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Theory of band comparison in even-even nuclei
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We previously found that a cluster model reproduces satisfactorily the properties of normal deformed~ND!
ground state and superdeformed~SD! excited bands in a wide range of even-even nuclei. We show here that the
fractional change of the transition energies in two bands described by similar core-cluster configurations is
closely related to the fractional change in the corresponding reduced masses. We compare our predictions to
data on ground state ND bands for a series of light rare-earth and actinide isotopes, and on SD bands in the
A;150 and 190 regions. The model strongly suggests the existence of similar excited SD bands in212Pb and
212Po, in addition to the observeda-cluster-like ND ground state bands of these nuclei.
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I. INTRODUCTION

Generally, the structures of nearby even-even nuclei b
marked similarities to one another. In particular, ground s
bands with very similar energy spacings and electromagn
properties are often seen across a sequence of isotope
extreme circumstances, the energy differences between
cited bands in different nuclei may be so similar that they
barely resolvable with present experimental techniques
this paper, we are principally concerned with categoriz
the degree of similarity of two bands. We propose to do t
by comparing the ratios of the energy difference to the m
energy for states of specified angular momenta in the
bands. The difference in the ratios provides a numerical m
sure of the degree of similarity of the energy levels of t
two bands. Equal ratios obviously imply that the bands
identical @1–3#.

We have previously shown that a cluster model desc
tion is widely applicable to nuclei containing normally d
formed~ND! and superdeformed~SD! quasirotational bands
@4#. We shall show here that the reduced masses implied
such a cluster-core picture can be simply related to the
merical measure of the degree of similarity of the two ban
introduced above. We begin with a short discussion of h
to choose appropriate core and cluster for an arbitr
nucleus, and then give a brief overview of the model. W
confine our attention to even-even nuclei since their tre
ment is more straightforward, but there are no problems
principle, in extending it to the odd-A case.

We illustrate the correlation of fractional energy chang
between band members and cluster-core reduced mass
typical examples drawn from the ground state bands of li
rare-earth and actinide nuclei. We also examine very sim
bands of superdeformed states in the mass 150 and 19
gions, where the fractional energy changes of 1–2 %
comparable to those expected for a uniform sphere ha
moment of inertia 2MR2/5. Finally, model consideration
indicate that an excellent illustration of closely similar ban
should be present in212Pb and212Po, and we present predic
tions for these two nuclei.
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II. CHOICE OF CLUSTER AND CORE

In order to describe a given band in a nucleus of cha
ZT and massAT with a cluster model, we must first specif
the core (Z1 ,A1) and the cluster (Z2 ,A2) appropriate to the
band. We have proposed@5,6# that likely binary clusteriza-
tions of a given parent nucleus can be identified by determ
ing the local maxima of the functionD(Z1 ,A1 ,Z2 ,A2) de-
fined by

D~Z1 ,A1 ,Z2 ,A2!5@BE~Z1 ,A1!2BL~Z1 ,A1!#

1@BE~Z2 ,A2!2BL~Z2 ,A2!#, ~1!

where BE is an experimentally determined binding ener
and BL the corresponding liquid drop value for each of t
fragments of~charge, mass! (Zi ,Ai) with i 51,2 into which
the parent of~charge, mass! (ZT ,AT) may be divided. Likely
clusterizations then correspond to the largest deviations
the summed binding energies of the two fragments from
uid drop values. A convenient form forBL is @7#

BL5avA2asA
2/32ac

Z2

A1/3
2aa

~A22Z!2

A
1d, ~2!

where

av515.56 MeV, as517.23 MeV,

ac50.697 MeV, aa523.285 MeV. ~3!

The pairing termd in Eq. ~2! is taken as 12/AA for even-
even nuclei. In addition, electric dipole transitions betwe
low-lying bands are known to be very weak, suggesting t
attention should be restricted to fragments obeying the c
dition

Z1

A1
5

Z2

A2
5

ZT

AT
, ~4!

so that the implied dipole transition rates, which involve t
operator (Z1 /A12Z2 /A2), vanish identically.
©2003 The American Physical Society13-1
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The restriction, Eq.~4!, cannot usually be achieved for a
arbitrary parent nucleus using integer charge and mass n
bers for the cluster and core components. Reference@6# de-
scribes how we nevertheless obtain a continuous func
^D(Z1 ,A1 ,Z2 ,A2)& for arbitrary values of the cluster charg
^Z2& by writing

^D~Z1 ,A1 ,Z2 ,A2!&5 (
Z2 ,N2

p~Z2!p~N2!D~Z1 ,A1 ,Z2 ,A2!.

