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Determination of the chiral coupling constantsc3 and c4 in new pp and np partial-wave analyses
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As a first result of two new partial-wave analyses, one of thepp and another one of thenp scattering data
below 500 MeV, we report a study of the long-range chiral two-pion exchange interaction which contains the
chiral coupling constantsc1 , c3, andc4. By using as input a theoretical value forc1 we are able to determine
in pp as well as innp scattering accurate values forc3 andc4. The values determined from thepp data and
independently from thenp data are in very good agreement, indicating the correctness of the chiral two-pion
exchange interaction. The weighted averages arec3524.78(10)/GeV andc453.96(22)/GeV, where the
errors are statistical. The value ofc3 is best determined from thepp data and that ofc4 from thenp data.
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I. INTRODUCTION

It is beyond doubt that the longest-range strong tw
nucleon (NN) interaction is the one-pion exchange~OPE!
force. Despite more than 50 years of research, the natur
the medium-rangeNN interaction is not so well understood
What seems clear is that it contains:~i! A strongly attractive
central force,~ii ! an isospin-dependent tensor force oppos
in sign to OPE, and~iii ! a rather strongly attractive spin-orb
force. It was discovered in the early 60s that all these f
tures follow naturally from the exchange of scalar and vec
mesons, which led to the development of the one-boson
change~OBE! model of theNN interaction. The role of the
two-pion exchange~TPE! interaction and its interplay with
the exchange of heavy mesons that decay into two pions
for a long time remained elusive.

In recent years, however, the situation has improved.
derivation of at least the long- and medium-range nucl
forces can be formulated in a model-independent manne
a systematic expansion of the chiral Lagrangian of Q
@1–7#. In particular, the long-range TPE interaction can
derived unambiguously, where the effects of the exchang
broad heavy mesons are incorporated in effective low-ene
chiral coupling constants. Most importantly, chiral symme
and its breaking are correctly implemented in this approa

In Ref. @7#, we studied this long-range chiral two-pio
exchange (xTPE) interaction in an energy-dependent parti
wave analysis~PWA! of the proton-proton (pp) scattering
data below 350 MeV. The presence ofxTPE in the long-
rangepp force was demonstrated, and the chiral coupl
constantsc3 and c4 were determined from thepp data. In
this paper, we address the question whether the samexTPE
force allows also a good description of the neutron-pro
(np) scattering data below 500 MeV. Moreover, we pres
new, precise determinations of the chiral coupling consta
c3 and c4 from the pp and np data separately. Accurat
values of these chiral coupling constants are an impor
input in calculations of, for instance, the two-pion exchan
three-nucleon force@8#.

II. PARTIAL-WAVE ANALYSIS

Because of the high quality of thepp data base all thepp
phase shifts with orbital angular momentum,<4 can be
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-

of

e

-
r
x-

as

e
r

by

of
gy

h.

-

g

n
t
ts

nt
e

determined accurately in an energy-dependent PWA of
pp data below 350 MeV. An analysis of thenp data, how-
ever, is much more difficult, because not only theI 51 phase
shifts but also theI 50 phase shifts contribute. Moreover, th
np data base, while extensive, is by far not as accurate
varied as thepp data base@9#. In a PWA of only thenp data
below 350 MeV, it has always been impossible to determ
all the importantnp phase shifts. Therefore, the standa
practice has been to take theI 51 phase shifts, with the
exception of the1S0 phase shift, from thepp PWA, with or
without corrections for the Coulomb interaction and/or t
p1-p0 mass difference in OPE. Since it has long be
known that there is a sizable charge-independence brea
~CIB! in the 1S0 phase shifts, the1S0 np phase shift is
always fitted independently of the1S0 pp phase shift.

This approach tonp PWA was also followed in the pas
by the Nijmegen group. In 1993 the results of the fi
Nijmegenpp andnp PWA’s below 350 MeV were published
in Ref. @10#. An attempt at that time to extract all the impo
tant np phase shifts, bothI 50 andI 51, from thenp data
base below 350 MeV failed, although it was possible to d
termine the3P np phase shifts when theI 51 waves for,
.1 were taken over from thepp PWA93 @11#.

It has been customary to performNN PWA’s without in-
elasticities up to 350 MeV, although pion production sta
already at 280 MeV. It can be shown that the inclusion
inelasticities in thepp PWA below 350 MeV improves the
xmin

2 slightly. Already some time ago@12#, the Nijmegenpp
PWA was extended to energies far above the pion-produc
thresholds, with the inclusion of inelasticities. When,
1994, thenp PWA was extended to 500 MeV, it turned out
be possible, for the first time, to determine uniquely all t
importantnp phase shifts, bothI 50 andI 51, from thenp
data alone@13#. Such a separate PWA of thenp data, without
input from thepp PWA for the I 51 waves, is, in principle,
more model independent. A comparison between the ph
shifts from such an independentnp PWA and the corre-
sponding phase shifts from thepp PWA provides informa-
tion about possible CIB in theI 51 waves.

