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Schematic model for QCD. II. Finite temperature regime
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A schematic model for QCD, developed in a previous paper, is applied to calculate meson properties in the
high temperature~up to 0.5 GeV! regime. It is a Lipkin model for quark-antiquark pairs coupled to gluon pairs
of spin zero. The partition function is constructed with the obtained meson spectrum and several thermody-
namical observables are calculated, such as the energy density, heat capacity, as well as relative production
rates of mesons and absolute production rates for pions and kaons. The model predictions show a qualitative
agreement with data. Based on these results, we advocate the use of the model as a toy model for QCD.
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I. INTRODUCTION

In Ref. @1# @hereon referred to as~I!# a simple model,
representative of QCD, was introduced and applied to
calculation of the spectrum of mesons. It is a Lipkin ty
model@2# for the quark sector, coupled to a boson level th
is occupied by gluon pairs with spin zero. The four para
eters of the model were adjusted in order to reproduce
known meson states with spin zero or one. The calcula
spectra, for mesons with spin different from the ones use
the fit, were found to be in qualitative agreement with da
As reported in~I!, the calculated meson states contain ma
quarks, antiquarks, and gluons. The gluon contributions w
found to be of the order of 30%. The model predictions~I!
are free of the so-called multiplicity problem, i.e., that
given state can be described in many ways, which is
moved due to the action of particle mixing interaction. T
model itself resembles the one of Ref.@3#, which treats
nucleons coupled to pions. Also, it is related to the work
Ref. @4#, which describes quarks and uses particle conserv
interactions. Generally speaking, the model of~I! belongs to
the class of models described in Refs.@5,6#. The gluon part
in ~I! is fixed @7# and does not contain any new paramete
The validity of the basic theoretical assumptions, and
applications to low and high temperature regimes, has b
studied for mesons with flavor~0,0! and spin 0@8#. The aim
of these studies was to formulate a manageable, schem
albeit realistic, model to describe qualitatively QCD at lo
and high energies. Since the model is algebraic, i.e., all
trix elements are analytic, and exactly solvable, it can p
vide a nonperturbative description based on QCD relev
degrees of freedom, such as quarks, antiquarks, and glu
This, in turn, allows to test other microscopic many bo
techniques previously applied to the nonperturbative tre
ment of real QCD@9,10#. Although the proposed model~I! is

*Email address: jesgarz@nuclecu.unam.mx
†Email address: alerma@nuclecu.unam.mx
‡Email address: hess@nuclecu.unam.mx
§Email address: civitare@fisica.unlp.edu.ar
i Email address: reboiro@fisica.unlp.edu.ar
0556-2813/2003/67~5!/055210~9!/$20.00 67 0552
e

t
-
3
d

in
.
y
re

-

f
g

.
e
en

tic,

a-
-
nt
ns.

t-

probably too simple to describe real QCD, it contains
basic ingredients of real QCD. These are the correct num
of degrees of freedom associated with color, flavor, and s
and the orbital degree of freedom, which is contained in
degeneracy 2V of each of the quark levels.

In this work we investigate the behavior of the model,
the finite temperature regime. By starting from the mod
predictions of the meson spectrum, we calculate the parti
function and different thermodynamical quantities, such
the energy density and the heat capacity as a function
temperature. Next, we focus on the calculation of meson p
duction rates. As we shall show, these production rates ar
qualitative agreement with the experiments. Also, we cal
late absolute production rates for pions and kaons. Fina
we concentrate on the transition from the quark-gluo
plasma~QGP! @11,12# to the hadron gas. The results suppo
the notion that the present model may be taken as a
model for QCD.

The paper is organized as follows: In Sec. II the mode
shortly outlined, since the details have been presented in~I!.
In Sec. III we calculate the partition function and give th
expressions for the relevant observables. In Sec. IV
model is applied to the description of the QGP. There,
present and discuss the results corresponding to s
branching ratios and absolute production rates. Finally, c
clusions are drawn in Sec. V.

