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Faddeev calculations for theAÄ5,6 LL hypernuclei
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Faddeev calculations are reported forLL
5 H, LL

5 He, andLL
6 He in terms of twoL hyperons plus3H, 3He, and

4He nuclear clusters, respectively, usingLL central potentials considered in past non-Faddeev calculations of

LL
6 He. The convergence with respect to the partial-wave expansion is studied and comparison is made with
some of theseLL hypernuclear calculations. TheLL-JN mixing effect is briefly discussed.
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I. INTRODUCTION

The recent report of aLL
6 He uniquely identified event in

nuclear emulsion@1#, with LL binding-energy valueBLL

57.2560.1920.11
10.18 MeV, has triggered renewed interest

the physics of double-L hypernuclei, particularly for light
species. The previous report ofBLL510.860.6 MeV @2#
which has been considered dubious by the hypernuc
community implied a fairly strongLL interaction potential,
considerably stronger than theLN interaction potential de-
duced from studying single-L hypernuclei and at odds with
one-boson-exchange models@3#. In contrast, the new event i
compatible with a fairly weakLL interaction, with scatter-
ing length aLL;20.8 fm @4,5#, considerably smaller in
magnitude thanaLN;22 fm for the LN interaction @6#.
With such a weakLL interaction, it becomes interesting t
explore the onset ofLL binding in nuclei. Our earlier Fad
deev calculations@4,5# of the A55 LL hypernuclei LL

5 H
and LL

5 He suggested that these species are comfortably
ticle stable for weakLL interaction potentials, and this ha
been recently confirmed by the variational calculation of R
@7#. However, forA54 the situation is unclear, with conflict
ing calculational conclusions@8,9# for the LLpn four-body

LL
4 H hypernucleus which has been recently conjectured
exist in the experimental report of Ref.@10#. A three-body
LLN bound state is ruled out on general grounds@11#.

In our earlier work @4,5#, the A55,6 LL hypernuclei

LL
5 H, LL

5 He, andLL
6 He were considered as three-body sy

tems LLC, where the~assumed inert! nuclear clusterC
stands for3H, 3He, or 4He respectively. The Faddeev equ
tions were then solved for modelLL interactions under an
s-wave approximation~to be specified below! usingLC in-
teraction potentials fitted to the observedLC binding ener-
gies. It was argued, by comparing to earlier non-Fadd
calculations for LL

6 He, that the use of this approximatio
incurred an error of roughly 0.2 MeV. In the present wo
we extend our earlier Faddeev calculations relaxing
s-wave approximation and testing the convergence of th
calculations with respect to the partial wave expansion.
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this end, we have followed the formulation and numeric
solution method outlined and tested by Bernabe´u et al. @12#
for Faddeev equations in configuration space. The calc
tions here reported do confirm our earlier estimates. Si

LL
6 He serves in most applications as the primary normaliz
datum for extracting phenomenologically theLL interac-
tion, it is desirable to improve as much as possible the c
culational aspects of theLL

6 He binding-energy evaluation in
order to gain confidence in such extraction. We theref
compare our Faddeev calculations to other non-Faddeev
culations of theA55,6 LL hypernuclei. Finally, we com-
ment on the order of magnitude expected for dynamical
fects due toLL-JN mixing.

II. METHODOLOGY

A. Faddeev equations

The bound states of the three-body systems considere
this work are obtained by solving the differential Fadde
equations@13#

$H01Va~ua!2E%Ca~ua ,va!52Va~ua! (
bÞa

Cb~ub ,vb!,

~1!

whereVa is a short-range pair interaction in the channela,
H052Dua

2Dva
is the internal kinetic energy operator,E is

the total energy and the wave function of the three-bo
system is given as a sumC5(a51

3 Ca over the three Fad-
deev components, corresponding to the two-body rearran
ment channels. The Faddeev components are function
spin-isospin variables and of the relative Jacobi coordin
vectors, here given in terms of the particle coordina
r1 ,r2 ,r3 by

ua5S 2mbmg

mb1mg
D 1/2

~rb2rg!,

va5S 2ma~mb1mg!

