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Analysis of previous microscopic calculations for the second 0¿ state in 12C in terms of 3-a
particle Bose-condensed state
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The wave function of the second 01 state of 12C, which was obtained a long time ago by solving the
microscopic 3a problem, is shown to be almost completely equivalent to the wave function of the 3a
condensed state, which has been proposed recently by the present authors. This equivalence of the wave
functions is shown to hold in two cases where different effective two-nucleon forces are adopted. This finding
gives strong support for interpreting the second 01 state of12C, which is the key state for the synthesis of12C
in stars~‘‘Hoyle’’ state!, and which is one of the typical mysterious 01 states in light nuclei, as a gaslike
structure of threea particles, Bose condensed into an identicals-wave function.
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Thea clustering nature of the nucleus12C has been stud
ied by many authors using various approaches@1#. Among
these studies, solving the fully microscopic three-body pr
lem of a clusters gives us the most important and relia
theoretical information ofa clustering in 12C within the as-
sumption that noa cluster is distorted or broken except fo
the change of the size parameter of thea cluster’s internal
wave function. As representatives for the solution of the m
croscopic 3a problem where the antisymmetrization
nucleons is exactly treated, we here quote two works: one
Uegakiet al. @2# and the other by Kamimura and co-worke
@3#, both of which were published almost a quarter cent
ago. In these works, the12C levels are described by the wav
function of the formA$x(s,t)fa

3%, with A standing for the
antisymmetrizer,fa

3[f(a1)f(a2)f(a3) for the product of
the internal wave functions of threea clusters, ands and t
for the Jacobi coordinates of the center-of-mass motion
three a clusters. Heref(a i) ( i 51,2,3) is the internal
wave function of thea cluster a i having the formf(a i)
}exp@2(1/8b2)(m.n

4 (r im2r in)2#. The wave functionx(s,t)
of the relative motion of threea clusters is obtained by solv
ing the eigenenergy problem of the full three-body equat
of motion; ^fa

3 u(H2E)uA$x(s,t)fa
3%&50, whereH is the

microscopic Hamiltonian consisting of the kinetic energ
effective two-nucleon potential, and the Coulomb poten
between protons. The difference between the works by
gaki et al. and Kamimura and co-workers lies in the adopt
effective two-nucleon forces, besides the differing techniq
of solution.

Both calculations by Uegakiet al. and Kamimura and co
workers reproduced reasonably well the observed bind
energy and rms radius of the ground 01 state which is the
state with normal density, while they both predicted a ve
large rms radius for the second 01 state, which is larger than
the rms radius of the ground 01 state by about 1 fm, i.e., by
over 30%. The observed 02

1 state lies slightly above the 3a
breakup threshold, and the energies of the calculated 02

1 state
reproduced reasonably well the observed value, although
0556-2813/2003/67~5!/051306~5!/$20.00 67 0513
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value by Uegakiet al. is slightly higher than the 3a breakup
threshold by about 1 MeV. The second 01 state of 12C is
well known as the key state for the synthesis of12C in stars
~Hoyle state! and also as one of the typical mysterious 01

states in light nuclei, which are very difficult to understa
from the point of view of the shell model. For the unde
standing of the nature of the 02

1 state with dilute density, the
analysis by Uegakiet al. of the reduced width amplitude
~RWA! function of the 8Be-a breakup is very useful. The
RWA function yL(r) which is defined as yL(r)

5 A12! / 8!4! ^ @F ( 8Be,L ) f (a) YL( r̂)#J50uA$x(s,t)fa
3%&

with r standing for the realtive coordinate between8Be and
a, proved to have similar magnitude for all partial wavesL
(L50,2,4) for the ground 01 state, but it turned out to be
large only forL50 for the 02

1 state. This result for the 02
1

state with dilute density implies that the 02
1 state has a gas

like structure of threea-particles which interact weakly
among one another, predominantly in relativeS waves. This
understanding of the 02

1 state structure had been already p
sented by Horiuchi on the basis of the 3a OCM ~orthogo-
nality condition model! calculation@4#, and is quite different
from the picture of a 3a linear-chain structure@5# for this
state. It should be mentioned here that both calculations
Uegakiet al.and Kamimura and co-workers reproduced w
not only the energy but also other observed quantities rela
to the 02

1 state, indicating that their wave fuctions of the 02
1

state are highly reliable. For example, the reduceda-decay
widths of the 02

1 state calculated by Uegakiet al. and Ka-
mimura and co-workers at the channel radiusa57 fm are
0.39 and 0.56, respectively, while the observed value is 0
The calculated values of the monopole matrix elem
M (02

1→01
1) by Uegaki et al. and Kamimura and co-

workers are 6.6 fm2 and 6.7 fm2, respectively, while the ob-
served value is 5.4 fm2.