II. THE MODEL

As described in~I!, the fermion~quarks and antiquarks!
sector of the model consists of two levels at energies1v f
and 2v f , each level with degeneracy 2V5ncnfns , where
nc53, nf53, andns52 are the color, flavor, and spin de
grees of freedom, respectively@see Fig. 1 of~I!#. Each level
can be occupied by quarks. Antiquarks are described
holes in the lower level. Equivalently, one can use only
positive energy level and fill it with quarks and antiquar
with positive energy. The Dirac picture is useful because
gives the connection to the Lipkin model as used in nucl
physics. The quarks and antiquarks are coupled to gl
pairs with spin zero. The energy of the gluon level is 1
©2003 The American Physical Society10-1
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GeV @7#, and the energyv f is fixed at the valuev f

50.33 GeV, which is the effective mass of the constitu
quarks.

The basic dynamical constituent blocks of the model
quark-antiquark pairsBl f ,SM

† that are obtained by the cou
pling of a quark and an antiquark to flavorl (l50,1) and
T
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spin S (S50,1). The indexf is a shorthand notation for hy
perchargeY, isospin I, and its third componentI z . Under
complex conjugation the operator obeys the phase rule
fined in Ref.@13#.

The states of the Hilbert space can be classified accor
to the group chain
@1N# @h#5@h1h2h3# @ht#

U~4V! .US V

3 D ^ U~12!

ø ø

~lC ,mC! SUC~3! ~l f ,m f !SUf~3! ^ SUS~2!S,M , ~1!
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where the irreducible representations~irreps! of the different
unitary groups are attached to the symbols of the groups.
irrep of U(4V) is completely antisymmetric~fermions! and
the ones of U(V/3), the color group U(3) forV59, and
U(12) are complementary@14#. The color irrep (lC ,mC) of
the color group SUC(3) is related to thehk via lC5h1
2h2 andmC5h22h3. The reduction of the U(12) group t
the flavor@SUf(3)# and spin group@SUS(2)# is obtained by
using the procedure described in Refs.@15,16#. In Eq. ~1! no
multiplicity labels are indicated@see~I!#.

The classification appearing in Eq.~1! is useful to deter-
mine the dimension and content of the Hilbert space. Inst
of working in the fermion space we have introduced a bo
mapping @17,18#. The quark-antiquark boson operators a
mapped to

Bl f ,SM
† →bl f ,SM

† ,

Bl f ,SM→bl f ,SM , ~2!

where the operators on the right hand side satisfy exact
son commutation relations.

The model Hamiltonian is defined completely in the b
son space and is given by

H52v fnf1vbnb1(
lS

VlSH @~blS
† !212blS

†
•blS1~blS!2#

3S 12
nf

2V Db1b†S 12
nf

2V D @~blS
† !212blS

†
•blS

1~blS!2#J , ~3!

where (blS
† )2 5 (blS

†
•blS

† ) is a shorthand notation for th
scalar product. Similarly for (blS)2 and (blS

†
•blS). The fac-

tors (12nf /2V) simulate the terms that would appear in t
exact boson mapping of the quark-antiquark pairs. Theb†

and b are boson creation and annihilation operators of
gluon pairs with spinS50 and colorl50. The interaction
he
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describes scattering and vacuum fluctuation terms of ferm
and gluon pairs. The strengthVlS is the same for each al
lowed value ofl andS, due to symmetry reasons, as show
in ~I!. The matrix elements of the Hamilton operator a
calculated in a seniority basis. The interaction does not c
tain terms that distinguish between states of different hyp
charge and isospin. It does not contain flavor mixing term
either. The procedure used to adjust the four parameters~val-
ues ofVlS) was discussed in detail in~I!.

The disadvantage posed by working in the boson spac
the appearance of unphysical states. In~I! we have presented
a method that is very efficient in eliminating spurious stat
as we shall show in this paper. The suitability of Hamiltoni
~3! to describe the gluon pair and quark-antiquark pair c
tents of mesons has been discussed in detail in~I!.

As a next step, in this paper, we have introduced temp
ture and discussed the transition to and from the QGP. As
be expected, because of the schematic nature of the m
we may attempt to describe only the general trends of
observables. To achieve this goal, further assumptions h
to be made with respect to the volume of the system beca
the model, as has been proposed in~I!, has noa priori infor-
mation about the volume of the particle.

