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We consider a soluble model of multifragmentation which is similar in spirit to many models that have been
used to fit intermediate energy heavy-ion collision data. We drgaVadiagram for the model and compare
with a p-V diagram obtained from a mean-field theory. We investigate the question of chemical instability in
the multifragmentation model. Phase transitions in the model are discussed.
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[. INTRODUCTION volume V within which there areA nucleons A=Z+N).
The partition function of the system is given by
Statistical models of multifragmentation have long been
used to explain data from heavy-ion collisions. Such a model wi”‘j'i
was first invoked for Bevalac result§,2], and similar physi- Qzn=2 11 P (2.1
cal ideas, but with many substantial variations, were subse- R

quently used for intermediate energy heavy-ion COIHSiO”SHerenij is the number of composites with proton number
[3—5]. In this work we consider a model of multifragmenta- onq neytron numberand o, ; is the partition function of a
tion, variations of which have found many applications in thesingle composite with protén, neutron numbéyis respec-
literature[6—11,13. Thermodynamic properties of a simpler ey The sum is over all partitions &N into clusters and
version of this model have also been discuddéd-17. The nucleons subject to two constraillntsi in =7 and
model we use here has two kinds of particles but no Cous. in. =N, These constraints would apl)i:])ea{’rj to make the
lomb interaction. Throughout the rest of this paper we WilIC(I)Yranle]tation 0fQ, , prohibitively difficult, but a recursion
refer to this model as the thermodynamic model. Typica"y'relation exists Wﬁ'i?:h allows the comput:'sltion Q%  quite

the number of particles in our model is 200, although we als
O . . th t for | N [12]. Th
use systems containing as many as 1000 particles. While Wgasy on the computer even for largeor N [12] ree

A X : guivalent recursion relations exist, any one of which could

cogld .have eas_lly !ncluded a Co'ulomb mteractlon'term, OUle used. For example, one such relation is
objective here is different. The aim here is to test if because
of two kinds of particles two features that have been dis- 1
cussed widely in recent literatutfom studies in mean-field Qzn=73 2 10 jQzinj- (2.2
theory) persist in the thermodynamic model. These features Z ]
are chemical instabilityanalogous to mechanical instability
and first order transition turning into second order. We there
fore need to highlight some features that are present both iRy
the thermodynamic model and in mean-field theories when
mean field theories are applied to intermediate energy heavy (i y=wi;
ion physics. Typically, mean-field theories use homogeneous ' " Qzn
infinite matter(hence no surface energy temnand no Cou-
lomb interaction. Finite systems with Coulomb and surfac
terms have also been includgil] in mean-field models, but v
this makes discussions more complicated and we want to _ Vi . 32
stay at the simplest level. As shown in RES], surface en- @LiT h3[277(| FHMTIEXG int @4
ergy terms play an important role in a thermodynamic model
and are included. Moreover, since we will concentrate orHereV; is the free volume within which the particles move;
two component systems, symmetry energy terms are inv is related toV throughV;=V—V,,, whereV,, is the
cluded as they are also in mean-field theories. excluded volume due to finite sizes of composites. This is the
only interaction between clusters we try to simulate. Thus the
thermodynamic model is not an exact description of the sys-
tem considered here but another approximation to it which

The thermodynamic model has been described in manhas some interesting features that we hope to show. This
places[6,7,11]. For completeness and to enumerate the parestricts the validity of the model to low densitye., large
rameters we provide some details. V). Further, we take/,, to be fixed, independent of multi-

Assume that the system that breaks up after two ions hiplicity. In reality, V., should depend upon multiplicity18].
each other can be described as a hot equilibrated nucleslve take it to be constant and equaMg=A/pq, Wherepg is
system characterized by a temperatlir@and a freeze-out the normal nuclear density amdis the number of nucleons

