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Free energy and criticality in the nucleon pair breaking process
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Experimental level densities for171,172Yb, 166,167Er, 161,162Dy, and 148,149Sm are analyzed within the micro-
canonical ensemble. In the even isotopes at excitation energiesE,2 MeV, the Helmholtz free energyF
signals the transition from zero to two quasiparticles. ForE.2 MeV, the odd and even isotopes reveal a
surprisingly constantF at a critical temperatureTc;0.5 MeV, indicating the continuous melting of nucleon
Cooper pairs as function of excitation energy.
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I. INTRODUCTION

One of the most spectacular pairing phase transition
nature is the transition from a normal to a superconduc
phase in large electron systems. The transition is triggere
low temperature by massive pairing of two and two electro
into spinJ50 pairs, so-called Cooper pairs@1#.

For atomic nuclei, the pairing phase transition is expec
to behave differently. First of all, the nucleus is an isolat
few body system with two species of fermions. Surface
fects are prominent and the coherence length of nucle
coupled in Cooper pairs is larger than the nuclear diame
Furthermore, there are non-negligible energy spacings
tween the single-particle orbitals. All these facts make
nucleus an inherently small system. Also, other types of
sidual interactions than pairing are of importance. The in
ence of these peculiar constraints on the nucleus has
investigated theoretically for a long time@2–5#, however,
only limited experimental information is available to d
scribe the nature of pairing within the nucleus.

The Oslo group has developed a method to derive sim
taneously the level density andg-ray strength function from
a set of primaryg-ray spectra@6#. The method has been we
tested and today a consistent dataset for eight rare earth
clei is available. In the present work we report for the fi
time on a comprehensive analysis of the evolution of
pairing phase transition as a function of the nuclear exc
tion energy.

II. EXPERIMENTAL LEVEL DENSITIES

Level densities for 171,172Yb, 166,167Er, 161,162Dy, and
148,149Sm have been extracted from particle-g coincidences.
The experiments were carried out with 45-MeV3He projec-
tiles accelerated by the MC-35 cyclotron at the University
Oslo. The data were recorded with the CACTUS multidet
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tor array using the pickup (3He, ag) reaction on172,173Yb,
167Er, 162,163Dy, and 149Sm targets and the inelasti
(3He, 3He’g) reaction on 167Er and 149Sm targets. The
charged ejectiles were detected with eightDE–E particle
telescopes placed at an angle of 45° relative to the be
direction. Each telescope comprises one Si front and
Si~Li ! back detector with thicknesses of 140 and 3000mm,
respectively. An array of 28 NaIg-ray detectors with a tota
efficiency of;15% surrounds the target and particle dete
tors. From the reaction kinematics, the measured ejectile
ergy can be transformed into excitation energyE. Thus, each
coincidentg ray can be assigned to ag cascade originating
from a specific energyE. These spectra are the basis for t
extraction of level density andg-strength function as de
scribed in Ref.@6#. Several interesting applications of th
method have been demonstrated, see, e.g., Refs.@7–10#.

The level densities for171,172Yb, 166,167Er, 161,162Dy, and
148,149Sm are shown in Fig. 1. The level densities are n
malized at low excitation energies where~almost! all levels
are known, and at the neutron binding energyBn where the
level density can be estimated from neutron-resonance s
ings. The spin window populated in the reactions is typica
I;2\ –6\. Already, three general comments can be made

FIG. 1. Experimental level densities for the nuclei171,172Yb,
166,167Er, 161,162Dy, and 148,149Sm. The data are taken from Ref
@7,8,10#.
©2003 The American Physical Society11-1
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these data:~i! above 2 MeV excitation energy, all level den
sities are very linear in a log plot, suggesting a so-cal
constant-temperature level density,~ii ! the level densities of
the odd-even isotopes are larger than for their neighbo
even-even isotopes, and~iii ! the even-even isotopes show
strong increase in level density between 1 and 2 MeV, in
cating the breaking of Cooper pairs.