M D 1/2S mbrb1mgrg

mb1mg
2raD , ~2!
©2003 The American Physical Society02-1
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where (a,b,g) is a cyclic permutation of the subscripts 1,
and 3 and whereM is the total mass. The Jacobi coordina
vectors for differenta ’s are linearly related by an orthogon
transformation

S ua

va
D 5S Cab Sab

2Sab Cab
D S ub

vb
D , Cab

2 1Sab
2 51, ~3!

where

Cab5dab2~12dab!A mamb

~M2ma!~M2mb!
,

Sab5~2 !b2asgn~b2a!A12Cab
2 . ~4!

The partial-wave analysis of Eq.~1!, by separating the angu
lar variables~see, for instance, Ref.@14#!, leads to a system
of integrodifferential equations, which in the polar coord
natesr25ua

21va
2 , tanu5va /ua , has the form

H 2
]2

]r2
2

1

r

]

]r
2

1

r2

]2

]u2
1Va

l l~r,u!1
l ~ l 11!

r2cos2u

1
l~l11!

r2sin2u
2EJ Ca

l l~r,u!

52
1

2
Va

l l~r,u! (
bÞa

~hl l ,l8 l 8
Lab Cb

l8 l 8!~r,u!. ~5!

Here,L is the total orbital angular momentum of the syste
L5l1 l, wherel is the relative orbital angular momentum
the paira (a51,2,3) andl is the orbital angular momentum
of the spectator particle relative to the center of mass of
pair a. Note that the hyper-radiusr is independent of the
channel labela. In a bispherical basis, the integral opera
has the form

~hl l ,l8 l 8
Lab Cb

l8 l 8!~r,u!5E
21

11

dt
sinu cosu

sinu8cosu8
hl l ,l8 l 8

Lab
~u,u8!

3Cb
l8 l 8~r,u8!, ~6!

where

cos2u8~ t,u!5Cab
2 cos2u12tCabSabcosu sinu1Sab

2 sin2u.
~7!

An explicit representation of the operatorhl l ,l8 l 8
Lab (u,u8) is

given in the Appendix. In Eq.~5!, the potentialVa
l l(r,u) has

the form

Va
l l5^l l uVaul l & ~8!

in terms of its matrix elements in the bispherical basis
eigenfunctions of the total angular momentum operator. T
standard substitutionCa5r21/2Ua eliminates the first radia
derivative, reducing Eq.~5! to the form
02400
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H 2
]2

]r2
2

1

r2

]2

]u2
1Va

l l~r,u!1
l ~ l 11!

r2cos2u

1
l~l11!

r2sin2u
2

1

4r2
2EJ Ua

l l~r,u!

52
1

2
Va

l l~r,u! (
bÞa

~hl l ,l8 l 8
Lab Ub

l8 l 8!~r,u!. ~9!

To solve the eigenvalue problem in the regionrP@0,̀ ), u
P@0,p/2#, Eq. ~9! must be supplemented by the bounda
conditions

Ua~0,u!5Ua~`,u!50,

Ua~r,0!5Ua~r,p/2!50. ~10!

B. Systems with two identical particles

For a three-body system generically of the formLLC
(C5core), for example,L hyperons inLL

6 He (LLa), the
coupled set of Faddeev equations simplifies as follows:

~H01VLL2E!CC-(LL)52VLL~12P12!CL-(LC) ,
~11!

~H01VLC2E!CL-(LC)52VLC~CC-(LL)2P12CL-(LC)!,

whereP12 is a permutation operator for theL hyperons. The
total wave function is then given by

C5CC-(LL)1~12P12!CL-(LC) . ~12!

The total orbital angular momentum may be represented
two forms

L5 lLL1lC-(LL)5 lLC1lL-(LC) . ~13!

