm and rmax

54.2 fm correspond to centralities 40–80 %@51#. The data points
are taken from Ref.@4#. The vacuum value of thepp phase shift is
used in the model calculation, with the scaled phase shift yield
very similar results.
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the preliminary data obtained by the STAR Collaborati
@4#. The expansion parameters aret55 fm and rmax
54.2 fm, which correspond to the centrality of 40–80
@51#. In the presented calculation, the vacuum value of
pp phase shift has been used. We have checked that
scaled phase shift gives very similar results, and the sm
change of the thermodynamic parameters due to the dro
ther mass affects the spectrum very little. The results sho
in Fig. 5 indicate that our model can quite well reproduce
experimental spectrum of ther meson and the slope of th
f 0(980) spectrum. We find, however, the discrepancy in
normalization between the model and the preliminary exp
mental data for thef 0(980) spectrum, which reflects the re
sult of Table I. In Fig. 6, we show our predictions for th
spectra ofL(1520) andS(1350). SinceL(1520) is cur-
rently measured in the central collisions@7#, in this case we
used the values of the geometric parameters correspondin
the most central collisions, namelyt58.7 fm and rmax
57.2 fm, which correspond to centrality of 0220 % @51#. In
Fig. 6, we also show the spectrum ofS(1385) which might
be measured by STAR in the near future@5#. In Fig. 7, we
compare our predictions for the spectrum ofK* (892) to the
preliminary experimental results@1#. To complete our discus
sion, we also show our predictions for other resonances
the most-central case, namelyh, r, v, f, andh8 and f 0.

XI. CONCLUSION

In this paper, we have presented a comprehensive ana
of resonance production at RHIC in the thermal approa
We have studied thep1p2 invariant-mass spectra, the ratio
of the resonances, and their transverse-momentum spec

Our calculation of the invariant-mass distribution of th
p1p2 pairs, performed in the framework of the singl
freeze-out model, has been done with the use of the der
tives of the experimental phase shifts~and not the spectra
function!, which guarantees the thermodynamic consiste
of our approach. Decays of higher resonances have bee
cluded in a complete fashion. Moreover, we have taken c
fully into account the realistic kinematic cuts correspondi
to the STAR experimental acceptance. We find that the p

g

FIG. 6. ~Color online! The single-freeze-out model prediction
for the midrapidity transverse-mass spectra ofL(1520) and
S(1385). The model parameterst58.7 fm andrmax57.2 fm cor-
respond to the most central events,c50220 % @51#.
1-8
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THERMAL ANALYSIS OF PRODUCTION OF . . . PHYSICAL REVIEW C 68, 034911 ~2003!
liminary STAR result indicating a drop of ther meson mass
down to 700 MeV cannot be reproduced in our model wh
the vacuum properties ofr are used. A good qualitative
agreement is found, however, when the mass ofr is lowered.
Therefore our calculation confirms thedropping-mass sce
nario for r, induced by the medium effects.

We stress that the shape of thep1p2 spectrum is very
sensitive to the freeze-out temperature. In a sense, it ca
used as a ‘‘thermometer,’’ independent of other methods
determining the temperature, such as the study of the ra
of the stable particles, or the slopes of the transverse
menta. We have shown that at smallT the contributions from
the low-lying resonances are enhanced, and the contribut
at high mass are suppressed. On the contrary, at largeT the
contributions from the high-lying states are enhanced
become visible@e.g., the contribution fromf 2(1270)], while
the low-mass contributions are reduced. In the single-free
out model, although the freeze-out process takes plac
relatively high temperatureT;165 MeV, the decays of the
resonances lead to an effective ‘‘cooling’’ of the spectru
with low-mass resonances acquiring more feeding from
higher states than the high-mass resonances. This wou
equivalent to taking a lower temperature in a naive calcu
tion without the resonance decays. Such effects, seen init
in the shape of the transverse-momentum spectra, are th
fore also seen in the invariant-massp1p2 distributions.