III. THE PARTITION FUNCTION, SOME STATE
VARIABLES, AND OBSERVABLES

The group classification of basis~1! allows for a complete
bookkeeping of all possible states belonging to the Hilb
space of Eq.~3!. The corresponding partition function, whic
contains the contribution of the quark-antiquark and glu
pair configurations introduced in the preceding section
given by

Zqg
0
25(

[h]
dim~lC ,mC! (

(l f ,m f )
(

J
~2J11!

3 (
P56

(
i

mult~Ei !e
2b(Ei2mBB2mss2m I I z), ~4!
0-2
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wheremB , ms , andm I are the baryon, strange, and isosp
chemical potentials, respectively. The sum over@h#
5@h1h2h3# denotes all color irreps of U(3) with(khk5N,
where N is the total number of quarks in the two leve
~Dirac’s picture!. The transposed Young diagram@h# t, ob-
tained by interchanging rows and columns, denotes
U(12) irrep. The index ‘‘i ’’ refers to all states with the sam
color, flavor, spin, and parity (P). These states are obtaine
after the diagonalization of Hamiltonian~3!. For mesons be-
longing to thep-h andv-r octet, the mass values enterin
in Eq. ~4! do not take into account flavor mixing. The eige
valuesEi are denoted by the eigenvalue indexi, and they are
functions of all the numbers needed to specify the allow
configurations, namely,s, (l f ,m f), P, S, @h#, and of the
cutoff for the different boson species@l,S# @see ~I!#. The
quantitiesB andI z are the baryon number and the third com
ponent of the isospin. According to the experimental e
dences the valuem I50 is a reasonable approximation, an
we have consistently adopted it in our calculations. The
mension corresponding to color configurations is given
mult(l f ,m f)5 1

2 (l f11)(m f11)(l f1m f12) and of the
spin by (2J11).

Since the eigenstates of Hamiltonian~3! have been calcu
lated after performing a boson mapping, as described in~I!,
we have consistently fixed the corresponding cutoff value
2V, V, 2V/3, and V/3 for the boson pair species@0,0#,
@0,1#, @1,0#, and@1,1#, respectively@see~I!#. These values are
adequate when the fermion~quark-antiquark! configurations
entering in the boson states correspond to a full occupa
of the fermion lower state (2v f). These numbers may b
modified when the fermion configurations correspond
states where the upper level is partially occupied and
lower level is partially unoccupied. The distribution of th
occupation in the upper and lower fermion levels is fixed
a lowest weight stateu lw& of a given U(12) irrep, defined by
Bl f ,SMu lw&50. The irrep of U(12) is given by a Young
diagram @14# with mk boxes in thekth row. The lowest
weight state is given by(k51

6 mk quarks in the lower leve
and (k57

12 mk quarks in the upper level. The highest weig
state is obtained by interchanging the occupation. The dif
ence of the number of quarks in the upper level, appearin
the highest and lowest weight states, gives the maximal n
ber of quarks we can excite for a given U~12! irrep. This
number is given by

2J5 (
k51

6

mk2 (
k57

12

mk . ~5!

For the case@3606#, used in~I!, we foundJ5V. Therefore,
2J is the maximal number of quarks we can shift to t
higher level, i.e., it is equal to the maximal number of qua
antiquark pairs that can be put on top of the lowest wei
state of a given U(12) irrep, which is also the state with
lowest energy in absence of interactions.