~5!

This is a weighted average ofD(Z1 ,A1 ,Z2 ,A2) for the
four even-even nuclei (Z222,N222), (Z2 ,N222), (Z2
22,N2), and (Z2 ,N2), which bracket ^Z2& and ^N2&
5^Z2&(NT /ZT), such that

Z2>^Z2&>Z222 and N2>^N2&>N222. ~6!

The corresponding probabilities~weights! are

p~Z2!5~1/2!@^Z2&2~Z222!#,

p~Z222!5~1/2!@Z22^Z2&#,

p~N2!5~1/2!@^N2&2~N222!#,

p~N222!5~1/2!@N22^N2&#. ~7!

III. CLUSTER MODEL

Having determined the nature of the core and the clu
from a D plot, or by other means, we next require the
mutual interaction. We have proposed@8# a universal form
for the nuclear partVN(r ) of this interaction, which for
A1 ,A2@1 is given by

VN~r !52V0S A1A2

AT
D f ~r ,R,x,a!

f ~0,R,x,a!
, ~8!

with

f ~r ,R,x,a!5F x

$11exp@~r 2R!/a#%

1
12x

$11exp@~r 2R!/3a#%3G , ~9!

having specific parameter values

V0554.0 MeV, x50.33, a50.73 fm. ~10!

The core-cluster interaction also includes a Coulomb te
VC(r ) given by

VC~r !5Z1Z2e2h~r ,R!, ~11!

whereh(r ,R) is the functional form appropriate to the Co
lomb interaction between a uniformly charged sphere
chargeZ1 and radiusR and a point chargeZ2. A value of the
radius parameterR completes the specification of the cor
cluster interaction. For a given band, this value can be de
02431
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mined by fitting a single state of the band, once the glo
quantum numberG52n1 l of the band has been selected@4#
(n is the radial andl the orbital angular momentum quantu
number of a member of the band!.

Our comparison of corresponding bands in even-even
clei requires only the general form of the core-cluster int
action given by Eqs.~8! and~11!. These may be rewritten a

VN~r !52V0S A1A2

AT
D f ~r ,R,x,a!

f ~0,R,x,a!
5mFN~r ! ~12!

and

VC~r !5Z1Z2e2h~r ,R!5
A1A2

AT

ZT
2

AT
e2h~r ,R!5mFC~r !,

~13!

wherem5(A1A2)/AT is the reduced mass of the core-clus
system in atomic mass units, and we have used the di
constraint of Eq.~4! in deriving Eq.~13!.

IV. THEORETICAL BAND COMPARISON METHOD

Consider two bandsB and B̂ in the same nucleus, which
are assumed to differ slightly in their value of the reduc
massesm and m̂, respectively. For angular momentuml, let
the two solutions to the radial Schro¨dinger equation be
x l , x̂ l with corresponding energiesEl and Êl . Then, multi-
plying each radial Schro¨dinger equation by the wave func
tion of the other results in the equations

x l

d2x̂ l

dr2
2H 2m̂2

\2
@FN~r !1FC~r !#1

l ~ l 11!

r 2 J x̂ lx l

52
2m̂

\2
Êl x̂ lx l ~14!

and

x̂ l

d2x l

dr2 2H 2m2

\2 @FN~r !1FC~r !#1
l ~ l 11!

r 2 J x̂ lx l

52
2m

\2 El x̂ lx l . ~15!