It should be noted that the transitions considered here
low temperature phenomena. The171,172Yb, 166,167Er, and
161,162Dy nuclei have well deformed shapes, and various c
culations in this mass region@11–14# indicate that the tran-
sition from deformed to spherical shape occurs at m
higher temperatures than the temperature at which the
pairs break. However, for nuclei closer to theN582 shell
gap, e.g.,148,149Sm, the coexistence between deformed a
spherical shapes at low temperatures cannot be exclude
discussed in Ref.@15#.

III. FREE ENERGY AND CRITICAL TEMPERATURE

The statistical microcanonical ensemble is an appropr
working frame for describing an isolated system such as
nucleus. In this ensemble the excitation energyE is fixed, in
accordance with the observables of our experiments. The
crocanonical entropy is given by the number of levelsV at E

S~E!5kBln V~E!, ~1!

where the multiplicityV is directly proportional to the leve
densityr by V(E)5r(E)/r0. The normalization denomina
tor r0 is adjusted to giveS;0 for T;0, which fulfills the
third law of thermodynamics. Here, we assume that the lo
est levels of the ground state bands of the172Yb, 166Er,
162Dy, and 148Sm nuclei have temperatures close to ze
giving on the averager052.2 MeV21. In the following, this
value is used for all eight nuclei and Boltzmann’s constan
set to unity (kB51).

In order to analyze the criticality of low temperature tra
sitions, we investigate the probabilityP of a system at the
fixed temperatureT to have the excitation energyE, i.e.,

P~E,T,L !5
V~E!e2E/T

Z~T!
, ~2!

where the canonical partition function is given byZ(T)
5*0

`V(E8)exp(2E8/T) dE8. Implicitly, the multiplicity of
statesV(E) depends on the size of the system, denoted bL.
Often, it is more practical to use the negative logarithm
this probabilityA(E,T)52 ln P(E,T), where in the following
we omit theL parameter. Lee and Kosterlitz showed@16,17#
that the functionA(E,T), for a fixed temperatureT in the
vicinity of a critical temperatureTc of a structural transition,
will exhibit a characteristic double-minimum structure at e
ergiesE1 andE2. For the critical temperatureTc , one finds
A(E1 ,Tc)5A(E2 ,Tc). It can be easily shown thatA is
closely connected to the Helmholtz free energy and the
vious condition is equivalent to

Fc~E1!5Fc~E2!, ~3!
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a condition which can be evaluated directly from our expe
mental data. Here, it should be emphasized thatFc is a lin-
earized approximation to the Helmholtz free energy at
critical temperatureTc according toFc(E)5E2TcS(E),
thereby avoiding the introduction of a caloric curveT(E).
The free-energy barrier at the intermediate energyEm be-
tweenE1 andE2 is given by

DFc5Fc~Em!2Fc~E1!. ~4!

Now, the evolution ofDFc with increasing system sizeL
may determine the order of a possible phase transi
@16,17#. These ideas have, e.g., recently been applied to a
lyze phase transitions in a schematic pairing model@18#.

Figure 2 displays a schematic description of the entro
for even-even, odd-mass, and odd-odd nuclei as functio
excitation energy. In the lower excitation energy region
the even-even nucleus, only the ground state is present,
above E;2D the level density is assumed to follow
constant-temperature formula. It has been shown@19,20# that
the single-particle entropys is an approximately extensiv
thermodynamical quantity in nuclei at these temperatu
The increase in entropy at the breaking of the first proton
neutron pair, i.e., atE52D, is roughly 2s in total for the two
newly created unpaired nucleons. The requirementFc(E1)
5Fc(E2), at temperatureTc, gives E22E15Tc@S(E2)
2S(E1)#. Thus, with the assumed estimates above, we
tain the relationD5Tcs, which may be used to extract th

