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Gauge invariant evaluation of nuclear polarization with the collective model
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The nuclear-polarizatiofNP) energies with the collective model commonly employed in the NP calcula-
tions for hydrogenlike heavy ions are found to have serious gauge violations when the ladder and cross
diagrams only are taken into account. Using the equivalence of charge-current density with a schematic

microscopic model, the NP energy shifts with the collective model are gauge invariantly evaluated feythe 1
states in33PP and 338U°".
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High-precision Lamb-shift measurement on highhy- In the present paper, we report that the nuclear collective
drogenlike atom$1] spurred a renewed interest in the quan-model employed for hydrogenlike ions in Refd.—7] also
tum electrodynamicalQED) calculation of electronic atoms. leads to a large violation of gauge invariance as far as the
Comparison of theoretical results with experimental data altadder and cross diagrams only are considered. Then it is
lows sensitive tests of QED in strong electromagnetic fieldshown, based on the equivalence of the transition density of
[2,3]. In this context, the study of the nuclear-polarizationthe collective model and a microscopic nuclear model with a
(NP) effect becomes important because the NP effect, as schematic interaction between nucleons, that the seagull cor-
non-QED effect that depends on the model used to describ@ctions should also be calculated with the collective model
the nuclear dynamics, sets a limit to any high-precision tesin order to obtain gauge invariant NP results. The resulting
of QED. gauge invariant NP energy shifts are given for tisg,lstates

A relativistic field-theoretical NP calculation was pre- in 2g§p531+ and ZSSUQ'”.
sented by Plunien and co-worke#s5] utilizing the concept For spherical nuclei, the Hamiltonian of the small ampli-

of effective photon propagators with nuclear-polarization in-tude vibration with multipolarityl is written as
sertions. They considered the Coulomb interaction only 1/ 1

based on the argument that the relative magnitude of trans- H=5| 5 > T+t ClY afyarm |, @)
verse interaction is of the order of{c)? and the velocityw LM M
associated with nuclear dynamics is mainly nonrelativistic. - . .

The effect of the transverse interaction was studied in thé/néré 7.y are the canonically conjugate momenta to the
Feynman gauge by Yamanakaal. [7] with the same col- collective coordinatesy, ;. The lowest vibrational modes
lective model used in Ref§4—6] for nuclear excitations. are expected to have density variations with no radial nodes,
They found that the transverse contribution is several time¥hich may be referred to as shape oscillations. The corre-
larger than the Coulomb contribution in heavy electronic at-sponding charge density operator with the multipolakitis
oms, before the contributions of the positive and negativevritten as
energy states cancel. However, due to the nearly complete A -
cancellation between them, the transverse effects become PL(U)ZPLU)% Yiwaim(t) ()
small and the net effect is destructive to the Coulomb con- -
tribution in both Is,, states of0sPFL" and %35U%". As a 1o the lowest order ot y(t). _ _
result, the total NP energy almost vanishe<§sPt* . The liquid drop model of Boh(BM) [10] is a simple

Recently, the NP effects for hydrogenlike and muonicmodel of such a shape oscillation obtained by considering
208011+ \yere calculated in both the Feynman and Coulomyieformation (_)f the nuclgar radius parameter while leaving
gauges, using a microscopic random phase approximatioii€ surface diffuseness independent of an angle,

(RPA) to describe nuclear excitatiofi8,9]. It was found that, *

in the hydrogenlike atom, the NP effects due to the ladder R(©)=Ro 1+§ amYim()], )

and cross diagrams have serious gauge dependence and
clusion of the seagull diagram is indispensable to restore th
gauge invariancg8]. In contrast, the magnitude of the

\}vrhereRo is the nuclear radius parameter of the ground state.
®he radial charge density of BM is given by

oo ; ; d
seagull collection is a few percent effect in the muonic atom, P = —Ra— on(r 4
although it improves the gauge invariar{&. pulr) Odr Qo(r). @
wherepy(r) is a charge distribution with spherical symme-
try.
*Email address: horikawa@sakura.juntendo.ac.jp If we assume that under distortion, an element of mass
"Email address: haga@npl.kyy.nitech.ac.jp moves fromrg to r without alteration of the volume it occu-
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pies, i.e., the nucleus is composed of an inhomogeneous in-
compressible fluid, a harmonic vibration of an originally
spherical surface=r in the nucleus is given by VAVAVAV 7 e
r(Q)=rq 1+§ R_o) aLMY’L‘M(Q)} (5 YaVaVaV
For this model we obtain
Electron Nucleus Electron Nucleus Electron Nucleus
d
pL(r)=— rL‘lago(r). (6) (a) (b) (¢)