The total partition function is given by

Z5Zqg
0
2Zg , ~6!
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whereZg is the contribution of all gluon states@7#, which
does not include contributions of gluon pairs with spin ze
It is written Zg5(aexp(2bEa). The valuesEa can be de-
duced by using Eq.~40! of Ref. @7#. Except for the gluon
pairs with spin zero, all other gluon states are treated
spectators because the Hamiltonian in Eq.~3! does not con-
tain interactions with these other states. Note, that the in
action between the gluons is taken into account explicitly
the model of Ref.@7#. As a shorthand notation we will ab
breviate the partition function byZ5( ie

2bEi, taking into
account thatEi contains the information about the chemic
potential, and the contributions of the quarks and gluons

The observableŝO& are calculated via@19#

^O&5

(
i

Oe2bEi

Za
, ~7!

where the indexa denotes the color configurations, i.e;a
5(0,0) when only color zero states are considered ana
5c when also states with definite color are allowed. Th
distinction is needed to investigate the phase where c
confinement is effective and the phase where color is
lowed over a wide area of space. The quantities to calcu
are the internal energy (^E&), heat capacity (̂C&), average
baryon number (̂B&), strangeness (^s&), and the expectation
value of different particle species (^nk&), wherek refers to
the quantum numbers of a particular particle and(k^nk&
51, with the sum over all possible quantum numbers.

The particle expectation values have a simple expres
because they select one of the eigenvalues at the time, th
the state of a given particle is denoted by ‘‘i ’’ and Ei is its
energy, the particle expectation value is given by

^ni&5
e2b(Ei2mBB2mss)

Za
~8!

~where we have used the valuem I50, for the isospin chemi-
cal potential!.

At this point we have to make an assumption upon
volume considered. The whole reaction volume can be
vided in elementary volumes, and we assume that the
ementary volume (Vel) is of the size of a hadron, corre
sponding to a sphere with a radius of the order of 1 fm. La
on we shall show that this choice is reasonable, as seen
the calculated thermodynamic properties of the whole s
tem. Another assumption is related to the interaction, wh
does not take into account confinement. We shall discuss
scenarios, namely:~a! no additional interaction related t
color is taken into account for temperatures above a crit
~deconfinement! value, and~b! confinement is operative fo
temperatures below the critical deconfinement temperat
In the regime~a! the lowest state with color~1,0! lies at the
energy 2v f , and it corresponds to putting one quark in t
upper fermion level. Although it is a possible configuratio
Hamiltonian ~3! cannot act upon it. This is consistent wit
the fact that above a certain temperature,Tc ~deconfinement
temperature!, only color nonsinglet states are allowed. T
actual value ofTc will then give us an idea about the regim
0-3
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FIG. 1. Internal energy as a function ofT. The dashed line corresponds to the exact result in the fermion space, without interactio
dotted line is the internal energy calculated in the boson space with the cutoff for the different boson species, as discussed in the
solid line represents the results obtained with the full Hamiltonian and calculated in the boson space. No additional color interaction
into account.
n
m
l b
o

lo

he
g
b

a
fe
n
tio
ot
o

d
o

ow
c

s
i

si-
mate
ell.
the
in
ugh

rder
rval

ing-

alue
where hadronization is operative. In the real world hadro
zation, i.e., confinement, should set in below a critical te
perature, as a true phase transition. In our model this wil
signaled by a sharp transition from a state where color n
singlet states are still allowed (T.Tc) and a state where
confinement is effective (T<Tc).

IV. DESCRIPTION OF THE HIGH TEMPERATURE
REGIME: THE QGP

We shall first discuss the case where no additional co
interaction is taken into account. The states with energyEi
for a given flavor, spin, and parity are obtained from t
diagonalization of the model Hamiltonian, now includin
flavor mixing and the corrections due to the Gel’man-Oku
mass formula for the two lowest meson nonets~one with
spin zero and the other with spin 1!. In Fig. 1 we show the
internal energy as a function of the temperatureT, with and
without interactions. The results shown by a dashed line h
been obtained by calculating the internal energy in the
mion spacewithout interactions. In this case the Hamiltonia
has a simple image in the fermion space and the calcula
of the partition function can be performed exactly. The d
ted line shows the results obtained by working with the b
son mapping, and by enforcing the corresponding cutoffs
the maximal number of bosons, as explained above an
~I!. The internal energy is a good indicator of the number
active states in the Hilbert space. Note that the results sh
by both curves, the dotted and dashed lines, practically
incide. This suggests that the number of active state
nearly the same in the boson and fermion spaces for a w
05521
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range of temperatures. This does not imply that all unphy
cal states have disappeared, but rather that the approxi
method of cutting unphysical states works reasonably w
The curve shown by a solid line, in the same Fig. 1, gives
internal energy obtained from the calculation performed
the boson space and in the presence of interactions. Altho
the curve does not show a clear phase transition of first o
~e.g., a sharp increase of the energy in a narrow inte
around Tc) the behavior aroundTc50.170 GeV is pretty
suggestive of it. We have interpreted the observed smear
out of the curve as follows: forT50 the vacuum state is
dominated by pairs of the type@1,0# and in this channel a

