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Wobbling motion: A g-rigid or g-soft mode?
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For even-even nuclei, it is shown that the predictedB(E2) values from the odd spin states of the quasi-g
band in ag-soft nucleus to the yrast band are quite similar to those predicted for the one-phonon wobbling
mode of a rigidly triaxial nucleus. This suggests that the observation of wobbling points to axial asymmetry,
but not necessarily to rigid triaxiality. However, another observable that does distinguishg-soft from g-rigid
structure is identified.
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I. INTRODUCTION

One of the interesting recent developments in nucl
structure has been the discovery of wobbling motion, in
form of bands characterized by one and two wobbl
phonons. The wobbling phonon was first predicted deca
ago @1# ~in the context of even-even nuclei! but has only
recently been found experimentally at medium spins in
level schemes of odd-A nuclei, first in 163Lu @2,3# and sub-
sequently in165Lu @4# and 167Lu @5#. The theoretical predic-
tions describing this mode have been worked out in de
@1,6–8# with specific predictions of energies, electroma
netic selection rules, andB(E2) and B(M1) values as a
function of spin.

The wobbling concept has been discussed as a collec
mode in deformed nuclei that develop stable triaxial sha
with increasing angular momentum, by which is meant t
there is a relatively sharp minimum in the energy surface
a large finite value ofg in some spin range.

Though many predictions ofg-soft @9,10# and g-rigid
@11# models in even-even nuclei are known to be very sim
@12,13#, there is one well-known, easy-to-measure charac
istic that distinguishesg softness and rigidity at low spin
@14#, specifically, the energy staggering of the odd and e
spin members of theg band. This observable indicates th
axial asymmetry at low spin arises fromg softness@14#, and
not from rigid triaxiality. Therefore, the wobbling phenom
enon raises two important questions.

The first is whether a model based on ag-soft shape
would produce similar predictions in the wobbling spin r
gime ~roughly I;8 –20) as a rigidly triaxial one. If so, the
the issue arises of searching for definitive signatures og
softness or rigidity at medium to high spins. If not, and
therefore, the new data specifically point to rigid triaxiality
medium-to-high spin, this implies a shape transition a
function of angular momentum. The second question the
how and where~in what spin range! the shape~phase?! tran-
sition fromg soft tog rigid would occur in deformed nuclei
Understanding the answer to the first question, which
address here, is a prerequisite for attempting to deal with
second.

It is the purpose of this paper to present calculations us
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a g-soft model for comparison with those using the rig
triaxial model. The aim is both to test if the characteris
signatures of wobbling definitely point tog rigidity, and also
to identify simple observables that can be used to determ
the g dependence of the potential.

Although the experimental evidence for wobbling motio
has focused so far on odd-A nuclei, the mode should exist in
even-even nuclei as well, where, indeed, it was first propo
@1#. Here, for simplicity and convenience, we will focus o
the latter since the calculations forg-soft even-even nucle
can be done analytically, the results are more transpar
and there is no ambiguity due to coupling of a particle to
rotor core. Also, in these model calculations we assume
band crossing or backbending for both theg-rigid andg-soft
cases. As ag-soft model, we will use theO(6) limit @10# of
the interacting boson approximation~IBA ! model, but the
results are not particularly dependent on that model. In p
ticular, the E2 selection rules are the same as in the Wil
Jean model@9#. Moreover, to emulate the results of geomet
cal models and to calculate theB(E2) values between highe
spin states, we will use the limit of large boson numbe
where the characteristic finite boson number effects in
IBA usually disappear and where its relevant predictions
over to those of geometric models.

We first summarize the key characteristics of the wo
bling mode as obtained from rigid triaxial rotor calculatio
for odd-A nuclei @6–8#. We refer here to results for260°
<g<0°, that is, the region~sector 2! in the Lund conven-
tion corresponding to collective rotation. There are three
servables that concernE2 transitions.

~1! Staggering in theB(E2) values from the wobbling
phonon band to the yrast band: specifically, theI wob→(I
11)yrast transitions are allowed, while theI wob→(I
21)yrast transitions are weak or forbidden.

~2! A large ratio of B(E2)out /B(E2)in , that is,
B@E2;I wob→(I 11)yrast#/B@E2;I wob→(I 22)wob#: These
ratios are typically about 0.2–0.3, which is much larger th
would be expected for typical interband transitions. The
hancedB(E2)out /B(E2)in ratios reflect the fact that the
wobbling band→yrast band transitions destroy a collectiv
wobbling phonon.
©2003 The American Physical Society06-1
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~3! The B(E2)out5B@E2;I wob→(I 11)yrast)] values go
as 1/I rather than 1/I 2 as in cranking model calculations
These characteristic features are similar in odd@6,8# and
even-even@1,7# nuclei.