Other three-body systems studied in the present work
the isodoubletLL

5 H, LL
5 He charge-symmetric hypernucle

here considered asLL3H andLL3He, respectively. For the

ground state (12
1) of these systems, after separation of sp

variables, the Faddeev equations assume the form

~H01VLL2E!CC-(LL)52VLLA~11P12!CL-(LC) ,
~14!

~H01VLC2E!CL-(LC)52VLC~ATCC-(LL)

1BP12CL-(LC)!,

where the exchange operatorP12 acts on coordinates only
VLL5vLL

s is the singlet LL potential, VLC

5diag$vLC
s ,vLC

t % is a diagonal 232 matrix with vLC
s and

vLC
t the singlet and tripletLC interaction potentials, respec

tively, and
2-2
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A5S 2
1

2
,2

A3

2 D , B5S 2
1

2

A3

2

A3

2

1

2
D ,

CL-(LC)5S CL-(LC)
s

CL-(LC)
t D . ~15!

Note that the squares of elements ofA correspond then to a
(2J11) average over theJ50,1 ~singlet and triplet, respec
tively! L

4 H and L
4 He states. Neglecting the spin dependen

of VLC , i.e., usingVLC5vLCI , where I is the 232 unit
matrix in spin space, it is possible to reduce Eqs.~14! to the
spinless Eqs.~11! where CL-(LC) in Eqs. ~11! stands for
A1CL-(LC)

s 1A2CL-(LC)
t . This procedure, forvLC5 1

4 vLC
s

1 3
4 vLC

t , will be compared below with the variational spin
averaged calculation of Ref.@7#.

C. Potentials

The LL interaction potentials in the1S0 channel which
are used as input to the Faddeev equations are of a th
range Gaussian form

VLL5(
i 51

3

v ( i )exp~2r 2/b i
2!, ~16!

following the work of Hiyamaet al. @15# where a phase
equivalentLL potential of this soft-core form was fitted t
the Nijmegen model D~ND! hard-core interaction@16# as-
suming the same hard core for theNN andLL potentials in
the 1S0 channel. For other interactions, notably t
Nijmegen soft-core model NSC97@3#, we have renormalized
the strength of the medium-range attractive componeni
52) of this potential fitting as closely as possible the sc
tering length and the effective range. The appropriate ra
and strength parameters are listed in Tables 1 and 2 of
@5#. For the NSC97e interaction, Myintet al. @7# have used a
different parametrization which is denoted bye and is listed
in Table 3 of their paper. Finally, some older works us
purely attractive one-range Gaussian forms or two-ra
Gaussian forms with inner repulsion and outer attract
~this kind of potential is also called ‘Isle’!.

For the La interaction potential, we have followed th
Isle potential due to Ref.@17# which was shown to provide
good agreement with the measured mesonic weak decay
of L

5 He. The resultingL-hyperon density distribution ha
been shown very recently@18# to closely resemble that du
to a microscopic calculation ofL

5 He usingYN interactions
which simulate those of model NSC97@6#. The parameters
of this potential are listed in Table 3 of Ref.@5#. Myint et al.
@7# recently have used different parameters for thiss-wave
interaction potential and also kept an option for using
weakerp-wave potential. These variousLa potentials are
shown in Fig. 1. Similar Isle potentials were constructed
theL-3H andL-3He singlet and triplet interactions by fittin
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to the observed binding energies for the 01,11 ground-state
doublet in L

4 H-L
4 He, respectively@5,7#. Some of the older

works used purely attractiveLC potentials which are no
longer considered realistic ones.

III. RESULTS AND DISCUSSION

In this section, we report binding-energy results of solvi
the coupled Faddeev equations forLLC systems withA
55,6, using a sufficiently large cutoff valuel max56 for the
angular momenta of the partial two-body systems. Our
sults are compared to those of several non-Faddeev calc
tions and a brief discussion is offered.

