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We previously found that a cluster model reproduces satisfactorily the properties of normal defiibned
ground state and superdeform@&D) excited bands in a wide range of even-even nuclei. We show here that the
fractional change of the transition energies in two bands described by similar core-cluster configurations is
closely related to the fractional change in the corresponding reduced masses. We compare our predictions to
data on ground state ND bands for a series of light rare-earth and actinide isotopes, and on SD bands in the
A~ 150 and 190 regions. The model strongly suggests the existence of similar excited SD b&Rab nd
21%p0, in addition to the observed-cluster-like ND ground state bands of these nuclei.
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I. INTRODUCTION Il. CHOICE OF CLUSTER AND CORE

In order to describe a given band in a nucleus of charge

Generally, the structures of nearby even-even nuclei bea#r and massA; with a cluster model, we must first specify
marked similarities to one another. In particular, ground statéhe core Z;,A;) and the clusterZ,,A,) appropriate to the
bands with very similar energy spacings and electromagnetigand. We have proposé8,6] that likely binary clusteriza-
properties are often seen across a sequence of isotopes. tigns of a given parent nucleus can be identified by determin-
extreme circumstances, the energy differences between elld the local maxima of the functiob(Z,,A;,Z;,A;) de-
cited bands in different nuclei may be so similar that they ardined by
barely resolvable with present experimental techniques. In
this paper, we are principally concerned with categorizing D(Z1.A1.25,A2) =[Be(Z1,A1) = BL(Z1,A1)]
the degree of similarity of two bands. We propose to do this +[Be(Z,,A,)—B(Z5,A2)], (1)
by comparing the ratios of the energy difference to the mean
energy for states of specified angular momenta in the twavhere Bg is an experimentally determined binding energy
bands. The difference in the ratios provides a numerical meaand B, the corresponding liquid drop value for each of the
sure of the degree of similarity of the energy levels of thefragments of(charge, mags(Z; ,A;) with i=1,2 into which
two bands. Equal ratios obviously imply that the bands arehe parent ofcharge, magqZ+,A;) may be divided. Likely
identical[1-3]. clusterizations then correspond to the largest deviations of

We have previously shown that a cluster model descripthe summed binding energies of the two fragments from lig-
tion is widely applicable to nuclei containing normally de- uid drop values. A convenient form f@, is [7]
formed (ND) and superdeformeD) quasirotational bands
[4]. We shall show here that the reduced masses implied by
such a cluster-core picture can be simply related to the nu-
merical measure of the degree of similarity of the two bands
introduced above. We begin with a short discussion of howynere
to choose appropriate core and cluster for an arbitrary
nucleus, and then give a brief overview of the model. We a,=15.56 MeV, a,=17.23 MeV,
confine our attention to even-even nuclei since their treat-
ment is more straightforward, but there are no problems, in a,=0.697 MeV, a,=23.285 MeV. 3
principle, in extending it to the odA-case.

We illustrate the correlation of fractional energy changesthe pairing termé in Eq. (2) is taken as 13/K for even-
between band members and cluster-core reduced mass wigven nuclei. In addition, electric dipole transitions between
typical examples drawn from the ground state bands of lightow-lying bands are known to be very weak, suggesting that
rare-earth and actinide nuclei. We also examine very similaattention should be restricted to fragments obeying the con-
bands of superdeformed states in the mass 150 and 190 ré#ion
gions, where the fractional energy changes of 1-2% are
comparable to those expected for a uniform sphere having Zy Zp; Zy
moment of inertia R?/5. Finally, model considerations AL A, A
indicate that an excellent illustration of closely similar bands
should be present iA*?Pb and?'%Po, and we present predic- so that the implied dipole transition rates, which involve the
tions for these two nuclei. operator Z,/A;—2Z,/A,), vanish identically.

Z? (A—22)?