Finally, there is another prediction for the wobbling mo
that has caused some concern since it seems contrary t
perimental observation in cases of wobbling in the odd-A Lu
isotopes. Theoretically, the energy of the wobbling ba
states above the yrast band should not be a constan
rather linear in spin. Specifically,\vwobb}\v rot}I ~this
specific spin dependence assumes the moments of inertiaJx ,
Jy , Jz are constant!.

II. RESULTS

To contribute towards the elucidation of the wobblin
phenomenon, we now present calculations for these sig
tures for ag-soft even-even nucleus. We take the yrast ba
as the base configuration. The levels (22

1 ,31
1 ,42

1 , . . . ) are
normally considered to be a kind of quasi-g band, although
this terminology is not precise~due to extremeK mixing at
largeg). As spin increases (I *9\), the odd spin levels of
the quasi-g band take on the character of the one phon
wobbling mode.~We will discuss the transition from a trad
tional g-soft vibrator to this ‘‘wobbling’’ regime as a func
tion of spin below.! The levels are labeled by thet quantum
number@the characteristicg-soft quantum number ofO(5),
which is equivalent to thel quantum number of Wilets-Jean#
t is somewhat like a phonon quantum number, although
spin content of thet multiplets is restricted relative to th
traditional spherical oscillator multiplets. In the familia
quadrupole vibrator the one-, two-, and three-phonon lev
comprise a 21 level, a 01221241 triplet, and the 01, 21,
31, 41, 61 quintuplet, respectively. In theg-soft case, the
two-phonon (t52) multiplet is a 21, 41 doublet and the
three-phonon (t53) multiplet contains 01, 31, 41, and 61

levels.
In the simplest version of each model the multiplet sta

are degenerate. In the spherical vibrator, the energies g
the phonon numbern, so that, for example,R4/2

[E(41
1)/E(21

1)52.0. In theg-soft limit the energies go a
t(t13), giving R4/252.5. The key levels in eacht multip-
let for the present discussion are the yrast levels withI yrast
52t ~e.g., 41 for t52), and the oddI ‘‘ g-band’’ levels with
I g

odd52t23 ~e.g., 31 for t53). These labels for ag-soft
model are included in Fig. 1. A key characteristic ofg-soft
nuclei is the generalE2 selection rule,Dt561.

From Fig. 1, we can immediately see that one of the ch
acteristic wobbling signatures emerges directly from
t-selection rules forg-soft nuclei, namely, the staggering
B(E2)out values forI g

odd to the yrastI 11 and I 21 states.
The former~such as the 31

1→41
1 transition just discussed!

are allowed (Dt532251) while the latter~such as 31
1

→21
1) are strictly forbidden (Dt532152).

To calculate the magnitudes of theB(E2) values in the
Wilets-Jean model@9#, we use the analytic expressions f
theO(6) limit @10# of the IBA for an asymptotic boson num
ber of N→`. Since the Wilets-Jean model is characteriz
06430
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by V(g)5const forg50° to g560°, the appropriate com
parison to a rigid triaxial rotor is to the Davydov-Filippo
model @11# with g530°. Analytic formulas for the relevan
transitions can be deduced from Ref.@13#. We stress that all
the present results apply specifically to nuclei with largeg
(g;30°). Results for smaller asymmetries are not analy
in g-soft models. Numerical calculations for such cases
underway and will be reported later.

Although our focus is the odd spin members of the qua
g band, which simulate the wobbling mode at intermedi
spins, it is informative to look first at the even spin states.
show the results forB(E2) values for transitions from thes
states in Fig. 2~a!. The allowed, very collective,I→(I 22)
in-band transitions, for both yrast and quasi-g bands, are
similar in theg-soft andg-rigid models, differing only by
10–20 % aboveI g*10. However, for the~much less collec-
tive! I g

even→I yrast transitions, theg-soft model givesB(E2)
values about one order of magnitude larger than in
g-rigid model. I g

even→(I 22)yrast transitions are forbidden
in both models~sinceDt52 in the g-soft case, and since
these transitions vanish in theg-rigid model for g530°).
Figure 2~a! shows another interesting feature we will retu
to below, namely, the gap that develops between in-b
@e.g., I g→(I 22)g] and interband~e.g., I g→I yrast) as a
function of spin. These classes of transitions, in bothg-soft
and g-rigid models, have comparableB(E2) values at low
spin but diverge sharply aboveI g;10, favoring the stretched
E2 in-band transitions.