Subtracting these two equations, dividing out the comm
factor 2/\2, and integrating with respect tor from 0 to `
leads to

~m̂22m2!E
0

`

@FN~r !1FC~r !#x̂ lx l dr

5~m̂Êl2mEl !E
0

`

x̂ lx l dr, ~16!

which can be rearranged to yield
3-2
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THEORY OF BAND COMPARISON IN EVEN-EVEN NUCLEI PHYSICAL REVIEW C68, 024313 ~2003!
2m̄Dm
E ~FN~r !1FC~r !!x̂ lx ldr

E x̂ lx ldr

5$m̄~DEl !1El̄~Dm!%,

~17!

whereDEl5(Êl2El), El̄5(Êl1El)/2, Dm5(m̂2m), and
m̄5(m̂1m)/2. Similarly, for a different angular momentum
L. l

2m̄Dm
E ~FN~r !1FC~r !!x̂LxLdr

E x̂LxLdr

5$m̄~DEL!1EL̄~Dm!%

~18!

Subtracting Eq.~17! from Eq. ~18!, and noting that for the
states with many nodesxL5x l and x̂L5x̂ l to a good ap-
proximation @9# ~the main differences between the wa
functions being confined to a small region close to the orig
r 50), results in

~DEL2DEl !

ĒL2Ēl

5
DSLl

S̄Ll

;2
Dm

m̄
, ~19!

whereSLl is the L→ l energy spacing. Equation~19! is our
principal result. We have derived it for bandsB and B̂ of a
given nucleus described by core-cluster configurations h
ing similar values of the reduced massesm and m̂, respec-
tively, and for which functionsFN andFC in Eqs.~12! and
~13! have equal parameters and so remain the same. T
any changes in the band energies are driven by changesm

andm̂ only. We suggest that this remains approximately t
for bands in neighboring even-even nuclei.

The quantityDSLl /S̄Ll defined in Eq.~19! would be the
same for any pair of angular momentum valuesL and l as
long as the band energies satisfyÊl5â f ( l ) and El5a f( l ),
with f any function ofl common to the two bands andâ and
a any two constants. In particular, this would apply wi
f ( l )5\2l ( l 11) to a pair of rotational bands of constant m
ments of inertiaÎ and I, respectively. In practice, quantit
DSLl /S̄Ll will depend to some extent on the chosenL and l,
and for ND bands we chooseL510 andl 50 so as to in-
clude as large an energy difference as possible, while av
ing the effects of band crossing and mixing. At these l
angular momentum values, there is usually a sizable en
gap to the next state with the sameJp value, suggesting tha
mixing cannot be very large. We thereby minimize the nu
ber of states which are dubious band members. This res
tion to low L can be lifted if the bands being compared a
believed to have a fixed structure and their members to
unambiguously assigned.
02431
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A. ND bands in light rare-earth and actinide nuclei

We next calculate values ofDm/m̄ for pairs of ND ground
state bands of the isotopes of Ba, Nd, Ce, and Sm in the l
rare-earth region and of the isotopes of Ra, Th, U, and P
the actinide region. For these regions, previous calculati
have shown that a cluster model description is appropr
@6,10,11#, and in the present analysis we include all t
above mentioned isotopes for which theB(E2;01→21)
value and the excitation energy of the lowest 101 state are
known. In Tables I and II and in subsequent Tables, we or
nuclei by ascending mass and for equal mass by ascen
charge.

The ratio r of the cluster charge to the total charge
expected to satisfyr<1/6 @12#, i.e., ^Z2&<12 for the light

TABLE I. Normally deformed bands in rare-earth nuclei: dat

Nucleus ^Z2& m BE2↑ @13#

(e b)2

142Ba 3.0 7.20 0.69960.037
144Ba 4.8 11.29 1.0560.06
146Ba 5.2 12.31 1.35560.048
146Ce 4.9 11.29 1.1460.12
146Nd 3.1 7.15 0.76060.025
148Ce 5.3 12.29 1.9660.18
148Nd 3.3 7.69 1.3560.05
150Nd 5.4 12.29 2.76060.040
150Sm 3.3 7.56 1.35060.030
152Nd 8.8 19.02 4.2060.28
152Sm 5.5 12.29 3.4660.06
154Sm 8.9 18.93 4.3660.05

