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Observables and initial conditions for self-similar ellipsoidal flows
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Single-particle spectra and two-particle Bose-Einstein correlation functions are determined analytically uti-
lizing a self-similar solution of nonrelativistic hydrodynamics for ellipsoidally symmetric, expanding fireballs,
by assuming that the symmetry axes of the ellipsoids are tilted in the frame of the observation. The directed,
elliptic, and third flows are calculated analytically. The mass dependences of the slope parameters in the
principal directions of the expansion, together with the mass and angular dependences of the HBT radius
parameters, reflect directly the ellipsoidal properties of the flow.

DOI: 10.1103/PhysRevC.67.034904 PACS number~s!: 24.10.Nz, 25.70.2z, 25.75.2q
e
io
u
to

rg
ns
s
n

ti
ur
on
n
r-
t
f

s

al
ac

e
th
e
il
iv
n
n

r

ef
-
th
le

ns
ply

gy
g,
tic
ome

re in

as

a-
y

y
e

or
den-
-
e

lds
ion
ss-
re to
ed

ons
e

I. INTRODUCTION

The equations of hydrodynamics reflect the local cons
vation of matter, momentum, and energy. These equat
are well suited to study problems related to flows in vario
fields ranging from evolution of galaxies in astrophysics
heavy-ion and elementary-particle collisions in high-ene
physics. The finding of exact self-similar hydrosolutio
sometimes represents essential progress in physics, a
discovery of the Hubble flow of our Universe or the Bjorke
flow of ultrarelativistic heavy-ion collisions.

In this paper we consider the case of a nonrelativis
hydrodynamical problem with ellipsoidal symmetry. O
goal is to demonstrate the influence of initial conditions
the final-state observables, utilizing an explicit, exact, a
simple analytic solution of fireball hydrodynamics. In pa
ticular, we attempt to understand the relationship between
initial conditions ~the ellipsoidal asymmetry and the tilt o
the major axis! and the final observables.

II. THE NEW FAMILY OF SELF-SIMILAR ELLIPSOIDAL
SOLUTIONS

A self-similar solution of nonrelativistic hydrodynamic
with ideal gas equation of state and a generalized~direction-
dependent! Hubble flow, a three-dimensional ellipsoid
Gaussian density profile and a homogeneous, sp
indepenent temperature profile has just been found in R
@1#. This solution has many interesting properties, e.g.
partial differential equations of hydrodynamics are reduc
to ordinary differential equations corresponding to a Ham
tonian motion of a massive particle in a noncentral repuls
potential. These results correspond to the generalizatio
earlier, data motivated hydrodynamical parametrizatio
and/or solutions of Refs.@2–8# to ellipsoidal symmetry and
noncentral heavy-ion collisions with homogeneous tempe
ture profile.

Below we generalize the hydrodynamic solution of R
@1# for some fairly wide family of thermodynamically con
sistent equations of state, and calculate analytically all
observables of noncentral collisions. It allows, in princip
to solve an inverse problem, namely, given an~in general
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nonideal! equation of state, to restore the initial conditio
from the observables. However, we do not aim here to ap
directly the new hydrosolution to data fitting in high-ener
heavy-ion physics. In order to reach the level of data fittin
generalizations to relativistic flow patterns, more realis
equations of state and temperature profiles are needed. S
of these generalizations seem to be straightforward and a
progress@9,10#.

Consider the nonrelativistic hydrodynamical problem,
given by the continuity, Euler and energy equations:

] tn1“•~nv!50, ~1!

] tv1~v•“ !v52~“p!/~mn!, ~2!

] te1“•~ev!52p“•v, ~3!

wheren denotes the particle number density,v stands for the
nonrelativistic~NR! flow velocity field,e for the NR energy
density,p for the pressure and in the following the temper
ture field is denoted byT. This set of equations are closed b
some equation of state~EOS!. We have chosen analyticall
solvable generalization of NR ideal gas equations of stat

p5nT, e5k~T!nT, ~4!

which allow to study the solutions of NR hydroequations f
any temperature dependent ratio of pressure to energy
sity, p/e51/k(T). The EOS~4! are thermodynamically con
sistent for any functionk(T), as can be checked by using th
free energy densityf (T,n) and the relations

p5n
] f

]n
2 f , e5 f 2T

] f

]T
. ~5!