The Nijmegen energy-dependent PWA’s can be used
tool to study the long-rangeNN interaction@7#. The long-
©2003 The American Physical Society01-1
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range forces are included exactly, in order to ensure that
partial-wave amplitudes acquire the proper fast energy
pendence from the nearby left-hand singularies due to th
long-range forces, while the short-range interactions~more
remote left-hand singularities!, responsible for a much
slower energy dependence, are parametrized. This strate
implemented by solving the Schro¨dinger equation with an
energy-dependent boundary condition~BC! at somer 5b
and forr .b the long-rangeNN interaction. This long-range
force contains the electromagnetic interaction~i.e., in thepp
case the improved Coulomb@14#, the magnetic-moment@15#,
and the vacuum-polarization@16# interactions, and in thenp
case the magnetic-moment interaction@15#!, the OPE inter-
action, in thenp case also the pion-photon (p-g) exchange
interaction@17#, and the long-range part of thexTPE inter-
action@7#. The BC is parametrized as an analytic function
energy, and the parameters, representing ‘‘short-range p
ics,’’ are determined from a fit to the data. The option a
exists to fit simultaneously some of the parameters in
long-range interactions, viz. the pion-nucleon coupling c
stants @18–20# and/or the chiral coupling constantsci( i
51,3,4) inxTPE @7#.

The newpp andnp PWA’s that we discuss here will b
referred to asxPWA03. They differ from the old PWA93, in
several aspects.

~i! The energy range is extended from 350 to 500 M
Instead of the 1787pp data and 2514np data in PWA93, we
now have 5109pp data and 4786np data@21#.

~ii ! All the np phase shifts can be determined from thenp
data alone, instead of taking theI 51 phases from thepp
PWA and correcting them.

~iii ! Inelasticities are taken into account.
~iv! For r .b a different non-OPE strong interaction

taken. In PWA93 the heavy-meson exchanges of
Nijmegen soft-core OBE potential@22# were used. Motivated
by the success of Ref.@7#, where an excellent description o
the high-qualitypp data base below 350 MeV was obtaine
we use inxPWA03 thexTPE potential.

~v! A minor difference between PWA93 andxPWA03 is
that we take hereb51.6 fm, while in PWA93b51.4 fm
was used; in Ref.@7# we used bothb51.4 fm and b
51.8 fm.

Details ofxPWA03 ~data, phase shifts, etc.! will be pre-
sented elsewhere@23#, here we focus on testing the long
rangexTPE interaction in thepp andnp systems below 500
MeV.

III. CHIRAL TWO-PION EXCHANGE POTENTIAL

The xTPE potential can be derived by a systematic
pansion of the effective chiral Lagrangian@1–7#. The form
that is appropriate for use in the relativistic Schro¨dinger
equation and that is consistent with our choice of includ
the minimal-relativity factorM /E in the OPE potential is
specified in Ref.@7# ~see also Ref.@3#!.

The leading-orderxTPE potential consists of the stat
planar- and crossed-box TPE diagrams, calculated with
derivative~pseudovector! NNp Lagrangian, and the triangl
and football diagrams with the nonlinearNNpp Weinberg-
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Tomozawa seagull vertices. It contains isospin-independ
spin-spin and tensor terms and an isospin-dependent ce
term.

In subleading order, next to nonstatic corrections to
planar and box diagrams, additional triangle diagrams app
which contain three newNNpp interactions@2#. The corre-
sponding chiral coupling constants are denoted byci( i
51,3,4). ~Unfortunately, they are not scaled to obtain d
mensionless numbers and their values are convention
given in GeV21.! They are defined by the following terms i
the chiral Lagrangian density:

L52N̄@8c1D21mp
2 pW 2/Fp

2 14c3DW m•DW m

12c4smntW•DW m3DW n#N, ~1!

where Fp.185 MeV is the pion decay constant,D51
1pW 2/Fp

2 , and the chiral-covariant derivative of the pio

field pW is DW m5D21]mpW /Fp . Thec3 andc4 terms are mani-
festly chiral invariant. Thec1 term, which is proportional to
mp

2 , violates chiral symmetry explicitly and is related to th
much-discussed pion-nucleons term @24#. Using the ratio-
nalized pseudovector pion-nucleon coupling constantf 2 the
relation reads@25#

c152F s

4mp
2

1
9

16

f 2

ms
2

mpG , ~2!

wheremp5138.04 MeV is the average pion mass, andms
[mp1 is the scaling mass conventionally introduc
to makef dimensionless. Equation~2! holds in orderO(q3)
in the chiral expansion in small momentaq and the pion
mass@25#. An additional c2 term is not given in Eq.~1!,
since it does not contribute to thexTPE potential to sublead
ing order. However, it does contribute to the isoscalarpN
scattering amplitude at the same order asc1 andc3.