TABLE II. Normally deformed bands in actinide nuclei: data

Nucleus ^Z2& m BE2↑ @13#

(e b)2

218Ra 3.2 7.64 1.1060.20
222Ra 5.4 12.79 4.5460.39
222Th 5.1 11.87 3.0160.32
224Ra 5.9 14.01 3.9960.15
226Ra 7.4 17.40 5.1560.14
226Th 7.3 16.84 6.8560.42
228Th 8.6 19.71 7.0660.24
230Th 9.0 20.70 8.0460.10
230U 9.1 20.50 9.761.2
232Th 9.4 21.70 9.2860.10
232U 9.3 21.08 10.061.0
234Th 9.4 21.89 8.060.7
234U 10.4 23.46 10.6660.20
236U 11.2 25.23 11.6160.15
238U 11.8 26.61 12.0960.20
238Pu 11.8 26.13 12.6160.17
240Pu 12.9 28.42 13.0260.30
242Pu 13.6 29.95 13.4060.16
244Pu 15.5 33.60 13.6860.16
3-3
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rare-earths and̂Z2&<16 for the actinides. In Tables I and I
the value of the cluster chargêZ2& for each nucleus ha
been chosen to correspond to the most prominent maxim
in the appropriate region of theD plots of Figs. 1 and 2.
These figures show sequences of the various isotopes so
the general evolution of the peak structure~and the implied
cluster! can be tracked and seen to change fairly smooth

There is often a considerable small scale noisy struc
in the D-plot curves, and when this is at its worst we c
only expect ourselves to be able to specify the cluster cha
to about60.2 units. In fact, we follow the simpleD-plot
prescription for determining the cluster charge througho
with the exception of144Ba and 146Ce where we find tha
using the value of̂Z2& of a local maximum overlapping, an

FIG. 1. Plots ofD(Z1 ,A1 ,Z2 ,A2) as functions of the cluste
charge^Z2& for the light rare-earth nuclei of Table I. The rows a
displaced upwards by successive multiples of 15 MeV for m
clarity.

FIG. 2. Plots ofD(Z1 ,A1 ,Z2 ,A2) as functions of the cluste
charge^Z2& for the actinide nuclei of Table II. The rows are di
placed upwards by successive multiples of 15 MeV for more cla
02431
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barely resolvable from the marginally most prominent on
leads to considerably improved results. Having chosen^Z2&
the no-dipole constraint of Eq.~4! gives the cluster massA2
corresponding to this charge and subtraction of this from
parent mass yields the core massA1. This allows an evalu-
ation of m5A1A2 /(A11A2) and henceDm/m̄ for any pair
of nuclei. Of the nuclei listed in Tables I and II any one c
be compared with any other, leading generally to a squ
matrix of comparisons. However, a lot of information in su
a matrix would be redundant, and we avoid double count
in Tables III and IV by confining ourselves to successi

TABLE III. Normally deformed bands in rare-earth nuclei: re

sults.a values of2Dm/m̄ from D plots;b values of2Dm/m̄ from
BE2↑ ’s; andc average ofa andb.

Pair of nuclei 2Dm/m̄ DS10,0/S̄10,0

a b c

142Ba 144Ba 0.442 0.200 0.321 0.355
144Ba 146Ba 0.086 0.127 0.107 20.004
146Ba 146Ce 20.086 20.086 20.086 20.136
146Ce 146Nd 20.449 20.200 20.325 20.341
146Nd 148Ce 0.529 0.441 0.485 0.598
148Ce 148Nd 20.461 20.184 20.323 20.319
148Nd 150Nd 0.461 0.343 0.402 0.429
150Nd 150Sm 20.477 20.343 20.410 20.414
150Sm 152Nd 0.862 0.514 0.688 0.682
152Nd 152Sm 20.430 20.097 20.264 20.295
152Sm 154Sm 0.425 0.115 0.270 0.188

TABLE IV. Normally deformed bands in actinide nuclei: result

a, values of2Dm/m̄ from D plots; b, values of2Dm/m̄ from
BE2↑ ’s; andc, average ofa andb.