0
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T ( GeV)

C2

∆C2

FIG. 2. The expectation value of color (C25^C2&, solid line!
and its variation (DC25A^C2

2&2^C2&
2, dotted line! as a function of

T. The variation reaches the same value as the expectation v
aroundT50.170 GeV. The valuesmB5ms50 were used in the
calculations.
0-4



is

n
e
re

m

ed
th

to

ir

n

at
e
le
r a

e
. I
a
s
th
n
ke

re

e
ent

of
f the
res-
s-

4.

.

ive
nta
es
n-

l

ob-
re-
ent.
ion
ow

SCHEMATIC MODEL FOR QCD. II. FINITE . . . PHYSICAL REVIEW C 67, 055210 ~2003!
quantum phase transition@8# does indeed take place. By th
we mean that the pairs@1,0# are effectively blocked at high
temperature. The other channels contribute less significa
to the ground state@see ~I!# and interact weakly than th
~@1,0#! channels, therefore, they remain in a perturbative
gime. Thus, as the temperature increases, an approxi
first order phase transition takes place in the channel@1,0#, a
mechanism similar to the one shown in Ref.@8# for the @0,0#
channel, while the other configurations remain unaffect
The superposition of these two mechanisms leads to
smearing out of the curve aroundTc , as shown in Fig. 1.

In Fig. 2 the expectation value of the Casimir opera
(C25^C2&) of color and its variation (DC2

5A^C2
2&2^C2&

2) are shown. The eigenvalue of the Casim
operator, for an irrep with color numbers (lC ,mC), is given
by C2(lC ,mC)5lC

2 1lCmC 1 mC
2 1 3(lC1mC). As a ref-

erence, for a color~1,0! irrep C253, while the irrep~1,1!
hasC259. We assume thatmB andms are zero. It is inter-
esting to observe that, in the present model, the variatio
the color is approximately symmetric aroundT
50.170 GeV. A possible interpretation is the following:
high energy the probability to have a color nonsinglet stat
large~the variation is not large enough to allow color sing
states! and a QGP is formed where color is effective ove
wide range in space. FromT50.170 GeV on, the probability
to find a state in color~0,0! is significantly increased, sinc
the variation is large enough to allow color singlet states
lowering the temperature the variation is much larger th
the average color and the whole QGP dissolves in droplet
color zero. Within the present model, these results, of
average color and its variation, are signals of the transitio
the hadronic phase. Accordingly, we assume that it ta
place nearTc50.170 GeV, formB5ms50. We may now
calculate the bag pressure and construct theT2mB diagram.
At T50.170 GeV the pressure is determined via the exp
sion p5T ln(Z)/Vel , where F52T ln(Z) is the grand ca-

0.0

0.04

0.08

0.12

0.16
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FIG. 3. Temperature versus chemical potential. The curve g
the boundary where the pressure of the system in an eleme
volume of radiusr 51 fm is equal to the bag pressure. The valu
of the temperatureT are given as a function of the chemical pote
tials mB ~solid line! andms ~dashed line!. The labelm denotes both
mB andms .
05521
tly