B =a,A—aA?*— N +6, (2

4
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The restriction, Eq(4), cannot usually be achieved for an mined by fitting a single state of the band, once the global
arbitrary parent nucleus using integer charge and mass nurguantum numbe& = 2n+1 of the band has been selecfdd
bers for the cluster and core components. Refer¢fkde-  (n is the radial and the orbital angular momentum quantum
scribes how we nevertheless obtain a continuous functionumber of a member of the band
(D(Z4,A1,Z5,A,)) for arbitrary values of the cluster charge ~ Our comparison of corresponding bands in even-even nu-
(Z,) by writing clei requires only the general form of the core-cluster inter-

action given by Eqs(8) and(11). These may be rewritten as

<D(21:A1a22:Az)>:Z§:4\l P(Z2)P(N2)D(Z1,A1,Z5,A7).

B AAL\ f(r,R,x,a) B
(5) VN(r)_ _VO AT f(O,R,X,a) _IU’FN(r) (12)
This is a weighted average db(Z;,A;,Z,,A,) for the
four even-even nuclei Z,—2N,—2), (Z,,N,—2), (Z, &
—2N,), and ,,N,), which bracket(Z,) and (N,) AN 72
=(Z5)(Nr/Zy), such that Ve(r)=Z,Z,€?h(r R)= 22 - e?h(r, R)= uFe(r),
2,2(Z)=Z,—2 and Ny=(N,)=N,—2.  (6) Tt (13)

The corresponding probabilitigaeights are whereu=(A;A,)/ At is the reduced mass of the core-cluster

Z,)=(1U2[{Z)—(Z,—2)], system in atomic mass units, and we have used the dipole
P(Z2)=(1/2)[{Z2) = (2o 2)] constraint of Eq(4) in deriving Eq.(13).

P(Z,=2)=(112)[Z;—(Z2)],

P(N2)=(1/2)[(Np)— (N2~ 2)],

IV. THEORETICAL BAND COMPARISON METHOD

Consider two band8 andB in the same nucleus, which

P(N,—2)=(1/2[N,—(Ny)]. (7)  are assumed to differ slightly in their value of the reduced
massesu and,&, respectively. For angular momentuimiet
ll. CLUSTER MODEL the two solutions to the radial Sclimger equation be

Having determined the nature of the core and the clustef!* X! with corrgspond_mg energids .and E,. Then, multi-
from a D plot, or by other means, we next require theirplylng each radial Schainger equation by the wave func-

mutual interaction. We have proposgg] a universal form tion of the other results in the equations
for the nuclear partvy(r) of this interaction, which for

=1 is qi d2y 202 I(1+1)] -
A1.Az> 1 Is given by X {h—’;[FN(rHFC(r)H (rz )}xm

X
"ar?

B AlAz)f(r,R,x,a)
UN(D==Vo| 3 =T oRx.a)’ ® 2% .
=-—Exx (14)
with h
HrRx.8) X and
r,Rx,a)= —
{1+exd (r—R)/a]} Ly (242 (1+1))
1—x Xigrz ~ | 7z IEnM +Fe(O]+ —7—xx
+ : C)
{1+exd (r—R)/3a]}® 20
=—2zExx - (19

having specific parameter values

Vo=54.0 MeV, x=0.33, a=0.73 fm. (10 Subtracting these two equations, dividing out the common
factor 2k2, and integrating with respect tofrom 0 to o
The core-cluster interaction also includes a Coulomb ternieads to
Vc(r) given by

Ve(r)=Z,Z,€?h(r,R), (11) (ﬁz—/ﬁfo [Fn(r)+Fe(r) T dr
whereh(r,R) is the functional form appropriate to the Cou- .
lomb interaction between a uniformly charged sphere of :([LEI_MEOJ xix dr, (16)
0

chargeZ,; and radiusk and a point chargg,. A value of the
radius parameteR completes the specification of the core-
cluster interaction. For a given band, this value can be detemwhich can be rearranged to yield
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TABLE |. Normally deformed bands in rare-earth nuclei: data.