The functionk(T) characterizes thep/e ratio for a broad
variety of materials: e.g., a nonrelativistic ideal gas yie
k(T)53/2. Note, that for finite-size systems phase transit
can occupy certain temperature interval similar to a cro
over. Then one can model such a change of the pressu
energy density ratio at phase transition from deconfin
quark matter to hadronic one by means of smooth variati
of the values ofk(T) in certain temperature domain. Not
©2003 The American Physical Society04-1
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also that it is usual to introduce the speed of sound ascs
2

5dp/de51/k(T), so we model the change in the equati
of state essentially with the help of a temperature depen
speed of sound.

For sake of convenience we choosen, v, and T as the
independent hydrodynamic variables. The NR hydroeq
tions are solved, similarly as it was done for the case of
ideal gas EOS in Ref.@1#, by the following self-similar, el-
lipsoidally symmetric density and flow profiles:

n~ t,r 8!5n0

V0

V
expS 2

r x8
2

2X2
2

r y8
2

2Y2
2

r z8
2

2Z2D , ~6!

v8~ t,r 8!5S Ẋ

X
r x8 ,

Ẏ

Y
r y8 ,

Ż

Z
r z8D , ~7!

where the variables are defined in a center of mass frameK8,
but with the axes pointing to the principal directions of t
expansion. The time-dependent scale parameters are de
by (X,Y,Z)5@X(t),Y(t),Z(t)#, the typical volume of the
expanding system isV5XYZ, and the initial temperature
and volume areT05T(t0) andV05V(t0), andn0 is a con-
stant. The time evolution of the radius parametersX, Y, Z,
and temperatureT are governed by the ordinary differenti
equations

ẌX5ŸY5Z̈Z5
T

m
, ~8!

Ṫ
d

dT
~kT!1TS Ẋ

X
1

Ẏ

Y
1

Ż

Z
D 50. ~9!

Note that the equation for the time dependence of the t
perature can be integrated in a straigthforward manner to

V0

V
5exp@k~T!2k~T0!#expE

T0

T dT8

T8
k~T8!, ~10!

and this equation further simplified, in the case of a tempe
ture independentk, as

T5T0S V0

V D 1/k

. ~11!

III. OBSERVABLES FROM THE NEW SOLUTION

In order to evaluate the measurable quantities, any hy
dynamical solution has to be supplemented with an ad
tional freeze-out criterion, that specifies the end of the
drodynamical evolution. Here we assume sudden part
freeze-out at a constant temperatureT(t f ,r )5Tf , where
EOS corresponds approximately to ideal gas@k(Tf)53/2#.
This freeze-out condition is reached everywhere at the s
time in the considered class of exact hydrodynamical so
tions, and it is motivated by the simplicity of the resul
Then, the emission function is proportional to
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S~ t,r 8,k8!}expF2
~xk82mv8!2

2mTf
2

r x8
2

2Xf
2

2
r y8

2

2Yf
2
2

r z8
2

2Zf
2G

3d~ t2t f !. ~12!

A. Single-particle spectrum

The single-particle spectrum and the two-particle corre
tion function can be evaluated similarly to that of Refs.@3,4#,

E
d3n

dk8
}E expS 2

kx8
2

2mTx8
2

ky8
2

2mTy8
2

kz8
2

2mTz8
D , ~13!

Tx85Tf1mẊf
2 , ~14!

Ty85Tf1mẎf
2 , ~15!

Tz85Tf1mŻf
2 . ~16!