The experimental information on the resonance prod
tion is crucial for our understanding of the freeze-out p
cess. In particular, it may be used to distinguish between
scenario with the two freeze-outs, separate for the elastic
inelastic processes, and the scenario with a single freeze
For example, in the scenario with the two distinct freeze-o

FIG. 7. ~Color online! The midrapidity transverse-momentu
spectra of the various resonances, as obtained from the sin
freeze-out model. The preliminary data forK* are taken from Ref.
@1#. The model parameterst58.7 fm andrmax57.2 fm correspond
to centralities 0220 % @51#.
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the ratios involving the resonance yield in the numerator a
the stable-hadron yield in the denominator@e.g.,r/p, K* /K,
or L(1520)/L] should be smaller than the analogous ra
calculated at the chemical freeze-out. By comparing the p
liminary STAR data to the predictions of the thermal mod
we have pointed out that certain ratios of this type are ind
somewhat smaller, while others are larger. Consequently
present one cannot conclude which approximation, the
with two or the one with one freeze-out, is more appropri
in the thermal approach. More accurate data would be hig
desired in that regard.
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APPENDIX A: PARAMETERS FOR THE pp PHASE
SHIFTS

The following parametrization is used for thepp phase
shifts of Eq.~3! @28# ~all in units of mp15139.57 MeV):

A0
050.220, A1

150.37931021, A0
2520.44431021,

B0
050.268, B1

150.14031024, B0
2520.85731021,

C0
0520.0139, C1

1520.67331024, C0
2520.002 21,

D0
0520.001 39, D1

150.16331027,

D0
2520.12931023,

s0
0536.77, s1

1530.72, s0
25221.62. ~A1!

APPENDIX B: KINEMATIC CUTS FOR TWO-BODY
DECAYS

Let the unlabeled quantities refer to the decaying re
nance, and labels 1 and 2 to the decay products. The num
of pairs coming from the decays of the resonance formed
the freeze-out hypersurface is@62,17#

N125E d3p1

E1
C1E d3p

E
CC2B~p,p1!S~p!, ~B1!

where the symbolsC, C1, andC2 denote kinematic cuts, an
the source function of the decaying resonance is obtai
from the Cooper-Frye formula@60,61#,

S~p!5E dSm~x!pm f @pu~x!#. ~B2!

le-
1-9
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BRONIOWSKI, FLORKOWSKI, AND HILLER PHYSICAL REVIEW C68, 034911 ~2003!
The quantityf is the thermal distribution of the particle de
caying at the hypersurfaceS, with the collective flow de-
scribed by the four-velocityu. We pass to rapidity and
transverse-momentum variables in the laboratory frame,
have explicitly

B~p,p1!5
b

4pp1*
dS pp1

m
2E1* D

5
b

4pp1*
dS m'm1

'cosh~y2y1!2p'p1
'cosg

m
2E1* D ,

~B3!

wherep1* andE1* denote the momentum and energy of p
ticle 1 in the rest frame of the decaying resonance,g is the
angle betweenp' andp1

' in the laboratory frame, andb is the
branching ratio for the considered decay channel.

In general, for the considered cylindrical symmetry, w
have

C5u~plow
' <p'<phigh

' !u~ylow<y<yhigh!, ~B4!

Ci5u~pi , low
' <pi

'<pi ,high
' !u~yi , low<y<yi ,high!,

with i 51,2 andu(a<x<b)51 if the condition is satisfied
and 0 otherwise. Due to momentum conservation, we sho
use in Eq.~B4!

p2
'5A~p'!21~p1

'!222p'p1
'cosg, ~B5!

y25sinh21Fm'sinhy2m1
'sinhy1

m'
G .

Next, we perform the integration overg in Eqs.~B1! and
~B3!. Thed function gives the condition cosg5cosg0, with

cosg05
m'm1

'cosh~y2y1!2mE1*

p'p1
'

, ~B6!

which takes effect only if21<cosg0<1. A factor of 2 fol-
lows from the two solutions ofg5arccos(cosg0) for g
P@0,2p). The final result is

N125
bm

p1*
E

p1,low
'

p1,high
'

dp1
'E

y1,low

y1,high
dy1E

plow
'

phigh
'

dp'E
ylow

yhigh
dy

3C2
0 u~21<cosg0<1!

sing0
S~p'!, ~B7!

where we have introduced

C2
05C2ucosg5cosg0

, ~B8!

with the substitution~B5! understood.
The experimental cuts frequently involve cuts on pseu

rapidity of particles. This amount to adding extra conditio
of the form
03491
nd

-

ld

-
s

h i
low<

1

2
lnS Api

'21mi
'2sinh2yi1mi

'2sinh2yi

Api
'21mi

'2sinh2yi2mi
'2sinh2yi

D <h i
high,

~B9!

which may be implemented in Eq.~B7! in the form of u
functions, denoted byCi

h .
The above formulas have been written for a sharp re

nance. For a wide resonance, according to Eq.~1!, the gen-
eralization assumes the form~13!.