In subleading order thexTPE potential gets contribution
to the central, spin-spin, tensor, and spin-orbit potentials~cf.
Table 1 in Ref.@7#!. Important components are~i! A strong
isospin-independent central attraction due to thec3 term, ~ii !
an isospin-dependent tensor force opposite in sign to O
due to thec4 term, and~iii ! an attractive isospin-independe
spin-orbit force from nonstatic terms of the planar- a
crossed-box diagrams. The values of theci ’s are not fixed by
chiral symmetry and must be determined from the exp
mentalpN or NN scattering data.

The long-rangexTPE potential derived in the framewor
of the effective chiral Lagrangian is completely model ind
pendent. Any dynamicalmodel@26,27# for the TPENN in-
teraction, containing, e.g., the« ~or ‘‘ s ’’ ! and% mesons, the
pomeron, and/orN andD isobars, has to reduce to this form
for large r. These models should also predict values for
ci ’s consistent with the determinations from thepN andNN
scattering data.

The breaking of charge independence due to thep1-p0

mass difference in the OPE potential is taken into acco
exactly, as it was already in PWA93@10#. In the xTPE po-
tential, we include the terms linear in thep1-p0 mass dif-
1-2
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ference, following Ref.@28#. One charge-independent pion
nucleon coupling constant@20# is used in both the OPE an
the xTPE potentials. In the long-range interaction forr .b
only the chiral coupling constantsci ( i 51,3,4) remain then
to be determined.

IV. RESULTS

In our previous study@7# of xTPE it turned out thatc1
could not be determined accurately from thepp data base
below 350 MeV. When we fittedc1 , c3, and c4 simulta-
neously, we foundc1524.4(3.4)/GeV, where the error i
statistical. A strong correlation was obtained between
values ofc1 and c3. Therefore, we used Eq.~2! to fix the
value of c1. Assuming that thes term has the low value
s535(5) MeV @24,29#, Eq. ~2! gives c1520.76(7)/GeV,
where the error is theoretical. We used the central valuec1
520.76/GeV as input in the PWA, and determin
in Ref. @7# the values c3525.08(28)/GeV and c4
54.70(70)/GeV, where the errors are statistical. One n
that from thepp data below 350 MeV the value ofc3 could
be extracted rather precisely, whilec4 was pinned down less
accurately.

The value extracted forc1 from the data below 500 MeV
would also not be accurate enough to shed light on the v
of the s term, since the statistical error forc1 obtained in
Ref. @7# would have to be reduced at least by a factor
about 20. We therefore decided to use also here the v
c1520.76/GeV as input value, and to determinec3 andc4
from direct fits to thepp data and independently also fro
fits to thenp data.

We analyzed 5109pp data below 500 MeV using 33 BC
parameters, and we reachedxmin

2 55184.3. The optimal val-
ues forc3 and c4 and their~1 standard deviation! errors as
determined from thesepp data are

c35@24.78~11!180~ f 220.0755!#/GeV,

c45@3.92~52!1260~ f 220.0755!#/GeV, ~3!

where also the dependence on theNNp coupling constantf 2

is displayed. The correlation parameter is%520.47. These
values forc3 and c4 are consistent with and more accura
than those found in Ref.@7# from the pp data below 350
MeV. The errors are statistically only. Systematic errors
difficult to assess and require further study.

For np scattering, we analyzed 4786 data below 5
MeV. In this case, we needed 40 BC parameters and rea
xmin

2 54806.2. The chiral coupling constants, their statisti
errors, and their dependence on theNNp coupling constant
are in thisnp case,

c35@24.77~22!1100~ f 220.0755!#/GeV,

c45@3.97~24!140~ f 220.0755!#/GeV. ~4!

The correlation parameter is%50.22. In Fig. 1, we show the
results forc3 and c4, for f 250.0755. Plotted are the pos
tions of thex2 minima and thex25xmin

2 11 ellipses in the
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(c3 ,c4) plane, both for thepp and thenp case.~These el-
lipses, of course, are determined with optimalization of
the BC parameters.!