FIG. 2. Schematic representation of the entropyS in units of the
single-particle entropys ~top panel! for even-even~solid line!, odd-
mass~dash-dotted line!, and odd-odd~dashed line! nuclei. For the
purpose of the figure, the steps in entropy are drawn slightly s
gered in energy. Lower panel: linearized Helmholtz free energyFc

at the critical temperatureTc of even-even, odd-mass, and odd-o
nuclei. All energies are measured in units of the pairing gap par
eterD. The dotted lines indicate the situation if additional levels a
included below the steps in entropy.
1-2
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critical temperature for the pairing transition. Adopting typ
cal values ofD51 MeV ands52kB @19,20#, we obtainTc
50.5 MeV. For the odd-mass case, one starts out with
quasiparticle which gives roughly one unit of single-partic
entropy s around the ground state. The three quasipart
regime appears roughly atE52D with a total entropy of 3s.
The region betweenE50 and 2 MeV is modeled with a ste
at ;2 MeV, however, in real nuclei the level density is a
most linear in a log plot for the whole excitation ener
region due to the smearing effects of the valence nucleon
the case of an odd-odd nucleus, one starts out with two u
of single-particle entropy. The two valence nucleons rep
sent a strong smearing effect on the level density and
modeled step structure in entropy atE52D for the onset of
the four quasiparticle regime is completely washed out.

In the higher excitation region, further steps for tran
tions to higher quasiparticle regimes are also washed out
to the strong smearing effects of the already present unpa
nucleons. The slope of the entropy with excitation energy
determined by two competing effects: the quenching of p
ing correlations which drives the cost in energy lower for t
breaking of additional pairs and the Pauli blocking whi
reduces the entropy created per additional broken pair.
competing influence of both effects is modeled by
constant-temperature level density with the same slope
all three nuclear systems and a slightly higher critical te
perature. In this region of the model, there are infinite
many excitation energies where the relationFc(E1)
5Fc(E2) is fulfilled.

The breaking of proton or neutron pairs are thought
take place at similar excitation energies due to the appr
mate isospin symmetry of the strong interaction. It is inde

FIG. 3. Same as previous figure in the case of an even-e
nucleus but for unequal proton and neutron fluids. Curves are g
for the neutron fluid alone~dashed lines with pairing gap paramet
D and single-particle entropys), the proton fluid alone~dotted lines
with 1.1D and 0.9s), and the composite system~solid lines!.
03431
e

le

In
its
-
e

-
ue
ed
is
r-

he

or
-

o
i-
d

commonly believed that the pairing gap parameterD and,
thus, the critical temperatureTc for the breaking of Cooper
pairs, are approximately the same for protons and neutr
Furthermore, interactions between protons and neutrons
certainly wash out any differences in behavior between
proton and neutron fluids. In Fig. 3, the influence of diffe
ences in proton and neutron pair breaking is investiga
within our schematic model. Here, we assume that neutr
breakup at 2D creating an entropy of 2s. The protons are
assumed to breakup at 10% higher excitation energy~since
Z,N) creating 10% less entropy~due to the larger proton
single-particle level spacing!. The entropy of the total system
of either proton or neutron pair breaking gives

S~E!5 ln@eSp(E)1eSn(E)#2 ln 2, ~5!

where the last term assures thatS50 in the ground state
band. The requirementFc(E1)5Fc(E2) givesTc

(n)5D/s for
neutrons~as in Fig. 2! and Tc

(p)51.1D/0.9s51.22D/s for
protons. In the combined system of both neutrons and p
tons, a value ofTc5(Tc

(n)1Tc
(p))/251.11D/s is deduced

from Fig. 3. Thus, typical fluctuations in the pairing ga
parameter and the single-particle entropy for neutrons
protons give only small changes in the extracted critical te
perature.

