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Dynamical model of weak pion production reactions

T. Sato,1,* D. Uno,1,† and T.-S. H. Lee2,‡
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The dynamical model of pion electroproduction developed by Sato and Lee@Phys. Rev. C63, 055201
~2001!# has been extended to investigate the weak pion production reactions. With the conserved vector current
hypothesis, the weak vector currents are constructed from electromagnetic currents by isospin rotations.
Guided by the effective chiral Lagrangian method and using the unitary transformation method developed
previously, the weak axial vector currents forp production are constructed with no adjustable parameters. In
particular, theN-D transitions atQ2→0 are calculated from the constituent quark model and theirQ2 depen-
dence is assumed to be identical to that determined in the study of pion electroproduction. The main feature of
our approach is to renormalize these bareN-D form factors with the dynamical pion cloud effects originating
from the nonresonantp production mechanisms. The predicted cross sections of neutrino-induced pion pro-
duction reactions,N(nm ,m2p)N, are in good agreement with the existing data. We show that the renormalized
~dressed! axial N-D form factor contains large dynamical pion cloud effects and these renormalization effects
are crucial in getting agreement with the data. We conclude that theN-D transitions predicted by the constitu-
ent quark model are consistent with the existing neutrino-induced pion production data in theD region,
contrary to the previous observations. This is consistent with our previous findings in the study of pion
electroproduction reactions. However, more extensive and precise data of neutrino-induced pion production
reactions are needed to further test our model and to pin down theQ2 dependence of the axial vectorN-D
transition form factor.

DOI: 10.1103/PhysRevC.67.065201 PACS number~s!: 13.60.2r, 14.20.Gk, 24.10.2i, 25.30.Pt
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I. INTRODUCTION

It is now well recognized that an important challenge
nuclear research is to understand the hadron structure w
quantum chromodynamics~QCD!. One of the important in-
formation for pursuing this research is the electromagn
and weakN-D transition form factors. Such information ar
important for testing current hadron models and perhaps
lattice QCD calculations in the near future. In particular,
can address the question about whetherN and D are de-
formed. If they are deformed, is it due to the gluon intera
tions between quarks or due to the pion cloud which
resulted from the spontaneously breaking of the chiral sy
metry of QCD?

As a step in this direction, we have developed@1,2# in
recent years a dynamical model for investigating the p
photoproduction and electroproduction reactions at ene
near theD resonance. The dynamical approach, which
also been pursued by several groups@3–10#, is different from
the approaches based on either dispersion relations@11–13#
or K-matrix method@14–17# in interpreting the data. In Refs
@1,2#, we not only have extracted the electromagneticN-D
transition form factors from the data, but also have provid
an interpretation of the extracted parameters in terms of h
ron model calculations. In particular, we have shown t
including the dynamical pion cloud effect in theoretic
analyses can resolve a long-standing puzzle that theN-D M1
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transition form factorGM
ND(0) predicted by the constituen

quark model is about 40% lower than the empirical valu
Furthermore, the dynamical pion cloud is found to play
important role in determining theQ2 dependence of
GM

ND(Q2), which drops faster than the proton form fact
Gp(Q2) asQ2 increases. The predicted electricE2 and Cou-
lomb C2 N-D transition form factors, which exhibit very
pronounced meson cloud effects at lowQ2, have stimulated
some experimental initiatives@18#. Similar results were also
obtained in Ref.@10#.

Since weak currents are closely related to electromagn
currents within the standard model, it is straightforward
extend our dynamical approach to study weak pion prod
tion reactions. In this paper, we report on the progress
have made in this direction. Our objective is to develop
framework for extracting the axial vectorN-D form factors
from the data of neutrino-induced pion production reactio
In particular, we would like to explore whether a dynamic
approach, as developed in our study of pion electroprod
tion, can also resolve a similar problem that the axialN-D
transition strength calculated@19,20# from the constituent
quark model is about 30% lower than what was extrac
@21# from the data. We will also make predictions for futu
experimental tests which could be conducted at the Fe
Lab, KEK, and the Japan Hadron Facility in the near futu

To introduce our model, it is necessary to first brie
review the dynamical approach developed in Refs.@1,2#
~called SL model!. Our starting point is an interaction Hami
tonian HI5GMB↔B8 which describes the absorption an
emission of mesonsM by baryonsB. In the SL model, such
a Hamiltonian is obtained from phenomenologic
©2003 The American Physical Society01-1
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Lagrangians. In fact, the approach is more general, and
Hamiltonian can be defined in terms of a hadron model
attempted, for example, in Ref.@22#, or by using the vertex
functions predicted by lattice QCD calculations.

It is a nontrivial many-body problem to calculatepN
scattering andgN→pN reaction amplitudes from the inter
action HamiltonianHI5GMB↔B8 . To obtain a manageabl
reaction model, a unitary transformation method@1,23# is
used up to second order inHI to derive an effective Hamil-
tonian. The essential idea of the employed unitary trans
mation method is to eliminate the unphysical vertex inter
tions MB→B8 with mM1mB,mB8 from the Hamiltonian
and absorb their effects intoMB→M 8B8 two-body interac-
tions. For the pion production processes in theD region, the
resulting effective Hamiltonian is defined in a subspa
spanned by thepN, gN, andD states, and has the followin
form:

He f f5H01vpN1vgp1GpN↔D1GgN↔D , ~1!

wherevpN is a nonresonantpN potential andvgp describes
the nonresonantgN↔pN transition. TheD excitation is de-
scribed by the vertex interactionsGgN↔D for the gN↔D
transition andGpN↔D for the pN↔D transition. The non-
resonantvgp consists of the usual pseudovector Born term
r andv exchanges, and the crossedD term.

From the effective Hamiltonian, Eq.~1!, it is straightfor-
ward to derive a set of coupled equations forpN and gN
reactions. The resulting pion photoproduction amplitude
be written as

Tgp~E!5tgp~E!1
ḠD→pN~E!ḠgN→D~E!

E2mD2SD~E!
. ~2!