The average number of particles of the speci¢ds given

Qz-in-j 2.3

éAII nuclear properties are contained &) ;. It is given by

II. THE THERMODYNAMIC MODEL
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of the disassembling system. As in previous applications, we By equation of statédEOS we meanp—V diagrams for
restrict the model to freeze-out densities less thdp,  fixed temperatures. This can be obtained by exploiting the
=0.5, that is,V=2V,,. The factorq; j in: is the internal par-  equationp=T(dIn Qzn/dV;). From Egs(2.1) and(2.3), this

tition function of the composite. Define=i+j. Then reduces t@=(T/V¢)(Z(n; ;)—1), where— 1 within the pa-
rentheses corrects for center of mass motion. The simplicity
B 3 (i—j)? ) of this formula suggests that we just have a noninteracting
Q;jint=€XxgWa—oa™—s——+aTe| / T. gas with many species witti being replaced by . But this

(2.5  is deceptive. In factE(n; ;) (which is the multiplicity is not
fixed but varies as a function of both temperatdreand
Here W=15.8 MeV, 0=18 MeV, s=23.5MeV, ande volumeV, thus this is not anything as simple as a mixture of
=16.0 MeV. The reader will recognize the volume, surfacenoninteracting species. It is indeed interactions that make or
and symmetry energy of the clustef and the contribution break clusters to produce the final equilibrium or statistical
to the internal partition function from excited states in thedistribution of fragments. In this sense interactions are also
Fermi-gas formulation. Foa(=i+j)=5 we use this for- included.
mula. For lower masses we simulate no Coulomb case by Since ours is a canonical model, we do not need the
setting the binding energy ofHe equal to the binding en- chemical potentialg., (proton chemical potentiaand w,,
ergy of 3H and binding energy ofLi equal to the binding but we compute them anyway from the relation
energy of *H. In the weight of Eq.(2.4) we have not in- =(dJF/dn)y . We know the values 0Q; y,Qz_1n, and
cluded a Fisher droplet modelwhich is a power law pref- Qzn-1. SinceF is just —TInQ, we computeu, from u,
actor that is important around the critical point. Away froma=—T(InQzy—INQz_;y) and u, from —T(INQy
critical point, exponential terms dominant the weight and this—In Qz—1). Indeed, the grand canonical version of the ther-
is the region we study in this paper. Such a term can b&nodynamic model we are solving has been known for a long
included, but our main focus is on the role of the symmetrytime in heavy ion collision physid]. There theu, and u,
energy in two component systems and related questions @frise naturally. We have checked that the grand canonical
chemical instability. values ofu, and u, are indeed very close to the ones we
For a givena, what are the limits om (or j=a—i)? This  derive by exploiting the canonical partition functions whose
is a nontrivial question. In the results we will show, we havevalues we know numerically. Throughout this work, when-
taken limits by calculating the drip lines of protons and neu-ever we plotu’s we have obtained the values from a canoni-
trons as given by the above binding energy formula. Limitingcal calculation. One might think that since our model has
oneself within the drip lines is a well-defined prescription, many species there should be man'g, but, in fact, allu’s
but is likely to be an underestimation since resonances shoean be expressed in terms of only, and u,,. Since our
up in particle-particle correlation experiments. On the othemodel is based solely on phase space, chemical equilibrium
hand, for a givem, taking the limits ofi from 0 toais s, in fact, implied.
definitely an overestimation.
There is another consideration that restricts the validity of IIl. A MEAN-FIELD MODEL
the model. We have assuméHg. (2.1)] that the standard ) ]
correctionn; ;! takes care of antisymmetry or symmetry of ~\We want to contrast the model above with mean-field
the particles. In the rang&>3 MeV andp/p,<0.5 this is theorles. Our'mean—fleld calculatlon uses the simplest quel
usually true. At low temperatures where one might appre_cons!stent with nyql_ear matter binding energy, saturation
hend the usual correction to fail, it survives because man§l€nsity, compressibility, and symmetry energy for asymmet-
composites appear, thus there is not enough of any particul&ic matter. The potential energy density is taken to be
species to makéanti)symmetrization an important issue. At
p

