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Spectral functions in the s channel near the critical end point

Kenji Fukushima*
Department of Physics, University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

~Received 23 October 2002; published 4 February 2003!

Spectral functions in thes channel are investigated near the chiral critical end point~CEP!, that is, the point
where the chiral phase transition ceases to be first ordered in the (m,T) plane of the QCD phase diagram. At
that point thes meson becomes massless in spite of explicit breaking of the chiral symmetry. It is expected that
experimental signatures peculiar to the CEP can be observed through spectral changes in the presence of
abnormally lights mesons. As a candidate, the invariant-mass spectrum for diphoton emission is estimated
with the chiral quark model incorporated. The results show the characteristic shape with a peak in the low
energy region, which may serve as a signal for the CEP. However, we find that the diphoton multiplicity is
highly suppressed by infrared behaviors of thes meson. Experimentally, in such a low energy region below the
threshold of two pions, photons fromp0→2g are major sources of the background for the signal.

DOI: 10.1103/PhysRevC.67.025203 PACS number~s!: 11.30.Rd, 05.70.Jk, 12.38.Mh, 25.75.2q
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I. INTRODUCTION

The spontaneous breaking of chiral symmetry has fun
mental significance in understanding the nonperturbative
ture of hadron dynamics. It has been argued that the ch
symmetry can be restored at sufficiently high temperat
and/or high baryon density by means of effective models
lattice calculations~see Ref.@1# for a state-of-the-art review
of lattice results!. In QCD with two massless~massive! quark
flavors at zero baryon density, the chiral phase transitio
supposed to be a second-ordered one~crossover! according
to the universality argument@2#. Once an adequate chemic
potentialm for the baryon density is introduced, the chir
phase transition can become first ordered for small qu
masses, as suggested by several model studies@3–7#.

If the strange-quark mass is large enough to make
chiral restoration at zero baryon density a continuous tra
tion, as found in the lattice calculation with staggered ferm
ons@1#, the first-ordered line should terminate at some po
in the (m,T) plane of the QCD phase diagram. This termin
point is called the chiral critical end point~CEP!. Two
minima of the effective potential degenerate right at t
point, so that the curvature around the minima vanishes. T
results in the appearance of thes meson withzero screening
mass, even though the pions are still massive due to expl
breaking of the chiral symmetry. This is the reason w
much attention has been paid to the physical conseque
around the CEP from not only the theoretical but also
experimental point of view@7–12#. As a matter of fact, fu-
ture experiments of the heavy-ion collision planned in G
@13# with ;30A GeV energy and in JHF@14# with
;25A GeV energy will explore a lot about the high dens
nature of QCD, including physics around the CEP.

It would be interesting to consider the possibility to dete
such lights mesons directly in heavy-ion-collision exper
ments. Thes meson in a hot medium goes through su
processes ass→2g, s→2p, s→2s, s→NN̄, etc. It is
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expected that the measurement of two photons~diphotons!
can give us direct information on the transient thermal m
dium because electromagnetic probes, such as leptons
photons, hardly receive rescattering in the relatively sm
system produced in a collision. Formerly the diphoton m
surement was proposed as a candidate of the procedur
see the spectral changes near the chiral restoration: Ths
mass is so reduced around the chiral transition tempera
that thes meson cannot decay into two pions and thus
spectral function in thes channel must be significantly en
hanced@15–22#. In the present paper we apply the idea to t
spectral changes near the CEP. Actually strong vestige
the CEP can be anticipated since the spectral function has
just an enhanced peak but apole contribution then. We are
going to estimate the diphoton spectrum, taking advantag
the universality argument around the CEP. However, the
formation derived from the universality is not sufficient
obtain the diphoton emission rate. For that purpose, we m
take account of each dynamical process in order to acq
the spectral function.

In the construction of the spectral function we would e
phasize the following viewpoint: Thes mass and the scala
meson condensate are not sensitive to the details of dyn
cal processes. Their smooth decrease at finite tempera
can be provided by almost any thermal fluctuation. Theref
we can parametrize the behaviorsa priori, resorting to the
universality argument or knowledge inferred from mod
studies, as will be performed in Sec. II. The width and a
plitude ~residue of the propagator!, on the other hand
strongly depend on dynamical processes or, in other wo
depend on what kind of loops are taken into account. T
we must evaluate them by considering respective proces
as will be calculated in Sec. III.

Once we have the spectral functions in thes channel, we
can investigate the effects on the diphoton emission com
from the spectral changes near the CEP. The dominant
tribution from thes pole brings about a characteristic sha
in the diphoton spectrum, which reflects how long the syst
stays around the CEP. In contradiction to the naive expe
tion as mentioned above, we will find in Sec. IV that thes
pole contribution is strongly suppressed by the small resi
in infrared regions. Thus the diphoton multiplicity is weake
©2003 The American Physical Society03-1
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KENJI FUKUSHIMA PHYSICAL REVIEW C 67, 025203 ~2003!
due to infrared behaviors of thes meson. Finally we sum-
marize our results and discuss the possibility to detect
CEP via the diphoton measurement in Sec. V.