The nonresonant amplitudetgp is calculated fromvgp by

tgp~E!5vgp1tpN~E!GpN~E!vgp , ~3!

whereGpN is thepN free propagator, andtpN is calculated
from the nonresonantpN interactionvpN .

The dressed vertices in Eq.~2! are defined by

ḠgN→D~E!5GgN→D1vgpGpN~E!ḠpN→D~E!, ~4!

ḠD→pN~E!5@11tpN~E!GpN~E!#GD→pN . ~5!

The D self-energy in Eq.~2! is then calculated from

SD~E!5GpN→DGpN~E!ḠD→pN~E!. ~6!

As seen in the above equations, an important feature
the dynamical model is that the bare vertexGgN→D is modi-
fied by the nonresonant interactionvgp to give the dressed

vertex ḠgN→D , as defined by Eq.~4!. The second terms in
the right-hand sides of Eqs.~4! and~5! can be interpreted a
the dynamical pion cloud effects on theN-D transitions.
We can then identify the parameters of the bare ver
GgN→D with the predictions from hadron models with
which thep-baryon states incontinuumare excluded. Such
06520
is
s

r-
-

e

,

n

of

x

a separation of the reaction mechanisms from the excitat
of hadron internal structure is an essential ingredient o
dynamical approach, but is not an objective of the a
proaches based on either dispersion relations@11–13# or
K-matrix method@14–17#.

In the above formulation, the matrix elementsvgp and
GgN↔D are determined by the electromagnetic currentJm

em.
The dynamical formulation for investigating weak pion pr
duction reactions can be obtained from Eqs.~1!–~6! by re-
placing Jm

em by Vm2Am , where Vm and Am are the weak
vector and axial vector currents, respectively. By conser
vector current~CVC! relations, the vector currentsVm can be
obtained from the electromagnetic currents by isospin ro
tions. Guided by the effective chiral Lagrangian method a
using the similar procedures of the SL model, we can c
struct the axial vector currentsAm for pion production reac-
tions. The resulting axial current amplitude consists
nucleon-Born, r exchange, pion-pole, andD excitation
terms, and can be calculated using the parameters in the
erature. In particular, the bare axialN-D transitions atQ2

→0 are assumed to be those calculated by Hemmert, H
stein, and Mukhopadhyay@19# within the constituent quark
model.

Most of the earlier theoretical investigations@24–28# of
weak pion production reactions were performed during
years around 1970. The model which was most often use
analyzing the data was developed by Adler@25#. He consid-
ered a model based on the dispersion relations of Ch
Goldberger, Low, and Nambu@11#. The driving terms and
subtraction terms of the dispersion relations are calcula
from the nucleon Born terms. No vector meson exchan
are included. Additional subtraction terms are added to
move the kinematic singularities of multipole amplitudes.
solving the dispersion relation equations, only theP33 phases
are included to account for the unitarity condition via Wats
theorem and the imaginary parts of other multipole amp
tudes are neglected. Clearly, Adler’s approach needs
provements for a precise extraction of the axial N-D from
factors from the data. We, however, will not address t
issue in this paper. Instead, we focus on the developmen
a dynamical approach outlined above.

In Sec. II, we present a formulation for calculating th
cross sections of neutrino-induced pion production reactio
The current matrix elements needed for our calculations
given in Sec. III. The results are presented in Sec. IV. C
clusions and discussions on possible future developm
will be given in Sec. V.

II. CROSS SECTION FORMULA

The formula for calculating the cross sections of neutrin
induced pion production reactions have been given in R
@25#. In this section, we would like to present a differe
formulation which is more closely related to the common
used formulation of pion electroproduction, and is more co
venient for our calculations based on a dynamical formu
tion of the problem.

We focus on then1N→ l 1p1N reaction, wherel stands
for electrone or muonm, andn for electron neutrinone or
muon neutrinonm . We start with the interaction Lagrangia
1-2
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Lint~x!5
GF cosuc

A2
@ l m~x!Jm~x!1H.c.#, ~7!

whereGF51.166 3731025 (GeV)22, cosuc50.974,

l m~x!5c̄ l~x!gm~12g5!cn~x! ~8!

is the lepton current, and

Jm~x!5Vm~x!2Am~x! ~9!

is the hadron current. The vector currentVm and the axial
vector currentAm will be constructed later in terms of had
ronic degrees of freedom.

The coordinate system for calculating the different
cross sections of then(pn)1N(p)→ l (pl)1p(k)1N(p8)
reaction is chosen such that the leptons are on thex-z plane.
The momentum transferq5pn2pl , which is also the total
momentum of the finalpN system in the laboratory system
is along thez axis. The finalpN system forms a plane whic
has an anglefp with respect to the leptonn-l plane. This
choice is identical to that widely used in the study of pi
electroproduction. It is then straightforward to show that
differential cross section can be written as

ds5

dEldV ldVp*
5

GF
2 cos2uc

2

upl u
upnu

ukcumN

~2p!5W
LmnWmn , ~10!

wheremN is the nucleon mass, and the phase space fact
expressed in terms of lepton momentapl andpn in the labo-
ratory ~lab! frame, pion momentumkc in the pN center of
mass~c.m.! frame, and the invariant massW of thepN sub-
system. The angleVp* in Eq. ~10! is the pion scattering angl
defined in thepN center of mass frame.

The lepton tensor in Eq.~10! is

Lmn5pl
mpn

n1pl
npn

m2gmn~pn•pl !6 i eabmnpn,apl ,b .
~11!

Here e012351 and 1 (2) in the last term is for neutrino
~antineutrino! reactions. The hadron tensor is

Wmn5
1

2 (
sN8 sN

j m j n* , ~12!

where j m implicitly represents the matrix element

^k,p8sN8 uJmupsN&5
1

~2p!3
A mN

2

2Ep~k!EN~p8!EN~p!
j m

~13!

with sN denoting thez component of nucleon spin. Such
simplified notation for hadron current matrix element will b
used in the rest of this paper.