Pair of nuclei 2Dm/m̄ DS10,0/S̄10,0

a b c

218Ra 222Ra 0.504 0.610 0.557 0.503
222Ra 222Th 20.075 20.203 20.139 20.219
222Th 224Ra 0.165 0.140 0.153 0.310
224Ra 226Ra 0.216 0.127 0.172 0.107
226Ra 226Th 20.033 0.142 0.055 20.080
226Th 228Th 0.157 0.015 0.086 0.132
228Th 230Th 0.049 0.065 0.057 0.036
230Th 230U 20.010 0.094 0.042 0.027
230U 232Th 0.057 20.022 0.018 0.035
232Th 232U 20.029 0.037 0.004 0.026
232U 234Th 0.038 20.111 20.037 20.045
234Th 234U 0.069 0.144 0.107 0.129
234U 236U 0.073 0.043 0.058 20.054
236U 238U 0.053 0.020 0.037 0.008
238U 238Pu 20.018 0.021 0.002 0.004
238Pu 240Pu 0.084 0.016 0.050 0.033
240Pu 242Pu 0.052 0.014 0.033 20.041
242Pu 244Pu 0.115 0.010 0.063 20.025

e

.

3-4
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THEORY OF BAND COMPARISON IN EVEN-EVEN NUCLEI PHYSICAL REVIEW C68, 024313 ~2003!
pairs of nuclei from Tables I and II.
An independent estimate ofDm/m̄ can be obtained from

the measured values of the electric quadrupole transi
strengthsB(E2;01→21)5BE2↑ shown in Tables I and II.
Taking into account the dipole condition of Eq.~4!, the clus-
ter model expression for this quantity is given by

BE2↑5
5

4pS Z1Z2

ZT
D 2S E x0~r !r 2x2~r !dr D 2

;
5

4p S Z1Z2

ZT
D 2S E x0

2~r !r 2dr D 2

;
5

4p
m2

ZT
2

AT
2~r 0

2AT
2/3!2,

~20!

where we have replacedx2(r ) by x0(r ) @see discussion afte
Eq. ~18!#, and approximated̂r 2& by r 0

2AT
2/3 ~with r 0 some

constant!. Since the fractional changes inZT and AT are
small for the neighboring heavy nuclei considered here,
immediately find that our cluster model gives rise to t
simple, parameter-free relation

Dm

m̄
5

1

2

D~BE2↑ !

BE2↑ . ~21!

Our results for2Dm/m̄ obtained by the two independen
methods above are shown in Table III for the light ra
earths, and in Table IV for the actinides, and are seen ge
ally to support each other in these mass regions, where
D-plot maxima are reasonably clear-cut. This is not the c
for the heavier rare-Earths, where theD-plot maxima are
broader and less well defined. Here, the technique base
theBE2↑ values and Eqs.~20! and~21! is more definite and
will allow us to extend our cluster model comparisons to t
region in future. To reduce uncertainties as far as poss
we use the average of the estimates of the cluster cha
generated by these two methods. These are sufficiently c
to one another such that no significant errors are made
taking directly, for convenience, the average of theDm/m̄
ratios.

In the present study, the average values of2Dm/m̄ from
the two methods quite closely track the quantitiesDS/S̄
5DS10,0/S̄10,0 ~which measure the similarity of a pair o
bands!, and in Fig. 3 we show a plot of these quantiti
together with the error in2Dm/m̄ calculated from the dif-
ference of the two independent estimates of the latter. A
shown is the theoretical line2Dm/m̄5DS/S̄, which effec-
tively fits the results and strongly supports the conjecture
a greater degree of similarity of the two bands is to be as
ciated with a smaller value ofuDm/m̄u.

It should be pointed out that the slope of21 in this plot
is twice that expected from the energy dependence of
usually employed relation betweenB(E2) strengths and 21

excitation energies@13# based on the original work o
Grodzins@14,15#. It is probable that this difference is large
due to the contribution of the pairing energy to the 01 – 21

energy difference. It is important to reduce this influence
02431
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choosing as large anL value as possible for the other com
parison state in the two bands~or even to avoid using the
ground state at all!.

To summarize, the strength of the correlation between
variablesx andy may be usefully measured by the correl
tion coefficientr defined as

r 5

n( xy2S ( xD S ( yD
AFn( x22S ( xD 2GFn( y22S ( yD 2G

, ~22!

where there aren data points available. We use this expre
sion to give a numerical measure of the correlation betw

^DS/S̄& and 2Dm/m̄ and find thatr 50.973 for the 29 en-
tries of the last two columns of Tables III and IV, indicatin
a very significant degree of correlation between these qu
tities.

