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The effective Skyrme interaction has been used extensively in mean-field models for several decades and
many different parametrizations of the interaction have been proposed. All of these give similar agreement with
the experimental observables of nuclear ground states as well as with the properties of infinite symmetric
nuclear matter at the saturation densityn0 . However, when applied over a wider range of densities~up to
;3n0) they predict widely varying behavior for the observables of both symmetric and asymmetric nuclear
matter. A particularly relevant example of naturally occurring asymmetric nuclear matter is the material of
which neutron stars are composed. At around nuclear matter density, this can be well represented as a mixture
of neutrons, protons, electrons, and muons (n1p1e1m matter! in b-equilibrium, and these densities turn out
to be the key ones for determining the properties of neutron-star models with masses near to the widely used
‘‘canonical’’ value of 1.4M ( . By constructing equations of state for neutron-star matter using the different
Skyrme parametrizations, calculating corresponding neutron-star models and then comparing these with ob-
servational data, an additional constraint can be obtained for the values of the Skyrme parameters. Such a
constraint is particularly relevant because the parametrizations are initially determined by fitting to the prop-
erties of doubly closed-shell nuclei and it is an open question how suitable they then are for nuclei with high
values of isospin, such as those at the neutron drip-line and beyond. The neutron-star environment provides an
invaluable testing ground for this. We have carried out an investigation of 87 different Skyrme parametrizations
in order to examine how successful they are in predicting the expected properties of infinite nuclear matter and
generating plausible neutron-star models. This is the first systematic study of the predictions of the various
Skyrme parametrizations for the density dependence of the characteristic observables of nuclear matter; the
density dependence of the symmetry energy forb-equilibrium matter turns out to be a crucial property for
indicating which Skyrme parameter sets will apply equally well for finite nuclei and for neutron-star matter.
Only 27 of the 87 parametrizations investigated pass the test of giving satisfactory neutron-star models and we
present a list of these.

DOI: 10.1103/PhysRevC.68.034324 PACS number~s!: 21.60.Jz, 26.60.1c, 21.30.Fe
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I. INTRODUCTION

In order to calculate neutron-star models, it is necessar
have an equation of state linking pressure and total ene
density and, for obtaining this, expressions must be supp
for the interaction potentials of the particles concerned.
the case of the nucleon-nucleon potential, various
proaches have been followed, both relativistic and nonr
tivistic @1–3# reflecting the situation in low-energy nucle
structure physics where both relativistic and nonrelativis
models are used without there being any clear preference
one or the other. It is necessary to make assumptions a
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the nature of the hadron-hadron potentials which are not w
known, particularly as regards their behavior as a function
density.

The nucleon-nucleon potentials fall into two classes
scribed as ‘‘realistic’’ and ‘‘phenomenological.’’ The ‘‘realis
tic’’ ones are model based but are constructed so as to
experimental data for free nucleon-nucleon scattering
properties of the deuteron. This is done by obtaining a bes
for a large number of adjustable parameters~typically 40–
60! using several thousand experimental data points@4–6#.
The quality of these potentials then clearly depends on
of the experimental data used. All of them involve a lon
©2003 The American Physical Society24-1



e
Th
lud

t
e
di
la

tiv
a-
-
a-
s

-

at
a

a-
se

th
es
th

be
ica

h

.
im
se
a
-

co
o

s
d

ec
a
s

ng
s
he
M
-

o

n
c-

r-

to
c-

nd
of
con-
en
de-

f
for

uct-
eld
ed
ns
he
icu-
is

d in
are
ri-

the
en-
eri-
og-
ed
o a
ual
en-
ble
ear
nifi-
ich
d
r to
ich
-
a-
is

re

ant
igh
-
at-
of
e-
-
try
onic
the

s
se-
n-
on

m-

STONE, MILLER, KONCEWICZ, STEVENSON, AND STRAYER PHYSICAL REVIEW C68, 034324 ~2003!
range one-pion exchange part and they differ mainly in th
treatment of the intermediate and short-range terms.
most recently developed and frequently used ones inc
the Reid-93, Nijmegen II@4# and Argonev18 ~A18! @5# po-
tentials~all local and nonrelativistic!, the Nijmegen II poten-
tial @4# ~nonlocal and nonrelativistic!, and the CD-Bonn po-
tential @6# ~nonlocal and relativistic!. For use in describing
dense nuclear matter, they need to be renormalized and
involves using many-body techniques. The Brueckn
Hartree-Fock method, based on selective summation of
grams in perturbation theory, is applicable to both nonre
tivistic ~Brueckner-Hartree-Fock! potentials @7–9# and
relativistic ~Dirac-Brueckner! ones@10#. Since this selective
summation is rather hard to do in practice, an alterna
variational method@11,12# has been developed for nonrel
tivistic potentials~with and without relativistic boost correc
tions! @13,14#, providing a systematic approximation to di
grams which cannot be calculated exactly. In all of the
methods, the energy per particleE is calculated for symmet
ric nuclear matter~SNM! and pure neutron matter~PNM!.
However, this is not directly applicable for neutron-star m
ter, which comes between these two extreme cases and
includes other types of particle. Some kind of ‘‘interpol
tion’’ needs to be made between the SNM and PNM ca
@9#. In their work calculating an equation of state~EOS! for
multicomponent dense matter, Akmalet al. @14# fitted a
smooth function to the calculated density dependence of
energy per particle in SNM and PNM so that derivativ
could be obtained and the chemical potentials and o
properties could be calculated@15#. The equilibrium compo-
sition of the matter was then obtained by interpolation
tween the SNM and PNM results. The phenomenolog
Skyrme-like interactions FPS@14,16# and FPS21@17# ~with
;20 fitting parameters! were used for this purpose, althoug
the simpler SKM@18,19# and Skyrme18 @16,17# Skyrme in-
teractions~with ;10 adjustable parameters! were also used

The so-called phenomenological models are much s
pler. Both relativistic and nonrelativistic approaches are u
in the literature. The relativistic ones use relativistic me
field ~RMF! theory with the effective interaction being rep
resented by a Lagrangian, dependent on a number of
pling constants, which is fitted to the saturation properties
nuclear matter and the observables of the ground state
finite nuclei @20#. The equations of motion for baryons an
mesons are solved self-consistently using the Hartree t
nique. The RMF approach is appealing because it natur
contains the appropriate degrees of freedom for high den
matter, including baryons interacting through the excha
of scalar and vector mesons. However, as has been discu
recently@14#, there are some doubts about the validity of t
mean-field approximation for the meson fields used in R
theory in the density region (1 –5)n0 ~nuclear saturation den
sity! which is relevant for neutron stars.

The nonrelativistic models use the Hartree-Fock
Extended-Thomas-Fermi-Strutinsky-Integral@21# techniques
to solve for the nucleonic equations of motion based o
Hamiltonian utilizing an effective nucleon-nucleon intera
tion of the Skyrme@22,23#, Gogny @24–26#, or separable
monopole~SMO! @27,28# types. These models can be su
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prisingly successful for describing dense matter at up
(2 –3)n0 , depending on the choice of the effective intera
tion. In this density region, we consider onlyb-equilibrium
matter~BEM! consisting of neutrons, protons, electrons, a
muons (n1p1e1m) and neglect the possible presence
mesons, and strange baryons. Nevertheless, EOS’s
structed under these restrictions work very well, even wh
extrapolated to higher densities, and give a reasonable
scription of neutron stars.

In a previous paper@28# we examined the performance o
the effective separable monopole interaction when used
symmetric and asymmetric nuclear matter and for constr
ing an EOS for neutron-star matter using a mean-fi
Hartree-Fock approximation. Comparing results obtain
with the SMO and with a selected set of Skyrme interactio
led to the intriguing conclusion that some predictions for t
properties of nuclear matter are very sensitive to the part
lar choice of parametrization for the Skyrme potential. Th
provided the motivation for the present study.

The Skyrme nucleon-nucleon interaction has been use
nuclear Hartree-Fock calculations since the 1970s. There
many known parametrizations of it which reproduce expe
mental data for the ground states of finite nuclei and for
observables of infinite nuclear matter at the saturation d
sity, giving more or less comparable agreement with exp
mental or expected empirical data. It has long been rec
nized that infinite nuclear matter is not only an idealiz
system for testing nucleon-nucleon potentials but is als
good approximation for the matter occurring in some act
physical objects: neutron stars. In turn, the neutron star
vironment has direct relevance for the structure of unsta
nuclei. In particular, there is increasing interest in the nucl
symmetry energy because it has been shown that this sig
cantly affects the binding energies and radii of neutron-r
nuclei in RMF models@29#. Accurate knowledge is neede
of the density dependence of the symmetry energy in orde
understand the behavior of the matter radii of neutron-r
isotopes, which increase withA faster than the usually ex
pectedA1/3 relation, and to explain the experimental indic
tion that the density at the center of neutron-rich nuclei
lower than that for nuclei close to theb-stability line@30,31#.
A connection between neutron radii in nuclei and in pu
neutron matter has recently been investigated@32#. The equa-
tion of state of high density nuclear matter is also import
for studies of heavy-ion collisions at intermediate and h
energies. Bao-An Liet al. @33# have studied the ratio of pro
tons and neutrons in the pre-equilibrium state of nuclear m
ter after neutron-rich heavy-ion collisions as a function
kinetic energy and the incompressibility modulus. Very r
cently, Bao-An Li @34# has proposed a novel way to con
strain predictions for the behavior of the nuclear symme
energy at high densities using an isospin-dependent hadr
transport model. The experimental probes considered are
p2 to p1 ratio and the neutron-proton collective flow. A
we will see later, the nuclear symmetry energy and, con
quently, the proton/neutron ratio are crucial factors in co
structing an EOS for asymmetric nuclear matter based
nucleon-nucleon interactions.