f(FN<r>+Fc<r>)5(|xldr

2ul ={w(AE)+E/(Au)}, Nucleus (Z2) ® BE27 [13]
f xixidr (eb)’
(17 *Ba 3.0 7.20 0.69€0.037
144Ba 4.8 11.29 1.050.06
. - ~ 146Ba 5.2 12.31 1.3550.048
where AE|=(E,—E)), E;=(E,+E)/2, Au=(u—p), and  146ce 4.9 11.29 1.140.12
w=(m+w)/2. Similarly, for a different angular momentum 4&nd 3.1 7.15 0.76€0.025
L>1 18Ce 5.3 12.29 1.960.18
148\d 3.3 7.69 1.350.05
150Nd 5.4 12.29 2.766 0.040
(Fn(r)+ FC(r))S(LXLdr 1505m 3.3 7.56 1.3500.030
2uApu —{(AE)+EL(Ap)} 152Nd 8.8 19.02 4.26:0.28
f S dr 1525 5.5 12.29 3.460.06
XLXL 1545y 8.9 18.93 4.360.05
(18

) ) A. ND bands in light rare-earth and actinide nuclei
Subtracting Eq(17) from Eq. (18), and noting that for the

states with many nodeg, =y, and x_=x; to a good ap- We next calculate values @f e/ w for pairs of ND ground
proximation [9] (the main differences between the wave state bands of the isotopes of Ba, Nd, Ce, and Sm in the light

functions being confined to a small region close to the origin'are-éarth region and of the isotopes of Ra, Th, U, and Pu in
r=0), results in the actinide region. For these regions, previous calculations

have shown that a cluster model description is appropriate
[6,10,11, and in the present analysis we include all the

(AE_—AE)) AS, Ap above mentioned isotopes for which tlB{E2;0" —2%)
E_E =, (19 value and the excitation energy of the lowest" 1€tate are
L= Su M known. In Tables | and Il and in subsequent Tables, we order

nuclei by ascending mass and for equal mass by ascending

whereS, | is theL—| energy spacing. Equatioil9) is our ~ charge.

- . . N The ratior of the cluster charge to the total charge is
pr|nC|paI result. We have derived it for banBs:_:mdB_of a expected to satisfy<1/6 [12], i.e., (Z,)=<12 for the light
given nucleus described by core-cluster configurations hav-

ing similar values of the reduced masgesand i, respec- TABLE Il. Normally deformed bands in actinide nuclei: data.
tively, and for which functions-y andF¢ in Egs.(12) and
(13) have equal parameters and so remain the same. Thusycleus (Zy) " BE27 [13]
any changes in the band energies are driven by changes in (eb)?
and only_. We suggest that this remains qpproximately truéxgn 32 764 116.0.20
for bands in helghbowg ev_en-ev_en nuclei. 22234 54 12.79 4.540.39
The quant|tyA_S,_,/S,_| defined in Eq.(19) would be the 222, 51 11.87 3.010.32
same for any pair of angular onmgntum valiesndl as 2245, 5.9 14.01 3.990.15
long as the band energies sati§fy=af(l) andE,=af(l), 226Rg 7.4 17.40 5.150.14
with f any function ofl common to the two bands amdand ~ 226Th 7.3 16.84 6.850.42
a any two constants. In particular, this would apply with 2281h 8.6 19.71 7.060.24
f(1)=%21(1+ 1) to a pair of rotational bands of constant mo- 23t 9.0 20.70 8.040.10
ments of inertial and |, respectively. In practice, quantity 2% 9.1 20.50 9.%1.2
AS,, /S, will depend to some extent on the chodeandl,  >*Th 9.4 21.70 9.280.10
and for ND bands we choode=10 andl=0 so as to in- U 9.3 21.08 10.61.0
clude as large an energy difference as possible, while avoid=‘Th 9.4 21.89 8.60.7
ing the effects of band crossing and mixing. At these low***U 10.4 23.46 10.660.20
angular momentum values, there is usually a sizable energy®U 11.2 25.23 11.610.15
gap to the next state with the sad® value, suggesting that 3% 11.8 26.61 12.020.20
mixing cannot be very large. We thereby minimize the num-23py 11.8 26.13 12.610.17
ber of states which are dubious band members. This restric4%uy 12.9 28.42 13.020.30
tion to low L can be lifted if the bands being compared are24%py 13.6 29.95 13.400.16
believed to have a fixed structure and their members to bespy, 155 33.60 13.680.16