L-2
R0

This version will be hereafter referred to as the Tassie mode| F'C- 1. Diagrams contributing to nuclear polarization in lowest

(TM) [11]. In Egs.(4) and (6), o4(r) is usually taken to be order.(a) ladder,(b) cross, andc) seagull diagrams.

equal to the ground-state charge distribution. . . .
In either case, the motion of nuclear matter is assumed tgvaluate the NP energy gauge invariantly with the above

be incompressible and irrotational, hence the velocity ﬁelqcollectlve model as Is sh_own below. .
u(t,r) is given by a velocity potential as(t,r)=V®(t,r) The NP calculations with the collective model assume that

This implies the nuclear current defined by(r) a single giant resonance with spin multipolaritysaturates

=po(r)v(r) yields the transition multipole density of cur- the energy-weighteB(EL) strength for each ISoSpin. In. §h|s
rent operator respect, let us recall the fact that the transition densities of

charge to the sum-rule saturated levels are given in terms of

3 _ ~ the ground-state charge dens[i3]. This can be seen as
(o) JLL_l(r)% Yl -amaim(®), D" follows. For a pair of single-particle operatorg(r)

Note that theJ,, . ,(r) part does not appear in the transition —9(F)Yim(€2) and f(r)=f(r)Y, u(Q2), the energy-
density of current operator given by E@). weighted sum rule can be generalized to

Therefore, in this kind of collective model, the continuity 1 .
equation of charge gives 23 +1 ; (En—ED[(Inllg(m)YL[I* (Il F(r) Y[ I5)]
iAE N LI -0, (8 2
IAE p (r)+ SL+1ldr Tt te-1(r)=0, (8 _ 2L+1 h_ 2droo(t)] g’ (N (r)
whereAE, is the excitation energy of the surface oscillation. 47 2M
Hence the transition density of current is given by L(L+1)

: (12)

& ) ———g(nf
Ju-1(r)=iAEL Llj—lrL‘lf X1 Lo (x)dx  (9) T2 g(r)f(r)

in terms of the transition density of charge. If we assume théNhereQO(r) is the charge distribution of the ground state

X S . normalized asfr?dro,(r)=Z [14]. When a single excited
uniform charge distributio@y(r) = 0,®(Ry—r), we obtain,
for both BM and TM, state |J;M;) saturates theB(EL) strength, |J;M;)

«rtY ulJiM;), the transition density of charge to this state

L 1 is derived from the sum-rule relatiofi2) model indepen-
pu(r)=(Jr YL”Ji)F (Ro—r), (100 dently and is given by
0
1 (il )3 d
_ 2L+1 rt-t osi(r)=— rt=1—po(r). (13
J,_L_l(r)=<Jf||r"Y|_||Ji)IAE|_ TW@(RO_I’) : 2L+1 <‘]i|r2L_2|Ji> dr
0

(11  !fthe charge distribution of the ground state is assumed to be
a uniform distribution with a radiuR,, this becomes iden-
tical with the transition density of the collective model given
by Eq. (10).

On the other hand, it is well known that the schematic
RPA with a separable interaction,

The transition densities given by Eqgdl0) and (11) have
been employed in the previous NP calculations Koe 1
[4-7]. It should be mentioned that, although the surface os
cillation applies to the case of the multipolarity=2, Eqs.
(10) and (11) with L=1 give the transition densities of the
giant dipole resonance given by the Goldhaber-Teller model

— L Ly/*
describing the relative motion of neutrons and protfi®. Vs(ri 'rJ)_KL% Y (QDryYiu(Qp, (19
For the monopole vibration, it is also possible to construct
corresponding charge and current densit#3]. for particle-hole excitations|mi~!) with a degenerate

In general, the charge conservation relation between thgarticle-hole excitation energy gives a collective state

Charge and current densities is necessary but not SUfﬁCiGMM% which exhausts the energy-weighted sum rule for the
for the gauge invariance of the NP calculation. Unfortu'single-particle operatarY,

nately, it is practically impossible to construct a model that
incorporates gauge invariance explicitly in terms of the col- AE[(LM]rtY,,]0)[2= 62 (mlrty ulid2, (15
lective variables of the model. However, it is possible to mi '
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TABLE 1. Nuclear-polarization correctioimeV) to the 1s,, and no nuclear intermediate states for the seagull diagram. It
state szgngSH. NP denotes the correction due to the whole of thejs well known that the NP results with this model is gauge
Coulomb and transverse interactions. CNP the correction only dugyyariant provided these three diagrams are taken into ac-
to the Coulomb_intgraction. Energy shifts in the parentheses are dyg nt. AlthoughJ, . 4(r) current density appears in this
to seagull contribution. model,J; | _1(r) dominates in the transition to the collective
state.