A A o+1

much higher temperature the number of protons and neutrons V( )= u I 2 2
, — + _( + )+ - .
Pn:Pp 00 PnPp 200 PnT Pp e

increase but as is well known, the correction takes the o+l
approximate partition function towards the proper one at (3.2
high temperature. We define=2/(Z+N), whereZ and N
are the total proton and neutron numbers of the disintegratinjere po=0.16 fm™* and p, and p;, are neutron and proton
system and the theory works even at low temperaturgssif ~ densities ang= p,+p,,. The dimensionless constamtand
in the vicinity of 0.5. But, for example, &=5.0 MeV and Ay, A;, B (all in MeV) are chosen to reproduce nuclear
y=0 (neutron matter this is a terrible model. Now the num- matter binding at 16 MeV per particle, saturation density at
ber of neutrons is large and the temperature is not high an@.16 fm 3, compressibility at 201 MeV, and symmetry en-
Fermi-Dirac statistics must be enforced. This was studied@rgy at 23.5 MeV. The energy per particlacluding kinetic
quantitatively in Ref[19]. In our applications of the thermo- €nergy at T=0 is

ﬂ) ’
encompasses the drip lines and so the model, which was ppo  2ppo Po
devised for intermediate energy heavy-ion collisions, will be

dynamic model we will confing to be between 0.3 and 0.7
andT=3 MeV. This is indeed not very restrictive since this E/A=A PnPp n A
u
. 2 12 7. X p 2p 2/3 2 2/3
applicable. Fort?*sn+ 124sn collisions, a much studied case, +22_135<[_P(_p) 4 ﬁ(ﬂ) } 3.2
the value ofy is 0.4. p\ po e\ po

(P2t 2+ —
noer o+l
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is the straightforwardp-p diagram, the other one is with
Maxwell construction. We notice that without the Maxwell
construction, the mean-field EOS is widely different from the
one obtained from the thermodynamic model. The dia-
gram with Maxwell construction is much closer specially at
temperature 7 MeV. Thp-p diagrams aff =10 MeV in the

two models are not that close. At least part of the reason is
that the thermodynamic model is drawn for exactly 200
nucleons but the mean-field theory uses a grand canonical
ensemble and hence is applicable to infinite systems only.
We have checked that for a system of 500 nucleons, the
thermodynamiqp-p diagram is closer to the Maxwell con-
structedp-p diagram. Foly=0.3 andy=0.4 we have drawn
merely the straightforwarg-p diagram. In these cases, the
coexistence line in a mean-field theory is no longer horizon-
tal but has a slope with the liquid endpoint at a somewhat
higher pressure than the gas endpoint as shown in Refs.

FIG. 1. The EOS in the thermodynamic model at different tem-[21’22]'

peratures 7 and 10 MeVleft and right panels, respectiveland

We want to point out that regions of negative compress-

with different proton fractions. The dotted lines represent the EOZbility (dp/dp<0) which are common in mean-field theory
in the thermodynamic model. The dashed lines are the straightfolMaxwell construction eliminates thesare almost absent in

ward EOS in the mean-field model. Fp# 0.5 a Maxwell construc-
tion is also done in the mean-field modsblid line). For the cases

the thermodynamic modéthey are present when plotted in
an expanded scale, see Fig.ahd one would be tempted to

y=0.4 andy=0.3, the coexistence line in a mean-field theory is noconclude that the thermodynamic model is a good lowest
longer horizontal but has a slope with the liquid endpoint at a someerder approximation. The thermodynamic model includes all
what higher pressure than the gas endpoint, as shown in Reflnhomogeneous distributions of matter from single nucleons

[21,22. and light clusters with gaslike behavior to very large liquid-
like clusters. This feature approximates the Maxwell con-
The values of the constants are:ic=7/6,A, struction incorporated into a mean field theory which splits

=—379.2 MeV,A,=—334.4 MeV, andB=303.9 MeV.
The Hartree-Fock energy of an orbital is given by

the system into two parts with liquid and gas densities. The
very small region of negative compressibility left over has its
origin probably in the finite particle number effect and is not
an inherent error in the model. This is dealt with again in
Sec. VII. Mean-field theory descriptions of two component
systems introduce new features into the description not
present in one component systems. Specifically, a new vari-
able has to be introduced, such as the proton fracyion
which can be different in the two phases. The liquid phase
can have one value of with the gas phase having another
value, while still maintaining the total number of protons and
Similarly u, is extracted fromp,. The pressure has contri- neutrons. With a new variable, the coexistence curve and
butions from kinetic energy and potential energy. The contriinstability curve of one component systems become surfaces
bution from kinetic energy is calculated from well-known in p, T, andy for two components. In mean-field descrip-
Fermi-gas model formula. Contribution to pressure from in-tions, the first order phase transition of one component sys-