Here E5m1k8 2/(2m) in the nonrelativistic limit we are
considering,k85(kx8 ,ky8 ,kz8) stands for the momentum vec
tor in K8, Xf5X(t f), etc. In the spherically symmetric cas
of X5Y5Z5R, we recover the earlier results@3,4#, with

^u&5Ṙ andTeff5Tf1m^u&2.
The observables are determined in the center of m

frame of the collisionK, where ther z axis points to the
direction of the beam and ther x axis to that of the impact
parameter. In this frame, the coordinates and the mom
are denoted byx and k. We assume that the initial state o
the hydrodynamic evolution corresponds to a rotated el
soid inK. The tilt angleu represents the rotation of the majo
~longitudinal! direction of expansion,r z8 from the beam axis
r z . Hence the event plane is the (r x8 ,r z8) plane, which is the
same as the (r x ,r z) plane. The~zenithal! angle between di-
rectionsr z andr z8 is u, while the~azimuthal! angle between
the transverse momentumkt and the event plane isf.

The ellipsoidal spectrum of Eq.~13! generates the follow-
ing f averaged single-particle spectrum in theK frame:

d2n

2pktdktdkz
}expS 2

kt
2

2mTeff
2

kz
2

2mTz
D f ~v,w!, ~17!

1

Tz
5

cos2u

Tz8
1

sin2u

Tx8
, ~18!

1

Tx
5

cos2u

Tx8
1

sin2u

Tz8
, ~19!

1

Teff
5

1

2 S 1

Tx

1
1

Ty8
D , ~20!

w5
kt

2

4m S 1

Ty8
2

1

Tx
D , ~21!
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v52
ktkz

2m
sin~2u!S 1

Tx8
2

1

Tz8
D , ~22!

f ~v,w!'I 0~w!1
v2

4
@ I 0~w!1I 1~w!#, ~23!

where f (v,w) is calculated for uvu!1 and I n(w)
51/p*0

pdzcos(nz)exp@wcos(z)# is the modified Bessel func
tion of ordern (n50,1, . . . ). Forsmall ellipsoidal asymme
tries, w!1, I 0(w).1 and the effective temperature param
eter in the transverse direction is the harmonic mean of
temperature parameters of the principal directions of exp
sion ~projected to the transverse plane!. As Tz8>Tx8>Ty8 is
expected from the initial conditions, we obtainTx>Tx8 and
Tz<Tz8 .

The flow coefficientsvn are defined as

d3n

dkzktdktdf
5

d2n

2pdkzktdkt
F112(

n51

`

vncos~nf!G .

~24!

Herev1 is called the directed flow,v2 is the elliptic flow, and
v3 is the third flow. The transverse- and longitudina
momentum dependence of thevn flow components can be
written in terms ofv andw. Assuming that the tilt angleu or
the anisotropy is small,uvu!1, the directed, elliptic, and
third flow components are evaluated as

v15
v
2 F11

I 1~w!

I 0~w!G , ~25!

v25
I 1~w!

I 0~w!
1

v2

8 F11
I 1~w!

I 0~w!
22S I 1~w!

I 0~w! D
2G , ~26!

v35
v
2

I 2~w!1I 1~w!

I 0~w!
. ~27!

An angular tiltuÞ0 is evidenced by the rise of the directe
and third flows as a function of rapidityy50.5 ln@(E
1kz)/(E2kz)# and by a minimum of the elliptic flow at midra
pidity, see Fig. 1. This and other features are in qualitat
agreement with most of the data on intermediate- and h
energy heavy-ion collisions@11–14#, suggesting that in non
central collisions the dominant longitudinal direction of e
pansion is slightly deviating from the beam direction. A mo
straightforward proof of the ellipsoidal nature of the flow c
be obtained by determining the mass dependence of the
rametersTx8 , Ty8 , andTz8 , cf. Eqs.~14!–~16! and Fig. 2.

B. Two-particle correlations

The two-particle Bose-Einstein correlation functio
~BECF! is related to a Fourier transform of the emission~or
source! function S(t,r 8,k8) of Eq. ~12!, see e.g. Refs
@3,4,6#. If the core-halo picture@15# is valid, an effective
intercept parameterl[l(k)5@Nc(k)/N(k)#2 appears, that
measures the fraction of particles emitted directly from
core. The two-particle BECF is diagonal inK8, as
03490
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C~K 8,q8!511l exp~2qx8
2Rx8

22qy8
2Ry8

22qz8
2Rz8

2!,
~28!