We now turn to theE2 transitions from the odd-spin

FIG. 1. Schematic level scheme of the ground and quasg
bands showing the allowed~A! and forbidden~F! E2 transitions in
g-rigid and g-soft models. In the latter, these transitions obey
Dt51 selection rule, and thet quantum numbers associated wi
the O(5) group of ag-flat potential are shown.
6-2
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members of the quasi-g band, which are theg-soft analogues
of the wobbling mode in the spin regime aboveI;9. As
shown in Fig. 2~b!, the strongly collective in-g-band
stretchedE2 transitions,I g

odd→(I 22)g , are virtually iden-
tical in the two models. So too are theI g

odd→(I 11)yrast

transitions which are allowed in both models and who
B(E2) values are within about&25% of each other for
I g*9. Notice, however, that the in-bandDI 51 transitions
I g

odd→(I 21)g are very different forg-soft and g-rigid
models.

Let us consider the implications of these results. There
three that are of prime interest.

~1! The similarity of theB@E2;I g
odd→(I 11)yrast# values

in g-soft andg-rigid models means that this key wobblin
observable does not determine theg dependence of the po
tential for highly axially asymmetric nuclei. Moreover, th
magnitudes of the ratioB(E2)out /B(E2)in5B@E2;I g

odd

→(I 11)yrast#/B@E2;I g
odd→(I 22)g# are very similar, and

near the values;0.2 found in odd-A wobblers. Further,
since theI g

odd→(I 21)yrast transitions are strictly forbidden
in both models, both models predict similarB(E2) stagger-
ing. These ideas are shown in Fig. 3. Finally, as also sho
in the inset to Fig. 3, theB(E2)out values closely follow a
1/I dependence and not the 1/I 2 cranking model dependence

~2! Figure 2~b! reveals a new way of distinguishingg-soft
andg-rigid nuclei, namely, theB@E2;I g

odd→(I 21)g# value,

FIG. 2. ~a! B(E2) values from even spin members of the qua
g band forg-rigid andg-soft models.~b! Similarly for odd-I initial
states of the quasi-g band. TheB(E2) values here are normalize
to theB(E2;21

1→01
1) value.
06430
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which is much stronger in theg-rigid case. The convenien
branching ratio B@E2;I g

odd→(I 21)g#/B@E2;I g
odd→(I

22)g#, shown in Fig. 4, gives a clear distinction, amounti
to about an order of magnitude, forI g

odd*9.
~3! The results in Figs. 2~a,b! show an interesting, and

characteristic, difference between the ‘‘in-band’’ and ‘‘ou
of-band’’ transitions as a function of spin. At low spins, typ
cally two or more decay routes are allowed for a given init
state. Thus, for example, the 5g

1 level decays to the 6yrast
1

level as well as to the 4g
1 and 3g

1 states. These allowed
transitions have roughly comparableB(E2) values since all
three transitions destroy a singlet phonon. However, at
higher spins~aboveI g;9), the stretchedE2 transition~e.g.,
9g

1→7g
1) dominates and all others (9g

1→10yrast
1 ,9g

1→8g
1)

are small. This behavior illustrates one of the most char
teristic differences between low and high spin spectrosco
At low spin, decay occurs by multiple, competitive route
while at high spin, in-band decays clearly dominate.

It is interesting to apply the idea in point 3 to the deve
opment of the wobbling mode with spin. At low spin, all th

-

FIG. 3. Staggering inB(E2)out /B(E2)in5B@E2;I g
odd→(I

61)g#/B@E2;I g
odd→(I 22)g# in g-soft andg-rigid models. The in-

set shows the allowedB@E2;I g
odd→(I 11)g# values in comparison

with 1/I and 1/I 2 spin dependencies.

FIG. 4. Illustration of a branching ratio from odd spin membe
of the quasi-g band that provides an observable that distinguis
g-soft andg-rigid shapes for nuclei with large axial asymmet
(g;30°).
6-3
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spin allowed transitions are oft-phonon changing, Dt
561 character. At higher spins (I *9), the allowed transi-
tions separate into two families, highly collective transitio
typical of intrabandB(E2) values and increasingly weake
transitions corresponding towobbling-phonon changingtran-
sitions.