In this paper we investigate the properties of infinite sy
4-2
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metric and asymmetric nuclear matter, calculated as fu
tions of density, for a wide range of Skyrme models.
construction, all of these models already give plausible
sults for finite nuclei. After describing the calculation proc
dure in Sec. II, we summarize the results for infinite sy
metric and asymmetric nuclear matter in Sec. III, selecting
suitable Skyrme parametrizations the ones which satisfy
expected constraints for nuclear matter properties. For e
acceptable set of Skyrme parameters we then construc
EOS for neutron-star matter and calculate the predicted p
erties of corresponding neutron-star models. In Sec. IV,
draw conclusions concerning the Skyrme parameter
which seem to remain viable on the basis of these consi
ations.

II. THE CALCULATION PROCEDURE

A. The Skyrme interaction

The general form of the effective Skyrme interaction,
used for describing finite nuclei in mean-field models, is w
known ~see, for example, the references given below in t
section!. The total binding energy of a nucleus can be e
pressed as the integral of a density functionalH which is
given as a function of empirical parameters@23#,

H5K1H01H31He f f1•••, ~1!

whereK is the kinetic-energy term and theH0 ~zero-range!,
H3 ~density-dependent!, and He f f ~effective-mass-
dependent! terms, which are relevant for calculating th
properties of nuclear matter, are functions of nine parame
t0 , t1 , t2 , t3 , x0 , x1 , x2 , x3 , and a, and are given as
follows:

H05 1
4 t0@~21x0!n22~2x011!~np

21nn
2!#, ~2!

H35 1
24 t3na@~21x3!n22~2x311!~np

21nn
2!#, ~3!

He f f5
1
8 @ t1~21x1!1t2~21x2!#tn

1 1
8 @ t2~2x211!2t1~2x111!#~tpnp1tnnn!. ~4!

The kinetic-energy term is added in a form used in the Fe
gas model for noninteracting fermions,K5(\2/2m)t. In
Eqs. ~2!–~4!, the total nuclear number densitiesn and
kinetic-energy densitiest are defined asn5nn1np and t
5tn1tp .

Eighty-seven parametrizations of the Skyrme interacti
published since 1972@35#, were selected for the analys
presented in this paper. In the order of publication date, th
are as follows: SI and SII@22#, SkT @36#, SIII, SIV, SV, SVI
@37#, SVII, SIII* @38#, SkM @18#, SGI, SGII @39#, SkM*
@40#, RATP @41#, SkT1-SkT9@42#, SkP @43#, E, Es, Z, Zs,
Zs* , Rs, Gs@44#, SkMP @45#, SkSC1-SkSC3@46#, SkSC4
@47#, SkSC5, SkSC6, SkSC10@21#, SkI1-SkI5 @48#, SLy1-
SLy10 @49#, SkM1 @50#, Skyrme18 @17#, SkI6 @51#, SLy230a
@23#, SKXce, SKXm, SKX @52#, SkO, SkO8 @53#, MSk1-
MSk6 @54#, SKRA @55#, MSk7 @56#, MSk5* , v110-v070
@57#, BSk1 @58# and Skz-1, Skz0-4@59#. The list is not fully
03432
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comprehensive but it gives a representative sample of
Skyrme interactions used in nuclear physics applications

We note that in some cases these parametrizations
members of ‘‘families’’ developed by single research grou
~e.g., the SLy or SkI interactions! which differ only in the
treatment of the center-of-mass motion, the spin-orbit in
action, or the set of experimental data to which they
fitted. However, in order to accommodate the changes
still keep a good agreement with the data for finite nuclei,
full set of parameters needs to be refitted, including th
which are most relevant for infinite nuclear matter. As the
are strong correlations among the parameters of each s
cannot be guaranteed that even small changes in the
vidual parameters will not together produce a significan
different correlated effect. We therefore examine all me
bers of parametrization families as independent sets.

B. Infinite symmetric and asymmetric nuclear matter

A detailed account of the quantities describing nucle
matter properties and their expected values can be foun
recent publications@23,28# where their explicit form in terms
of the Skyrme interaction parameters is also given. Th
quantities can be expressed generally as functions of the
nucleon number densityn in fm23 ~the symbolr is used
throughout this work for the mass density in g/cm3) and the
asymmetry parameter

I 5
N2Z

A
, ~5!

whereN is the number of neutrons,Z is the number of pro-
tons, andA is the total baryon number. The proton and ne
tron number densities are then given in terms ofI andn by

np5 1
2 ~12I !n, ~6!

nn5 1
2 ~11I !n. ~7!

The total binding energy per particle, denoted byE(n,I ), is
used for calculating thepressure Pin nuclear matter@1#:

P~n,I !5n2
]E
]n

5n
]e

]n
2e, ~8!

wheree5n(E1mc2) is the total energy density andm is the
nucleon mass. Theincompressibility modulus Kof SNM is
given by @23#

K~n,I !59n2
]2E
]n2

118
P~n,I !

n
. ~9!

The speed of soundvs is related toK by

vs

c
5A K

9~mc21E1P/n!
. ~10!
4-3
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Another important variable for discussions of asymme
nuclear matter is thesymmetry energyS, defined as the dif-
ference in energy between symmetric and pure neutron m
ter

S~n!5E~n,I 50!2E~n,I 51!. ~11!

S(n) can be expanded about the value of the energy
symmetric nuclear matter@1# with the second-order term be
ing related to theasymmetry coefficient as in the semiempir-
ical mass formula

as5
1

2

]2E
]I 2U

I 50

. ~12!

Finally, theisoscalarand isovectoreffective nucleon masse
in infinite nuclear matter~denoted byms* /m andmv* /m, re-
spectively, measured in units of the vacuum nucleon m
m) can be written as functions of the Skyrme parameters
the density of the medium@23#. The effective neutron mas
in dense asymmetric matter is then given by@60#

\2

mn*
5~11I !

\2

ms*
2I

\2

mv*
; ~13!

for protons the sign ofI in the above equation is reversed
The specific case of SNM is described by theequilibrium

density n0 and three quantities calculated at this density:the
binding energy per particleE05E(n0 ,I 50), the incom-
pressibility modulus K̀ , and theisoscalar effective mas
(ms* /m).

The two extreme states of infinite nuclear matter, SM
(I 50) and PNM (I 51), have fundamentally different prop
erties. The energy per particleE in SNM reaches a negativ
minimum value~i.e., it saturates! at asaturation density n0 ,
and this then corresponds to a bound state of SNM.
value ofE at saturation is usually taken to be the coefficie
of the volume termav in the liquid-drop model, obtained b
fitting with the binding energies of a large number of nucl
This procedure givesE052(16.060.2) MeV @23#. How-
ever, a somewhat lower value@E052(15.660.2) MeV# has
been quoted recently by Heiselberg and Hjorth-Jensen@1#.
The densityn0 of SNM at saturation is expected to b
n050.1660.005 fm23 @23# based on calculating the charg
distribution in heavy nuclei.E in PNM is predicted to be
always positive, i.e., PNM does not exist in a bound sta
This property of PNM places a powerful constraint on t
parameters of the Skyrme interaction, as will be discus
later.

C. b-equilibrium n¿p¿e¿µ matter

More insight into the validity of the various Skyrme p
rametrizations can be obtained by investigating the den
dependence of the properties of nuclear matter in the re
beyond nuclear saturation density~at n0;0.16 fm23). As
the density is increased fromn0 up to ~2–3! n0 , the nuclear
matter~which at low densities consists of nucleons bound
atomic nuclei at saturation! becomes first a system of un
03432
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bound neutrons, protons, and electrons existing in equ
rium with respect to weak interactions~making the usual
assumption that neutrinos leave the system and thus are
contributing to the equilibrium conditions! but then, as a
threshold density is passed, becomes a mixture of neutr
protons, electrons, and muons. This form of matter is ch
acterized by the following processes:

n↔p1e2↔p1m2.

Equilibrium implies that the chemical potentials should s
isfy the following conditions~from now on, we usee andm
in place ofe2 andm2):

mn5mp1me , mm5me , ~14!

with eachm being defined by

m j5
]e

]nj
, ~15!

wheree is the total energy density~including the rest masse
of the particles involved! and thenj ’s are the particle numbe
densities. The latter are used to define particle fractions w
respect to the total baryon number densitynb5nn1np :

yj5
nj

nb
. ~16!

The requirement of charge neutrality of the matter impl
np5ne1nm .