K 85K128 50.5~k181k28!, ~29!

q85q128 5k182k285~qx8 ,qy8 ,qz8!, ~30!

Rx8
225Xf

22S 11
m

Tf
Ẋf

2D , ~31!

Ry8
225Yf

22S 11
m

Tf
Ẏf

2D , ~32!

Rz8
225Zf

22S 11
m

Tf
Żf

2D . ~33!

These radius parameters measure the lengths of homoge
@16#. They are dominated by the shortest of the geometr
scales (Xf ,Yf ,Zf) and the corresponding thermal scales d
fined by (XT ,YT ,ZT)5ATf /m(Xf /Ẋf ,Zf /Żf ,Zf /Żf), gen-
eralizing the results of Refs.@3,6,7# to ellipsoidal flows. The
geometrical scales characterize the spatial variation of
fugacity termm(t,r 8)/T(t,r 8), while the thermal scales cha

-1 -0.5 0 0.5 1

-0.4

-0.2

0

0.2

0.4

y

v  1

v  2

v  3

FIG. 1. The directed, elliptic, and third flowsv1 , v2 , v3 are
illustrated, respectively, with solid, long-dashed, and short-das
lines, as a function of rapidity, form5940 MeV, Tx85200 MeV,
Ty85150 MeV, Tz85700 MeV, at a fixedkt5500 MeV and u
5p/5, see Eqs.~25!–~27!.
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FIG. 2. The linear mass dependence of the effective temp
tures in the transverse directions,Tx8 , Ty8 , and their ~harmonic!
averageTeff for noncentral heavy-ion collisions, ifTf5120 MeV,

Ẋ50.4, andẎ50.25, andu50.
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acterize the spatial variations of the Boltzmann te
Eloc8 (t,r 8)/T(t,r 8), both of them evaluated at the point o
maximal emittivity. In theK8 frame, cross terms@17# vanish,
RiÞ j

2 50, if the emission is sudden.
If the particle emission is gradual, but it happens in

narrow intervalDt centered att f , then the BECF can be
evaluated using the replacement d(t2t f)
→(2pDt2)21/2exp@2(t2tf)

2/2Dt2# in Eq. ~12!, if DtẊf
!Xf , etc. Hence all the previous radius components, incl
ing the cross terms, are extended with an additional te
dRi j8

25b i8b j8Dt2, whereb85(k181k28)/(E181E28) is the ve-
locity of the pair inK8.

The BECF’s are usually given in the side-out-longitudin
or Bertsch-Pratt~BP! parametrization. The longitudinal di
rection, r long[r l in BP coincides with the beam direction
The plane orthogonal to the beam is decomposed to a d
tion parallel to the mean transverse momentum of the p
r out[r o , and that perpendicular to both this and the be
direction, r side5r s. The mean velocity of the particle pa
can be written in BP asb5(bo,0,b l) , wherebo5b t . Let f
denotes the angle of the event plane and the mean trans
momentum of the measured pair. The result is

C2~K ,q!511l expS 2 (
i , j 5s,o,l

qiqjRi j
2 D , ~34!

Rs
25Ry8

2cos2f1Rx
2sin2f, ~35!

Ro
25Rx

2cos2f1Ry8
2sin2f1b t

2Dt2, ~36!

Rl
25Rz8

2cos2u1Rx8
2sin2u1b l

2Dt2, ~37!

Rol
2 5~Rx8

22Rz8
2!cosu sinu cosf1b tb lDt2, ~38!

Ros
2 5~Rx

22Ry8
2!cosf sinf, ~39!

Rsl
25~Rx8

22Rz8
2!cosu sinu sinf, ~40!

where an auxiliary quantity is introduced as

Rx
25Rx8

2cos2u1Rz8
2sin2u. ~41!