To see the current nonconserving part of hadron cur
explicitly, we introduce the following variables:

Km5
pn

m1pl
m

2
, ~14!
06520
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qm5pn
m2pl

m , ~15!

Q25q252ml
212~pn•pl !, ~16!

where qm is the lepton momentum transfer andml is the
mass of leptonl. We then obtain

LmnWmn5
1

2 (
sN8 ,sN

F2~K• j !~K• j * !2
~q• j !~q• j * !

2

2
~ j • j * !~Q21ml

2!

2
6 i eabmnqaKb j m j n* G .

~17!

The hadron currentj m in Eq. ~17! is defined in the lab
frame. To account for the finalpN interaction within the
dynamical formulation and to get an expression in terms
the scattering angleVp* of Eq. ~10!, we need to writej m in
terms of the currentj c

m defined in thepN c.m. frame. With
the choice of the coordinate system described above,
transformation from the lab frame to thepN c.m. frame is
just a Lorentz boost along thez axis. For thex and y com-
ponents of the hadron current, we obviously have the follo
ing simple relations:

j x5cosfp j c
x2sinfp j c

y , ~18!

j y5sinfp j c
x1cosfp j c

y . ~19!

For thez and time components, the transformation relatio
are

j 05cosha j c
01sinha j c

z , ~20!

j z5sinha j c
01cosha j c

z , ~21!

where

cosha5
EN,c

mN
5

mN1v

W
, ~22!

sinha5
uqcu
mN

5
uqu
W

. ~23!

Here we have introducedqm5(v,q) andqc
m5(vc ,qc) as the

momentum transfers in the lab andpN c.m. frames, respec
tively, andEN,c5Aqc

21mN
2 .

Since the leptons are on thex-z plane and the momentum
transferq is in thez axis, we obviously have

Kx5
upnuupl u

uqu
sinu l , ~24!

Ky50, ~25!

Kz5
upnu22upl u2

2uqu
, ~26!
1-3
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K05
upnu1El

2
. ~27!

In the above equations,u l is the angle between the outgoin
lepton momentumpl and the incident neutrino momentu
pn .

By using the above relations, Eqs.~18!–~27!, it is straight-
forward~although tedious! to cast Eq.~17! into the following
form:

LmnWmn5
1

2 (
sN8 ,sN

@RT1RL1RLT cosfp1RTT cos 2fp

1RLT8 sinfp1RTT8 sin 2fp#. ~28!

All terms in the above equation can be calculated fromj c
m

defined in thepN c.m. frame. Explicitly,RT and RL terms
are given as

RT5S ~Kx!21
Q21ml

2

2 D ~ u j c
xu21u j c

yu2!7xIm~ j c
xj c

y* !,

~29!

RL5
1

2qc
2 @~x22Q42Q2ml

2!u j c
0u212~xy2Q2vc

2vcml
2!Re~ j c

0r* !1~y22vc
21ml

2!uru2#, ~30!

with

x5
~En1El !Q

22vml
2

uqu
, ~31!

y5
~En1El !vc1coshaml

2

uqu
. ~32!

In deriving Eq. ~30!, we have definedr5q• j 5vcj c
0

2uqcu j c
z and eliminatedj c

z .
The other terms in Eq.~28! are given as

RLT5
2Kx

uqcu
$2Re@~x jc

01yr! j c
x* #6Im@~Q2 j c

01vcr! j c
y* #%,

~33!

RTT5~Kx!2~ u j c
xu22u j c

yu2!, ~34!

RLT85
2Kx

uqcu
$Re@~x jc

01yr! j c
y* #6Im@~Q2 j c

01vcr! j c
x* #%,

~35!

RTT8522~Kx!2Re~ j c
xj c

y* !. ~36!

It is interesting to note that in theml50 limit the above
formula becomes

RT5
Q2

12e F u j c
xu21u j c

yu2

2
7A12e2Im~ j c

xj c
y* !G , ~37!
06520
RL5
Q2

12e
e

Q2

uqcu2
u j̄ c

0u2, ~38!

RLT5
Q2

12e
A2e~11e!Q2

uqcu2
F2Re~ j̄ c

0 j c
x* !

6A12e

11e
Im~ j̄ c

0 j c
y* !G , ~39!

RTT5
Q2

12e Fe~ u j c
xu22u j c

yu2!

2 G , ~40!

RLT85
Q2

12e
A2e~11e!Q2

uqcu2
FRe~ j̄ c

0 j c
y* !

6A12e

11e
Im~ j̄ c

0 j c
x* !G , ~41!

RTT85
Q2

12e
@2eRe~ j c

xj c
y* !#, ~42!

where

e5
1

11
2uqu2

Q2
tan2

u l

2

, ~43!

with j̄ c
05 j c

01vcr/Q2. Equations~37!–~43! are very similar
to the familiar forms of pion electroproduction. In the ener
region we are considering, the muon mass cannot be
glected. Calculations of the differential cross section, E
~10!, for the nm1N→m1p1N reactions must be done b
using Eqs.~29!–~36!.

To deal with the old data, we need to calculate the diff
ential cross section in terms of the variablesW~invariant
mass ofpN subsystem!, Q252q2 @Eq. ~16!#, instead of
lepton energyEl and scattering angleu l . The relation be-
tween them are

Q252EnEl22upl uupnu cosu l2ml
2 , ~44!

W5AmN
2 12mN~En2El !2Q2. ~45!

By using the above relations, we can obtain the followi
relation:

ds

dWdQ2dVp*
5

2pW

2mNupnuupl u
ds

dEldV ldVp*
. ~46!

To calculate the differential cross sections in the right-ha
side of the above equation using Eq.~10! and Eqs.~29!–~36!,
we also need to know the variables inpN c.m. frame. These
are given by

vc5
W22Q22mN

2

2W
, ~47!
1-4
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uqcu5
mN

W
uqu, ~48!

ukcu5AS W21mp
2 2mN

2

2W D 2

2mp
2 . ~49!