A. LL
6 He

In Table I, we show results of our Faddeev calculatio
for LL

6 He using purely attractive GaussianLa andLL po-
tentials taken from Ref.@19# and which act in all the allowed
partial waves. In particular, the effective-range parameter

0 1 2 3 4
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Isle s-wave
Isle by Myint et al. s-wave
Isle by Myint et al. p-wave

FIG. 1. La Isle potentials: solid curve from Ref.@17# and other
ones from Ref.@7#.

TABLE I. BLL(LL
6 He) calculated for the purely attractiv

GaussianLa and LL interaction potentials used by Ikedaet al.
@19#.

Reference l max l La l LL BLL ~MeV!

FGS 0 0 0 11.15
1 0,1 0 11.19
2 0,1,2 0,2 11.21
4 0,1,2,3,4 0,2,4 11.21
6 0,1,2,3,4,5,6 0,2,4,6 11.21

@19# a 0 10.3
a 0,2,4 10.8

@20# a 0,2,4 11.207
@21# 0 0 0 11.2

aSince l La is not assigned specific values, no definite value ho
for l max5max(lLa ,lLL).
2-3
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the LL interaction potential areaLL521.76 fm, r LL

52.11 fm, indicating a fairly strongLL interaction aimed at
reproducing the older value for the binding energyBLL

510.860.6 MeV @2#. For these central interactions, th
Pauli spin is conserved andS50 generally holds for the 01

ground state. Hence,L50 andla-(LL)5 l LL , with l LL run-
ning over even values in order to respect the Pauli princi
Similarly, lL-(La)5 l La . The calculatedBLL values are
listed in order of increasing l max, where l max
5max(lLa ,lLL), and are seen to increase monotonically w
l max. Convergence is reached already forl max52, merely
0.06 MeV higher than theBLL value corresponding to th
l max50 s-wave approximation. Our Faddeev calculatio
~marked FGS! are compared in the table to the Ikedaet al.
@19# Schrödinger-equation calculations which were restrict
to the a-(LL) rearrangement channel, disregarding t
L-(La) rearrangement channel. Therefore, calculations
this latter type offer neither a way to sort out a range
values forl La nor a meaning fors-wave approximation; in-
deed, improving over what would have been perceived a
s-wave approximation (l LL50) amounts in Ref.@19# to 0.5
MeV, about eight times the corresponding improvement
our Faddeev calculation. More importantly, our Faddeev c
culations demonstrate that the Ikedaet al. calculation misses
our converged value ofBLL by about 0.4 MeV~which is a
sizable miss in this three-body trade!.

A comparison is also offered in Table I with the vari
tional calculation by Portilho and Coon@20#, extrapolated
from l max54. The agreement with our exact Faddeev cal
lation is remarkable. This variational calculation uses a la
basis of harmonic oscillator wavefunctions, with a variab
spring constant, in thea-(LL) rearrangement channel.
works well because these wave functions within a given
mension may be cast into a similar basis of the same dim
sionality in theL-(La) rearrangement channel, a proper
which is exclusively specific to harmonic oscillator wa
functions. Finally, we quote in the table the result of t
pioneering Dalitz and Rajasekaran@21# variational calcula-
tion, using aLL

6 He ansatz wave function

C5F~r L1a!F~r L2a!G~r L1L2
!, ~17!

which accounts through its variational parameters for sh
range correlations as well as for obvious long-ran
asymptotic requirements. In this outstanding calculati
Dalitz and Rajasekaran used the sameLL interaction as
used in the subsequent calculations listed in Table I, but t
La interaction was slightly different, although it was co
strained by fitting to the observedL

5 He binding energy. For
this reason, we hesitate to claim that their 40 years old va
tional calculation matches today’s Faddeev techniques,
even if they missed the exact result by only 0.1 MeV~or
less! it is a tribute to the essential physics requirements
posed on the parametrization of the functionsF and G of
which the wave functionC in Eq. ~17! consists of.