IV. EXPERIMENTAL RESULTS

In order to experimentally investigate the behavior f
even isotopes, linearized free energiesFc for certain tem-
peraturesTc are displayed in Fig. 4. The data clearly reve
two minima withFc(E1)5Fc(E2)5F0, which is due to the

en
n

FIG. 4. Linearized Helmholtz free energy at the critical tempe
ture Tc . The constant levelF0 connecting the two minima is indi-
cated by lines.
1-3
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general increase in level density aroundE;2 MeV, as sche-
matically shown in Fig. 2. For all nuclei, we obtainE1;0
andE2;2 MeV which compares well with 2D. We interpret
the results of Fig. 4 as the transition due to the breaking
the very first nucleon pairs. The deduced critical tempe
tures areTc50.47, 0.40, 0.47, and 0.45 MeV for172Yb,
166Er, 162Dy, and 148Sm, respectively.

Recently@7#, another method was introduced to determ
the critical temperatures in the canonical ensemble. Here
constant-temperature level density formula for the canon
heat capacityCV(T)5(12T/t)22 was fitted to the data in
the temperature region of 0–0.4 MeV corresponding to
citation energies between 0 and 2 MeV, and the fitted te
perature parametert was then identified with the critica
temperatureTc . Since a constant temperature level dens
formula implies a constant linearized Helmholtz free ene
Fc(E) ~provided t5Tc), this former method is almos
equivalent to the present method, i.e., of identifying the te
peratureTc for which the linearized Helmholtz free energy
on average constant. Therefore, it is not surprising that
extracted critical temperaturesTc50.49, 0.44, 0.49, and 0.4
MeV for the respective nuclei using the older meth
@7,8,10# coincide well with the critical temperatures pr
sented in this work. However, while the previous meth
was based on anad hocassumption of the applicability of a
constant-temperature level density formula, the pres
method has a much firmer theoretical foundation.

The height of the free-energy barrier should show a d
ferent dependence on the system sizeL according to the or-
der of a possible phase transition@16,17#. The barriers de-
duced from Fig. 4 yieldDFc;0.5–0.6 MeV, values which
seem not to have any systematic dependence on the
numberA within the experimental uncertainties. Even wi
better data, an unambiguous dependence of the barrier h
on the system size would be unlikely when usingA as a
measure for the parameterL since the relevant system siz
for the very first breaking of Cooper pairs might be char
terized by only a few valence nucleons. Another complic
ing interference is that other properties of the nuclear sys
which might influence the onset of pair breaking also cha
with mass number, e.g., deformation, pairing gap, and lo
tions of single-particle levels around the Fermi surface.

In the schematic model of Fig. 2, we would expect
free-energy barrier of DFc52D;2 MeV at E52D
;2 MeV. However, the data are more consistent with
dotted lines of Fig. 2 indicating a smoother behavior arou
the expected steps due to the existence of collective ex
tions such as rotation andb, g, and octupole vibrations be
tween 1 and 2 MeV for the even-even nuclei, and due to
increasing availability of single-particle orbitals for the od
nucleon in the case of odd nuclei. Thus, we expect the c
troid of the barrier to be shifted down in energy with a co
responding proportional reduction of the barrier height, a
an inspection of Fig. 4 indeed shows that the free-ene
barrier is 0.5–0.6 MeV at;0.6 MeV excitation energy for
the even-even nuclei. A similar analysis of the odd isoto
is difficult to accomplish since there seems not to be a
common structures. Here, the unpaired valence neu
smears out the effects of the depairing process too muc
03431
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be visible in the present data. However, it has been attem
in Ref. @8# to interpret the structure in the level density
167Er around 1 MeV in terms of a first-order phase transitio

The smearing effect is expected to be even more p
nounced for the breaking of additional pairs. Figure 5 sho
the linearized Helmholtz free energy for all eight nuclei i
vestigated, but at slightly higher critical temperatures than
Fig. 4. The critical temperatureTc is found by a leastx2 fit
of a constant valueF0 to the experimental data. The fit re
gion is fromE52 MeV up to 5 MeV and 7 MeV for the odd
and even isotopes, respectively, giving normalizedx2 values
in the range from 0.5 to 2.5. Here, instead of a doub
minimum structure, a continuous ‘‘minimum’’ ofFc is dis-
played for several MeV. This observation allows us to co
clude that the further depairing process cannot under
circumstances be interpreted as an abrupt structural ch
in the nucleus typical for a first-order phase transition. T
constant lines of Fig. 5 visualize how surprisingly wellF0
fits the data: the deviations are typically less than 100 ke1