The total cross section for a given incident neutrino e
ergy En is then calculated by

s~En!5E
Wmin

Wmax
dWE

Qmin
2

Qmax
2

dQ2
ds

dWdQ2
, ~50!

where

ds

dWdQ2
5E dVp*

ds

dWdQ2dVp*

5
GF

2 cos2uc

2

1

32p4

ukcu

upnu2E dVp*
1

2 (
sN8 ,sN

@RT1RL#.

~51!

The integration ranges in Eq.~50! are found to be

Wmin5mN1mp , ~52!

Wmax5WT2ml , ~53!

wheremp , mN , andml are the masses of the pion, nucleo
and the outgoing lepton, respectively, andWT

5A(pn1pN)25A2mNEn1mN
2 is the invariant mass of the

initial n-N system. For a given allowedW, the range ofQ2 is
found to be

Qmin
2 52ml

212En
c~El

c2pl
c!, ~54!

Qmax
2 52ml

212En
c~El

c1pl
c!, ~55!

whereEl
c5Aml

21pl
c2, En

c , and pl
c are the neutrino energ

and outgoing lepton momentum in the c.m. frame of
whole system~not the c.m. frame of the finalpN sub-
system!. Explicitly, we find

En
c5

WT
22mN

2

2WT
, ~56!

pl
c5AS WT

21W22ml
2

2WT
D 2

2W2. ~57!

III. CURRENT MATRIX ELEMENTS

To proceed, we need to construct current operatorsJm
5Vm2Am . The matrix elements of these currents are
input to solving the dynamical equations that are of the fo
of Eqs. ~2!–~6! with appropriate changes of notation
namely,vgN→vVN or vAN andGD→gN→GD→VN or GD→AN .
In the first part of this section, we present the non-D current
06520
-
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e

matrix elements. The amplitudes associated with theD exci-
tation will be given in Sec. III B.

A. Non-D amplitudes

We first consider the hadronic currents associated withp
and N degrees of freedom. Here the chiral symmetry is
guiding principle. These currents can be derived by using
well-developed procedures@29,30#. Within the SL model, we
also need to consider currents associated withr andv me-
sons. Since the electromagnetic currentJm

em is related to the

isovector vector currentVW m by Jm
em5Jm

isoscalar1Vm
3 , we can

use the CVC hypothesis to obtain the weak vector curr
from Vm

3 of SL model by isospin rotation. We find

VW m
•vW m5N̄Fgm2

kV

2mN
smn]nvW mG• tW

2
N

1
f pNN

mp
N̄gmg5tWN3pW •vW m1@pW 3]mpW #•vW m

1
gvpV

mp
eabgd@]avW b#•pW @]gvd#, ~58!

wherevW m is an arbitrary isovector function. Note thatr me-
son does not contribute to the charged vector currents c
sidered in this work sincer-p current is isoscalar.

To construct axial vector currents associated withp andN
degrees of freedom, we are guided by the standard effec
chiral Lagrangian methods@29,30# and follow the procedure
of SL model. We then obtain the following form of axia
vector current:

AW m5gAN̄gmg5

tW

2
N2 f rpArW m3pW 2F]mpW . ~59!

HereF593 MeV is the pion decay constant, andgA51.26 is
the nucleon axial coupling constant. Note thatv-p current is
G-parity violating second-class current and is not conside
here.

With the above current operators and the followi
Lagrangians from SL model,

LpNN52
f pNN

mp
N̄gmg5tWN•]mpW , ~60!

LrNp5grS N̄Fr”W 2
kr

2mN
smn]nrW mG• tW

2
N1pW 3]mpW •rW mD ,

~61!

LvNN5gvNNN̄Fv” 2
kv

2mN
smn]nvmGN, ~62!

we can evaluate the current matrix elements of the tree
grams illustrated in Figs. 1 and 2.

For vector current contributions~Fig. 1!, we have
1-5
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Vm~k, j ,q,i !5
1

~2p!3
A mN

2

2Ep~k!EN~p!EN~p8!
ū~p8!

3@VBorn
m ~k, j ,q,i !1Vv,p

m ~k, j ,q,i !#u~p!,

~63!

where the Born term@Figs. 1~a!–~d!# is

VBorn
m ~k, j ,q,i !5 i @Gp~k, j !SF~p81k!VN

m~q,i !

1VN
m~q,i !SF~p2k!Gp~k, j !#

1
f pNN

mp
e i jktkF2gmg5

2
~p” 82p” !g5

~p2p8!22mp
2 ~k1p2p8!mG ,

~64!

with

Gp~k, j !5
f pNN

mp
k”g5t j , ~65!

VN
m~q,i !5Fgm1 i

kV

2mN
smnqnG t i

2
, ~66!

and

SF~p!5
1

p”2mN

is the Dirac propagator. Thev-p term @Fig. 1~e!# is

ω

(a) (b) (c) (d) (e)

FIG. 1. Non-D vector current contributions. Dashed lines rep
sent pion. Waved lines represent the vector field.

ρ

(a) (b) (c)

FIG. 2. Non-D axial vector current contributions. Dashed lin
represent pion. Waved lines represent axial vector field.
06520
Vv,p
m ~k, j ,q,i !52d i j

gvNNgvpV

mp
Fga1

ikv

2mN
sab

3~p82p!bGe b8ga
m qb8~p82p!g

~p2p8!22mv
2

.

~67!

The r-p term has a similar form, but it is an isoscalar a
does not contribute to the charged currents considered in
investigation.

The non-D axial vector current amplitude has two part
The first part is due to the first two terms of Eq.~59! and is
illustrated in Fig. 2. The second part is due to the te
2F]mpW . Obviously, this interaction will induce a pion-pol
term illustrated in Fig. 3, where the shaded box is identica
Fig. 2 except that the axial vector field~waved line! is re-
placed by the pion field~dashed line!. For the non-pion pole
part of the axial current contributions~Fig. 2!, we have

ANP
m ~k, j ,q,i !5

1

~2p!3
A mN

2

2Ep~k!EN~p!EN~p8!
ū~p8!