In Table II, we showBLL values calculated by us~marked
FGS!, this time using aLL Isle potential together with a
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purely attractiveLa interaction potential, both taken from
the work of Khan and Das@22#. These potentials, again, ac
in all the allowed partial waves. Ours-wave approximation,
here too, works very well~to order of 0.04 MeV!, in contrast
with the hyperspherical harmonics~HH! calculation by Khan
and Das which falls short of 1 MeV in its first round. Nev
ertheless, the HH calculation is a systematical one, trea
correctlyall the three-body degrees of freedom in the limit
going to infinitely large values of the hyperangular mome
tum K which serves as a measure of the size of space
which the coupled three-body equations are solved.
l max56 where comparison is possible, the agreement
tween the Faddeev calculation and the HH calculation is
cellent. However, the HH calculation may suggest th
higher values ofl max beyondl max56 are needed in our Fad
deev calculation in order to reach convergence, whereas
Faddeev calculation appears already converged atl max56.

We now switch to a more realistics-waveLa Isle inter-
action, with a repulsive core as shown by the solid curve
Fig. 1. TheLL interaction which is of the generic form Eq
~16! also has a repulsive core. Theses-wave interactions
were recently used within ans-wave Faddeev calculation b
Filikhin and Gal@4,5#. Here, we report on direct solutions o
the coupled Faddeev equations for three specificLL inter-
action potentials, NSC97b, NSC97e, and ND, with para
eters specified in Tables 1 and 2 of Ref.@5#. TheLa andLL
potentials act in all the allowed partial waves. The result
BLL(LL

6 He) values are shown in Table III forl max

50,1, . . . ,6. It isseen that the deviation ofBLL for a given
value of l max from its s-wave approximation (l max50) grows
monotonically with l max, reaching about 0.2 MeV forl max
56. While it is still reasonably small, of the order of magn
tude of the experimental error@1# derived from the observed
emulsion tracks forLL

6 He, this deviation is several time
bigger than for the calculations summarized in the previo
tables which shared purely attractiveLa potentials in com-
mon. This is due to the contribution ofl La51 getting en-
hanced forLa interactions of an Isle form, compared t
such contribution for a purely attractive potential. Howev
since it is unrealistic to use the sames-waveLa interaction
for all La partial waves, one should expect the above dev

TABLE II. BLL(LL
6 He) calculated for the purely attractiv

GaussianLa and the IsleLL interaction potentials used in mode
B of Khan and Das@22#.

Reference l max l La l LL BLL ~MeV!

FGS 0 0 0 10.732
6 0,1,2,3,4,5,6 0,2,4,6 10.770

@22# a 0 9.707
a 0,2,4 10.687
a 0,2,4,6 10.767
a 0,2,4,6,8,10 10.816

aSince l La is not assigned specific values, no definite value ho
for l max5max(lLa ,lLL).
2-4
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TABLE III. BLL(LL
6 He) ~in MeV! calculated for the IsleLa potential and for several simulations of Nijmegen models for theLL

interaction used by Filikhin and Gal@4,5#. Theses-waveLa andLL potentials act in all the allowed partial waves.

Reference l max l La l LL BLL(NSC97b) BLL(NSC97e) BLL(ND)

FGS 0 0 0 6.491 6.710 8.947
1 0,1 0 6.593 6.793 8.982
2 0,1,2 0,2 6.653 6.853 9.061
3 0,1,2,3 0,2 6.676 6.879 9.123
4 0,1,2,3,4 0,2,4 6.690 6.894 9.148
5 0,1,2,3,4,5 0,2,4 6.695 6.900 9.167
6 0,1,2,3,4,5,6 0,2,4,6 6.698 6.903 9.176

@5# 0 0 0 6.60 6.82 9.10
@7# 0 0 0 6.70

.0 .0 .0 6.90

al max5max(lLa ,lLL).
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tion to be smaller once a more realistic~weaker! p-wave
potential component is introduced. For example, using
l La51, the p-wave Isle potential due to Myintet al. @7#
which is shown by the short-dash curve in Fig. 1, we
within the NSC97e calculationBLL56.74 MeV for l max

51 (lLL50,l La50,1) compared to 6.79 MeV~cf. Table III!
when the standards-wave Isle potential~solid curve in Fig.
1! is used forl La51 as well as forl La50.