-
ate

.
e

r

of

is
t

n
n
of
e
to
s

s-

nonical partition function@19# andVel is the elementary vol-
umeVel54p/3r el . For r el51 fm we obtain a bag pressur
p1/4 of about 0.17 GeV, which is in reasonable agreem
with standard values. When the chemical potentialsmB and
ms are different from zero, the temperature dependence
the internal energy changes and also changes the value o
temperature for which the pressure is equal to the bag p
sure p1/450.18 GeV. The results are shown in Fig. 3. A
suming that the local strangeness is^s&50, we arrived at a
functional relation betweenT, mB , and ms , i.e.,
f (T,mB ,ms)50, which fixesms as a function ofmB . The
results of this functional relation are displayed in Fig.
Once the chemical potentialms is adjusted, by using the
results shown in Figs. 3 and 4, the chemical potentialmB and
the transition temperatureTc can be consistently determined

s
ry
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FIG. 4. Chemical potentialms as a function of the chemica
potential mB , for zero local strangeness^s&50. To each pair of
values (mB and ms) there corresponds a temperatureT, which is
determined from the limiting values shown in Fig. 3.
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FIG. 5. Internal energy. The upper curve shows the results
tained without considering confinement. The lower curve cor
sponds to the results obtained with the inclusion of confinem
The solid line shows the results obtained with the partition funct
where confinement is considered to be fully operative bel
Tc (mB5ms50).
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Up to now we did not take into account an interaction th
generates confinement. This has to be done by hand.
possibility is toassumethat the transition from the QGP t
the hadronic phase takes place within a very small rang
temperatures around the critical temperatureTc . We require
that the partition function aboveTc allows any color while
for T,Tc it contains only color zero states. Finally, chemic
equilibrium connecting both phases, the QGP and the had
gas, is understood. Figure 5 shows the results of the inte
energy, without confinement~upper curve! and with confine-
ment ~lower curve!. The solid line connecting both curve
indicates the values for which confinement vanishes ab
Tc . As seen from the results, the transition is now of fi
order. Figure 6 shows the heat capacity calculated for
case without confinement~dotted line! and with confinement
below Tc ~dashed line!. The solid line interpolates betwee
them, as in the case of the internal energy~see Fig. 5!.

The model can first be tested in the energy region be
the transition temperatureTc , where the hadron gas shou
prevail. The confinement is effective and therefore we h
to use the partition functionZa5(0,0) in Eqs.~7! and ~8!. We
take, as an example, the measured total production rate
p1 at 10 GeV/nucleon, as reported in the SIS-GSI exp
ment @20#. The system considered was Au1Au and we as-
sume that all particles participate, i.e.,Npart5394. In Fig.
2.3 of Ref.@20# a temperature of aboutT50.13 GeV is re-
ported. Assuming local strangeness conservation,^s&50, we
obtain a relation ofms versusT, which is depicted in Fig. 7.
From there we obtain, for the reported temperature,ms
'0.128 GeV and via Fig. 4 a valuemB'0.55 GeV. In Fig. 8
we show for a fixed value ofmB , physically acceptable a
temperatures nearT50.13 GeV, the resulting total produc
tion rate ofp1 (Np) as a function of the temperatureT. For
T50.13 GeV the production rate is approximately 180 pio
p1, which is close to the value of 160 obtained by using F
2.3 of Ref. @20#. The good qualitative agreement with th
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FIG. 6. Heat capacity of the system. The solid line interpola
between the case with confinement belowTc and the case without i
aboveTc (mB5ms50). The dotted and dashed lines correspo
respectively, to the case where color is allowed and the one with
color.
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experiment demonstrates that the present model is able
deed, to describe, approximately, observed QCD feature

We have also determined ratios of particle production a
some absolute production rates. The particle production
calculated for temperatures just belowTc , where only color
zero states are allowed. This implies that the partition fu
tion to use isZ(0,0) . We then apply Eq.~8!. Note that in the
expression of the particle-production ratios the partiti
function cancels out and only the dependence on the mas
the particles and the chemical potential remains. Figur
shows results for some particle-production ratios for be
energiesAs5130A GeV. The experimental values are take
from Ref. @21#, based on the experiment described in R
@22# ~see also Ref.@23#!. For baryons, only the ratios o
particle and antiparticle production are shown because th
expressions are independent of the mass of the baryon
noted in ~I!, the masses of the baryons are not well rep
duced because they are considered as consisting of three
alized fermions on top of the meson sea. The interaction w

s

,
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FIG. 7. The dependence ofms on the temperatureT, for mB