e=p?I2m+Ay(pu/po) + Ai(pi/po) +B(plpg)”. (3.3

The value ofu,, is found by solving for a givep, and 8
=1/T,

_877[% p2dp
PP 3 Jo exd Blep—pp)1+1°

(3.9

teraction is tems becomes a second order phase transition in two com-
ponent systems. Moreover, mechanical instability and
Ay A 2 by O p\7 chemical instability no longer coincide. We now turn our
pSkae_gp“pPJrz_m[(p“) +(pp) 1+ 7B ool ¥ attention to features associated with chemical instability in
(3.5  our model.

IV. EOS IN THE THERMODYNAMIC MODEL V. ISOSPIN FRACTIONATION

Figure 1 shows th@-p diagrams at constant temperature  Isospin fractionation is a well-established experimental
for the thermodynamic model. We restrict the valueyof phenomenorj20]. If the disintegrating system has a given
=pp/(pp+ pn) between 0.3 and 0.5 andp, between 0 and N/Z>1 then, after collision, the measuret,/n, ratio
0.5 because outside these ranges the validity of the thermgwheren,,,n, are measured single neutron and proton yields,
dynamic model is significantly reduced. For the case respectivelyis higher tharN/Z. Similarly, the ratio of mea-
=0.5 we also show the EOS obtained from the mean-fieldured(n, ,)/(n, 1) is higher than what one might expect from
theory. Two curves are drawn for the mean-field model. Onehe N/Z ratio of the disintegrating system. This then implies
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that if there is a large chunk left after the breakup it must T
have an/z ratio lower than originaN/Z since the total num- A=200, p/p,=0.27
ber of neutrons and protons must be conserved. If we char- oass |
acterizen/z ratio, etc., in terms of the parametgie have %
been using, then §sourceiS less than 0.5, theyof the large >
chunk is greater thams,ce and(np)/((ny)+(ny)) is less

than Ysource:

A priori, it would seem difficult to get this aspect out of a 0.3
mean-field model but in a seminal piece of work Muller and
Serot have demonstrated how this might come a2
In mean-field theory, analogous to mechanical instability
(dp/dp<<0) there appear regions of chemical instability, i.e.,
dppldy<0 (or dun/dy>0), when two kinds of particles
are involved. One can avoid this unphysical region of chemi- &4+
cal instability but then needs to consider splitting the system"
into two parts, each homogeneous but distinct from the other, 0° = 03 oa 05 05
one belonging to the liquid phase with highevalue and the Ysource
other to the gas phase with lowgwvalue. One consequence _ _ o _
of this is that the phase transition takes place neither at con- F!G. 2. Example of isospin fractionation in the thermodynamic
stant pressure nor at constant volume and what would haJ8°de!-y of the largest clusteitop panel is plotted in the top panel.
been a first order phase transition, becomes a second ordEF'Sy's_ larger than thg value of the whole system. The _Iower part
phase transition. of the figure shows that the gas of nucleons is very rich. For ex-

In the thermodynamic model, isospin fractionation hap—inzp:\j’ fory=0.4 andT=7-10 MeV, (n,)~1n,) while for T
. =4 MeV, (n,)=~100n,).