We need to study the composition of this phase of ma
and, in particular, the values taken by the proton fract
yp which has relevance for the cooling mechanism
neutron-stars, as discussed in Ref.@28#. The proton fraction
is related to the asymmetry parameterI, introduced earlier,
by I 5122yp and can also be expressed in terms of
symmetry energy@Eq. ~11!# by @1#

\c~3p2nyp!1/354S~n!~122yp!. ~17!

An equation of state for zero-temperatureb-stable
nucleon1lepton matter can be constructed from the Skyr
interaction following the procedure described previou
~see, e.g., Refs.@23,28#!. The total energy density of the
n1p1e1m matter is written as the sum of the nucleon a
lepton contributions@23#:

e~np ,nn ,ne ,nm!5eN~np ,nn!1nnmnc21npmpc21ee~ne!

1em~nm!, ~18!

whereeN5nbEN . Given these definitions and conditions, th
EOS is determined by two expressions:

r~nb!5
e~nb!

c2
, P~nb!5nb

2 d~e/nb!

dnb
, ~19!
4-4
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where r is the mass density of the matter. The form us
here for the EOS is obtained by eliminatingnb between
Eqs. ~19! and giving the pressure as a function of the m
densityr.

D. Neutron stars

A neutron star is composed of matter at densities rang
from that of terrestrial iron up to several times that of nucle
matter and, for describing this theoretically, it is necessar
use a variety of models of atomic and nuclear interactio
From the lowest densities up tor;4.331011 g/cm3 ~the
neutron-drip point@61#!, the matter is in the form of a
nuclear lattice with the nuclei going from those of the ir
group up to progressively more neutron-rich ones as the d
sity increases. The electrons are initially clustered around
nuclei but form an increasingly uniform free electron g
with rising density. Beyond the neutron-drip point, free ne
trons appear. Above;231014 g/cm3, nuclei no longer exist
and the matter consists of nucleon and electron fluids; w
further increases of density, muons appear in coexiste
with the neutrons, protons, and electrons inb-equilibrium.
At even higher densities, heavier mesons and strange b
ons are believed to play a role~see, e.g., Ref.@62# and ref-
erences therein,@63–66#!. Ultimately, at the center of the
star, a quark matter phase may appear, either alone or c
isting with hadronic matter@20,67#.

In the present work, we will only be modeling the nucle
1lepton phase of neutron-star matter. Since only part of
star is in this phase, the calculated EOS needs to be matc
at lower and~possibly! higher densities, onto other equatio
of state reflecting the composition of matter at those de
ties. For lower densities, we have used the Baym-Peth
Sutherland~BPS! EOS@61#, matching onto the Skyrme EO
at n;0.1 fm23 and going down ton;6.0310212 fm23. Al-
though it has been argued that extrapolation of our type
EOS to higher densities is not unreasonable@14,23# and that
the error made by not including the heavy baryons and p
sible quarks in the calculation may not be significant,
prefer to limit our discussion to the density region where o
models for then1p1e1m gas are believed to be strictl
valid. For example, we do not regard these models as b
suitable for calculating reliably the maximum mass of a n
tron star, since this is determined mainly by the high den
part of the EOS, which should be properly matched onto t
for the nucleon1lepton gas considered here. However, th
are mainly satisfactory for considering stars at around
‘‘canonical’’ mass of 1.4M ( .

Using a tabulated form of the composite EOS’s, we n
merically integrated the Tolman-Oppenheimer-Volkov eq
tion @28,68#

dP

dr
52

Gm~r !r

r 2

~11P/rc2!~114pr 3P/m~r !c2!

122Gm~r !/rc2

~20!

with

m~r !5E
0

r

4pr 2r~r ! dr ~21!
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to obtain sequences of neutron-star models with a rang
values for the central density. Integration of Eqs.~20! and
~21!, for any specified central density, gives directly the c
responding values for the total gravitational massM and ra-
diusR of the star~the surface being at the location where t
pressure vanishes!. Only models with radii larger than that o
the maximum-mass model are stable to radial oscillation~a
requirement in order for the model to represent a reali
neutron star!.

We have also calculated some other key properties of
neutron-star models. The total baryon numberA is given by

A5E
0

R 4pr 2nb~r !dr

~122Gm~r !/rc2!1/2
~22!

and the binding energy released in a supernova core colla
forming the neutron-star, is approximatelyEbind5(Am0
2M )c2, wherem0 is the mass per baryon of56Fe. Analysis
of data from supernova 1987A leads to an estimate
Ebind5(3.861.2)31053 ergs@69#.

Another quantity of interest for possible comparison w
observational data is the minimum rotation periodtmin ~see
Ref. @20#!. The minimum period is given by the centrifuga
balance condition for an equatorial fluid element~i.e., the
condition for it to be moving on a circular geodesic!. While
determining this accurately requires using a numerical c
for constructing general-relativistic models of rapidly rota
ing stars, quite good values can be obtained from results
nonrotating models using the empirical formula@70,71#

tmin50.82S Mmax

M (
D 21/2S Rmax

10 kmD 3/2

ms, ~23!

whereMmax andRmax are the gravitational mass and radi
of the maximum-massnonrotating model for the given EOS
The shortest period so far observed is 1.56 ms@20# but it is
possible that this limit may be connected with the techniq
used for measuring pulsar periods rather than being a g
ine physical limit.

III. RESULTS AND DISCUSSION

In this section we discuss predictions for the physi
quantities, defined in the preceding section, as given by
ferent parameter sets of the Skyrme interaction. Since th
is a limited amount of decisive experimental and obser
tional evidence which can be used for comparing with the
we are often left with a rather wide range of acceptable v
ues or have to compare our results with the ones obta
with other theoretical models. The region of particle numb
densities considered here, as mentioned in the preceding
tion, is 0.1<n<0.5 fm23 which goes up to approximatel
three times the nuclear saturation density. It is assumed
the Skyrme model is valid within this range for the evalu
tion of the nucleon energy density and related quantities

Giving satisfactory values for the standard properties
SNM at nuclear saturation density~see Table I! is a usual
requirement imposed for determining the parameters of
Skyrme interaction. Most of the potentials considered h
4-5
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TABLE I. Properties of symmetric nuclear matter at nuclear saturation densityn0 (fm23) as predicted by different types of Skyrm
interaction: Fermi momentumkF (fm21), mean distance between adjacent nucleonsr 05(9p)1/3/2kF ~fm!, total binding energy per particle
E ~MeV!, incompressibility modulusK` ~MeV!, asymmetry coefficientas ~MeV!, speed of soundvs /c, and the isoscalar effective mas
me f f5ms* /m.

Skyrme n0 kF r 0 E as K` vs me f f Skyrme n0 kF r 0 E as K` vs me f f

SI 0.156 1.320 1.154215.99 29.25 372.1 0.212 0.91 SLy0 0.160 1.334 1.142215.97 32.03 230.7 0.167 0.70
SII 0.148 1.300 1.172215.96 34.15 341.6 0.203 0.58 SLy1 0.161 1.334 1.141215.98 32.04 230.8 0.167 0.70
SkT 0.148 1.298 1.174215.40 24.90 334.0 0.200 0.60 SLy2 0.161 1.335 1.141215.99 32.05 230.9 0.167 0.70
SIII 0.145 1.291 1.180215.85 28.17 355.9 0.207 0.76 SLy3 0.161 1.335 1.141215.97 32.03 230.9 0.167 0.70
SIV 0.151 1.308 1.165215.96 31.24 325.4 0.198 0.47 SLy4 0.160 1.332 1.143215.97 32.04 230.9 0.167 0.69
SV 0.155 1.320 1.154216.05 32.86 306.8 0.192 0.38 SLy5 0.161 1.335 1.141215.98 32.05 230.9 0.167 0.70
SVI 0.144 1.286 1.185215.75 26.89 364.0 0.209 0.95 SLy6 0.159 1.331 1.145215.92 32.00 230.8 0.167 0.69
SVII 0.143 1.285 1.185215.79 26.96 366.9 0.210 1.00 SLy7 0.159 1.329 1.146215.90 32.03 230.6 0.167 0.69
SIII * 0.151 1.307 1.165216.57 32.67 372.9 0.212 0.79 SLy8 0.161 1.334 1.141215.97 32.04 230.9 0.167 0.70
SkM 0.160 1.334 1.142215.77 30.77 217.5 0.162 0.79 SLy9 0.151 1.308 1.164215.79 32.02 230.3 0.166 0.67
SGI 0.155 1.318 1.156215.89 28.35 262.6 0.178 0.61 SLy10 0.156 1.321 1.153215.90 32.02 230.4 0.167 0.68
SGII 0.159 1.329 1.146215.59 26.85 215.4 0.161 0.79 SkM1 0.160 1.334 1.142215.77 25.19 217.5 0.162 0.79