These results imply that all the radius parameters oscillat
theK frame. In particular, af dependent oscillation appea
in the radius parameters indexed either by thesideor theout
direction, as illustrated in Fig. 3. These oscillations are si
lar to those obtained in Ref.@18#, corresponding tou50. We
find that the radius parameters indexed by thelongitudinal
direction depend also on the zenithal angleu. A toy model
for tilted (uÞ0) ellipsoidal static pion sources was intr
duced in Refs.@19#, to understand thef dependent oscilla-
tions of measured HBT radii at AGS energies. In our ca
the amplitude of the oscillations is reduced for heavier p
ticles due to the hydrodynamic expansion, which results
decrease of the lengths of homogeneity with increasing m
The oscillations of the radius parameters were not rela
before either to hydrodynamic flow with ellipsoidal symm
try and tilt of the major axis, or connected to the initi
conditions of a hydrodynamic expansion.
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A check of the applicability of our hydrodynamic solutio
is that the BECF and the single-particle spectrum beco
diagonal ~after removing a term ofb ib jDt2 from all the
HBT radius parameters! in the same frame, see Eqs
~13!,~14!–~16! and Eqs.~28!,~31!–~33!. This frame isK8,
the natural system of ellipsoidal expansion or SEE.

IV. SUMMARY

We have analytically evaluated the single-particle sp
trum and the two-particle Bose-Einstein correlation functi
for a self-similarly expanding, exact, ellipsoidal solution
the nonrelativistic hydrodynamical equations, assuming
constant freeze-out temperature.

The parameters of the hydrosolution at freeze-out ti
Tf , (Xf ,Yf ,Zf) and (Ẋf ,Ẏf ,Żf), can be reconstructed from
the measurement of the single-particle spectrum and the
particle correlation functions. The direction of the major ax
of expansion in the center of mass frame of the collision
characterized by the polar angles (u,0). With the exception
of Rl , all the radius parameters oscillate as function off,
while the radius parametersRl

2 , Rol
2 , Rsl

2 depend also onu.
All the radius parameters decrease with increasing mass
cluding all the cross terms. IfuÞ0, the effective temperature
in the transverse direction is increased by a contribution fr
the longitudinal expansion.

The initially more compressed longitudinal and impa
parameter directions~the r z and r x directions! expand more
dynamically@1,9# that impliesTz8>Tx8>Ty8 . The initial time

t0 can be identified from the requirement thatẎ(t0)50. The
initial conditions for this hydrodynamical system can
uniquely reconstructed from final-state measurements. The
functionk(T) in the EOS influences only the time evolutio
of the scales (X,Y,Z) and temperatureT. So, for a given
EOS, one can uniquely reconstruct the initial conditions
hydrodynamic evolution from final ones.

We have deliberately chosen the presentation as simp
possible, which limits the direct applicability of our results
high-energy heavy-ion collisions only to sufficiently sma
transverse momentum,pt!m, at midrapidity. But the

-25
-20
-15
-10

-5
 0
 5

 10
 15
 20
 25

 0  π/2  π  3π/2  2π

R
os2   ,

 R
sl2  (

fm
2 )

φ(rad)

Rsl
2

Ros
2

FIG. 3. The out-side and the side-long cross terms are plotte
a function of the polar anglef, for Rx855 fm, Ry854 fm, Rz8
58 fm, andu5p/5. Note thatRsl

2}sin(f) while Ros
2 }sin(2f). See

Eqs.~39! and ~40!.
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scheme permits generalization in many points and still
qualitative features of our results may survive even in
relativistic regime. Generalizations to some relativistic flo
have been described in Ref.@10#. Reference@9# includes an-
other extension to an arbitrary, inhomogeneous, ellipsoid
symmetric initial temperature profile, which does not chan
the time evolution of the scale parameters. It turns out t
each of these generalizations is essentially straightforwa

Although we considered a nonrelativisitic problem, o
results provide generic insight into the time evolution of no
central heavy-ion collisions and relate initial conditions
Z
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final-state observables in a simple and straightforward m
ner impossible before.
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