Recently, based on the investigations by Ro¨pke and co-
workers on the possibility ofa-particle condensation in low
density nuclear matter@6#, the present authors proposed
©2003 The American Physical Society06-1
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conjecture that near thena threshold in self-conjugate 4n
nuclei there exist excited states of dilute density, which
composed of a weakly interacting gas of self-bounda par-
ticles and which can be considered as anna condensed state
@7#. This conjecture was backed by examining the struct
of 12C and 16O using a newa-cluster wave function of the
a-cluster condensate type. The newa-cluster wave function
actually succeeded to place a level of dilute density~about
one-third of ground state density! in each system of12C
and 16O in the vicinity of the three and foura breakup
threshold, respectively, without using any adjustable par
eter. In the case of12C, this success of the newa-cluster
wave function may seem rather natural because, as we
plained above, we had already known that the microsco
3a cluster models had predicted that the 02

1 in the vicinity of
the 3a breakup threshold has a gaslike structure of 3a par-
ticles that interact weakly with each other predominantly
relativeS waves.

The newa-cluster wave function of thea-cluster conden-
sate type used in Ref.@7# represents a condensation ofa
clusters in a spherically symmetric state. The present aut
extended the wave function so that it can describe
a-cluster condensate with spatial deformation@8#. They
applied this new wave function to8Be and succeeded t
reproduce not only the binding energy of the ground state
also the energy of the excited 21 state. In addition, they
found that although the effect of the spatial deformat
is not large, the introduction of the spatial deformati
brought forth a 100% overlap of the condensate wave fu
tion with the ‘‘exact’’ wave function given by the micro
scopic 2a-cluster model, which solves the 2a-cluster equa-
tion of motion, ^fa

2 u(H2E)uA$x(r)fa
2%&50. This fact

forces us to modify our understanding of the8Be structure
from the 2a ‘‘dumbbell’’ structure to the 2a dilute ~gaslike!
structure.

The purpose of this short note is to report on our study
12C using the extended 3a condensate wave function wit
spatial deformation and comparing the obtained results
12C with those of the ‘‘exact’’ 3a-cluster model wave func
tions by Uegakiet al. and by Kamimura and co-workers
The most remarkable result of this comparison is that
02

1 wave functions by Uegakiet al. and by Kamimura and
co-workers are almost completely equivalent to our cond
sate wave functions with slight spatial deformation, whi
are obtained by using the same effective two-nucleon fo
as used by Uegakiet al. and Kamimura and co-workers, re
spectively. This result implies that the exact 3a-cluster
model wave functions for the second 01 state of 12C can
definitely be interpreted as 3a-particle Bose-condense
state.

The wave function of thena-cluster condensate with spa
tial deformation was introduced in Ref.@8# and the detailed
explanation of it is given there. So here we give a br
explanation which is necessary in this paper. The wave fu
tion has the form
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Fna~bx ,by ,bz!5E d3R1•••d3RnexpH 2(
i 51

n S Rix
2

bx
2

1
Riy

2

by
2

1
Riz

2

bz
2 D J FB~R1 , . . . ,Rn!

}AFexpH 2(
i 51

n S 2Xix
2

Bx
2

1
2Xiy

2

By
2

1
2Xiz

2

Bz
2 D J f~a1!•••f~an!G ,

whereXi5(1/4)(n51
4 r in is the center-of-mass coordinate

the i th a clustera i , f(a i) is the same internal wave func
tion of a i as the previous microscopic 3a-cluster model,
Bk

25b212bk
2 (k5x,y,z), and FB(R1 , . . . ,Rn) is Brink’s

a-cluster model wave function@9#. It is to be noted that
Fna(bx ,by ,bz) expresses the state wheren a clusters oc-
cupy the same spatially deformed center-of-mass o
exp@2(2/Bx

2)Xx
22(2/By

2)Xy
22(2/Bz

2)Xz
2#, while the internal

a-cluster wave functions stay spherical.Fna(bx ,by ,bz) can
be written as a product of the total center-of-mass wave fu
tion and the internal wave functionF̂na(bx ,by ,bz) as

Fna~bx ,by ,bz!}expH 2
2nXGx

2

Bx
2

2
2nXGy

2

By
2

2
2nXGz

2

Bz
2 J F̂na~bx ,by ,bz!,

F̂na~bx ,by ,bz!5AFexpH 2(
i 51

n S 2

Bx
2 ~Xix2XGx!