3@ABorn
m ~k, j ,q,i !1Ar,p

m ~k, j ,q,i !#u~p!,

~68!

where the Born term is

ABorn
m ~k, j ,q,i !5 i @Gp~k, j !SF~p81k!AN

m~q,i !

1AN
m~q,i !SF~p2k!Gp~k, j !#, ~69!

with

AN
m~q,i !5gAgmg5

t i

2
. ~70!

The r-p term in Eq.~68! is

-

FIG. 3. Pion-pole term of axial vector current contributions. T
dashed-box represents either the non-D mechanisms of Fig. 2 or the
crossedD mechanism of Fig. 4~b!.
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Ar,p
m ~k, j ,q,i !52gr f rpAe i jk

tk

2 Fgm1 i
kr

2mN
smn

3~p82p!nG 1

mr
22~p82p!2

. ~71!

Taking a phenomenological point of view, we fix the co
pling constantf rpA in the above equation by using the so
pion limit,

f rpA5
mr

2

Fgr
. ~72!

The pion pole term~Fig. 3! can be easily obtained b
modifying ANP

m , defined by Eq.~68!, to include a pion
propagator. By using the partially conserved axial vector c
rent ~PCAC! relation, we find that this pion-pole term can b
easily included by the following procedure:

Am~k, j ,q,i !5ANP
m ~k, j ,q,i !2

qmq•ANP~k, j ,q,i !

q22mp
2

.

~73!

In the dynamical approach, as briefly reviewed in Sec
the nonresonant amplitudes will be integrated over thepN
scattering amplitudes. Thus the non-D amplitudes, as illus-
trated in Figs. 1 and 2, must be regularized by introducin
form factor at each vertex. Furthermore, the finite size effe
of hadron structure also require the inclusion of form facto
Fortunately, these form factors can be taken from the
model and other theoretical investigations. The vector c
rent matrix elements are regularized as those in SL mo
For axial current matrix elements, theA-NN vertex is regu-
larized by a dipole form factor,

FD~Q2!5
1

~11Q2/MA
2 !2

, ~74!

where MA51.02 GeV is taken from Ref.@31#. The p-NN
and r-NN form factors are taken from SL model@1#. The
A-r-p form factor is also assumed to be of the dipole fo
of Eq. ~74!. With these specifications, the non-D amplitudes
do not have any adjustable parameters in our investigati

B. D Amplitudes

The D has two contributions to weak pion productio
reactions, as shown in Fig. 4. The resonant amplitude is
to the formation of aD in s channel@Fig. 4~a!#. The crossD
term, Fig. 4~b!, is part of the nonresonant amplitude. Ea
term has a corresponding pion-pole term illustrated in Fig
and these pion-pole terms must be also included in our
vestigations.

To calculate theseD amplitudes, we need to define th
matrix elementŝ DuVmuN& and ^DuAmuN&. The vector cur-
rent matrix element̂ DuVmuN& can be obtained from SL
model by appropriate isospin rotations. Here we focus on
axial vector current matrix element.
06520
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It is well known @25,19# that the most general form o
axial vector current matrix element can be written as

^DuAm i uN&5ūDn~p8!GA
mnTiu~p!, ~75!

with

GA
mn5d1~q2!gmn1

d2~q2!

mN
2

Pa~qagmn2qngam!

2
d3~q2!

mN
2

pnqm1 i
d4~q2!

mN
2

emnabPaqbg5 ,

where uDn(p) is the spin-3/2 Rarita-Schwinger spinor,q
5p82p, P5p81p, and Ti is the i th component of the
isospin transition operator~defined by the reduced matri
element ^3/2uuTuu1/2&52^1/2uuT1uu3/2&52 in Edmonds
convention@32#!.

It is useful to explore here the meaning of each fo
factor of Eq. ~75!. Since uDn(p8)5u(p8)eD,n(p8), where
eD,n(p8) is an unit four-vector, we can rewrite Eq.~75! as

^DuAm i uN&5ū~p8!F S d1~q2!1
P•q

mN
2

d2~q2!D eD
m

1@2d2~q2!Pm1d3~q2!qm#
q•eD

mN
2

1 i
d4~q2!

mN
2

emnabeD,nPaqbg5GTiu~p!.

~76!

In the rest frame of aD on the resonance energy (p8
5(mD ,0),p5 „EN(q),2q…, q5„mD2EN(q),q…,eD 5 (0,e),
ū„p85(mD,0)…5(xD

1,0), and u(p)}xN , where xb is the
Pauli spinor!, the space and time components of Eq.~76!
become

∆∆

(a) (b)

FIG. 4. The D current contributions. Dashed lines represe
pion. Waved lines represent either the vector field or axial vec
field.
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^DuAi uN&5AEN1mN

2mN
F S d11

mD
2 2mN

2

mN
2

d2D S

2~d21d3!
~S•q!q

mN
2

2 id4

S3q~s•q!

mN
2 ~EN1mN!

GTi ,

~77!

^DuA0i uN&5AEN1mN

2mN
Fd2

S•q~mD1EN!

mN
2

2d3

S•q~mD2EN!

mN
2 GTi , ~78!

where we have defined the transition spinS5xD
1exN ~the

reduced matrix element̂32 uuSuu 1
2 & is identical to that of the

transition isospinT). The above expression suggests th
d1 ,d2 terms describe the Gamow-Teller transition andd4
describes the quadrupole transition. The term ofd3 comes
from the pion-pole term illustrated in Fig. 3.

For simplicity, we now follow Ref.@19# to fix the form
factorsdi(q

2) at q250 using the nonrelativistic constituen
quark model. The axial vector current operator for a const
ent quark is derived from taking the nonrelativistic limit

the standard formgAqq̄gmg5
t
2 q. By using a procedure simi

lar to Eq. ~73! based on the PCAC relation, we then c
extend the resulting current operator to also include the p
pole term contribution~Fig. 3! induced by the curren
2F]mpW of Eq. ~59!. The total axial vector current operato
associated with a constituent quark model are found to b
the following forms

^p8uAi up&5gAqFs1
q

q22mp
2

s•qG t i

2
, ~79!