unambiguously assigned.
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T T T T T T T T T TABLE IIl. Normally deformed bands in rare-earth nuclei: re-
g g gy gy 1 sults.a values of— A ,u/;from D plots; b values of— A ,u/;from
60 [~ M BE21’s; andc average ofa andb.
50 [ A\w /\/\A/\/‘ 2 Pair of nuclei —Aulu AS10,0/S100
12 ] a b [
g Ba “Ba 0.442 0.200 0.321 0.355
f;so I M 14484 145Ba 0.086 0.127 0.107 —0.004
< > 14%Ba “Ce —-0.086 -0.086 -0.086  —0.136
I A “Nd W M lece 19Ng  —0449 —0.200 -0325  —0.341
or i 1e\g L48ce 0.529 0.441 0.485 0.598
| ) . - ” | 148Ce 18Nd -0.461 —0.184 —0.323  -0.319
o\ sm sm A 148\ 15N 0.461 0.343 0.402 0.429
| ‘V\v\ W W 5Nd °Sm  -0.477 -0.343 -0.410 -0.414
°r e 1505m 152Nd 0.862 0.514 0.688 0.682
0 10 20 o0 10 2 o0 10 2 0 10 2 @ 152Nd 1%%5m —0.430 -—0.097 -—0.264 —0.295
hid 1525m 1545m 0.425 0.115 0.270 0.188

FIG. 1. Plots ofD(Z,,A1,Z5,A,) as functions of the cluster
charge(Z,) for the light rare-earth nuclei of Table I. The rows are

displaced upwards by successive multiples of 15 MeV for morebarely resolvable from the marginally most prominent one,

clarity.

been chosen to correspond to the most prominent maximung;, of w=A,A, /(A
in the appropriate region of thB plots of Figs. 1 and 2. PN

the general evolution of the peak structyamd the implied
cluste) can be tracked and seen to change fairly smoothly.

in the D-plot curves, and when this is at its worst we can

leads to considerably improved results. Having chasén

the no-dipole constraint of Eq4) gives the cluster mass,
rare-earths an(Z,)< 16 for the actinides. In Tables | and Il, corresponding to this charge and subtraction of this from the
the value of the cluster chargeZ,) for each nucleus has parent mass yields the core mass This allows an evalu-

+A,) and henceA u/u for any pair

. . . of nuclei. Of the nuclei listed in Tables | and Il any one can
These figures show sequences of the various isotopes so that compared with any other, leading generally to a square
matrix of comparisons. However, a lot of information in such

) . _ a matrix would be redundant, and we avoid double counting
There is often a considerable small scale noisy structurg, tapjes 111 and IV by confining ourselves to successive

only expect ourselves to be able to specify the cluster charge

to about*=0.2 units. In fact, we follow the simpl®-plot

using the value ofZ,) of a local maximum overlapping, and

TABLE IV. Normally deformed bands in actinide nuclei: results.

prescription for determining the cluster charge throughoutd, values of —Au/u from D plots; b, values of —Au/u from
with the exception of'*Ba and Ce where we find that BEZ21’s; andc, average o andb.

Pair of nuclei ~Auplup Aslo’o/gloyo
L L L T L | L LI T a b C
O TR TRay ) TRa g TRa A TRaON T 21sg, 2200, 0504 0610  0.557 0.503
W\ \ 222Ra 222Th -0.075 -0.203 —0.139 —-0.219
or 22271 224R4 0.165 0.140 0.153 0.310
. . ay, s, s, aay, ?2Ra ?Ra 0.216 0.127 0.172 0.107
sr 226Ra 225Th —0.033 0.142 0.055 —0.080
: MW M /\f\// 1 226Th 228Th 0.157 0.015 0.086 0.132
Lot o o oy o - 1 228 230Th 0.049 0.065 0.057 0.036
£ ¢ BOTH 23y —0.010 0.094 0.042 0.027
T2 M - 20y 2%2Th 0.057 —0.022 0.018 0.035
AN - - - - 232Th 239 -0.029 0.037 0.004 0.026
wbo o P P P i 232y 2347y 0.038 -0.111 -0.037 —0.045
B4THh 24y 0.069 0.144 0.107 0.129
. i B4y 23y 0.073 0.043 0.058 —0.054
L 236y 23y 0.053 0.020 0.037 0.008
© 2 o 20 o0 20 0 22 0 220 0 2 4w 38y 2%%py —-0.018 0.021 0.002 0.004
il B8y 249y 0.084 0.016 0.050 0.033
FIG. 2. Plots ofD(Z;,A;,Z,,A;) as functions of the cluster 24%Pu 24Py 0.052 0.014 0.033 —0.041
charge(Z,) for the actinide nuclei of Table Il. The rows are dis- 243y 2%py 0.115 0.010 0.063 —0.025