50.55 GeV and assuminĝs&50, for the SIS-GSI experimen
@20#, Au1Au at 10 GeV/nucleon.
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FIG. 8. Total production rate ofp1 for Au1Au at 10 GeV/
nucleon @20#. For T50.13 GeV the totalp1 production rate is
approximately 180. The valuemB50.55 GeV was used in the cal
culations, as discussed in the text.
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SCHEMATIC MODEL FOR QCD. II. FINITE . . . PHYSICAL REVIEW C 67, 055210 ~2003!
the meson sea is not taken into account yet, but indicat
about how to do it are given in~I!.

The central value of theK2/K1 production ratio, shown
in Fig. 9, was reproduced with the valuesms50.012 GeV
and mB50.044 GeV. The other ratios are predicted by t
model. Considering the simplicity of the model, the ratios
found to be in a reasonable agreement with data.

In order to obtain the total yields for kaons and for thep1

pions it is necessary to introduce further assumptions ab
the size of the QGP. The baryon density is given by^B&/Vel ,
where Vel is the size of the representative volume, as
plained before. In order to conserve, on the average,
baryon number, we multiply the baryon density by the to
volume and require that it must be equal to the total bar

0

0.2

0.4

0.6

0.8

1

K-/K+

 P/P

Ξ/Ξ

K-/π± K+/π±

Ω/Ω

φ/K-

FIG. 9. Some particle-production ratios for the beam energ
As5130A GeV taken from Ref.@21#. The calculated values ar
shown with full squares and the experimental values are sh
within error bars.
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number, given by the number of participantsNpart . This
leads to the total volume

Vtot5
NpartVel

^B&a
, ~9!

where the indexa refers to, as in the partition function, colo
(a5c) when the average value is calculated in the QGP
a5(0,0) when it is calculated in the hadron gas. In the Q
the average valuêB&c before the transition is smaller tha
the average valuêB& (0,0) in the hadron gas after the trans
tion. This is due to the small value ofZ(0,0) at Tc , since
many other possible color states are excluded from it wh
do contribute toZc . As a consequence, forT5Tc the vol-
ume of the QGP phase, as a function ofNpart , is much
smaller than the one in the hadron gas phase. Assumin
sphere, the radius of the QGP phase is about 8 fm, an
changes to about 20 fm after the transition. This impl
volumes of the order of approximately 23103 fm3 and 3.4
3104 fm3, respectively.

This transition is, as pointed out earlier, assumed to t
place suddenly atTc ~probably it should be smeared out, b
we cannot describe it with the present model!. This implies
that within the scenario assumed there is a rapid expan
of the volume caused by the transition from the QGP to
hadron phase, which should be observed as a large outw
motion. One possible interpretation is that most of the pio
are produced during the transition, liberating energy and p
voking a rapid expansion of the system. The energy gaine
represented by the jump between the lower and upper cu
of Fig. 5, but its origin cannot be explained by the pres
model, where confinement was shifted by hand.

Figure 10 shows the total pion yield as a function of t
temperatureT, corresponding to the Au1Au collision. The
upper curve describes the total yield when all nucleons p

s

n
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FIG. 10. Total production rate
of p1. The upper curve is for
Npart5394 (Au1Au) and the
lower one is forNpart5250. Data
are taken from Ref.@24#. Because
of m I50, the production rate for
p2 coincides with the production
rate forp1.
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ticipate, while for the lower one we have takenNpart
5250. This value agrees better with the experiment, as s
from the results, and it means that in the collision about 2
nucleons participate in the QGP. In Fig. 11 the total ka
production rate is displayed. The upper curve correspond
K1 and the lower one toK2 absolute production rates, re
spectively. In both casesNpart5250 was used, the sam
value used previously in the calculation of the pion yie
The ratio of the curves was already adjusted at the p
corresponding to theK1/K2 ratio. The absolute productio
rate and the shape of the curve, however, are a predictio
the model~as far as we can talk about ‘‘predictions’’ withi
this toy model!. Considering the simplicity of the model it i
surprising that the absolute production rate is well rep
duced. This feature is common to other thermodynam
descriptions of the transition from the QGP to the hadron
@21,23#.