^p8uA0 i up&5gAqFs•~p1p8!

2mq
1

q0

q22mp
2

s•qG t i

2
, ~80!

wherep is the quark momentum, ands andt are the quark
spin and isospin operators, respectively. By using the s
dard nonrelativistics-wave quark wave functions forN and
D, it is straightforward to obtain

^pN8 uAi upN&5S 5

3
gAqD Fs1

q

q22mp
2

s•qG t i

2
, ~81!

^pN8 uA0i upN&5S 5

3
gAqD Fs•~pN8 1pN!

2~3mq!
1

q0

q22mp
2

s•qG t i

2
,

~82!

and

^pDuAi upN&5
1

2
A72

25S 5

3
gAqD FS1

q

q22mp
2
S•qGTi ,

~83!
06520
t

-

n-
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^pDuA0i upN&5
1

2
A72

25S 5

3
gAqD FS•~pD1pN!

2~3mq!

1
q0

q22mp
2
S•qGTi . ~84!

In the above equations,pN andpD are the momenta forN and
D respectively, and we have expressed the right hand side
terms of usual nucleon spin and isospin operators and
D-N transition operatorsS andT ~as defined above!.

If we set 3mq5mN and 5
3 gAq5gA(0)51.26, Eqs.~81!

and~82! can be identified with the usual nonrelativistic for
for the nucleon axial current matrix element atq250. This
then fixes the value ofgAq which also determine Eqs.~83!
and ~84! for the axialN-D transitions.

Comparing Eqs.~83! and ~84! evaluated at theD rest
frame (pD50), and Eqs.~77! and~78! taken in the nonrela-
tivistic limit ( EN→mN andq2/mN

2 →0), we find that

d1~Q0
2!5gA* ~Q0

2!S 11
mD

2 2mN
2

2mN~mD1mN!
D , ~85!

d2~Q0
2!52gA* ~Q0

2!
mN

2~mD1mN!
, ~86!

d3~Q0
2!52gA* ~Q0

2!
mN

2

q22mp
2

, ~87!

where gA* (Q0
2)5(1/A2)( 6

5 gA). Here we also follow Ref.
@19# to assume that the quark model results, Eqs.~83! and
~84! are for the momentum transferq05(mD2mN ,0) and
Q0

252q0
25(mD2mN)2. Equations~85!–~87! agree with the

results of Ref.@19# if we neglect the difference betweenmN
andmD .

To account for theq2 dependence, we assume that

di~Q2!5di~0!F~Q2!, ~88!

whereF(Q2) will be specified in the following section. For
given choice ofF(Q2), we can use Eqs.~85!–~87! to obtain
di(0)5d(Q0

2)/F(Q0
2). The form factors di(Q

2) for i
51,2,3 of the covariant form in Eq.~75!, which is used in
our numerical calculations, are then completely fixed by
constituent quark model calculation. We neglect theD defor-
mation in this work and setd4(q2)50.

With the axial N-D vertex specified above and thepN
model constructed in Ref.@1#, the dressedAN→D vertices
@i.e., Eqs.~4! and ~5!# can be calculated for evaluating th
resonant amplitude@Fig. 4~a!#, i.e., the second term of Eq
~2!. With the pND interaction Lagrangian LpND

5 f pND /mpc̄D
m(x)TW N(x)•]mpW (x) of SL model, the crossD

term @Fig. 4~b!# is found to be
1-8
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DYNAMICAL MODEL OF WEAK PION PRODUCTION . . . PHYSICAL REVIEW C67, 065201 ~2003!
ADE
m ~k, j ,q,i !

5
1

~2p!3
A mN

2

2Ep~k!EN~p!EN~p8!
ū~p8!

3I DE
m ~k, j ,q,i !u~p!, ~89!

with

I DE
m ~k, j ,q,i !5 i

f pND

mp
Ti

1GA
†mnSnd~p2k!Tjk

d. ~90!

where the Rarita-Schwinger propagatorSmn(p) is given ex-
plicitly in Eq. ~3.18! of Ref. @1#.

The above derivations allow us to use the constitu
quark model to calculate theD amplitudes. This complete
our derivations of the weak current matrix elements wh
are the inputs to the dynamical equations, Eqs.~2!–~4!, with
the subindexg replaced by eitherV or A.

IV. RESULTS AND DISCUSSIONS

As presented in Sec. III A, the non-D amplitudes, illus-
trated in Figs. 1 and 2, do not have any adjustable parame
in this investigation. While more theoretical investigatio
may be needed to refine these nonresonant amplitude
may not be necessary at this time since the weak pion
duction data are still limited. Instead, we focus on the inv
tigation of the axial vectorN-D transition form factors de-
fined in Sec. III B.

To proceed, we first recall theN-D form factors intro-
duced in SL model. For the bare magneticM1 N-D transi-
tion, it was taken as

GM~Q2!5GM~0!RSL~Q2!GD~Q2!, ~91!

whereGD(Q2)51/(11Q2/MV
2)2, with MV

250.71 GeV2 be-
ing the usual dipole form factor of the nucleon, and the c
rection factor is defined as

RSL5~11aQ2!exp~2bQ2!. ~92!

By fitting the pion photoproduction and electroproducti
data up to Q254 (GeV/c)2, it was found thatGM(0)
51.85, a50.154 (GeV/c)22, and b50.166 (GeV/c)22.
Here we remark that if we follow the same procedure giv
in Sec. III B to also calculate thegN→D transition using
nonrelativistic quark model, we find that the quark mod
~Q.M.! yields GM

Q.M .(Q0
2)52.37 for Q0

25(mD2mN)2. This
value is very close to the valueGM(Q0

2)52.42, which can
be obtained from SL model by using Eqs.~91! and~92!. This
suggests that the use of Eqs.~85!–~87! for defining di(Q0

2)
of the axialN-D form factors is a good starting point of ou
investigations. As a continuation of SL model, we therefo
first consider a model, called model I, which assumes
the form factor of Eq.~88! is

F~Q2!5RSL~Q2!GA~Q2!, ~93!
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where RSL(Q
2) is given in Eq. ~92!, and GA(Q2)51/(1

1Q2/MA
2)2 with MA51.02 GeV of the nucleon axial form

factor @31#.
We first compare the total cross sections predicted

model I with the data@33#. The results are shown in Fig. 5
We see that the predictions~solid curves! agree reasonably
well with the data for three pion channels. For the data
neutron target, our predictions~solid curves in the middle
and lower figures! are in general lower than the data. This
perhaps related to the procedures used in Ref.@33# to extract
these data from the experiments on deuteron target.