placed upwards by successive multiples of 15 MeV for more clarity
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pairs of nuclei from Tables | and 1. T T T T

An independent estimate (Zﬁ,u/; can be obtained from
the measured values of the electric quadrupole transitior

strengthsB(E2;0"—2*")=BE21 shown in Tables | and II. 06 - 7
Taking into account the dipole condition of Ed), the clus- i ' 1
ter model expression for this quantity is given by 04 - .
5 (2,Z,\? 2 = | i
BE2] = E( Z ) f xO(r>r2xZ<r>dr) o % bt _
5 [Z1Z; 2( 2 2 )2 5 2Z$ 272/3\2 T » |
NE( p ) on(r)r dr Tank E(roAT )% _02'_ _
(20)

04 E

where we have replaceg(r) by xo(r) [see discussion after R R T E N B
Eq. (18)], and approximatedr?) by r3AZ* (with r, some o4 02 ¢ e o4 06 08

constank Since the fractional changes iy and A are - _ o _
small for the neighboring heavy nuclei considered here, we FIG. 3. —Au/u againstAS/S for the actinide(open circles
immediately find that our cluster model gives rise to theand rare-Eartlffilled squaresnuclei under consideration. The error

simple, parameter-free relation bars indicate the difference iA,u/; from the two independent
methods discussed in the text. For comparison, a line of unit gradi-
Ap 1 A(BE2YD) ent has been drawn through the origin.
— =5 (22
n 2 BE2] choosing as large ah value as possible for the other com-

parison state in the two bander even to avoid using the
Our results for— A u/u obtained by the two independent ground state at 3ll
methods above are shown in Table Ill for the light rare To summarize, the strength of the correlation between two
earths, and in Table IV for the actinides, and are seen geneyariablesx andy may be usefully measured by the correla-
ally to support each other in these mass regions, where tH#éon coefficientr defined as
D-plot maxima are reasonably clear-cut. This is not the case

for the heavier rare-Earths, where tBeplot maxima are _ ) )

broader and less well defined. Here, the technique based on N2 xy=|{ 2 x|[ 2y

the BE27 values and Eqg20) and(21) is more definite and r= > T (22
will allow us to extend our cluster model comparisons to this \/ ny x2—| > x) ny yz_(E y }
region in future. To reduce uncertainties as far as possible,

we use the average of the estimates of the cluster charge

generated by these two methods. These are sufficiently clo ere th_ere are date_l points available. We use th's expres-
to one another such that no significant errors are made b on to give a numerical measure of the correlation between

S , —  (AS/S) and —Au/u and find thatr =0.973 for the 29 en-
k ly, f h f e
taking directly, for convenience, the average of tha/u tries of the last two columns of Tables Ill and 1V, indicating

ratios. S )
— a very significant degree of correlation between these quan-
In the present study, the average values-af w/u from tities
the two methods quite closely track the quantiti®§/S Another work which also results in a simple, reasonably

=AS;00/S10,0 (Which measure the similarity of a pair of successful, model-based indicator of similarity is that of
bands, and in Fig. 3 we show a plot of these quantitiesRefs. [16,17, which uses the quantitN,N,/(N,+N,),

together with the error in-Au/u calculated from the dif-  with N andN, the number of protons and neutrons, respec-
ference of the two independent estimates of the latter. Als@ively, outside a closed shell. We believe that the success of
shown is the theoretical IineA,u/;=AS/§ which effec.  Poth the other analysis and our own suggests that parallels

tively fits the results and strongly supports the conjecture that®" be drawn between te,N, scheme and the cluster

a greater degree of similarity of the two bands is to be assd"®del[18]. In the present work, we deduce from the linear
. . — fit of Fig. 3 that identical bands are simply a sporadically
ciated with a smaller value 9f\ u/pu|.