SkM* 0.160 1.334 1.142215.77 30.06 217.5 0.162 0.79 Skyrme18 0.156 1.320 1.154215.99 29.37 372.1 0.211 0.91
RATP 0.160 1.333 1.143216.05 29.28 240.6 0.170 0.67 SkI6 0.159 1.331 1.144215.92 30.13 249.7 0.173 0.64
SkT1 0.161 1.336 1.140215.98 32.05 237.2 0.169 1.00 SkXce 0.155 1.320 1.154215.86 30.16 269.1 0.180 1.01
SkT2 0.161 1.336 1.140215.94 32.03 236.8 0.169 1.00 SkXm 0.159 1.330 1.145216.04 31.22 239.1 0.170 0.97
SkT3 0.161 1.336 1.140215.94 31.53 236.8 0.169 1.00 SkX 0.156 1.321 1.153216.05 31.11 272.0 0.181 0.99
SkT4 0.159 1.331 1.145215.95 35.49 236.5 0.169 1.00 MSk1 0.158 1.326 1.148215.83 30.02 234.6 0.168 1.00
SkT5 0.164 1.345 1.133216.00 37.05 202.7 0.156 1.00 MSk2 0.158 1.326 1.148215.83 30.02 232.5 0.167 1.05
SkT6 0.161 1.336 1.140215.96 29.99 237.0 0.169 1.00 MSk3 0.158 1.327 1.148215.82 28.00 234.4 0.168 1.00
SkT7 0.161 1.335 1.141215.94 29.54 236.7 0.169 0.83 MSk4 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05
SkT8 0.161 1.335 1.141215.94 29.95 236.8 0.169 0.83 MSk5 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05
SkT9 0.161 1.334 1.142215.88 29.78 235.9 0.169 0.83 MSk5* 0.156 1.322 1.152215.78 28.01 244.6 0.172 0.80
SkP 0.163 1.341 1.136215.95 30.02 201.9 0.156 1.00 MSk6 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05
E 0.159 1.331 1.144216.12 27.65 335.3 0.201 0.87 MSk7 0.158 1.326 1.148215.79 27.96 232.1 0.167 1.05
Es 0.163 1.341 1.136216.02 26.44 249.9 0.173 0.84 SKRA 0.160 1.332 1.144215.78 31.35 217.9 0.162 0.75
Z 0.159 1.331 1.145215.97 26.81 332.1 0.200 0.84 SkO 0.161 1.335 1.141215.83 32.01 224.3 0.164 0.90
Zs 0.163 1.342 1.135215.88 26.70 234.5 0.168 0.78 SkO8 0.160 1.334 1.142215.75 31.98 223.3 0.164 0.90

Zs* 0.163 1.340 1.136215.96 28.82 236.0 0.169 0.77 SLy230a 0.160 1.333 1.142215.99 32.04 230.9 0.167 0.70
Rs 0.158 1.327 1.148215.59 30.61 238.3 0.169 0.78 v110 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05
Gs 0.158 1.327 1.148215.59 31.40 238.1 0.169 0.78 v105 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05

SkMP 0.157 1.325 1.149215.56 29.91 231.7 0.167 0.65 v100 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05
SkSC1 0.161 1.335 1.141215.85 28.11 235.6 0.168 1.00 v090 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05
SkSC2 0.161 1.335 1.141215.90 24.75 236.2 0.169 1.00 v080 0.158 1.326 1.148215.79 28.01 232.0 0.167 1.05
SkSC3 0.161 1.335 1.141215.85 27.02 235.5 0.168 1.00 v075 0.158 1.326 1.148215.80 28.01 232.1 0.167 1.05
SkSC4 0.161 1.335 1.141215.86 28.82 235.8 0.168 1.00 v070 0.158 1.326 1.148215.80 28.00 232.1 0.167 1.05
SkSC5 0.161 1.335 1.141215.85 31.00 235.6 0.168 1.00 BSk1 0.157 1.326 1.149215.80 27.82 232.1 0.167 1.05
SkSC6 0.161 1.336 1.141215.92 24.59 236.5 0.169 1.00 Skz-1 0.160 1.334 1.142216.00 32.02 231.1 0.167 0.70
SkSC10 0.161 1.336 1.141215.96 22.84 237.0 0.169 1.00 Skz0 0.160 1.334 1.142216.00 32.02 231.1 0.167 0.70

SkI1 0.161 1.335 1.141215.95 37.59 243.8 0.171 0.69 Skz1 0.160 1.334 1.142216.00 32.03 231.1 0.167 0.70
SkI2 0.158 1.327 1.148215.77 33.42 241.9 0.171 0.68 Skz2 0.160 1.334 1.142216.00 32.04 231.1 0.167 0.70
SkI3 0.158 1.327 1.148215.98 34.89 259.2 0.177 0.58 Skz3 0.160 1.334 1.142216.01 32.05 231.1 0.167 0.70
SkI4 0.160 1.334 1.142215.94 29.54 249.1 0.173 0.65 Skz4 0.160 1.334 1.142216.01 32.05 231.1 0.167 0.70
SkI5 0.156 1.322 1.153215.85 36.69 256.7 0.176 0.58
e
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tal
give the expected results for the saturation densityn0
;0.16 fm23 and give the corresponding binding energy p
particleE(n0 , I 50) as being close to216 MeV with van-
ishing pressure.

The calculated values for the incompressibility modu
03432
r

s

K`5K(n0 ,I 50) vary over a rather wide range from 20
MeV ~SkP! to 373 MeV (SIII* ) with a majority of the more
modern parametrizations giving values around 230 MeV. D
tailed analysis of these results can be found in Ref.@72#.
Unfortunately, there is no sufficiently decisive experimen
4-6
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constraint available for this parameter. Results obtained f
the analysis of data for the giant isoscalar monopole re
nances are model dependent and so none of the curren
ues, calculated with the various Skyrme potentials, can
ruled out with certainty.

Similarly, no particular conclusions can be drawn fro
the values for the sound speedvs and the isoscalar effectiv
massms* listed in Table I. They are all within expected limit
with the exception of those values ofms* /m which are
greater than unity. The models using ‘‘realistic’’ nucleo
nucleon potentials~see, e.g., Refs.@1,65#! and relativistic
mean-field methods@20# give values ofms* /m between 0.6
and 0.9. Pearson and Goriely@57# argue that the value
greater than unity in finite nuclei arise because of the c
straint that the parametrizations should fit the ground-s
masses of finite nuclei.

Some parametrizations of the Skyrme interactions h
been fitted taking into account the density dependence
E(n,I ) in infinite symmetric nuclear matter (I 50) and/or
pure neutron matter (I 51) @32,41,54,55#. Again, there is no
direct experimental evidence for the detailed form of the
functions, especially at supernuclear densities. However
requirement ofsaturation of SNM and the fact that PNM
should beunboundat all densities place rather strong co
straints on the general trend of these functions, as alre
mentioned above. The condition of saturation for the SNM
satisfied for all of the Skyrme potentials~see Table I!, but the
density dependence of the energy per particle of PNM
BEM shows distinctly different trends for the different p
rameter sets. Twenty-seven of the 87 Skyrme parametr
tions tested~Gs, Rs, SGI, SLy0-10, SLy230a, SV, SkI1-
SKMP, SkO, SkO8, SkT4, and SkT5—group I! predict that
the energy per particle in SNM, PNM, and BEM increas
with growing density beyond the saturation point with ve
similar gradients~Fig. 1, left panel!. Some other sets, SII
SkT, SIII, SIV, SIII* , SkM, SGII, SkM* , RATP, SkT1-3,
SkT6-9, SkSC2, SkSC6, SkSC10, Skyrme18, SkX, SkXce,
SkXm, MSk1, MSk2, MSk5* , SKRA, Skz-1, Skz0-4~group
II ! show a pattern similar to that for group I but have t
energy per particle in SNM growing faster with density th
in PNM and crossing the PNM curve at;3n0 , leaving the
03432
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PNM state of matter energetically favorable above this d
sity ~Fig. 1, middle panel!. The remaining Skyrme paramete
sets, SI, SVI, SVII, SkP, E, Es, Z, Zs, Zs* , SkSC1, SkSC3-5,
SkM1, MSk3-7, v110-v070, and BSk1~group III! exhibit
behavior similar to that of group II, with the energy p
particle in SNM growing faster with increasing density th
that in PNM, but the transition to PNM occurs at lower de
sity. Also, the energy per particle in PNM here reache
maximum~at n5nPNM

max ) and then decreases again with fu
ther increase of density, passing to negative values an
5nPNM

neg ~Fig. 1, right panel and Table II!. We note that the
parametrizations SkO@53#, SkX @52#, and MSk7@56# were
chosen as representative for their groups because they
familiar from recent nuclear structure calculations. T
variation of characteristic properties within each of t

TABLE II. Skyrme interactions predicting bound pure neutro
matter ~group III!. Values of the baryon number densitynPNM

neg

(fm23) at which the energy per particleEPNM ~MeV! becomes
negative are listed together with the maximum value ofEPNM ,
E PNM

max ~MeV!, and the corresponding baryon number densitynPNM
max

(fm23). The parameter sets are given in order of increasing va
of nPNM

neg . See text for further explanation.