2

1
2

By
2 ~Xiy2XGy!

2

1
2

Bz
2 ~Xiz2XGz!

2D J f~a1!•••f~an!G .

All the calculations are made not withFna(bx ,by ,bz) but
with F̂na(bx ,by ,bz) that is an eigenstate of total mome
tum with eigenvalue zero. In this paper we assume a
symmetry of the deformation around the intrinsicz axis and
put bx5by . Thea-condensed wave function with good a
gular momentum, which is obtained by spin projection,
then written as

F̂na
J ~bx5by ,bz!

5E d cosudM0
J ~u!R̂y~u!F̂na~bx5by ,bz!,

where R̂y(u) is the rotation operator around the intrinsicy
axis, which rotatesF̂na by an angleu, and dM0

J (u) is the
small D function.

As effective two-nucleon forces, we adopt the ones
Uegaki et al. and Kamimura and co-workers. One
6-2
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the Volkov force No. 1@10# with Majorana parameterM
50.575, used by Uegakiet al., and the other is the Volkov
force No. 2@10# with Majorana parameterM50.59, used by
Kamimura and co-workers Hereafter, we refer to the form
force as force I while the latter force is referred to as force
We adopt the same values for the oscillator parameterb as
that adopted by Uegakiet al. and Kamimura and co-worker
~namely,b51.41 fm for force I, whileb51.35 fm for force
II !.

In Fig. 1 we give the contour map of theJp501 binding
energy surface corresponding to the spin-projected s

F̂3a
J50(bx5by ,bz) in the two-parameter space,bx(5by)

andbz . The adopted effective force for this energy surface
force II. We see the energy minimum atbx(5by)51.5 fm
and bz51.5 fm, which means that the minimum has
spherical shape. The minimum energy of287.68 MeV is
about 1.7 MeV higher than the binding energy of
289.4 MeV obtained by Kamimura and co-workers for t
ground 01 state. The energy surface in the case of force
similar to the energy surface of Fig. 1. The minimum ene
obtained by the use of force I is286.09 MeV, and it is
about 1.8 MeV higher than the binding energy of
287.92 MeV obtained by Uegakiet al. for the ground 01

state.
In Fig. 2 we give the contour map of theJp501 binding

energy surface corresponding to the state orthogonalize

the minimum energy stateF̂3a
J50(min) ~the state at the mini-

mum energy point in Fig. 1!. The orthogonalized state i

denoted asP'F̂3a
J50(bx5by ,bz), and is expressed as

P'F̂3a
J50~bx5by ,bz!

5~12uF̂3a
N,J50~min!&

3^F̂3a
N,J50~min!u!F̂3a

J50~bx5by ,bz!,

1
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FIG. 1. Contour map of the energy surface of the 01 state in the
two-parameter space,bx(5by) and bz . The adopted effective
force is force II.
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F̂3a
N,J50~min![F̂3a

J50~min!/A^F̂3a
J50~min!uF̂3a

J50~min!&.

The adopted effective force for Fig. 2 is force II. We see
energy minimum atbx(5by)55.7 fm andbz51.3 fm in
the oblate region of the map and a second energy minim
at bx(5by)52.9 fm andbz59.4 fm in the prolate region of
the map. The minimum energy value is281.55 MeV and,
what is very remarkable, this value is almost the same as
binding energy of281.66 MeV obtained by Kamimura an
co-workers for the second 01 state. The minimum energy o
281.55 MeV is close to the second minimum energy o
281.39 MeV, and there is a valley with an almost flat bo
tom connecting these two minima. An almost flat bottom
the valley means that the energy of the spherical configu
tion is only slightly higher than that of the deformed config
ration, namely, the energy gain due to the deformation
small. The energy surface by the orthogonalized st

P'F̂3a
J50(bx5by ,bz) in the case of the force I is similar to

the energy surface of Fig. 2, and the minimum energy of
orthogonalized state is279.83 MeV. Here again it is very
remarkable that this value is almost the same as the bin
energy of279.3 MeV obtained by Uegakiet al. for the sec-
ond 01 state.

The fact that for each case of the two different effecti

forces a single orthogonalized stateP'F̂3a
J50(bx5by ,bz)

yields almost the same energy as the exact energy of the2
1

state obtained by solving a full three-body problem of t
microscopic 3a-cluster model, strongly suggests that the 02

1

state wave function given by the microscopic 3a-cluster

model is similar to the rather simple stateP'F̂3a
J50(bx

5by ,bz) as long as the adopted effective two-nucleon fo
is reasonably realistic. We also calculated theJp521 energy
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FIG. 2. Contour map of the energy surface corresponding to
01 state orthogonalized to the state at the minimum energy poin
Fig. 1. The adopted effective force is force II.
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TABLE I. Comparison of the minimum energy of the spin-projected energy surface, GCM eigen energy, and the energy given by
3a calculation. Comparison is made for the 01

1 , 02
1 , and 21

1 states for two cases of the effective two-nucleon force. The energy surfac

the 02
1 state means that of the orthogonalized stateP'F̂3a

J50(bx5by ,bz). Energies are in MeV.