It should be pointed out that the slope ofL in this plot occurring special case of similarity, and that “their appear-

. . ance is not an isolated exception to the normal behavior of
is twice that expected from the energy dependence of th?\uclei[l?] "

usually employed relation betwe@®({E2) strengths and 2
excitation energied13] based on the original work of
Grodzins[14,15. It is probable that this difference is largely
due to the contribution of the pairing energy to the-@* In this section, we wish to compare similar superde-
energy difference. It is important to reduce this influence byformed bands using the same criteria as previously applied to

B. SD bands forA~ 150 and 190
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25

L L B L B S L L L L N N N N B B A O TABLE V. Superdeformed bands in rare-earth and heavy metal
e 18G4 2py ny Hg/Pb nuclei: data.
2 7 Nucleus (Z,) u  Bandlabel L range Q, [3]
[3] available/ €eb)
15 |- _ used
] 18Gd 259 35.655 4Gd(2) 34-64/34-62 14.80.3
2ol J 1%0Gd  26.8 36.510 5%Gd(1) 34-64/34-62 17.0°33
N 15 15
2 | g g g 19400 9pp 152Dy 27.6 36.982 ny(l) 26-66/34—62 1758.12
o Dy 281 37.651 Dy  30-64/34-62 15.9'31
s 1 ¥Hg 204 36.095 %Hg(1l) 14-42/14-38 17.7°}9
192Hg 21.3 37.509 '%Hg(1) 10-48/14-38 2021.2
ol 1999 225 39.217 “Hg(1) 10-50/14-38 17F0.4
9pp  21.3 37.303 PH1) 6-38/14-38 20.1°3%
9%pp  21.0 37.340 *Ph(1) 8-38/14-38 19.5'0%
0 |1I0'2IOI3IOI (I) |1I0I2I0I3|0I (I) }1|0‘2|0‘3I0I 6 ‘1I0'2}OK3I0‘ tI) I1|0I210I3I0|40

<Z>

adopted for the calculations as well as indicating the experi-
mental data sources and spin ranges for the associated ex-
\perimental comparison. In choosing cluster charggs for

SD bands, we follow a similar procedure to the one adopted
in Sec. IV A for ND bands. For each nucleus, we thus asso-

normal deformed ground state bands. We pick a selection dfiate the optima(Z,) with the most prominent maximum of
nuclei in the mass 150 and mass 190 ranges whose transitiéh€ relevanD plot of Fig. 4, in the region where the cluster
quadrupole moments we have previously been able to ddo total charge ratio=1/6 [12]. We adopt this simple pre-
scribe in terms of a cluster modgl2], making it likely that  scription throughout, except fo*®Pb, where the situation is
a cluster model is appropriate for their description. Althoughambiguous and the choice ¢Z,)=21.0 (corresponding to
SD bands include near-identical cases, and so yield verthe local maximum adjacent to the most prominent one at
similar comparison ratios, the very smallness of the differ{Z,)=23.0) much improves the results involving this
ences between these ratios makes their calculation highiucleus.
sensitive to the quality of input information. We do not ex- ~ As for the ND bands in Sec. IVA, a further estimate of
pect to reproduce these small quantities exactly, but only t@\ u./u can be made using the measured values of the transi-
demonstrate that the small variations in the large cluster-corgon quadrupole momen®, shown in Table V. A similar
reduced masses associated with them will generate mowgerivation to that leading to Eq20) results in
closely similar bands than we had in the ND cases.