Thus, while the predictions of theg-rigid andg-soft mod-
els are almost identical, the results in Figs. 2~b! and 4 may
provide a simple signature for shape evolution with spin a
therefore, a test of microscopic predictions. For example
Refs. @6–8#, the odd-A nuclei are calculated to be axiall
symmetric at low spin, with a triaxial shape developing on
at higher rotational spins (I;9). In even-even nuclei, such
shape evolution can be distinguished from one in which
nucleus is axially asymmetric at all spins. In the former ca
at low spin, theB(E2)out /B(E2)in values would be ratios o
interband (g2g band! to intra-g-band transitions and would
therefore be very weak (;0.05). In the wobbling spin re
gime the out-of-band transition is a collective wobblin
phonon-changing transition andB(E2)out /B(E2)in grows,
to roughly 0.2.

In contrast, if a nucleus is axially asymmetric for all spin
then, as seen in Fig. 2~b!, at low spinboth theB(E2)out and
B(E2)in transitions aret-phonon-changingtransitions and
are therefore comparable@B(E2)out /B(E2)in values;0.5].
At higher spin theB(E2)out transitions becomewobbling-
phonon changingtransitions and theB(E2)in values remain
of collective in-band character, and thusB(E2)out /B(E2)in
decreases.

Thus, for a shape evolution with spin from symmetric
asymmetric, bothg-soft and g-rigid models give small
B(E2)out /B(E2)in values (;0.05) thatgrow with spin into
the wobbling regime and thendecrease. For a shape tha
remains axially asymmetric at all spins,B(E2)out /B(E2)in
is large at low spins (;0.5) and decreases monotonica
with spin. Hence, the low spin behavior of theB(E2)out
values, or theB(E2)out /B(E2)in ratio, might help to distin-
guish which interpretation of shape evolution with spin
applicable.

Finally, we consider the comparison of phonon energie
the rigid triaxial wobbler with the energy differences b
tween the quasi-g band and yrast band levels in theg-soft
nucleus. In Ref.@1# the wobbling frequency is given b
\vwobbling5\v rot f (Jx ,Jy ,Jz), which increases with spinI.
Therefore, we would expect a systematic divergence betw
the energies in the wobbling band and in the yrast band.
the g-soft case thet(t13) dependence of energies in th
Wilets-Jean model, gives

E~ I g
odd!2E@~ I 11!yrast#5

~ I g
odd15!E~21

1!

4
, ~1!

which is also linear inI. Thus the similarity of the two mod
els (g-rigid andg-soft! is again manifest and extends to bo
energies andB(E2) values.
06430
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III. CONCLUSIONS

To summarize, axial asymmetry arising fromg softness
gives similar predictions as ag rigid rotor with g530° for
transitions that are allowed and collective. Strong and s
nificant differences, however, arise for weaker interba
transitions such as those between even spin statesI g

→I yrast , for I g*6, where theB(E2) values forg-soft nu-
clei are almost an order of magnitude stronger, and forI g

→(I 21)g , intra-g-band transitions where theB(E2) values
for I g

odd , g-rigid nuclei are much larger. These transitio
therefore provide distinguishing characteristics ofg softness
and g rigidity that have not been extensively discussed
fore. The relative spin dependence of in-band and out
band transitions is also interesting. At low spin, theseB(E2)
values are comparable@see Figs. 2~a!, ~b!# while at higher
spin ~for I g*10), theg→yrastB(E2) values drop well be-
low the DI 52 in-band B(E2) values. Moreover, for the
characteristic transitions that identify the wobbling mo
states~namely,I g

odd→(I 11)yrast transitions!, theg-soft and
g-rigid models are very similar. Finally, theI g

odd→(I
11)yrast transitions follow an 1/I spin dependence and th
B(E2)out /B(E2)in staggering is identical forg-soft and
g-rigid models.

We stress that these results are definitelynot intended to
assert that wobbler nuclei areg soft. Rather, we only mean
to suggest that theexisting E2 signatures may not be suffi
cient toempiricallyestablish whether these nuclei are rigid
triaxial or g soft. We also caution that our comparison is f
even-even nuclei, while existing evidence@2–5# for wob-
bling motion is in odd-A nuclei.

It is hoped that the present contribution may spur
search for definitive experimental characteristics of wo
bling, and of theg dependence of the potential involved,
even-even nuclei. Microscopic calculations of wobbling n
clei seem, in fact, to suggestg rigidity, and may well be
correct, but they are not a substitute for appropriate exp
mental evidence. Ultimately, a conclusion in favor of rig
triaxiality at medium spin in wobbling nuclei would perhap
be more interesting since it would imply a fascinating sha
~phase?! transition fromg soft to g rigid with spin.
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