Skyrme nPNM
neg E PNM

max nPNM
max Skyrme nPNM

neg E PNM
max nPNM

max

Z 0.24 15.05 0.10 SkSC1 0.56 12.97 0.1
E 0.28 14.21 0.11 v090 0.61 13.60 0.22
Es 0.28 13.97 0.10 SkSC3 0.63 11.91 0.1

SkM1 0.28 13.10 0.09 SkP 0.83 20.69 0.3
Zs 0.31 13.76 0.10 v105 0.90 13.67 0.26

SVII 0.34 12.32 0.12 MSk4 0.93 13.70 0.26
SVI 0.37 12.20 0.12 MSk5 0.98 13.83 0.28

SkSC5 0.41 15.95 0.14 BSk1 0.98 13.55 0.2
v070 0.41 13.70 0.17 v100 0.99 14.38 0.3
v075 0.45 13.61 0.17 MSk3 1.19 13.74 0.28

SkSC4 0.49 13.65 0.16 v110 1.25 13.73 0.2
v080 0.50 13.60 0.19 MSk7 1.57 14.84 0.40
Zs* 0.53 14.19 0.17 MSk6 1.63 15.03 0.41
SI 0.54 14.39 0.18
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groups is shown in Fig. 2, where we show the calcula
values ofEPNM2ESNM, ~left panel!, EBEM2ESNM ~middle
panel!, andEPNM2EBEM ~right panel!, representing the dif-
ference between energy per particle of PNM and SNM, BE
and SNM, and PNM and BEM, respectively, at two values
particle number densityn. The errors, calculated as rms d
viations from the average value, illustrate the spread wit
each group. We see clearly that differences between gro
at density n50.2 fm23, close to nuclear saturatio
density n0 , are insignificant and the sprea
is small. The result is very different atn50.5 fm23, about
3n0 . The differences between groups are markedly seen
spite larger errors due to wider spread of the energy dif
ences within a group. This is a consequence of some va
tion in the density dependence of calculated energies
different parametrizations within a group. The appearanc
negative values ofEPNM indicates the presence of boun
PNM at higher densities, which is regarded as an unphys
result.

The density dependence of the energy per particle of
nucleon components of the BEM,EN , obviously follows a
pattern which lies between the two limiting cases, SNM a
PNM, for all of the parameter sets. The pressure depend
the gradient ofEN(n) @see Eq.~8!# and so it follows that the
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parametrizations of groups II and III give lower pressures
a given density than those of group I, with those of group
even giving unphysical negative pressures at the higher d
sities. None of those from group III can produce neutron-s
models with masses as high as the ‘‘canonical’’ 1.4M ( and
so they can all be excluded from consideration on th
grounds. As for group II, the predicted neutron stars
smaller than those modeled using the parametrizations
discussed later in more detail.

The density dependence ofESNM and EPNM determines
the density dependence of the asymmetry energy coeffic
as , defined by Eqs.~11! and ~12!. This variable is particu-
larly important because it depends on the isospin part of
interaction and is relevant for correctly describing nuc
with high values of isospin far from stability. At nuclea
saturation density, the values given foras vary between 24.6
MeV ~SkSC6! and 37.6 MeV~SkI1! ~Ref. @72# and Table I!.
However,as cannot be measured precisely and all of the
values are within the expected empirical limits~see, for ex-
ample, the discussion in Refs.@1,28#!. The calculated values
of as as a function of baryon number density are illustrat
in Fig. 3.

Parameter sets of group I show a monotonic increase oas
with increasing baryon number density~Fig. 3, left panel!.
e
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FIG. 3. The asymmetry coefficientas is plot-
ted as a function of the baryon number densityn
for the SkO, SkX, and MSk7 interactions. Se
text for more explanation.
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TABLE III. Skyrme interaction parametrizations which predi
that the asymmetry energy coefficientas ~MeV! decreases with in-
creasing baryon number densityn (fm23) beyond some threshold
density~groups II and III!. The parameter sets are ordered acco
ing to increasing values of the density at whichas becomes nega
tive nas

neg. See text for further explanation.

Skyrme nas

neg as
max nas

max Skyrme nas

neg as
max nas

max

Z 0.27 28.67 0.12 SkSC2 0.46 25.02 0.1
SVI 0.28 26.94 0.14 SkSC6 0.46 24.86 0.1
SVII 0.28 27.07 0.14 Skyrme18 0.47 31.82 0.22

E 0.29 28.51 0.14 SkP 0.48 30.77 0.2
Es 0.31 27.86 0.12 SII 0.49 38.97 0.2

SkM1 0.31 26.69 0.12 Skz2 0.50 32.61 0.1
SIII 0.32 28.29 0.16 SkX 0.51 33.43 0.22
SI 0.32 29.25 0.16 SkXce 0.52 32.66 0.2
Zs 0.32 27.73 0.13 Skz4 0.53 32.12 0.1

v070 0.35 28.02 0.16 Skz3 0.54 32.42 0.1
v075 0.37 28.00 0.16 SkXm 0.54 33.49 0.2

SkSC5 0.37 31.06 0.15 SkSC10 0.55 23.99 0.
v080 0.38 28.01 0.16 Skz0 0.55 34.75 0.2
SIII* 0.38 33.84 0.19 Skz1 0.55 33.74 0.2

SkSC4 0.38 28.82 0.16 SkT7 0.59 32.08 0.2
Zs* 0.38 28.85 0.16 SkT6 0.60 32.49 0.2
v090 0.40 28.05 0.17 MSk1 0.62 33.28 0.2

SkSC1 0.40 28.11 0.16 MSk2 0.62 33.10 0.2
SkSC3 0.40 27.02 0.16 RATP 0.64 32.40 0.2
BSk1 0.41 27.92 0.17 SkT8 0.69 33.48 0.2
SkT 0.41 26.60 0.20 SkT9 0.69 33.36 0.2

MSk3 0.41 28.09 0.17 Skz-1 0.71 40.80 0.3
MSk4 0.41 28.11 0.17 SIV 0.77 46.76 0.38

MSk5* 0.41 28.09 0.17 SGII 0.78 32.70 0.32
v105 0.41 28.10 0.17 SkM* 0.83 38.22 0.35
v100 0.42 28.15 0.17 SkM 0.92 41.02 0.3
v110 0.42 28.12 0.17 SKRA 1.02 44.51 0.4
MSk5 0.42 28.12 0.17 SkT1 1.19 48.19 0.4
MSk7 0.43 28.13 0.17 SkT2 1.19 48.19 0.4
MSk6 0.43 28.19 0.17 SkT3 1.20 47.55 0.4
03432
Sets belonging to groups II and III show a distinctly differe
behavior@Fig. 3, middle~II ! and right~III ! panels—note the
change of the vertical scale#: as reaches a maximum value a
a baryon number densitynas

max and then decreases with in

creasingn until it becomes negative at the densitiesnas

neg

listed in Table III. The difference between the predictions
as from groups II and III is in that those from group II
typically give as reaching negative values at lower densiti
than for those of group II.

The nuclear symmetry energy is directly related to t
proton fractionyp in BEM through Eq.~17! and this quantity
has an important significance for astrophysics. IfS(n) in-
creases steadily with increasing density, this implies also
increasing proton fraction, whereas the opposite beha
leads to a transition to pure neutron matter at high densit
The proton concentration in BEM affects the cooling of ne
tron stars@73#, as well as the conditions for the creation
heavy mesons, hyperons, and possible hadron-quark or
quark phases. It also influences the mass-radius relation
neutron-star models~see, e.g., Refs.@74,75#!. We emphasize
that the density dependence of the nuclear symmetry en
at supranuclear densities is the key feature which divides
Skyrme parametrizations into two main classes. The fi
class contains group I, which has a growing proton fract
with increasing density in the stellar matter, while the seco
class contains groups II and III, which predict a transition
pure neutron matter at higher densities.

For determining the particle composition of BEM, it
first necessary to calculate the chemical potentials and
results for these are shown in Fig. 4. For the parameter
of group I, the neutron and proton chemical potentials
crease monotonically with increasing density. The differen
mn2mp5me5mm remains positive and grows with increa
ing density in the region 0.1<n<0.5 fm23, indicating an
increasing proton fraction and correspondingly increas
numbers of electrons and muons~Fig. 4, left panels!.

A quite different behavior is seen for the parameter sets
groups II and III. For group II, bothmn andmp increase with
increasing density, butmp grows faster thanmn in such a
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FIG. 4. Chemical potential and particle com
position of BEM for the SkO, SkX, and MSk7
interactions. See text for more explanation.
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amples have been chosen to show the spread
variety of the predicted density dependence
mn* for different parametrizations.
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way that the differencemn2mp reaches a maximum and the
starts to decrease again. The electron chemical potentiame
~equal tomn2mp in b-equilibrium! soon falls below the res
mass of the muon thus forbidding generation of muo
Eventuallymn2mp becomes equal to zero~at a densitynthr)
and then becomes negative, implying that no electrons
protons can be present at densities greater than or equ
nthr . It follows that the ‘‘b-equilibrium’’ phase stops here
and there is a transition to pure neutron matter~Fig. 4, cen-
tral panels!. This often occurs at densities around (2 –3)n0 .
The density dependence ofmn and mp predicted by param-
etrizations of group III is similar to that of group II excep
that mn reaches a maximum value at rather low densit
~less than 0.3 fm23) and then starts to fall again as the de
sity increases further. This behavior is not what is expecte
mn is taken to be the zero-temperature chemical poten
~Fermi energy! for an equilibrium system of fermions, whic
should rise with increasing density@76#. For noninteracting
fermions, the chemical potential is related to density as}n2/3

and is inversely proportional to the effective mass of
particle which is believed to decrease with increasing den
~as predicted by the realistic potentials and RMF mod
@77#!. Thus the decrease of chemical potential with incre
ing density can be caused either by the contribution from
fermion-fermion interaction or by an anomalous density
pendence of the fermion effective mass.