Despite being potentially the best testing grounds for our
ideas, the present experimental data on SD bands are not Q
ideally suited to our task and present considerable difficul-
ties. One such practical difficulty is that there are often sev- o that
eral SD bands in a given nucleus on which we could base our
comparisons. Since the implied moments of inertia of such
bands are closely similar, we have arbitrarily chosen the Ap  AQ
bands labeled as “bandl)” [3], except for 1*Gd where T_Tt
band(1) refers to an odd- band. A further difficulty is that
we rarely know with certainty the spins of the states in-
volved. We adopt the values of Ref3] and evaluate

AS,,/S,, by using extremalL and ¢-values common to the

SD bands in all the neighboring nucleve believe the un- — . . . o
derlying structure to be fixed in these bapdshis leads us to of —Ap/p continues to give a reasonable semiquantitative
.account of the data even in the worst cases. We also note that

limit the spin range from 34 to 62 for the rare-earth nuclei — o=
and from 14 to 38 for the heavy metals Hg/Pb. Aulp from the D plots agree rather better withS/S than

Figure 4 shows th® plots for the nuclei in question, and do the corresponding values from tg's, and that this is a
clearly shows maxima aroun¢Z,)~26 for all the rare- likely consequence of the experimental uncertainties in the
earths and aroundz,)~22 for all the heavy metal Hg/Pb latter. At some cost to clarity, the SD results of Table VI
isotopes of interest. These peaks often have a small amouf@uld be included in Fig. 3. These would then group close to
of substructure which limits the accuracy of the deducedhe origin underlining the conclusion that greater degrees of
cluster charge somewhéb about+0.2). Table V summa- similarity between the two bands, i.e., smaller values of
rizes the cluster charges and associated reduced mas3ésSy/S|, are associated with smaller values|Afu/w|.

FIG. 4. Plots ofD(Z,,A1,Z5,A,) as functions of the cluster
charge(Z,) for the rare-earth and actinide nuclei of Tables IlI-V.
The curves for the rare-earth nuclei are shifted upwards by 15 Me
for more clarity.

Zy
t~~~2MA—(r§A$’3 (23
T
(24)

Possible improvements in the precision of these measure-
ments would enhance our comparisons considerably.
Table VI summarizes our results, and shows that the value
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TABLE VI. Superdeformed bands in rare-earth and heavy metal A L B S I R

Hg/Pb nuclei: results. For rangesfL used see Table \4, values
of —Aulu from D plots; b, values of—Au/u from Q,’s; andc,
average ofa andb.

Pair of nuclei —Aulp AS ¢ /EM
a b c
148Gd(2) 5%Gd(1) 0.024 0.138 0.081 0.025
159Gd(1) ?Dy(1) 0.013 0.029 0.021 —0.004
152Dy(1) ™Dy(1) 0.018 —0.095 -0.039 —0.009
19%Hg(1) ¥%Hg(1) 0.038 0.132 0.085 0.045
192Hg(1) ¥Hg(1) 0.045 —0.132 —0.044 0.010
1%4Hg(1) ¥Pb(1) —0.050 0.126 0.038 —0.012
199pp(1) 1°%Pb(1) 0.001 —0.030 —0.015 —0.023

The results of Tables lll, IV, and VI are consistent with

PHYSICAL REVIEW 8, 024313 (2003
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the general finding that closely similar bands in even-even

nuclei have been observed for SD rather than ND bands.

This is explained in the cluster model by noting that promi-
nent maxima in theD plots are generally associated with
magic coregsee, e.g., Ref$4,6] and Figs. 1, 2, and)4For
adjacent heavy even-even nudlke., differing by two mass
units), an unchangingcore impliesA—A,+(A—A,) and
(A+2)—(A,+2)+(A—A,) corresponding to —Aul/u
~2IA,, whereA, is the cluster mass. Since thg’s associ-
ated with ND and SD structures are typicath(10—20) and
~(50-100) mass units, respectively, it is clear that in such
situation closely similar bands will be associated with super
deformation.