Volkov No. 1 M50.575, Eth(3a)5281.01 Volkov No. 2M50.59, Eth(3a)5282.04

Emin of GCM Full 3a Emin of GCM Full 3a
energy surface eigenenergy calculation@2# energy surface eigenenergy calculation@3#

01
1 286.09 287.81 287.92 287.68 289.52 289.4

02
1 279.83 279.97 279.3 281.55 281.79 281.7

21
1 283.61 285.34 285.7 284.65 286.71 286.7
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surface corresponding to the spin-projected stateF̂3a
J52(bx

5by ,bz) for the forces I and II. The minimum ene
gies for the forces I and II are obtained to be283.61 MeV
at bx(5by)51.30 fm and bz50.35 fm, and to be
284.65 MeV atbx(5by)51.50 fm andbz50.35 fm, re-
spectively. These minimum energy values for forces I an
are both higher by about 2 MeV than the lowest 21 energies
by Uegakiet al. and by Kamimura and co-workers, respe
tively, whose values are shown in Table I.

We also performed the GCM~generator coordinate
method! calculation for Jp501 and 21 by superposing

F̂3a
J (bx5by ,bz) over various sets of (bx ,bz);

(
(bx ,bz)

^F̂3a
J ~bx85by8 ,bz8!u~H2Ek!

3uF̂3a
J ~bx5by ,bz!& f k

J~bx ,bz!50.

The adopted values ofbx are bx5( i 20.5) fm with i
51 –6, and those ofbz is bz5( j 20.5) fm with j 51 –8.
Hence the total number of the adopted grid points (bx ,bz) is
48. The calculated eigenenergies of the 01

1 , 02
1 , and 21

1

states are given in Table I for the two forces I and II. W
have checked the convergence of the calculation of
eigenenergies by changing the sets of (bx ,bz) for the GCM
calculation. We see in Table I that all the GCM eigenenerg
of the 01

1 , 02
1 , and 21

1 states are almost the same as
energies of the microscopic 3a-cluster model in both case

TABLE II. Comparison of the rms radiiRrms and the monopole
matrix elementM (02

1→01
1) obtained by the GCM calculation with

those by the full 3a calculation. Comparison is made for two cas
of the effective two-nucleon force.Rrms are in fm, andM (02

1

→01
1) are in fm2.

Volkov No. 1 M50.575 Volkov No. 2M50.59

GCM
calculation

Full 3a
calculation

@2#
GCM

calculation

Full 3a
calculation

@3#

Rrms(01
1) 2.40 2.53 2.40 2.40

Rrms(02
1) 4.44 3.50 3.83 3.47

Rrms(21
1) 2.38 2.50 2.38 2.38

M (02
1→01

1) 5.36 6.6 6.45 6.7
05130
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of forces I and II. Since the eigenenergies obtained by so
ing the full three-body problem of the microscop
3a-cluster model are the exact energies, we can say by u
the mini-max theorem of the variational problem that th
almost complete equivalence of our GCM energies with
exact energies means that our GCM wave functions of
01

1 , 02
1 , and 21

1 states are almost equivalent, respective
to the 01

1 , 02
1 , and 21

1 wave functions of the microscopi
3a-cluster model in both cases of force I and II. In order
check this almost complete equivalence further, we give
Table I the comparison of the calculated rms radii and mo
pole matrix elementsM (02

1→01
1) between our GCM and

the microscopic 3a-cluster model. We see nice agreement
the calculated quantities between our GCM and the mic
scopic 3a-cluster model. In Table II, we see that the lar
rms radius of the 02

1 state is also predicted by our GCM a
by the microscopic 3a-cluster model, but at the same tim
we see that the calculated value corresponding to our G
is slightly larger than that of the 3a-cluster model. We think
the reason is because our wave function of the 02

1 state
which contains a large amount of the components of thea

condensed wave functionsF̂3a
J50(bx5by ,bz) with largebx

and/orbz so as to yield large rms radius may have a long
tail than the former 3a-cluster model. This possibly longe
tail behavior of the GCM 02