In this context, it is instructive to examine the predictio
of various Skyrme potentials for the density dependence
the neutron mass in a dense medium using relation~13!. We
show results for this in Fig. 5. All parametrizations of gro
I and the majority of group II show nonincreasing neutr
effective mass with increasing density~see Fig. 5, left panel!
as predicted by other model calculations@20,75,77#. There
are two subfamilies of parameter sets SkSC1-6,10@groups III
~SkSC 1,3-5! and II ~SkSC 2,6,10!# and SkT1-6@groups II
~SkT 1-3,6! and I ~SkT 4,5!# for which the effective mass
remains constant.

Most of the sets of group III~BSk1, E, Es, SI, SVI,
MSk3-7, v100, v105, and v110! and some of those of grou
II ~SkT7, MSk1-2! give increasing neutron mass with in
creasing density~Fig. 5, central panel!. The parametrization
SkMS shows the neutron mass decreasing with density u
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0.5 fm23 but then subsequently increasing again, and set
Zs, Zs* , and SkM1 give mn* reaching a local minimum a
n;0.15 fm23 and then temporarily rising again before r
suming its decreasing behavior at the highest densities~Fig.
5, right panel!.

An unexpected constraint on some of the Skyrme para
eters comes from requiring that the predictions for the n
tron effective mass should not exhibit unphysical singula
ties ~see Fig. 6 for examples of these!. Using Eq.~13!, it can
be shown that such singularities will arise if

2QvI 2Qs~11I !5
8\2

nm
~24!

at some densityn, whereQv andQs are quantities which are
expressed in terms of the Skyrme parameters byQv5t1(2
1x1)1t2(21x2) and Qs53t11(514x2)t2 @23,60#. There
are 13 parameter sets for which such a singularity can oc
v070 ~0.30!, v075 ~0.37!, v080 ~0.46!, SkXce ~0.46!, SkP
~0.47!, SkX ~0.49!, SkXm ~0.60!, v090 ~0.76!, Skz-1~0.79!,
SVII~0.84!, Skz0 ~1.12!, SVI ~1.16!, and v100~1.65!, the
number in parentheses giving the critical baryon num
density at which the singularity occurs~in fm23). Although
some of these critical densities are considerably higher t
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FIG. 6. Anomalous dependence of the neutron effective mas
baryon number density as predicted by some Skyrme interacti
For more explanation, see text.
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TABLE IV. The proton fractionyp in b-stablen1p1e1m matter as predicted by Skyrme parametrizations from groups II and III.
baryon number densitynthr at which the transition to pure neutron matter occurs, the maximum proton fractionyp

max ~reached at density
nyp

max), and the estimated threshold densities for the creation of muons,S2 andL hyperons are all listed. All of the densities are measu
in units of fm23. See text for more details.

Skyrme nthr yp
max nyp

max nm nS2 nL Skyrme nthr yp
max nyp

max nm nS2 nL

SII 0.56 0.079 0.21 0.10 0.31 0.41 SkM* 1.11 0.064 0.29 0.13 0.38 0.55
SkT8 0.74 0.048 0.21 0.13 0.58 0.60 SIV 1.11 0.101 0.35 0.12 0.27 0.
SkT9 0.75 0.047 0.21 0.13 0.57 0.60 SkT1 1.22 0.077 0.35 0.12 0.34 0
RATP 0.87 0.052 0.22 0.12 0.46 0.57 SkT2 1.22 0.078 0.36 0.12 0.34 0
SGII 1.03 0.047 0.28 0.15 0.43 0.57 SkT3 1.22 0.074 0.35 0.13 0.34 0
Skz-1 1.04 0.084 0.31 0.12 0.35 0.54 SkM 1.23 0.071 0.32 0.12 0.46 0
SKRA 1.50 0.081 0.37 0.12 0.34 0.50
SIII 0.34 0.044 0.13 0.12 1.38 SkX 0.56 0.056 0.19 0.12 0.7

SIII* 0.40 0.060 0.16 0.10 0.68 Skz2 0.58 0.057 0.16 0.10 0.8
SkSC2 0.47 0.030 0.12 1.11 SkXce 0.58 0.053 0.19 0.12 0.
SkSC6 0.47 0.029 0.12 1.08 SkT6 0.61 0.046 0.19 0.13 0.7

SkT 0.47 0.035 0.19 0.16 0.47 MSk2 0.62 0.047 0.19 0.13 0.7
Skyrme18 0.49 0.048 0.20 0.14 0.43 MSk1 0.63 0.047 0.20 0.13 0.6

Skz4 0.50 0.054 0.12 0.10 0.69 SkT7 0.68 0.048 0.20 0.13 0.
Skz3 0.56 0.054 0.14 0.10 0.72 Skz1 0.68 0.060 0.19 0.11 0.

SkSC10 0.56 0.023 0.15 0.71 Skz0 0.74 0.066 0.21 0.11 1.
Z 0.28 0.051 0.09 0.10 v080 0.41 0.043 0.12 0.12

SVI 0.29 0.042 0.10 0.13 BSk1 0.41 0.039 0.11 0.14
SVII 0.29 0.043 0.10 0.12 MSk4 0.41 0.040 0.12 0.14

E 0.30 0.049 0.10 0.11 v090 0.41 0.041 0.12 0.13
Es 0.32 0.049 0.09 0.11 v105 0.41 0.040 0.11 0.14

SkM1 0.33 0.047 0.08 0.12 v110 0.41 0.039 0.12 0.14
SI 0.34 0.046 0.14 0.12 MSk3 0.42 0.040 0.11 0.14
Zs 0.34 0.048 0.09 0.11 MSk5 0.42 0.040 0.12 0.14

SkSC5 0.38 0.054 0.12 0.10 Zs* 0.43 0.047 0.12 0.12
SkSC4 0.39 0.044 0.10 0.12 v100 0.43 0.040 0.12 0.14
v070 0.39 0.045 0.12 0.12 MSk6 0.43 0.040 0.12 0.14
v075 0.40 0.044 0.12 0.12 MSk7 0.43 0.039 0.12 0.14

SkSC1 0.40 0.041 0.11 0.12 SkP 0.54 0.049 0.17 0.12
SkSC3 0.40 0.038 0.11 0.14 MSk5* 0.44 0.042 0.12 0.12
SkXm 0.60 0.055 0.19 0.12
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the central density expected in the most massive stable
tron stars, at least half of them are in the region of densi
n,3n0 .

Returning to the question of the composition of neutro
star matter at supranuclear densities, we repeat that the
ence of protons~and, consequently, ofe2 or e21m2) may
be rather important for modeling the composition of neutro
star matter at densities higher than;(2 –3)n0 . This problem
was discussed at length in our previous paper@28#. At suffi-
ciently high densities, one expects that heavy baryons
mesons will appear in addition to the particles which
have been considering so far, but it can be questioned
great an effect these will have on the EOS itself. In the p
some calculations have been performed for pure neu
matter~e.g., Refs.@63,78#! and it was found that, apart from
the EOS obtained being slightly stiffer than that for the m
ticomponent matter, the inclusion of protons, leptons, a
hyperons in the calculation made very little difference. Sim
larly, an extrapolated BEM EOS has been found to dif
03432
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only slightly from one including hyperons@14,23#. However,
this may happen only because the hyperon-hyperon
hyperon-nucleon potentials used at present are taken t
similar to those of nucleons. The true form of these pot
tials is still rather poorly known, although some progress
being made on this~see, e.g., Refs.@8,9#!. Should future
studies find a significant difference between the hypero
and nucleonic potentials then the EOS could change dram
cally @79#.

The contributions of heavy mesons and hyperons to
total energy of dense matter are not included in the pres
work and so we cannot calculate the equilibrium compo
tion of such matter as a function of density. An estimate
the threshold densities for appearance of hyperons can
made, however. The baryon chemical potentialmB is ex-
pressed in terms of two independent chemical potentialsmn
andme as @80#

mB5mn2qB
elme , ~25!
4-11
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FIG. 7. The gravitational masses of nonrota
ing neutron-star models~measured in solar
masses! plotted against radius~in kilometers!,
calculated for b-stable nucleon1lepton matter
using selected Skyrme interactions of group
~left panel! and group II ~right panel!, supple-
mented by the BPS EOS at low densities.
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whereqB
el is the electric charge of the baryon. The first a

pearance of particleB in chemically equilibrated matter oc
curs at the density at whichmB exceeds the lowest energ
state ofB in the medium. We use Eq.~25! assuming that for
hyperonsmB is equal to the vacuum rest mass~neglecting
hyperon-hyperon interactions and the density dependenc
the hyperon effective mass!. Also, reactions yielding heavy
mesons are not taken into consideration because w
strangeness nonconserving interactions are assumed to d
nate in the cold neutron-star matter@20#.