Finally, in Fig. 12, we show the calculated expectati
values of the number of quark and gluon pairs as a func
of the temperatureT. At T50 GeV the results correspond t
the fractions of gluon pairs and fermion~quark-antiquark!
pairs in the physical vacuum state. At high temperatures
gluon part increases and takes over the fermion part, wh
shows saturation. However, at the temperatures of inte
i.e., around the point of the phase transitionTc'0.16 GeV,
the gluon number is still suppressed with respect to the
mion pair number. This might be in favor of the ALCO
model @25# which supposes a suppression of gluons in
QGP and takes only constituent quarks and antiquarks
account. Note that atT50.170 GeV still a sensible amoun
of gluon pairs are present.

V. CONCLUSIONS

We have presented a toy model of QCD. The mode
described in~I! and in this paper we have focused on t
thermodynamic properties, at equilibrium, emerging from
model. We have calculated the partition function with a
without color, and studied the temperature dependenc

0.0

40

80

120

160

0.164 0.165 0.166 0.167

0.33 0.3 0.27 0.23

N
K
 

T (GeV)

µΒ (GeV) 

FIG. 11. Total production rate ofK1 ~upper curve! and K2

~lower curve! for Npart5250. Data are taken from Ref.@24#.
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some observables, such as the internal energy, the hea
pacity, and the production rates of particles. The parame
of the model were determined in~I!, adjusting the meson
spectrum at low energy. Without further parameters the
ternal energy, the heat capacity, and some particle ratios w
determined, as explained in the text.

We have applied the model to the case of the Au1Au
collision at 10 GeV/nucleon@20# and shown that it can re
produce qualitatively the absolute production rates ofp1. At
this energy the QGP has not yet formed and, therefore,
results show that the model can be applied to study schem
cally the thermodynamics of a hadron gas.

Next, we have applied the model to energies where
assumes that the QGP has been already formed. The abs
production rate ofp1 and kaons were calculated, just belo
the transition temperature, by taking the number of part
pant nucleons (Npart) as an input. The agreement betwe
calculated and experimental values was found to be satis
tory. Also, the resulting production rate was described r
sonably well, once thems chemical potential was fixed to
yield the correct~observed central value! K1/K2 ratio.
Some mass-independent baryon-antibaryon ratios w
qualitatively reproduced by the model predictions. This de
onstrates that the model is able to describe the general t
of QCD, in the finite temperature domain, and the transit
to and from the quark-gluon plasma.

ACKNOWLEDGMENTS

We acknowledge financial support through t
CONACyT-CONICET agreement under the project nam
‘‘Algebraic Methods in Nuclear and Subnuclear Physic
and from CONACyT Project No. 32729-E. S.J. acknow
edges financial support from the Deutscher Akademisc
Austauschdienst~DAAD ! and SRE. S.L. acknowledges fi
nancial support from DGEP-UNAM. Financial help from
DGAPA, Project No. IN119002, is also acknowledged.

1

2

3

4

0.0 0.1 0.2 0.3 0.4 0.5

T(GeV)

Z f
to t

Z f
00

Z g
to t

Z g
00

FIG. 12. Expectation value of the fermion~quark-antiquark! and
gluon pairs. The symbolsZtot and Z00, on each curve, indicate i
color was allowed. The upper indicesf and g on the Z refer to
fermion and gluon pairs, respectively.
0-8



R

. C

v.

r,

R

n
-
-

a

l

s. A

li-

.

.

. B
G

SCHEMATIC MODEL FOR QCD. II. FINITE . . . PHYSICAL REVIEW C 67, 055210 ~2003!
@1# S. Lerma, S. Jesgarz, P. O. Hess, O. Civitarese, and M.
boiro, Phys. Rev. C67, 055209~2003!, preceding paper.

@2# H.J. Lipkin, N. Meschkov, and S. Glick, Nucl. Phys.A62, 118
~1965!.
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