One of the main features of the dynamical approach ta
in this work is to renormalize~dress! the N-D transitions
with the dynamical pion cloud effect, as described Eqs.~4!
and~5!. The importance of this effect is shown in Fig. 5. W
see that our full calculations~solid curves! are reduced sig-
nificantly to dotted curves if we turn off the dynamical pio
cloud effects. If we further turn off the contributions from
bare N-D transitions, we obtain the dashed curves wh
correspond to the contributions from the nonresonant am
tudes ~Figs. 1–3!. Clearly, the nonresonant amplitudes a
weaker, but are also essential in getting the good agreem
with the data since they can interfere with the resonant a
plitudes.

We next compare theQ2 dependence of the differentia
cross sectionsds/dQ2 predicted by model I with the data
from ANL @33# , BNL @21#, and CERN@34#. Here we need to

0

0.2

0.4

0.6

0.8

σ 
[1

0−3
8 cm

2 ] νµp−>µ−π+p

0

0.2

0.4

0.6

σ 
[1

0−3
8 cm

2 ] νµn−>µ−π0p

0

0.2

0.4

0.5 1 1.5 2 2.5

σ 
[1

0−3
8 cm

2 ]

Eν [GeV]

νµn−>µ−π+n

FIG. 5. Total cross sections ofN(nm ,m2p)N reactions pre-
dicted by model I. The data are from Ref.@33#. The solid curves are
from full calculations. The dotted curves are from turing off pio
cloud effects onN-D transitions. The dashed curves are the con
butions from the nonresonant amplitude.
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account for the variation of neutrino flux in the experimen
at ANL @33# and BNL@21#. We calculate the following quan
tity:

ds̄

dQ2
5F E

Emin

Emax
dEn

N~En!

smodel~En!

dsmodel

dQ2
~En!G Y

F E
Emin

Emax
dEn

N~En!

smodel~En!G , ~94!

whereN(En) is the distribution of events in neutrino energ
En which is within the range betweenEmin and Emax, and
smodel(En) is the calculated total cross section. The distrib
tions N(En) are given in Fig. 6 of Ref.@33# and Fig. 4 of
Ref. @21#.

The predictions from model I are compared with the AN
data@33# in Fig. 6. We see that our predictions~solid curve!
agree reasonable well with the data both in magnitude
Q2 dependence. In Fig. 6 we also compare the contributi
from vector current~dot-dashed curve! and axial vector cur-
rent ~dotted curve!. They have rather differentQ2 depen-
dence in the lowQ2 region and interfere constructively wit
each other to yield the solid curve of the full results. Sin
vector current contributions are very much constrained
the (e,e8p) data, the results of Fig. 6 suggest that the ax
vector currents constructed in Sec. III are consistent with
data.

For comparing with the BNL data@21#, we normalize the
calculatedds̄/dQ2 to the events data of Fig. 5 of Ref.@21# at

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

0 0.2 0.4 0.6 0.8 1

dσ–
/d

Q
2 [1

0−3
8 cm

2 /
G

eV
2 ]

Q2[GeV2]

Tot
V
A

FIG. 6. Differential cross sectionsds̄/dQ2 of p(nm ,m2p1)p
reaction averaged over neutrino energies 0.5 GeV,En,6 GeV.
The curves are from calculations using Eq.~94!. The dotted curve
~dot-dashed curve! is the contribution from axial vector currentA
~vector curentV). The solid curve is from our full calculations with
V-A current. The data are from Ref.@33#.
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Q250.2 (GeV/c)2. As shown in Fig. 7, the data can be r
produced very well by model I. The BNL data was used
the most recent attempt@21# to extract the axialN-D form
factor. We will discuss this later.

The comparison with CERN data@34# is given in Fig. 8.
Here the data have some structure, which is perhaps ma
due to the poor statistics of experiment. We see that mod
can reproduce the main feature of theQ2 dependence.

To explore the effects due to the dynamical pion cloud
the N-D form factors, it is instructive to recall here the re
sults of Ref. @2# for the magneticM1 gN→D transition.
This result is displayed in the left panel of Fig. 9. We see t
the pion cloud effect is essential in explaining the empiri

1

10

100

0 0.5 1 1.5 2 2.5 3

E
ve

nt
s/

0.
05

G
eV

2

Q2[GeV2]

FIG. 7. The differential cross sectionsds̄/dQ2 of
p(nm ,m2,p1) reaction calculated using Eq.~94!. The data are
from Ref. @21#.
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0 0.2 0.4 0.6 0.8 1

dσ
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Q
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0−3
8 cm

2 /
G
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FIG. 8. Differential cross sectionsds/dQ2 of p(nm ,m2p1)p
reaction at neutrino energyEn515 GeV. The data are from Ref
@34#.
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DYNAMICAL MODEL OF WEAK PION PRODUCTION . . . PHYSICAL REVIEW C67, 065201 ~2003!
values extracted directly from the data. The correspond
dynamical pion cloud effect on the axialN-D form factor is
shown in the right panel of Fig. 9. We again see fairly siza
contribution from dynamical pion cloud. We stress that t
empirical form factor, such as that extracted@21# from BNL
data, can only be compared with our dressed form fac
since the dressed form factor, not the bare form factor,
rectly determines the reaction amplitude, Eq.~2!. The differ-
ences between the solid and dotted curves in Fig. 9 exp
the observation@19# that the quark model prediction of axia
vector N-D strength atQ2→0 is lower than the empirica
value of Ref.@21# by about 35%. This is simply due to th
fact that the dynamical pion cloud is not included in consti
ent quark model calculation and most of the hadron mo
calculations ofN-D transitions. It is also interesting to ob
serve from Fig. 9 that the pion cloud effect on the axialN-D
form factor is mainly to increase the magnitude, not much
change the slope. On the other hand, both the magnitude
slope of the magneticM1 form factor~left-hand side of Fig.
9! are significantly changed by including the pion cloud
fects.