APPENDIX C: KINEMATIC CUTS FOR THREE-BODY
DECAYS

The three-body decay is usually considered in the r
frame of the resonance of massm. Here, since the cuts ar
defined in the laboratory frame, we need to consider the
nematics in this frame. The phase-space integral for the
cay of particle of massm and momentump into products 1,
2, and 3 is proportional to

E d3p1

E1

d3p2

E2

d3p3

E3
Cd~E2E12E22E3!

3d (3)~p2p12p22p3!uMu2, ~C1!

where we have introducedE5Am21p2, etc., andC denotes
a generic cut in the kinematic variables, to be specified la
For simplicity we assume thatM can be approximated by
constant, i.e., only the phase-space effect is included. T
condition can be relaxed with no difficulty, if needed. We a
interested in the invariant-mass distribution of particles 1 a
2, hence we introduce thed@M2A(E11E2)22(p11p2)2#
function in Eq.~C1! and obtain the expression for the pro
ability of emitting a pair of invariant massM from a particle
moving with momentump:

dN12~p!

dM
5aE d3p1

E1

d3p2

E2

d3p3

E3
Cd~E2E12E22E3!

3d~M2A~E11E2!22~p11p2!2!

3d (3)~p2p12p22p3!, ~C2!

wherea is a normalization constant. First, we trivially carr
the integration overp3 through the use of the lastd in Eq.
~C2!. Next, we pass to the rapidity and transvers
momentum variables, and carry the integration over
angle between momentap1

' and p2
' , denoted asg. This

yields

dN12~p',y!

dM
52pa(

e
E p1

'dp1
'dy1daE p2

'dp2
'dy2C

3
1

A

M

p1
'p2

'using0u
d~A2E3!, ~C3!

wherea is the angle betweenp' andp1
' ,
1-10
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THERMAL ANALYSIS OF PRODUCTION OF . . . PHYSICAL REVIEW C 68, 034911 ~2003!
cosg05
2M21m1

21m2
212m1

'm2
'cosh~y12y2!

2p1
'p2

'
,

~C4!

and the sum overe results from the two solutions forg0, i.e.,
sing05eA11cos2g0. Next,

A5m'coshy2m1
'coshy12m2

'coshy2 , ~C5!

and, finally,

E35@B22p'p1
'cosa22p'p2

'cos~a2g0!

12p1
'p2

'cosg0#1/2, ~C6!

with

B5m3
21~m'sinhy2m1

'sinhy12m2
'sinhy2!21p'21p1

'2

1p1
'2 . ~C7!

We need still to carry the integration over the anglea. We
square the expression under thed function in Eq.~C3!, ob-
taining

A25B22p'p1
'cosa22p'p2

'~cosa cosg02sina sing0!

12p1
'p2

'cosg0 . ~C8!

The squaring imposes the condition

A>0. ~C9!

This equation can be solved straightforwardly by introduc
t5tan(a/2),

cosa5
12t2

11t2
,

sina5
2t

11t2
, ~C10!

and the notation

G5
2A21B12 cosg0p1

'p2
'

p'p2
'

,

H5cosg01
p1

'

p2
'

. ~C11!

Now Eq. ~C6! acquires the simple quadratic form
03491
g

~11t2!G52teA12cos2g01~12t2!H, ~C12!

with the solutions

t0~e,e8!5tan„a0~e,e8!/2…

5
eA12cos2g01e8AH22G21sin2g0

G1H
,

~C13!

with e8561. The solutions make sense under the condit

H22G21sin2g0>0. ~C14!