The Skyrme parametrizations of group I~with growing
proton fractionyp as a function of density! should behave a
higher densities in essentially the same way as predicte
‘‘realistic’’ potentials @1# or RMF @77# models. The average
threshold densities for the creation ofS2, L, S0, and
S1 hyperons are 0.2960.04 fm23, 0.4160.04 fm23,
0.5060.05 fm23, and 0.7460.06 fm23, respectively. The
thresholds forS2 and L can be compared to the value
0.34 fm23 and 0.47 fm23 calculated with A181dv1UIX*
@14#.

In Table IV, we list the threshold densities for the creati
of S2 and L hyperons as predicted by parametrizations
groups II and III. For the parameter sets listed in the top p
of the table, the transition to pure neutron matter occurs
rather high densities@~3.5–9.3! n0] and both thresholds lie a
lower densities where protons are still present. These mo
are most likely to give particle compositions similar to tho
given by the parameter sets of group I. If the transition
pure neutron matter occurs at rather low densities~the
middle part of Table IV!, the creation ofS2 is forbidden by
the requirement of charge conservation.~Possible reactions
such asn1n→S21p will not proceed because 2mn2mp is
smaller thanmS2.) The first hyperon to appear is thenL and
an equilibrium can be established forn1n↔L1n. Finally,
parametrizations listed in the bottom part of Table IV~mostly
of group III! do not predict the appearance of eitherS2 or
L hyperons in the relevant density range. Because a non
ativistic approach is being used in this work, one sho
check on whether the calculated speed of soundvs may be-
come higher than the speed of lightc at high densities. We
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note that none of the parametrizations considered h
reaches this limit in the region of particle number densit
(125)n0 .

We turn now to the properties of related neutron-star m
els, concentrating mainly on ones with the canonical ma
1.4M ( . As discussed in Sec. II above, these models can
calculated using the EOS for BEM matched on to the B
EOS at lower densities. We have already mentioned that
behavior of pressure at high densities predicted for BEM
Skyrme parameter sets of group III does not allow nonro
ing equilibrium neutron-star models with masses as high
1.4M ( and these parametrizations are therefore excluded
contrast, all 27 parameter sets of group I give neutron-
models with mass–radius relations which do not contrad
present observational data, as illustrated in Fig. 7~left panel!
and Table V. The radii and central particle number densi
for the 1.4M ( models lie in the ranges 12.560.9 km and
0.4860.07 fm23, respectively. If the EOS for the BEM is
extrapolated up to densities above 0.5 fm23, the maximum
gravitational mass for these parametrizations is then ca
lated to be 2.0760.10M ( with radii of 10.460.5 km and
central densities of 1.1260.02 fm23. When observationa
constraints on the radius of neutron stars become kno
more precisely~e.g., to within an uncertainty of less than
km, as suggested recently@81#!, more selection among thes
models will then become possible.

As pointed out above, neutron-star models calculated w
Skyrme interactions of group II are systematically smal
than those for group I due to the slower increase in press
with increasing density. Ten out of 33 models from group
~those based on the interactions MSk5* , SIII, SIII* , SkSC2,
SkSC6, SkX, SkXm, Skz0, Skz1, and Skz-1! do not reach
the canonical mass of 1.4M ( and are hence excluded. Th
remaining ones give 1.4M ( models with radii of 1061 km
and central number densities of 1.060.4 fm23. Extrapolated
EOS’s for BEM with these parametrizations give maximu
mass models with M51.760.2M ( having radii of
961 km and central densities of 1.760.4 fm23. Some rep-
resentative mass-radius relations for group II are plotted
Fig. 7 ~right panel!; these show a notable difference from th
equivalent curves for group I. The hope is that, rather so
4-12
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observations will be able to place much tighter limits on t
mass-radius curve for neutron stars~gravitational wave ob-
servations of coalescing neutron-star binaries may be
ticularly useful for this@82#!. The observations could the
give stringent new constraints for the EOS of neutron-s
matter and the results presented in this paper are ready
compared.

The issue of neutron-star cooling mechanisms can
principle, place further important constraints on neutron-s
models. However, as mentioned briefly above and discus
in more detail previously@28#, the cooling processes for bot
young and old neutron-stars are not currently known w
any certainty, although several scenarios exist@73,74,83–
85#. We explore here the possible relevance of the dir
URCA processes given by

n→p1 l 1 n̄ l , p1 l→n1n l , ~26!

~where l stands for the leptons being considered here
electrons and muons! within the context of the Skyrme pa
rametrizations studied in this paper. For this direct URC

TABLE V. Parameters of 1.4M ( neutron-star models:nc andrc

are the central number density (fm23) and mass density
(1015 g cm23), respectively,R ~km! is the radius,A (1057) is the
total baryon number,Ebind (1053 ergs! is the binding energy, andt
~msec! is the estimate of the rotation period calculated from E
~23!.

Skyrme nc rc R A Ebind t

Gs 0.42 0.77 13.25 1.83 2.25 1.05
Rs 0.43 0.80 13.04 1.85 2.32 1.03
SGI 0.41 0.74 12.93 1.83 2.36 1.02
SV 0.34 0.61 13.84 1.81 2.12 1.13

SLy0 0.54 1.00 11.67 1.86 2.60 0.87
SLy1 0.54 1.00 11.67 1.86 2.60 0.87
SLy2 0.54 1.00 11.68 1.86 2.61 0.87
SLy3 0.55 1.02 11.59 1.86 2.62 0.86
SLy4 0.55 1.00 11.65 1.87 2.62 0.87
SLy5 0.54 1.00 11.70 1.88 2.65 0.87
SLy6 0.53 0.98 11.76 1.86 2.58 0.88
SLy7 0.53 0.98 11.76 1.87 2.61 0.88
SLy8 0.54 1.00 11.68 1.87 2.63 0.87
SLy9 0.46 0.83 12.42 1.84 2.40 0.96
SLy10 0.56 1.03 11.48 1.85 2.63 0.85

SLy230a 0.52 0.95 11.78 1.88 2.66 0.88
SkI1 0.37 0.67 14.37 1.83 2.08 1.19
SkI2 0.39 0.72 13.58 1.84 2.21 1.09
SkI3 0.37 0.68 13.56 1.83 2.18 1.09
SkI4 0.44 0.80 12.56 1.83 2.43 0.98
SkI5 0.35 0.64 14.13 1.81 2.05 1.16
SkI6 0.44 0.80 12.55 1.86 2.49 0.97

SkMP 0.47 0.86 12.62 1.86 2.44 0.98
SkO 0.50 0.93 12.46 1.86 2.42 0.96
SkO8 0.53 0.98 12.12 1.84 2.43 0.92
SkT4 0.46 0.85 12.87 1.85 2.27 1.01
SkT5 0.58 1.09 12.20 1.85 2.31 0.93
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process to take place, the relative components of the B
must satisfy the appropriate conditions for conservation
energy and momentum:yn

1/3,yp
1/31ye

1/3 and yn
1/3,yp

1/3

1ym
1/3. It has been argued that this will be satisfied only

densitiesn several times larger than the nuclear saturat
densityn050.16 fm23 @73,83,84# when the proton fraction
in BEM reaches a threshold value of;14%. It follows from
Eq. ~18! that the steeper the increase of the symmetry ene
with increasing number density, the faster will be the grow
of the proton fractionyp . It is therefore not surprising tha
almost all of the parametrizations of group I~with the single
exception of SLy10! do satisfy these conditions for astro
physically interesting models of sufficiently high mas
whereas this does not happen for any of the parametrizat
of group II. ~We recall that only models with central dens
ties below that of the maximum-mass model represent st
configurations of astrophysical interest.! As can be seen in
Table VI, the critical threshold density for the URCA proce
to take place turns out to be rather low: (2 –3)n0 which is
usually below the central density of the 1.4M ( model. The
exceptions to this pattern are the parametrizations of the

.

TABLE VI. Critical threshold densitiesnURCA for the direct
URCA process to occur together with the corresponding grav
tional massMURCA; also listed are the corresponding quantities
the maximum-mass model,nmax and Mmax ~calculated with the
extrapolated EOS!. Densities are given in fm23 and masses in units
of M ( . For more explanation, see text.