Thus we can conclude that the gauge invariance of the
collective model is also guaranteed with the charge-current

0" -33 (-02) -33 (+0.0 -33 -66 —-33 density satisfying the continuity equatidB), provided the

Present work Refl7] Ref.[6]
L™  Feynman(NP) Coulomb(NP) CNP NP CNP

1~ —221 (—423) —215 (-7.3) —17.0 +16.3 —17.6 contributions from the three diagrams are taken into account.
2+ -58 (+0.3 -58 (+06 —-58 -—-7.0 -—538 In the actual NP calculation§4—7] with the collective

3" -27 (+0.2 —-28 (+02 —-29 -29 -26 model, the assumption that each nuclear intermediate state
4%  -10 (+0.) -1.0 (+0.) -11 saturates the sum rule is not strictly obeyed, because the
5~ —-05 (+0.) -06 (+0.00 —0.6 observed nuclear data are used for the low-lying states. How-

total —35.4 (—41.8) —35.0 (—6.4) —30.7 —-0.2 —29.3 ever, since the gauge violation is serious only in the dipole
giant resonance, this does not invalidate our arguments as is
confirmed by the numerical results in the following.

where AE, is the excitation energy of_LM) [15]. If the The formulas to calculate the NP energy shifts due to the
ground state is assumed to be a filled major shell of thdéhree diagrams of Fig. 1 were given in RE8] for arbitrary
harmonic oscillator potential nuclear models. In the present NP calculations of teg,1
states in hydrogenlikga®Pb andZ32U, the parameters of the
1 M 2 collective model are the same as those given in Réig].

Huo=am P+ 2 T

(169  The same low-lying states and giant resonances are taken

into account. In addition, the contributions from the and

5~ giant resonances are also calculated in order to see the
the particle-hole excitation energyis taken to be &w for ~ effects of higher multipoles neglected previously. The
1~ and 2hw for 0" and 2". The corresponding collective B(EL) values are adjusted to the observed values for low-
states exhaust the energy-weighted sum rules, because théng states and thB(EL) are estimated through the energy-
transition strengths vanish outside thepeh excitation Wweighted sum rule for giant resonances. It should be noted
spaces. Therefore, the transition densities of charge to tH&at the seagull correction is given in terms of the ground-
collective states of this fictitious nucleus are given by Eqstate charge density, and the correction with the collective
(13). When the ground-state charge density is approximatethodel also can be calculated for batfiPb and?3%U using
by a uniform charge density, the transition density of chargghe same formulas given in RdB].
becomes identical with that of the collective model em- Tables | and Il show the results for thes;}, states in
ployed in NP calculations for hydrogenlike atoms. However,?9sPEY" and %35U°", where the sum of the contributions
the gauge invariant electromagnetic interaction of this schefrom the three diagrams of Fig. 1 is given for each multipole.
matic microscopic model is given by the minimal substitu- The second and the third columns are the results including
tion pj—p;— /A to the HamiltonianH=Hyo+Vs. Hence the transverse effects in the Feynman and Coulomb gauges,
the lowest-order contributions to NP with this model arerespectively. The values in the parentheses are the contribu-
given by the three Feynman diagrams in Fig. 1, where twdions from the seagull diagram. The NP energy shifts due to
photons are exchanged between a bound electron andtlae ladder and crossed diagrams only are obtained by sub-
nucleus. The nuclear vertices are understood to have no diraction of the seagull contributions given in the parentheses.
agonal matrix elements for the ladder and cross diagram§he fourth column gives the results of the present Coulomb

TABLE II. Nuclear-polarization correctiofimeV) to the 1s,,, state of 230U%". The notations are the
same as in Table I.