V. PREDICTIONS FOR ?%Ph AND ?*?Po

We turn next to an application of the cluster model to
212ph and?'?Po, partly to give a model interpretation of their
ground state ND bands, but also to predict the existence a
the properties of very similar SD bands in these nuclei. |

Fig. 5, we show both unsmoothed and smoothed versions Q

the D plots for these nuclej6]. We elect here to use the
better defined maxima of the latter, noting that in any even

our conclusions are little affected by this choice. The strong

maxima in ourD plots of Fig. 5 make the choice of likely
core-cluster combinations fof'®Pb and?'?Po quite unam-
biguous. For the ND bands, a predominanthcluster struc-

ture is predicted for both nuclei, and indeed the excitation

FIG. 5. Plots ofD(Z,,A1,Z,,A,) as functions of the cluster
charge(Z,) for 2'Pb and®'%o. The dashed curve gives the results
of Eq. (1), and the solid curve gives a Fourier based smoothing of
them. The curves fof*?Pb are shifted upwards by 5 MeV for more
clarity.

=79.9 and(A,)=80.3, and hencéA u/u|=2x10"3, im-
plying that such bands should be very similar indeed. We
thus perform model calculations f3+?Po only. For simplic-
ity we use a single even-even cluster approximation with

%2=32,A2=80, and confine ourselves to transition energies

within the SD band, which are very insensitive to the un-
knownJ™=0" bandhead energy, arbitrarily set at 5.0 MeV.
For theQ value of the head of the band described'3e
+89%Ge, we thus obtai)=149.208 MeV. The core-cluster
potential is defined by Eq$8), (9), and(11), with parameter
values given by Eq(10). The remaining parametét is ob-
ined by fitting theQ value above, using an estimate for the

t
:ﬁobal quantum numbeB=0.887;A,/(A;+A,)?? [4]. The

cfalculations were performed using the Bohr-Sommerfeld
emiclassical approximation

ffz \/2,u
o VhR?

=(G-L+1)

t

#2(L+1/2)°

QL—Vn(r)—=Ve(r)— 2,ur2

(25

NI

energies of members of their ground state bands are similar

at (0.805,0.727), (1.117,1.132), (1.277,1.355), éh835,
1.476 MeV fortheJ™=2" 4" 6%, and 8" states of {*?Pb,
212p0), respectively19]. Previous applications of the cluster
model to ?!%Po gave an overall good picture of tlae and
y-decay properties of the ground state ba2ad,21].

As no further information on the ND ground state bands

of 22Pb and?*?Po is availabléother than thed”=2" to 8"
excitation energies of the ground state band?tPb), we

proceed to examine the possible SD bands in these nucleip*

with which we associate the maxima in tBeplots of Fig. 5
at (Z,)=30.9 and(Z,)=31.8 for ?1Pb and?!%Po, respec-
tively. Application of the dipole rule of Eq4) yields (A,)

(wherer, andr, are the classical turning pointswhich
yields accurate values for the energy differencAfQ,

TABLE VII. Energy differences AQ) ,=Q_—Q, and nominal
excitation energies for a predicted SD band%Po. A nearly iden-
tical band in?'%Pb should shadow these results very closely.

L | (AQ),, (MeV) EX (MeV)
0* 0.454 5.454

20" 10 1.172 6.626

30 20" 1.762 8.388
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=Q_—Q of members of the band of angular momentum in almost all cases. Hence, larfy®u/u| implies dissimilar
andl. This givesR=6.288 fm and the results shown in Table bands, while very smallAw/u| implies closely similar
VII. We find that the transition energies are fairly sensitive topands. It then follows straightforwardly from a description of
the assumed value fdB and increase by-10% for a 4% nuclei as binary cluster systems that closely similar bands
decrease irG. Finally, given the core-cluster decomposition will be associated with SD rather than ND bands, because of
for the band, it is easy to make a robust estinja® of its  their larger values of cluster mass, in agreement with obser-

transition quadrupole moment §5=23.9eb. vations. A firm prediction of the model is that nearly identi-
cal SD bands should occur in tie~210 region specifically
VI. CONCLUSIONS for 21%Pb and?'%Po.

We have shown that, in a cluster model, the fractional
change in the reduced mass of the core and the cluster is the
principal factor in determining the fractional change in the s M.P. would like to thank the S. A. Foundation for Re-
transition energies of similar bands in neighboring even-eveRdearch, the University of Cape Town, and the EPSRC for
nuclei. We emphasize thah u/u| agrees well witHAS/S|  financial support.
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