Another work which also results in a simple, reasona
successful, model-based indicator of similarity is that
Refs. @16,17#, which uses the quantityNpNn /(Np1Nn),
with Np andNn the number of protons and neutrons, resp
tively, outside a closed shell. We believe that the succes
both the other analysis and our own suggests that para
can be drawn between theNpNn scheme and the cluste
model @18#. In the present work, we deduce from the line
fit of Fig. 3 that identical bands are simply a sporadica
occurring special case of similarity, and that ‘‘their appe
ance is not an isolated exception to the normal behavio
nuclei @17#.’’

B. SD bands forAÈ 150 and 190

In this section, we wish to compare similar superd
formed bands using the same criteria as previously applie

FIG. 3. 2Dm/m̄ againstDS/S̄ for the actinide~open circles!
and rare-Earth~filled squares! nuclei under consideration. The erro

bars indicate the difference inDm/m̄ from the two independen
methods discussed in the text. For comparison, a line of unit gr
ent has been drawn through the origin.
3-5



n
it
d

g
e
er
gh
x-
y
o
o

ou

u
ev
o
c

th

in

le

d

ou
e

as

eri-
ex-

ted
so-
f
r

-

at
is

of
nsi-

ure-

lue
ive
that

the
VI

to
of

of

etal

r
V.
e
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normal deformed ground state bands. We pick a selectio
nuclei in the mass 150 and mass 190 ranges whose trans
quadrupole moments we have previously been able to
scribe in terms of a cluster model@12#, making it likely that
a cluster model is appropriate for their description. Althou
SD bands include near-identical cases, and so yield v
similar comparison ratios, the very smallness of the diff
ences between these ratios makes their calculation hi
sensitive to the quality of input information. We do not e
pect to reproduce these small quantities exactly, but onl
demonstrate that the small variations in the large cluster-c
reduced masses associated with them will generate m
closely similar bands than we had in the ND cases.

Despite being potentially the best testing grounds for
ideas, the present experimental data on SD bands are
ideally suited to our task and present considerable diffic
ties. One such practical difficulty is that there are often s
eral SD bands in a given nucleus on which we could base
comparisons. Since the implied moments of inertia of su
bands are closely similar, we have arbitrarily chosen
bands labeled as ‘‘band~1!’’ @3#, except for 148Gd where
band~1! refers to an odd-J band. A further difficulty is that
we rarely know with certainty the spins of the states
volved. We adopt the values of Ref.@3# and evaluate
DSLl /S̄Ll by using extremalL and,-values common to the
SD bands in all the neighboring nuclei~we believe the un-
derlying structure to be fixed in these bands!. This leads us to
limit the spin range from 34 to 62 for the rare-earth nuc
and from 14 to 38 for the heavy metals Hg/Pb.

Figure 4 shows theD plots for the nuclei in question, an
clearly shows maxima around̂Z2&;26 for all the rare-
earths and around̂Z2&;22 for all the heavy metal Hg/Pb
isotopes of interest. These peaks often have a small am
of substructure which limits the accuracy of the deduc
cluster charge somewhat~to about60.2). Table V summa-
rizes the cluster charges and associated reduced m

FIG. 4. Plots ofD(Z1 ,A1 ,Z2 ,A2) as functions of the cluste
charge^Z2& for the rare-earth and actinide nuclei of Tables III–
The curves for the rare-earth nuclei are shifted upwards by 15 M
for more clarity.
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adopted for the calculations as well as indicating the exp
mental data sources and spin ranges for the associated
perimental comparison. In choosing cluster charges^Z2& for
SD bands, we follow a similar procedure to the one adop
in Sec. IV A for ND bands. For each nucleus, we thus as
ciate the optimal̂ Z2& with the most prominent maximum o
the relevantD plot of Fig. 4, in the region where the cluste
to total charge ratior>1/6 @12#. We adopt this simple pre
scription throughout, except for196Pb, where the situation is
ambiguous and the choice of^Z2&521.0 ~corresponding to
the local maximum adjacent to the most prominent one
^Z2&523.0) much improves the results involving th
nucleus.