Also shown in Table III are the results of the Filikhin an
Gal @5# s-wave calculations which exceed by 0.11–0.15 M
the correspondingl max50 present~FGS! results. This dis-
crepancy is due to the slow and nonmonotonic converge
in the cluster-reduction method used in Refs.@4,5#, particu-
larly for interactions, such as here, consisting of a repuls
core plus an attractive tail. Finally, we compare our Fadd
calculation with the recent variational calculation by Myi
et al. @7# for the LL interaction potential NSC97e. The
method is based on using Gaussian wave function expan
and allowing for all the rearrangement channels in the t
three-body wave function. The agreement between our
culation and their calculation is excellent both for thes-wave
approximation (l max50) as well as for the full calculation
assuming that our Faddeev calculation is very close to c
vergence forl max56.
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B. LL
6 He and LL

5 H-LL
5 He

In Table IV, we show our Faddeev calculation resu
~FGS! for LL

6 He and also for theA55 charge symmetric

LL
5 H-LL

5 He hypernuclei, usings-wave La and LL poten-
tials due to Myintet al. @7#. Theses-wave interactions are
used in all partial waves. The results forLL

6 He are very
similar in character to those of the previous table, indicat
again that thes-wave approximation (l max50) holds to order
of 0.2 MeV. For LL

5 H-LL
5 He, we have a similar pattern o

results, where thes-wave approximation holds to about 0.1
MeV. Here, in order to provide direct comparison with th
variational results of Myintet al., we have solved the spin
averaged form of the Faddeev equations as described he
Sec. II A, using thespin-averagedL-3H andL-3He interac-
tions listed in their paper@7#. The results of Myintet al. are
given in the last row of the table and are in very good agr
ment with ours-wave approximation results. It appears th
by limiting the variational calculation tol La50, as might be
understood from the discussion at the beginning of their S
3, the whole evaluation turned out to be limited to thes-wave
approximation. We have also pursued thefull spin-dependent
calculation for theA55 LL hypernuclei and found out tha
it yields 0.08 MeV higher binding than for the spin-averag
results shown in Table IV.
TABLE IV. BLL ~in MeV! calculated for theA55,6 LL hypernuclei using thes-wave IsleLC potentials and twoLL potentialse and
e1 due to Myintet al. @7#. Theses-wave potentials act in all the allowed partial waves.

Reference l max LL
6 He ~e! LL

5 He ~e! LL
5 H ~e! LL

6 He (e1) LL
5 He (e1) LL

5 H (e1)

FGS 0 6.880 3.527 3.002 7.254 3.810 3.261
1 6.987 3.608 3.061 7.341 3.882 3.311
2 7.045 3.640 3.088 7.405 3.918 3.343
3 7.078 3.657 3.103 7.443 3.939 3.360
4 7.095 3.665 3.111 7.463 3.451 3.370
5 7.103 3.669 3.114 7.473 3.954 3.374
6 7.107 3.671 3.115 7.477 3.956 3.376

@7# 0 6.88 3.51 2.99 7.25 3.80 3.26

al max5max(lLa ,lLL).
2-5
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C. LL-JN coupling effects in LL
6 He

The inputLL interaction potentials to the Faddeev ca
culations summarized in Tables III and IV areeffective
single-channel simulationsVLL

eff of the Nijmegen meson
exchange models ND and NSC97~except fore1 which is a
slight variation on NSC97e!. VLL

eff represents the combine
effect of theLL and JN channels, including the couplin
between these channels, and it is more attractive than
LL single-channel potentialVLL which does not include the
effect of the LL-JN coupling. In Table V, we give the
low-energy scattering parameters and theLL