From the derivative of thed function, we obtain the factor

A

p'p2
'uH sina0~e,e8!2e sing0cosa0~e,e8!u

. ~C15!

It is easy to check that this factor is independent ofe ande8.
Thus, to the extent that the cut functionC does not involve
azimuthal angles, we may use one combination of th
signs and put a factor of 4. The final result is

dN12~p',y!

dM
58paE dp1

'dy1E dp2
'dy2C

3u~A!u~H22G21sing0
2!

3
M

using0u
1

p'p2
'uH sina02sing0cosa0u

,

~C16!

wherea0 is any of the angles~C13!, and all the necessar
substitutions are understood. The normalization constana
can be obtained from the condition

E dM
dN12~p',y!

dM
51, ~C17!

with no cuts present, i.e., with the cut function set to uni
C51.

The form of the cut functionC involves the ranges in the
integration variablesp1

' , y1 , p2
' , y2, the cuts on the pseu

dorapidity of particles 1 and 2, as well as cuts on the rapid
and the transverse momentum of the pair of particles 1 an
@32#. These cuts assume a simple form of products of thu
functions. Then, Monte Carlo methods are appropriate
compute Eq.~C16!.
ms

on
@1# P. Fachini, STAR Collaboration, J. Phys. G28, 1599~2002!.
@2# C. Adler et al., STAR Collaboration, Phys. Rev. C66, 061901

~2002!.
@3# P. Fachini, STAR Collaboration, Nucl. Phys.A715, 462c

~2003!.
@4# P. Fachini, STAR Collaboration, nucl-ex/0305034; J. Ada
et al., STAR Collaboration, nucl-ex/0307023.

@5# C. Roy, nucl-ex/0303004.
@6# C. Markert, Proceedings of the 19th Winter Workshop

Nuclear Dynamics, Breckenridge, Colorado, 2003~unpub-
1-11



g

t.

l.

.

l,

.

e

el,

z

.

,

d,

the
r:
94,
by

t.

,

r-
d

ich,

ker,

on
/

,

BRONIOWSKI, FLORKOWSKI, AND HILLER PHYSICAL REVIEW C68, 034911 ~2003!
lished!.
@7# L. Gaudichet, Proceedings of the 7th International on Stran

ness in Quark Matter, North California, 2003~unpublished!;
private communication.

@8# G. Brown and M. Rho, Phys. Rev. Lett.66, 2720~1991!.
@9# T. Hatsuda and S.H. Lee, Phys. Rev. C46, R34 ~1993!.

@10# G. Agakichievet al., CERES Collaboration, Phys. Rev. Let
75, 1275~1995!.

@11# M. Maseraet al., HELIOS/3 Collaboration, Nucl. Phys.A590,
93c ~1995!.

@12# E.V. Shuryak and G.E. Brown, Nucl. Phys.A717, 322 ~2003!.
@13# P.F. Kolb and M. Prakash, Phys. Rev. C67, 044902~2003!.
@14# R. Rapp, hep-ph/0305011.
@15# W. Broniowski and W. Florkowski, Phys. Rev. Lett.87,

272302~2001!.
@16# W. Broniowski and W. Florkowski, Phys. Rev. C65, 064905

~2002!.
@17# W. Broniowski, A. Baran, and W. Florkowski, Acta Phys. Po

B 33, 4235~2002!.
@18# R. Dashen, S. Ma, and H.J. Bernstein, Phys. Rev.187, 345

~1969!.
@19# R.F. Dashen and R. Rajaraman, Phys. Rev. D10, 694 ~1974!;

10, 708 ~1974!.
@20# W. Weinhold, Diplomarbeit, TH Darmstadt, 1995.
@21# W. Weinhold, B.L. Friman, and W. No¨renberg, Acta Phys. Pol

B 27, 3249~1996!.
@22# W. Weinhold, B. L. Friman, and W. No¨renberg, GSI Report

96-1.
@23# W. Weinhold, B.L. Friman, and W. No¨renberg, Phys. Lett. B

433, 236 ~1998!.
@24# W. Weinhold, Dissertation, TU Darmstadt, 1998.
@25# K.G. Denisenko and St. Mro´wczyński, Phys. Rev. C35, 1932
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