To see the dependence of our predictions on the par
etrization of axialN-D form factor, we next consider mode
II which differs from model I only in replacing the correctio
factorRSL of Eq. ~93! by a different form. Rather arbitrarily
we consider a form used in Refs.@25,21,19#. The axialN-D
form factor in this model II is also defined by Eq.~88! with

F~Q2!5RII ~Q2!GA~Q2!, ~95!

whereGA(Q2) is the axial nucleon form factor of Eq.~93!
and

RII 5S 11a
Q2

b1Q2D , ~96!

with a521.21 andb52 (GeV/c)2.
The main difference between models I and II is in det

mining di(0)5d(Q0
2)/F(Q0

2) from the quark model value
di(Q0

2) given in Eqs. ~85!–~87!. We find that 1/F(Q0
2)

51.20 for model I and 1/F(Q0
2)51.26 for model II. Thus

these two models are already different atQ2→0. Their Q2

0

1

2

3

0 1 2 3 4

G
M*

/G
D

Q2 [(GeV/c)2]

Dressed
Bare

0

0.5

1

1.5

0 0.5 1 1.5 2

G
A*
/G

A

Q2 [(GeV/c)2]

FIG. 9. TheN-D form factors predicted by model I, left pane
magneticM1 form factors given in Ref.@2#, right panel: axial vec-
tor form factor. The solid curves are from full calculations. T
dotted curves are obtained from turning off the pion cloud effe
GD51/(11Q2/MV

2)2 with MV50.84 GeV is the usual proton di
pole form factor andGA51/(11Q2/MA

2)2 with MA51.02 GeV is
the axial nucleon form factor of Ref.@31#.
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dependence are compared in Fig. 10. We see that the
factor of model II~dotted curve! are much lower than that o
model I ~solid curve!. Consequently, the weak pion produ
tion cross sections calculated from model II are found to
about 20% lower than the data. This is illustrated in Fig.
We find that model II can fit the data better if we increase
strengthsdi(0) of axialN-D form factor by 20%. The results
shown in Figs. 10 and 11 demonstrate the sensitivity of
data to the form of the bare axialN-D form factor. The data
clearly favor the form factor of Eq.~93!.

As seen in Eqs.~2! and~4!, the empiricalN-D form factor
extracted directly from the data, such as those obtaine
Ref. @21#, can only be compared with our dressed form fac

Ḡ. The comparison is given in Fig. 12. We see that they
not agree well, in particular in the highQ2 region. The dif-
ferences mainly come from the fact that the nonresonant
plitudes of the Adler model, which was used@21# in extract-
ing the empiricalN-D form factors, are rather different from
what we have in our dynamical model. With the very limite
data, it is not possible to exclude one of these two rat
different results. Clearly, more precise data are needed f
better test of our models.

.

0

0.5

1

0 0.5 1 1.5 2

F
(Q

2 )

Q2[GeV2]

FIG. 10. Bare axialN-D form factors for model I~solid curve!
and model II~dotted curve!.
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FIG. 11. The total cross sections ofp(nm ,m2p1)p calculated
from model I ~soild curves! and model II~dot curves!.
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T. SATO, D. UNO, AND T.-S. H. LEE PHYSICAL REVIEW C67, 065201 ~2003!
To stimulate future experimental efforts, we now pres
two predictions of model I in Figs. 13 and 14. In Fig. 13, w
present theQ2 dependence of differential cross sections
W51.1, 1.2, 1.236, 1.3 GeV. TheW dependence atQ2

50.1, 0.5, 1.0, 1.5 (GeV/c)2 is shown in Fig. 14.

V. CONCLUSIONS

We have extended the dynamical model of Refs.@1,2# to
investigate weak pion production reactions in theD region.
The calculations for neutrino-induced reactions have b
performed by using the current matrix elements illustrated
Figs. 1–3. The parameters for the nonresonant terms~Figs. 1
and 2! are taken from the previous investigations of pi
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FIG. 12. Compare the dressed axialN-D form factor predicted
by model I ~solid curve! with the empirical form factor~dot-dash
curve! determined in Ref.@21#.
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FIG. 13. The predicted differential cross sectionsds/dWdQ2

for p(nm ,m2p1)p at neutrino energyEn52 GeV and invariant
massW51.1 ~dashed!, 1.2 ~dotted!, 1.236~solid!, 1.3 ~dot-dashed!
GeV.
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electroproduction. The bareN-D transitions atQ2→0 are
fixed by the constituent quark model. With the axialN-D
form factor given in Eqs.~85!–~87!, the predicted total cross
sections and the differential cross sectionsds/dQ2 agree
reasonably well with the existing data.

We have analyzed the calculatedN-D form factors. Simi-
lar to the finding of the (e,e8p) studies@1,2#, we show that
the constituent quark model prediction of axial vectorN-D
form factor atQ2→0 is consistent with the data. The dis
crepancy observed in Ref.@19# is due to the dynamical pion
cloud effect that is not included in the constituent qua
model calculation.

An unsatisfactory aspect of the present investigation is
lack of extensive and good quality data. Thus the axial vec
N-D form factor extracted@21# from the data relied heavily
on model assumptions, and hence the origins of the dif
ences seen in Fig. 12 are not clear. It will be very usefu
have sufficient data for performing partial wave decompo
tion, like what have been routinely performed in (e,e8p)
studies, such that theN-D form factor can be extracted
model independently. Hopefully, the situation will be im
proved in the near future when new neutrino facilities w
become available.
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