6 He~01)
binding-energy values calculated by us~marked FGS! for
potentialse ande1 of Myint et al. @7#, using their parametri-
zation of the corresponding potentialsVLL and VLL

eff . It is
seen that the inclusion of a coupling potential, motivated
the NSC97e free-space interaction, increases the calcu
binding energy by 0.4860.04 MeV. We note that the simu
lation of theLL-JN coupling potentialVLL-JN in Ref. @7#
consists exclusively of an attractive component, unlike
common practice for theLL diagonal potentials, and this i
likely to inflate the effect calculated for theLL-JN cou-
pling. The LL2JN coupling potentials due to mode
NSC97 involve a subtle pattern of cancellations betwe
pseudoscalar (K), vector (K* ), and scalar (k) meson-
exchange contributions, the net result being considera
weaker than assumed by the parametrization in Tables 2
3 of Ref. @7#. Carret al. @23#, for stronger potentials~diago-
nal as well as off-diagonal, each consisting of a short-ra
repulsive component plus a longer-range attractive com
nent motivated by model ND!, found that by including the
LL-JN coupling one adds 0.50 MeV as shown in the ta
too. A consequence of their methodology is that for the c
siderably weaker NSC97 interactions, the total effect of
cluding theLL-JN coupling would amount to much less, a
argued recently by Afnan and Gibson@24#.

An important consideration in the discussion of t
LL-JN coupling effect is the extent to which this couplin
is Pauli suppressed. For example, inLL

6 He transitions creat-
ing a fifth nucleon in the 1s shell are Pauli forbidden. This
means thatVLL

eff is less attractive inLL
6 He than in free space

TABLE V. Low-energy parameters~in fm! andBLL(LL
6 He) val-

ues ~in MeV! calculated for several interaction models depend
on whether or not or how theLL-JN coupling is incorporated.

Reference V~model! aLL r LL BLL(LL
6 He)

FGS VLL(e) 20.27 19.07 6.664
VLL

eff (e) 20.50 8.51 7.107
VLL(e1) 20.43 10.40 6.964
VLL

eff (e1) 20.73 5.59 7.477
@23# VLL(ND) 9.508

VLL
eff (ND) 21.91 3.36 10.007
V(ND) 9.738

@25# VLL(ND) 9.4
VLL

eff (ND) 21.91 3.36
V(ND) 9.8
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where it was derived. Myintet al. @7# estimated the corre
sponding suppression for potentialse ande1 to beat leastas
large as 0.43 MeV, almost saturating thetotal 0.5 MeV
LL-JN coupling effect calculated for these same potentia
This casts doubts on the validity of their method to estim
the Pauli suppression effect. We note that the contribut
due to what they perceive as the Pauli blocked transition
inversely proportional to the mass differenceDM between
the initial LL

6 He(01) ground state and the intermediateJ
6 He

forbidden state. This mass difference is estimated by them
be DM;32 MeV, ignoring the substantial binding that
fifth nucleon in the 1s shell would have acquired in the fiel
of the 4He core. Estimating this extra binding to be of th
order of 25 MeV, the mass difference would reduce to mer
DM;7 MeV, resulting in an unacceptably large Pauli su
pression effect of the order of 2 MeV which exceeds subst
tially the total 0.5 MeVLL-JN coupling effect. The strong
dependence onDM makes the whole approach questionab
Similar objections hold for the estimates given in Ref.@7# for
medium effects in theA55 isodoublet LL

5 H-LL
5 He. For a

realistic account of the Pauli suppression effect and ot
medium effects, the explicit introduction of theJN channel
is unavoidable, as applied by Carret al. @23# and by Yamada
and Nakamoto@25# who used a properly defined Paul
suppression projection operator within a genuine coupl
channel calculation. Carret al. @23# calculated the suppres
sion effect to be 0.27 MeV out of a total of 0.50 MeV, a
shown in Table V, for the considerably stronger ND intera
tions. The table also shows similar results from Ref.@25#.
The Pauli-suppressed coupled-channel potential is den
by V~ND!.