As for the ND bands in Sec. IV A, a further estimate
Dm/m̄ can be made using the measured values of the tra
tion quadrupole momentQt shown in Table V. A similar
derivation to that leading to Eq.~20! results in

Qt'2m
ZT

AT
~r 0

2AT
2/3! ~23!

so that

Dm

m̄
5

DQt

Qt
. ~24!

Possible improvements in the precision of these meas
ments would enhance our comparisons considerably.

Table VI summarizes our results, and shows that the va
of 2Dm/m̄ continues to give a reasonable semiquantitat
account of the data even in the worst cases. We also note
Dm/m̄ from theD plots agree rather better withDS/S̄ than
do the corresponding values from theQt’s, and that this is a
likely consequence of the experimental uncertainties in
latter. At some cost to clarity, the SD results of Table
could be included in Fig. 3. These would then group close
the origin underlining the conclusion that greater degrees
similarity between the two bands, i.e., smaller values
uDS/S̄u, are associated with smaller values ofuDm/m̄u.

TABLE V. Superdeformed bands in rare-earth and heavy m
Hg/Pb nuclei: data.

Nucleus ^Z2& m Band label L range Qt @3#

@3# available/ (e b)
used

148Gd 25.9 35.655 148Gd~2! 34–64/34–62 14.860.3
150Gd 26.8 36.510 150Gd~1! 34–64/34–62 17.020.4

10.5

152Dy 27.6 36.982 152Dy~1! 26–66/34–62 17.560.2
154Dy 28.1 37.651 154Dy 30–64/34–62 15.922.1

13.1

190Hg 20.4 36.095 190Hg~1! 14–42/14–38 17.721.2
11.0

192Hg 21.3 37.509 192Hg~1! 10–48/14–38 20.261.2
194Hg 22.5 39.217 194Hg~1! 10–50/14–38 17.760.4
194Pb 21.3 37.303 194Pb~1! 6–38/14–38 20.120.5

10.3

196Pb 21.0 37.340 196Pb~1! 8–38/14–38 19.520.3
10.4

V

3-6
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THEORY OF BAND COMPARISON IN EVEN-EVEN NUCLEI PHYSICAL REVIEW C68, 024313 ~2003!
The results of Tables III, IV, and VI are consistent wi
the general finding that closely similar bands in even-e
nuclei have been observed for SD rather than ND ban
This is explained in the cluster model by noting that prom
nent maxima in theD plots are generally associated wi
magic cores~see, e.g., Refs.@4,6# and Figs. 1, 2, and 4!. For
adjacent heavy even-even nuclei~i.e., differing by two mass
units!, an unchangingcore impliesA→A21(A2A2) and
(A12)→(A212)1(A2A2) corresponding to 2Dm/m̄
;2/A2, whereA2 is the cluster mass. Since theA2’s associ-
ated with ND and SD structures are typically;(10–20) and
;(50–100) mass units, respectively, it is clear that in suc
situation closely similar bands will be associated with sup
deformation.

V. PREDICTIONS FOR 212Pb AND 212Po

We turn next to an application of the cluster model
212Pb and212Po, partly to give a model interpretation of the
ground state ND bands, but also to predict the existence
the properties of very similar SD bands in these nuclei.
Fig. 5, we show both unsmoothed and smoothed version
the D plots for these nuclei@6#. We elect here to use th
better defined maxima of the latter, noting that in any ev
our conclusions are little affected by this choice. The stro
maxima in ourD plots of Fig. 5 make the choice of likely
core-cluster combinations for212Pb and 212Po quite unam-
biguous. For the ND bands, a predominantlya-cluster struc-
ture is predicted for both nuclei, and indeed the excitat
energies of members of their ground state bands are sim
at (0.805,0.727), (1.117,1.132), (1.277,1.355), and~1.335,
1.476! MeV for theJp521,41,61, and 81 states of (212Pb,
212Po), respectively@19#. Previous applications of the cluste
model to 212Po gave an overall good picture of thea- and
g-decay properties of the ground state band@20,21#.