Present work Refl7] Ref. [6]
L™ Feynman(NP) Coulomb(NP) CNP NP CNP
0" -9.3 (—0.4) -9.3 (+0.0) -9.3 -215 -9.5
1- —54.3 (—65.7) -525 (-3.9) —-416 -3.8 —42.4
2+ ~131.6 (+0.0) -131.7 (+1.6) ~131.6 —148.2 -138.9
3" -6.5 (+0.3 -6.5 (+0.4 -6.7 -7.3 -6.8
4+ -2.0 (+0.2) -2.0 (+0.2) -21
5- -1.0 (+0.1) -1.0 (+0.1) -1.1
total —204.7 (- 65.5) —203.0 (-1.6) -192.4 -180.8 -197.6
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nuclear polarizationfCNP). The last two columns are the nances, and a large gauge violation occurs in the giant dipole
results of the previous calculations. resonance when the seagull contribution is omitted.

The results with the collective model, as with the micro- The fifth column of Tables | and Il gives the previous
scopic RPA modef8], also lead to large violations of gauge results in the Feynman gauge without seagull contributions.
invariance if ladder and crossed diagram contributions onlyrhe differences between the two results in the Feynman

are considered. The seagull corrections are considerable G?Uge Wif[h(>ll!t seagull contribl;tions come: fr?]m tme FCCUFQCY
the 1~ contributions for both ofSPHY* and 228U%%* . Note  Of numerical integration over the continuum threshold region
of electron intermediate states and from the differences of

that, in the limit of point nucleus, which is not unrealistic he el ¢ . H h d f
even for heavy hydrogenlike ions, the seagull collection oc{ne electron wave functions. Here we have used wave func-
curs only in the dipole mode which involves the current den-ionS in @ finite charge distribution, whil&] employs point

sity Jyo(r). Coulomb solutions. Without the seagull correction, however,

In 2ggpb81+, the sum of contributions from the low-lying the Feynman gauge gives an erroneous estimate of NP, al-

states is about 10% of the total result and the NP energy though numerical calculation in this gauge is easier than in

i
mainly determined by the giant resonance contributions. Tht]f.%e Coulomb gauge. The results of RE7] should be cor-

most dominant contribution comes from the giant Olipolerected by the present gauge invariant estimates. On the other

Lo : . hand, the CNP results of Rdf6] in the last column agree
resonance, where a large violation of gauge invariance 9Shith the gauge invariant total NP results within a margin of
curs if the seagull contributions in the parentheses are N%rror of a%ougt 20%. Hence, the Coulomb contributionsgin the
glected:—22 meV becomes-20 meV and—14 meV in the : '

Fevnman and Coulomb oauges. respectively. The total Nlgoulomb gauge with the collective model provide the correct

y 208581+ | gauges, Pective’y. : order of magnitude of the total NP corrections in both nuclei.
energy of gy |s_—35.0(— 35.4) meV |n.the collef:uve To summarize, the NP energy shifts with the collective
model compared with—38.2(—37.0) meV in the micro-

; model are estimated gauge invariantly by inclusion of the
scopic model[8] for the Coulomb(Feynman gauge. The seagull contribution. The gauge invariance is satisfied to a

0,
transverse NP effects are less than 20% of the CNP an%w percent levels in botﬁgngS” and 23%23U91+ for each of

S|m|I_ar in both_models. The agreement of the two moo_lels[he multipole separately. The net transverse effect is about
provides stability of the prediction of the NP effects with 14-15% of the Coulomb energy shift iﬁggpbgﬂ This
— 5 )

respect to the choice of the nuclear models. )
I?1 2ggU91+ the tlotal NP eneL:gy is 205(—203) meV for should be compz)glred with the transverse effect of thg,1
the Coulomb(Feynman gauge. The dominant contribution state In mu02r13|c ngb’_ Wh'Ch is about 6% of the Coulomb
effect[9]. In “55U%", it is reduced to about 6% of the Cou-

comes from the lowest 2 with a largeB(E2) value. Since ) o
the transition density of current given by Edl) is propor- lomb effect due to the dominant Coulomb contribution from
the lowest 2 state.

tional to the excitation energy, the transverse contribution o
the lowest Z is negligible due to its exceptionally small  The authors wish to acknowledge Professor Y. Tanaka for
excitation energyAE,=44.9 keV. Apart from this large useful discussions in the course of our research on NP ef-
Coulomb contribution, the results show similar tendencies agects. They appreciate Dr. N. Yamanaka and A. Ichimura for
in 295PEPL*. Namely, contributions from the low-lying states collaboration on the NP effects with the collective model,
are small compared with contributions form the giant resowhich motivated the present work.
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