pens naturally. In general, the model has, as final products, P

all allowed compositesa,b,c,d, ..., where the composite

labeleda hasy, =i, /(i,+].), Wherei,,]j, is the number of

protons and number of neutrons, respectively, in the compo

ite a. The only law of conservation iE=2,i,Xn, andN

=>,aXN,. So a large chunk can exist with highgthan

that of the whole system and populations of other species ¢

adjust to obey overall conservation laws. Whatever partitio

lowers the free energy will happen. The thermodynamic

model is dramatically different from mean-field models. The

most significant difference is that, in the thermodynamic v/ |NSTABILITY IN THE THERMODYNAMIC MODEL

model, if we prescribe that dissociation takes place/at

=0.3 we still have only clusters with normal nuclear density ~Figure 1 shows that compared to the mean-field model,

and properties and also nucleons. It is just that there ar&egions of mechanical instability withip/dp<0 nearly dis-

empty spaces between different clusters and nucleons in topear in the thermodynamic model. In an expanded scale,

region of dissociation. But in mean-field modelsp,=0.3  they are more readily se€Rig. 3) where we have drawp-p

will imply that the nuclear matter is uniformly stretched to diagram for a constant temperatufe=7.0 MeV but differ-

this density. While this can happen as a transient phenonenty’s.

enon such as in transport calculation, whether this can also We clearly have some regions of mechanical instability.

exist as an equilibrium situation is highly questionable. ~ Chemical instability implies du,/dy), +<0. We investi-

An example of isospin fractionation in the thermody- gate that now. AT=7 MeV, we have drawm, (andu,) at
namic model is shown in Fig. 2. The formalism developed infour pressuregFig. 4). To get an understanding of the be-
Sec. |l can also be extended to calculate the average numb@avior, we need to also look at Fig. 3. At the lowest pressure
of nucleons and proton®r neutrongin the largest cluster. shown,p=0.02 MeV fm 2 (Fig. 4), the horizontal constant
For brevity, we do not write the formulas here, but these argressure curve cuts the isotherm@gy. 3) at the low density
straightforward extensions of Eq€.7) and (2.8) given in  side only (betweenA and B) and u, rises monotonically
Ref.[6]. Figure 2 shows results from such a calculatiory If betweeny=0.3 andy=0.5. The next constant pressure
of the disintegrating system is less than 0.5, yhealue of  curve, atp=0.025 MeV fm ® (Fig. 4) cuts all isothermals
the largest cluster is larger than that of the source. CorredFig. 3) at low density side 4/po<0.1) betweerC and D
spondingly, (ny))/({(n,)+(n,)) is much smaller that and a few isothermals at higher density side. Betw@emd
Ysource- (It should be mentioned that the number of protonsD, y increases as dogs,. The points marke® andE have
and neutrons will be augmented from decays of hot compoghe same values qf andT but very slightly differing values
ites, so what is plotted in Fig. 2 is not what will actually be of u,. As we move to the right fronk along the linep
observed in experimentsFurther, the isospin fractionation =0.025 MeV fm 3 the value ofy drops as also the value of
happens whether the dissociation takes place at constant val,, . We forego describing graphs at other pressures but the
ume or constant pressure. figure shows there is a very small region wheéye,/dp is

04

o—o T=4 MeV
0—o0 T=7 MeV

0.35 *——% T=10 MeV

10"

10?2 T

3

10

>I<(n,n,)>

In this and many other aspects, the thermodynamic model
Js very similar to the lattice gas mod@lGM) with isospin
dependence. For an accurate solution of LGM one has to
give up the mean-field approach and obtain results by Monte
agarlo simulation. Here also many composites are produced
ith many differenty values[23,24. Isospin fractionation
appens naturallj24].
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FIG. 5. u=yup+(1—y)u, as a function ofp/p, for d_ifferent
0.0t ¢ o1 02 03 oz o5 y’s (left pane). Fory=0.5 u=u,=u, . The temperature is 7 MeV.

pIp, In the right panel the behavior gk is shown as a function of
pressurep for y=0.5 andT=7 MeV.
FIG. 3. EOS f-p) in the thermodynamic model af
=7.0 MeV, but for differenty’s. VII. SPECIFIC HEATS IN THE MODEL
In Ref. [6] where the thermodynamic model was first

. - o 73 .
negative(Fig. 4, p=0.035 MeVm ). The not so obvious studied for phase transitions, it was pointed out that for a

feature is the appearance of two branches in bajland ., given densityp, the specific heat per partic®, /A tends to