The values ofc3 andc4 determined from thepp and from
the np data are in good agreement. The value forc3 deter-
mined from thepp data is more than twice as accurate as
value from thenp data, while forc4 the situation is reversed
the value from thenp data is twice as accurate as the val
from thepp data.

We also determined the weighted averages with err
We get

c35@24.78~10!184~ f 220.0755!#/GeV,

c45@3.96~22!179~ f 220.0755!#/GeV. ~5!

These are our best values, following from all thepp andnp
scattering data below 500 MeV, which amounts to a total
almost 10,000NN data. In Table I we list our results forc3
andc4, for f 250.0755.

V. DISCUSSION AND SUMMARY

We have determined accurate values for the chiral c
pling constantsc3 andc4 from thepp and thenp scattering
data below 500 MeV. The values for theci ’s ( i 51,2,3,4) can
also be determined from PWA’s of thepN scattering data by
fitting the amplitudes predicted by~heavy-baryon! chiral per-
turbation theory (xPT) to thepN scattering amplitudes ob
tained from these PWA’s. In the several such determinati
~for a discussion of the status, see Ref.@30#! the value ofc3

-5 -4.5

3.5

4

4.5

c
3
 (GeV-1)

c 4 (
G

eV
-1

)

pp

np

FIG. 1. Ellipses of constantx2 in the (c3 ,c4) plane. Shown are
the x25xmin

2 11 ellipses in thepp PWA and in thenp PWA. The
centers of the ellipses correspond to the minima inx2.
1-3
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TABLE I. Comparison of the chiral coupling constantsci ( i 51,3,4) ~in units of 1/GeV! from different
analyses. ThepN results correspond to analyses to orderO(q3) in xPT. The input values of thes term are
in MeV. ~For a discussion of the meaning of the errors, see the text.!

Reference s c1 c3 c4

pN @31# 45(8) 20.91(9) 25.16(25) 3.63(10)
pN @32# 40(8) 20.81(12) 24.70(1.16) 3.40(04)
pp @7# 35(5) 20.76(7) 25.08(28) 4.70(70)
pp This work 35(5) 20.76(7) 24.78(11) 3.92(52)
np This work 35(5) 20.76(7) 24.77(22) 3.97(24)
NN This work 35(5) 20.76(7) 24.78(10) 3.96(22)
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is found to lie in the range between24.70 and26.19, and
the value ofc4 in the range between 3.25 and 4.12. T
values that are found forc3 and c4 depend on the order in
xPT of the amplitudes, as well as on the specificpN PWA
that is used. They also depend on what value is used for
s term, because this value fixes the value ofc1. In xPT the
isovectorpN amplitudes can be predicted more accurat
than the isoscalar amplitudes, because in leading order
latter are zero. Therefore,c4 can probably be pinned dow
better thanc3. The value ofc3 is, moreover, strongly corre
lated with the values ofc1 andc2. In Table I, we also listed
the values obtained for theci ’s in two pN analyses@to order
O(q3) in xPT# that assume, like us, an acceptably low va
for the s term. ~From Ref.@31#, we list only theci ’s corre-
sponding to one of the fits withf 250.076.!

A problem with these determinations of theci ’s from the
pN scattering data is that they are not determined dire
from the data, but from fitting to the amplitudes of existin
PWA’s that have no reliable errors. For instance, in seve
analyses the amplitudes of the about 25-year-old Karlsru
Helsinki dispersion analysis were used. The amplitu
of that PWA have no associated errors and, what is wo
are in disagreement with the modern daypN data base. Tha
analysis produced the high valuef 250.079 for the pion-
nucleon coupling constant@20#. The resulting errors on the
ci ’s determined from thepN data, therefore, do not reflec
the statistics of the data base, but are essentially rather
trary estimates.
l.
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Our results correspond to a long-range interaction t
includes the leading and subleadingxTPE diagrams. Higher-
order corrections forxTPE and the leading three-pion ex
change diagrams have been calculated by Kaiser@33#, and
can, in principle, be included as well. Work along these lin
is continuing.

In summary, the long-range part of thexTPE potential
was included in energy-dependent PWA’s of thepp and the
np scattering data below 500 MeV. Good fits to the da
were obtained. In thenp PWA all the phase-shift paramete
could be determined without input from thepp system. We
conclude that OPE plusxTPE provides a high-quality long
range strong two-nucleon interaction. Accurate values for
chiral coupling constantsc3 and c4 of chiral perturbation
theory were obtained from thepp and thenp data separately
The values agree very well with each other, and they are
in good agreement with the range of values obtained fr
pion-nucleon scattering amplitudes. We consider this ag
ment to be experimental evidence that thexTPE interaction,
as predicted by chiral perturbation theory, is correct.
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