As no further information on the ND ground state ban
of 212 Pb and212Po is available~other than theJp521 to 81

excitation energies of the ground state band of212Pb), we
proceed to examine the possible SD bands in these nu
with which we associate the maxima in theD plots of Fig. 5
at ^Z2&530.9 and^Z2&531.8 for 212Pb and 212Po, respec-
tively. Application of the dipole rule of Eq.~4! yields ^A2&

TABLE VI. Superdeformed bands in rare-earth and heavy m
Hg/Pb nuclei: results. For ranges of,, L used see Table V.a, values

of 2Dm/m̄ from D plots; b, values of2Dm/m̄ from Qt’s; andc,
average ofa andb.

Pair of nuclei 2Dm/m̄ DSL,, /S̄L,,

a b c

148Gd(2) 150Gd(1) 0.024 0.138 0.081 0.025
150Gd(1) 152Dy(1) 0.013 0.029 0.021 20.004
152Dy(1) 154Dy(1) 0.018 20.095 20.039 20.009
190Hg(1) 192Hg(1) 0.038 0.132 0.085 0.045
192Hg(1) 194Hg(1) 0.045 20.132 20.044 0.010
194Hg(1) 194Pb(1) 20.050 0.126 0.038 20.012
194Pb(1) 196Pb(1) 0.001 20.030 20.015 20.023
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579.9 and^A2&580.3, and henceuDm/m̄u5231023, im-
plying that such bands should be very similar indeed.
thus perform model calculations for212Po only. For simplic-
ity we use a single even-even cluster approximation w
Z2532,A2580, and confine ourselves to transition energ
within the SD band, which are very insensitive to the u
known Jp501 bandhead energy, arbitrarily set at 5.0 Me
For theQ value of the head of the band described as132Te
180Ge, we thus obtainQ5149.208 MeV. The core-cluste
potential is defined by Eqs.~8!, ~9!, and~11!, with parameter
values given by Eq.~10!. The remaining parameterR is ob-
tained by fitting theQ value above, using an estimate for th
global quantum numberG50.88A1A2 /(A11A2)2/3 @4#. The
calculations were performed using the Bohr-Sommerf
semiclassical approximation

E
r 1

r 2A2m

\2 S QL2VN~r !2VC~r !2
\2~L11/2!2

2mr 2 Ddr

5~G2L11!
p

2
~25!

~where r 1 and r 2 are the classical turning points!, which
yields accurate values for the energy differences (DQ)Ll

l

TABLE VII. Energy differences (DQ)Ll5QL2Ql and nominal
excitation energies for a predicted SD band of212Po. A nearly iden-
tical band in212Pb should shadow these results very closely.

L l (DQ)Ll ~MeV! EL* ~MeV!

101 01 0.454 5.454
201 101 1.172 6.626
301 201 1.762 8.388

FIG. 5. Plots ofD(Z1 ,A1 ,Z2 ,A2) as functions of the cluste
chargê Z2& for 212Pb and212Po. The dashed curve gives the resu
of Eq. ~1!, and the solid curve gives a Fourier based smoothing
them. The curves for212Pb are shifted upwards by 5 MeV for mor
clarity.
3-7
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B. BUCK, A. C. MERCHANT, AND S. M. PEREZ PHYSICAL REVIEW C68, 024313 ~2003!
5QL2Ql of members of the band of angular momentumL
andl. This givesR56.288 fm and the results shown in Tab
VII. We find that the transition energies are fairly sensitive
the assumed value forG and increase by;10% for a 4%
decrease inG. Finally, given the core-cluster decompositio
for the band, it is easy to make a robust estimate@12# of its
transition quadrupole moment asQt523.9e b.

VI. CONCLUSIONS

We have shown that, in a cluster model, the fractio
change in the reduced mass of the core and the cluster i
principal factor in determining the fractional change in t
transition energies of similar bands in neighboring even-e
nuclei. We emphasize thatuDm/m̄u agrees well withuDS/S̄u
c

s

cl

ys

02431
l
the
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in almost all cases. Hence, largeuDm/m̄u implies dissimilar
bands, while very smalluDm/m̄u implies closely similar
bands. It then follows straightforwardly from a description
nuclei as binary cluster systems that closely similar ba
will be associated with SD rather than ND bands, becaus
their larger values of cluster mass, in agreement with ob
vations. A firm prediction of the model is that nearly iden
cal SD bands should occur in theA;210 region specifically
for 212Pb and212Po.
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