- _ _3 .
(ie., for. e>.<ample, thep—.0.025 MeVim * curvg. To dis- at a particular temperature when the particle number
cuss this in terms of simpler and well-known models Weianqs  to .  Since Cy=(FE/dT)y=T(aS/aT)y

considery=0.5, the case for which there is only one = —T(#%FI4T)y, a singularity inCy signifies a break in
=un=pp [for a generaly, one could consides=yu,  the first derivative ofF, the free energy, and a first order
+(1-Y)un]. The behavior ofu aty=0.5 and temperature phase transition. The model in R¢6] considered one kind
T=7.0 MeV as a function 0p/pg as given in our model for  of particle although binding energy, surface energy, etc.,
200 nucleons is shown in Fig. 5. The model is inappropriatevere chosen to mimic the nuclear case. We mention here that
at high density so we cut off at p/pg at 0.5. a similar model in the grand canonical ensemble predicted a
For they=0.5 curve we also depict schematically whatlarge but finiteCy,/A at boiling, although values are not
the behavior would have been if we had a Maxwell-correctedjuoted[15]. We hope to address this issue further in a later
Van der Waals fluid. From some poift the chemical po- publication.
tential would remain unchangddhown by a horizontal line The growth ofC,,/A with Ais also seen in the case where
ending atB which is the end point of our densjtyA more ~ We take into account two kinds of particles explicitfig. 6,
familiar plot is u against pressurg for a fixed temperature.

This is shown in the right panel for our model. For a Van der
Waals fluid, the segment frov to B would simply collapse
to the pointA.
-5
£ .
.10 E
.15 +
A=200, T=7.0MeV
_20 L
25 R
a —— p=0.020 MeV fm
=3 ——~ p=0.025 MeV fm°
| —-— p=0.030 MeV fm°
30 e p=0.035 MeV fm®
%6 65 7 175 8 85 9 95 10 105 11
o3 035 04 045 05 Temperature (MeV)
y
FIG. 6. Cy//A as a function of temperature for systems of 200,
FIG. 4. up and uy as a function ofy. HereT=7 MeV. 500, and 1000 particles with different proton fractions.
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see also Ref[7]). The calculatedC, /A becomes progres- tems and one needs to do a Maxwell construction to elimi-
sively sharply peaked asincreases for aly values between nate these. By contrast, the thermodynamic model has di-
0.3 and 0.5. This behavior of the specific heat is very differrectly an EOS that becomes very flat with density and
ent from that of mean-field model of nuclear matter wherevolume and this behavior resembles a real system undergo-
the specific heat at constant volume varies smoothly from éng a first order phase transition. In mean-field models, when
low temperature Fermi gas to an ideal gasTascreases. In  the system enters the region of instability, it fragments into
a thermodynamic model with fragmentation, this behavior ispieces. This fragmentation is directly included in the thermo-
modified by the surface energies that arise in the multifragdynamic model and this is the reason for relative flatness in
mentation of the original nucleus into clusters of differentthe EOS. The cluster distribution readjusts itself with
sizes. The peak in the specific heat occurs at the point wheighanges inV or p to maintain a nearly constant pressure.
the largest cluster suddenly disappears. This behavior isospin fractionation seen in experiments can be also ob-
nuclear boiling[25]. tained in the mean-field model but it requires a bifurcation in
Specific heat per particl€, /A in the model has not been the isotopic space. It also requires that during dissociation
considered before. We notice there are regions wWjihjp  neither pressure nor volume remain constant. By contrast,
<0 (even though these regions are much less visible than iisospin fractionation occurs naturally in the thermodynamic
the mean-field modgl Their presence might indicate finite model and can happen either at constant volume or at con-
particle number effects or it may be a shortcoming of thestant pressure. Large differences between these two models
model. Ongoing calculations suggest it is particle numberlso appear in the calculation &, . The thermodynamic
effect rather than an inherent problem in the model. Thesenodel has a strong peak i@, whose origin are surface
negative regions of compressibility can lead to negative valenergy terms in the multifragmentation process which is
ues ofC,. This is a contentious issue at the moment and wdacking in a mean-field model of homogeneous nuclear mat-
intend to deal with these issues fully in a future publication.ter. This peak is associated with the phenomenon of nuclear
boiling and the sudden disappearance of the largest cluster.
VIll. SUMMARY
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