The ongoing breaking of further Cooper pairs overlapping
excitation energies above 2 MeV is therefore contrary
what is found in the schematic model of Ref.@18#. This is
probably due to strong residual interactions in real nuc
such as the quadrupole-quadrupole interaction, which w
not taken into account in the model calculation. Th
~nearly!, all excitation energies above 2 MeV will energe
cally match with the costs of breaking nucleon pairs. He

1This fact might also settle the discussion in Ref.@8# and discard
the possible interpretation of the many negative branches of
microcanonical heat capacity observed in Fig. 8 of this referenc
indicators of separate first-order phase transitions.

FIG. 5. Linearized Helmholtz free energy at the critical tempe
ture Tc . The fitted constant levelF0 is indicated by lines.
1-4
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all excess energy goes to the process of breaking pairs. S
the gain in entropydS is proportional todE, the microca-
nonical temperature,T(E)5(dS/dE)21, remains constan
as function of excitation energy, and the level density d
plays a straight section in the log plot.

At higher excitation energies than measured here,
pairing correlations vanish and the system behaves more
a Fermi gas. Here, the free energy will indicate the clos
stage of the depairing process by increasingFc , with Fc
.F0. However, in this regime also shape transitions a
fluctuations as well as the melting of the shell structure m
play a role and give deviations from a simple Fermi g
model withr}exp(2AaE), a being the level density param
eter. Unfortunately, these very interesting phenomena ca
be investigated with the present experimental data.

The fitted valueF0 contains information on the entropy o
the system atTc throughS5(E2F0)/Tc . In Fig. 6, we have
compared the entropy for the various nuclei at an excita
energyE54 MeV, an energy where all nuclei seem to ‘‘b
have’’ equally well~see Fig. 5!. Figure 6 also shows that th
odd-mass nuclei display generally higher entropy regard

FIG. 6. Experimental entropy evaluated in the microcanon
ensemble at excitation energyE54 MeV and temperatureTc . In
the lower panel the odd-even differencedS5Sodd2Seven is dis-
played for the four isotopes.
d,
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of the mass numberA being one higher or lower than th
neighboring even isotope. We also observe that since
148,149Sm nuclei are not midshell nuclei, they show less e
tropy, reflecting the lower single-particle level density wh
approaching theN582 shell gap. By evaluating the odd
even differencedS5Sodd2Seven, we finddS;2 for all four
isotopes, as shown in the lower panel of Fig. 6. This me
that excited holes and particles have the same degree of
dom with respect to the even-mass nuclei.

V. CONCLUSION

Unique experimental information on level densities f
eight rare earth nuclei is utilized to extract thermodynam
quantities in the microcanonical ensemble. The lineariz
Helmholtz free energy is used to obtain the critical tempe
tures of the depairing process. For a critical temperature
below Tc;0.5 MeV, we observe a structural transition
even nuclei in theE5022 MeV region due to the breaking
of the first nucleon pair. Unfortunately, it was not possible
use the development of the barrier heightDFc with the size
of the systemL to conclude on the presence of a thermod
namical phase transition and its order. The critical tempe
ture for the melting of other pairs is found at slightly high
temperatures. Here, we obtain a surprisingly constant va
for the linearized Helmholtz free energy, indicating a co
tinuous melting of nucleon Cooper pairs as function of ex
tation energy. The conspicuous absence of a dou
minimum structure inFc for this process is at variance wit
the presence of a first-order phase transition in the ther
dynamical sense. The entropy difference between odd
even systems is found to be constant with respect to exc
tion energy and is consistent with the expected values of
single-particle entropy in these nuclei.
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