Skyrme nURCA MURCA nmax Mmax

Gs 0.29 0.94 1.07 2.08
Rs 0.33 1.03 1.08 2.08
SGI 0.49 1.67 1.01 2.22
SV 0.26 0.95 0.80 2.38

SLy0 1.34 1.20 2.04
SLy1 1.34 1.20 2.04
SLy2 1.30 1.20 2.04
SLy3 1.53 1.21 2.03
SLy4 1.42 1.20 2.04
SLy5 1.23 1.20 2.04
SLy6 1.18 2.05 1.19 2.05
SLy7 1.20 1.18 2.06
SLy8 1.31 1.20 2.04
SLy9 0.59 1.52 1.20 2.04
SLy10 1.17 2.04

SLy230a 0.83 1.99 1.15 2.08
SkI1 0.21 0.88 1.05 2.07
SkI2 0.27 0.92 1.03 2.11
SkI3 0.26 0.90 0.98 2.19
SkI4 0.50 1.59 1.00 2.15
SkI5 0.22 0.86 0.97 2.18
SkI6 0.51 1.61 1.04 2.16

SkMP 0.43 1.29 1.11 2.08
SkO 0.38 1.06 1.19 1.97
SkO8 0.58 1.49 1.23 1.95
SkT4 0.29 0.85 1.12 2.03
SkT5 0.28 0.73 1.32 1.82
4-13
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TABLE VII. Parameters of the recommended Skyrme parametrizations. The values given here are for illustrative purposes and a
to restricted accuracy~see text!; values with the full accuracy can be found in the original references~see Sec. II!.

Skyrme t0 t1 t2 t3 x0 x1 x2 x3 a K` (ms* /m) (mv* /m)

Gs 21800.2 336.2 285.7 11113 20.49 0.00 0.00 21.03 0.30 237.6 0.78 0.68
Rs 21798.0 336.0 284.8 11083 20.40 0.00 0.00 20.87 0.30 237.7 0.78 0.68
SGI 21603.0 515.9 84.5 8000 20.02 20.50 21.73 0.14 0.33 262.1 0.61 0.57
SLy0 22486.4 485.2 2440.5 13783 0.79 20.50 20.93 1.29 0.17 230.2 0.70 0.80
SLy1 22487.6 488.3 2568.9 13791 0.80 20.31 21.00 1.29 0.17 230.3 0.70 0.80
SLy10 22506.8 431.0 2305.0 13826 1.04 20.67 21.00 1.68 0.17 230.1 0.68 0.80
SLy2 22484.2 482.2 2290.0 13763 0.79 20.73 20.78 1.28 0.17 230.4 0.70 0.80

SLy230a 22490.2 489.5 2566.6 13803 1.13 20.84 21.00 1.92 0.17 230.4 0.70 1.00
SLy3 22481.1 481.0 2540.8 13731 0.84 20.34 21.00 1.36 0.17 230.4 0.70 0.80
SLy4 22488.9 486.8 2546.4 13777 0.83 20.34 21.00 1.35 0.17 230.4 0.69 0.80
SLy5 22483.4 484.2 2556.7 13757 0.78 20.32 21.00 1.26 0.17 230.4 0.70 0.80
SLy6 22479.5 462.2 2448.6 13673 0.82 20.47 21.00 1.36 0.17 230.3 0.69 0.80
SLy7 22480.8 461.3 2433.9 13669 0.85 20.49 21.00 1.39 0.17 230.2 0.69 0.80
SLy8 22481.4 480.8 2538.3 13731 0.80 20.34 21.00 1.31 0.17 230.4 0.70 0.80
SLy9 22511.1 510.6 2429.8 13716 0.80 20.62 21.00 1.37 0.17 230.1 0.67 0.80
SV 21248.3 970.6 107.2 0 20.17 0.00 0.00 1.00 1.00 306.2 0.38 0.33

SkI1 21913.6 439.8 2697.6 10592 20.95 25.78 21.29 21.56 0.25 243.2 0.69 0.80
SkI2 21915.4 438.4 305.4 10548 20.21 21.74 21.53 20.18 0.25 241.3 0.68 0.80
SkI3 21762.9 561.6 2227.1 8106 0.31 21.17 21.09 1.29 0.25 258.7 0.58 0.80
SkI4 21855.8 473.8 1006.9 9703 0.41 22.89 21.33 1.15 0.25 248.4 0.65 0.80
SkI5 21772.9 550.8 2126.7 8206 20.12 21.31 21.05 0.34 0.25 256.2 0.58 0.80
SkI6 21849.3 483.9 528.4 9553 0.49 22.14 21.38 1.34 0.25 249.0 0.64 0.80

SkMP 22372.2 503.6 57.3 12585 20.16 20.40 22.96 20.27 0.17 231.3 0.65 0.58
SkO 22103.7 303.4 791.7 13553 20.21 22.81 21.46 20.43 0.25 223.7 0.90 0.85
SkO8 22099.4 301.5 154.8 13526 20.03 21.33 22.32 20.15 0.25 222.7 0.90 0.87
SkT4 21808.8 303.4 2303.4 12980 20.18 20.50 20.50 20.50 0.33 235.8 1.00 1.00
SkT5 22917.1 328.2 2328.2 18584 20.29 20.50 20.50 20.50 0.17 202.2 1.00 1.00
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subgroup. For these, the threshold densities are much hi
and exceed the inferred maximum central density, sugges
that direct URCA processes of the type given by Eq.~26!
would not be allowed in these cases~with the exception of
SLy9 and SLy230a!. However, we note that there are alte
native direct URCA processes involving hyperons when
threshold density for these to appear has been passed~see
Table IV and the related discussion!. These provide an alter
native rapid cooling mechanism.

IV. CONCLUSIONS

In this paper, we have examined the performance of
published parameter sets for the Skyrme interaction w
used for calculating the general properties of infinite nucl
matter and of neutron stars. The parameter values are us
obtained by fitting to the ground-state properties of dou
closed-shell finite nuclei and of SNM at saturation. In ord
to improve the credibility of these density-dependent eff
tive interactions when used for exotic nuclei~which are far
from b stability, with proton-neutron ratios differing consid
erably from unity and with deviations expected from a u
form density distribution!, it is desirable to extend the fitting
data to include the density dependence of properties of as
metric nuclear matter~of which neutron-star matter is a
03432
er
ng

e

7
n
r
lly

y
r
-

-

m-

example! since this represents the opposite extreme to tha
doubly closed-shell nuclei. The Skyrme parameters
highly correlated and it is not possible to single out relatio
ships between individual parameters and particular obse
physical properties. However, it can be argued that if a c
tain set gives a good fit for both finite nucleiandasymmetric
nuclear matter, then it has more chance of being succes
for describing the properties of nuclei close to the neut
drip line.

Our analysis has shown that a key property for dist
guishing among the Skyrme parametrizations is the den
dependence of the symmetry energy, represented by
asymmetry parameteras in the present work. There are tw
fundamentally different trends: for group I,as is monotoni-
cally increasing with increasing density of the nuclear ma
whereas for groups II and III it becomes decreasing at
higher densities. Furthermore, the rate of this decrea
which is dependent on the relative pattern of density dep
dences of the energy per particle in SNM and PNM, is
additional fingerprint distinguishing groups II and III. All o
the other calculated properties are correlated with the beh
ior of as , including the chemical potentials, the partic
composition of equilibrium dense matter, and the ability
produce viable neutron-star models.
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No direct experimental evidence is yet available to de
mine which of these two trends is actually occurring in n
ture, although the situation may change rather soon@34#.
However, taking into account that both the ‘‘realistic’’ pote
tials and the RMF model calculations consistently pred
thatas increases with increasing density and that interacti
with this behavior give neutron star models in broad agr
ment with observations, we conclude that this is the m
realistic scenario.

Out of the 87 Skyrme parametrizations which we ha
tested, only 27 give this behavior. We list these param
sets in Table VII, together with the values of the incompre
ibility coefficient at saturationK` and the isoscalar and is
ovector effective masses. This table demonstrates that
not possible to set limits for ‘‘permitted’’ values of the ind
vidual Skyrme parameters within which they must lie in o
der for the interaction to be in line with the conditions d
cussed above. The reason is that the asymmetry coeffic
as is a function of all of the nine parameters examined he

as5
1

3

\2

2m S 3p2

2 D 2/3

n2/32
1

8
t0~2x011!n

2
1

24S 3p2

2 D 2/3

@3t1x12t2~5x214!#n5/3

2
1

48
t3~2x311!na11. ~27!

The parameters always act together as a correlated set, w
is a characteristic feature of many-parameter effective in
actions. We suggest that rather than developing new spe
ized parametrizations fitted to only a selection of experim
tal data ~such as nuclear masses!, it is more fruitful to
ar

d

-
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concentrate on those existing interactions which have b
proven against the most general collection of experime
data for both finite nuclei and infinite nuclear matter. T
present focus of low-energy nuclear physics is directed
wards phenomena at the limits of the existence of bou
nuclei, which are being investigated with radioactive beam
In this context, the approach of interest is that of mean-fi
theories which utilize density-dependent effective inter
tions, valid over a broad range of densities away fro
nuclear saturation density.

As far as comparison with the results of RMF theories a
of the much more elaborate ‘‘realistic’’ potential approach
is concerned, we do not find any serious difference betw
them and the selected Skyrme models~group I! for predic-
tion of the properties of nuclear matter and of neutron st
in the region of densities where the Skyrme approach
valid. This conclusion is rather worrying and poses an i
portant question: Do the implementations of the theories
the region of densities, where the Skyrme aproach used
is valid, all have so many adjustable parameters that
physics is obscured and no new insights are possible?
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