1 wave function may explain the
slight underestimation of the monopole matrix element of
GCM versus the 3a-cluster model through the slightly en
hanced mismatch between the 01

1 and 02
1 wave functions in

the GCM case.
The fact that the second 01 wave function of the micro-

scopic 3a-cluster model is almost completely equivalent
our GCM wave function of the second 01 state which has a
very large rms radius, or equivalently, very dilute density
very important. Since our GCM wave function of the 02

1

state expresses the Bose-condensed state of 3a clusters, as is
clear from its large rms radius and from its functional form
we can say that the second 01 wave function of the micro-
scopic 3a-cluster model obtained long time ago underlin
the fact that the second 01 state of12C in the vicinity of the
3a breakup threshold has a gaslike structure of 3a clusters
with ‘‘Bose condensation.’’

Now we discuss the relation between our GCM wa
function of the 02

1 state@which we denote asCGCM(02
1)]

and the orthogonalized stateP'F̂3a
J50(bx5by ,bz) with
6-4
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minimum energy@which we denote byC'(02
1)]. Although

the energy ofC'(02
1) is almost equivalent to that o

CGCM(02
1) and also to that of the 02

1 wave function of the
microscopic 3a-cluster model, we cannot simply conclud
that C'(02

1) is almost equivalent toCGCM(02
1). It is be-

causeC'(02
1) is not yet guaranteed to be orthogonal to t

01
1 wave function. The orthogonality ofC'(02

1) to

F̂3a
J50(min) which is the state at the minimum energy po

of the energy surface, is not the same as the orthogonali
the 01

1 wave function; andC'(02
1) may contain some

amount of the 01
1 wave function. We therefore calculated th

squared overlap value of the two wave function
u^C'(02

1)uCGCM(02
1)&u2. The obtained values are 0.95 an

0.97 for forces I and II, respectively. These large over
values mean that the GCM 02

1 wave functions are very simi
lar to C'(02

1) in both cases of forces I and II, and hence w
verify our former statement that the 02

1 wave function of the
microscopic 3a cluster model is very similar to a simpl
state C'(02

1) so long as the adopted two- nucleon for
reasonably describes the physics.

We also studied the magnitude of the spherical conden
component contained in our GCM 02

1 wave functions. For
this purpose, we first constructed the projection operatorPsph
onto the functional space Ssph spanned by spherical conde
sate wave functions asPsph5(kuCsph

k &^Csph
k u, where Csph

k

are the orthonormal basis functions of the space Ssph. Csph
k

are constructed as follows:

(
bx

^F̂3a
J50~bx85by85bz8!uF̂3a

J50~bx5by5bz!&g
k~bx!

5mkg
k~bx8!,

(
bx

gk8~bx!g
k~bx!5dbk8bk

,

-
g.

o
.

05130
t
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Csph
k 5

1

Amk
(
bx

gk~bx!F̂3a
J50~bx5by5bz!.

The calculated values ofu^CGCM(02
1)uPsphuCGCM(02

1)&u2

are 0.92 and 0.91 for forces I and II, respectively. Of cour
we checked the convergence of the calculation by chang
the number of the adopted componentsCsph

k in Psph. The
large magnitudes of these values imply thatCGCM(02

1) is
mostly composed of the spherical condensate componen
more than 91%. At the same time we have to note that so
amount~less than 9%! of the deformed component which i
orthogonal to the spherical component is necessary in o
to have quantitatively good reproduction of the observ
quantities.

We finally make a remark on the ground 01 wave func-
tion. Since this state has a normal radius and density, threa
clusters overlap strongly with each other in this state, wh
is totally different from the situation of the 02

1 state where
the mutual overlap of three, or even two,a clusters is small.
Therefore even though the 01

1 state is well represented by
superposition of our condensate wave functions~we recall
that our wave function contains the Slater determinant a
limit case!, it does not mean at all that the state has ana
condensation character, which is only valid for the gasl
state ofa clusters.

In summary, we have shown that the 02
1 wave function of

12C, which was obtained long time ago by solving the fu
three-body problem of the microscopic 3a-cluster model, is
almost completely equivalent to the wave function of the 3a
condensed state. This equivalence has been shown to
for two different effective two-nucleon forces. This resu
gives us strong support to our opinion that the 02

1 state of
12C has a gaslike structure of 3a clusters with Bose conden
sation.’’ A more detailed report of the present problem w
be given elsewhere.
ev.
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@6# G. Röpke, A. Schnell, P. Schuck, and P. Nozieres, Phys. R

Lett. 80, 3177~1998!; M. Beyer, S.A. Sofianos, C. Kuhrts, G
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