IV. SUMMARY

In this work, we have studied lightLL hypernuclei (A
55,6) which may be described in terms ofLLC
(C5cluster! systems and treated by solving the three-bo
Faddeev equations. Our calculations confirm the estim
made by Filikhin and Gal@4,5# that thes-wave approxima-
tion (l max50) works fairly well and that the contribution o
higher partial waves is small (,0.2 MeV) if ordered accord-
ing to increasingl max. This is not necessarily the case for th
other, non-Faddeev methods chosen for comparison in w
the partial-wave ordering of successive approximations is
fined only vial LL , irrespective ofl La . A direct comparison
between these two classes of calculation becomes f
meaningful only in the limit max(l,l)→`.

For LL
6 He, we have also studied the model dependence

the partial-wave composition of theLa interaction potential,
in particular, when weakening this interaction in odd sta
relative to the even-state strength. This model depende
introduces as big uncertainty into the binding-energy cal
lation as incurred by sticking to thes-wave approximation. A
proper microscopic construction of theLa interaction poten-
tial leads necessarily to a nonlocal potential~e.g., Ref.@15#!
and is beyond the scope and aim of the present work.

For theA55 LL hypernuclei, we have tested the acc
racy of averaging over the spins of theLC subsystems
which was found to miss by somewhat less than 0.1 MeV

g
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binding energy due to the full, spin-dependent calculatio
Finally, we commented on the size expected for

LL-JN mixing effect in these lightLL hypernuclei. For
models such as NSC97e which are close to describing
the LL interaction as deduced fromBLL(LL

6 He), we have
argued that theLL-JN coupling effect should not excee
0.2 MeV in LL

6 He, and a similar order of magnitude is e
pected for this and other medium effects in theA55 LL
hypernuclei. For comparison with the better studiedS521
sector, we mention the 01-11 binding-energy difference in

L
4 He, calculated recently by Akaishiet al. @26# using a simu-
lation of model NSC97e with and without including the pow
erful LN2SN coupling which arises primarily from one
pion exchange. Compared to the 0.57 MeV effect of
LN-SN coupling which these authors calculated, we ant
pate a considerably smaller effect for the lightLL hypernu-
clei considered in the present work, due to strange-me
ve
rm

C
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exchange which underlies theLL-JN coupling inLL hy-
pernuclei. Further work onLL-JN mixing is necessary in
order to tell whether or not the above argument is suppo
by a solid calculation.
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APPENDIX

The expression for the integral operatorhl l ,l8 l 8
Lab is well

known @14#. For particles of unequal masses this functi
has the form
hl l ,l8 l 8
Lab

~u,u8!5~2 !L1 l 8~2l811!~2l 811!@~2l8!! ~2l 8!! ~2l11!~2l 11!#1/2

3 (
l11l25l8

l 11 l 25 l 8

sinl11 l 1u cosl21 l 2u

sinl8u8cosl 8u8

Cab
l11 l 2Sab

l21 l 1

@~2l1!! ~2l2!! ~2l 1!! ~2l 2!! #1/2 (
l9 l 9

~2l911!~2l 911!S l1 l 1 l9

0 0 0 D

3S l2 l 2 l 9

0 0 0D (
k50

~2 !k~2k11!Pk~ t !S k l9 l

0 0 0D S k l9 l

0 0 0D H l l L

l9 l 9 kJ H l1 l2 l8

l 1 l 2 l 8

l9 l 9 L
J , ~A1!
in terms of Legendre polynomials and 3j , 6j , and 9j sym-
bols. The indexk runs in Eq. ~A1! from zero to (l81 l 8
1l1 l )/2. The Cab , Sab , and cos2u8 are defined in the
main text. For zero total orbital angular momentumL50
(l5 l ,l85 l 8), all the summations in the expression abo
may be carried out to obtain a simpler expression of the fo

hll 8
ab

~u,u8!5~2 ! l 1 l 8A~2l 11!~2l 811!Pl~ t !Pl 8~ t8!,
~A2!
where

t85
2cos~2u!1~Cab

2 2Sab
2 !cos~2u8!

2CabSabsin~2u8!
~A3!

is the cosine of the angle between the vectorsua8 andva8 .
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