II. PARAMETRIZATION NEAR THE CRITICAL
END POINT

In the vicinity of the CEP located at (mE,TE), the critical
behaviors are predominantly described by the lightest mo
i.e., the s meson ~long-ranged correlation in the scala
isoscalar channel! alone. Since thes meson is a scalar par
ticle associated with the Z~2! symmetry, the universality ar
gument tells us that the chiral phase transition belongs to
same universality class as that of the three-dimensional~3D!
Ising model. It is worth noting that the chiral restoration
the CEP would become a genuine phase transition, name
second-ordered phase transition, even though it is a cr
over at lower baryon chemical potential. Then singularit
around that critical point are characterized by the criti
exponents as functions of the distance from the critical po
In general this distancel in the (m,T) plane becomes an
admixture of both temperature like~denoted byt) and mag-
netic like ~denoted byh) variations in the Ising model: The
Z~2! symmetry is only exact right at the CEP and the effe
tive potential is distorted away from that point. In the QC
phase diagram thet-like direction, along which deformation
of the effective potential should preserve the Z~2! symmetry,
is tangential to the first-ordered line, as depicted in Fig.

The critical exponents for the 3D Ising model have be
well examined analytically as well as numerically@23#. The
inverse correlation function and the spontaneous magne
tion would vanish asj21;tn;t0.63 and m;tb;t0.33 along
the t direction and asj21;hn/bd;h0.40 andm;h1/d;h0.21

along theh direction, respectively. It turns out from thes
numerical values that the magnetic singularities sho
dominate as long asl contains a nonvanishing component
the h direction, or in other words, they should dominate u
less the direction specified byl is parallel to the puret direc-
tion tangential to the first-ordered line. As a result, singula
ties in almost all directions can be effectively described
the magnetic exponents, as discussed in Ref.@8#. Then the
mass of thes meson, which can be interpreted as the inve
correlation length in the Ising model, vanishes near the C

FIG. 1. Schematic picture of the QCD phase diagram. The C
is located at (mE ,TE). The dotted line with an arrow indicates th
evolving direction considered in the present analysis.
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as; l n/bd, while the scalar condensate drops off as; l 1/d as
though it were be a spontaneous magnetization. The p
massmp , on the other hand, can be approximately regard
as constant up to the critical point, which is common
several model studies@10,15,18#.

For simplicity we restrict our discussion throughout th
paper only to the case with the chemical potential fixed
m5mE ~the direction indicated by the dotted line in Fig. 1!.
In this case,l is proportional toT2TE, and we can param
etrize the~screening! masses simply as follows:

mp~T!5mp* , ms~T!5ms* H 12S T

TE
D 2J n/bd

, ~1!

with n/bd50.403. Also the scalar condensate, that is,
counterpart of the spontaneous magnetization in the Is
model, can be parametrized as

f p~T!5v01v~T!5a fp* 1~12a! f p* H 12S T

TE
D 2J 1/d

,

~2!

with 1/d50.208. Herev0 is the condensate remaining at th
CEP due to explicit breaking of the chiral symmetry.
should be noted that the scalar condensate can be regard
the pion decay constant under some approximations. Acc
ingly we denote the condensate asf p(T) in Eq. ~2!. Indeed,
this identification for the pion decay constant is used in
choice of parameter sets, as stated below.

The universality argument tells nothing about the valu
of mp* , ms* , f p* @the pion mass, thes mass, the pion decay
constant at (m5mE, T50), respectively#, and v0. In the
present analysis these are all treated as free parame
which should be arranged by hand or by using some mod
Here, avoiding artifacts inherent in any model study, we s
ply employ the typical parameter sets as follows; that is,
take two extreme cases, one with no change of the * qu
tities and another with a relatively large change of the
quantities:

~case I! mp* 5140 MeV, ms* 5600 MeV,

f p* 593 MeV,

~case II! mp* 5140 MeV, ms* 5300 MeV,

f p* 546.5 MeV. ~3!

As for the choice ofa, for the moment we will show the
results of the spectral functions and the diphoton emiss
rates only for a specific choice ofa51/2; the condensate a
the CEP decreases up to the half of its value at zero temp
ture. Finally we will present in Fig. 7, below, the results f
a variety ofa ranging from 0.2 to 0.9. The qualitative con
sequences are hardly amended by a change ofa, though the
absolute amount of the diphoton yield depends ona.

We should remark that the choice of case II may hav
relation to the Brown-Rho scaling hypothesis in dense ma
@24#, i.e., ms* /ms. f p* / f p.F(rE), whererE is the baryon
number density corresponding to the chemical potentialmE.

P
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SPECTRAL FUNCTIONS IN THEs CHANNEL NEAR . . . PHYSICAL REVIEW C 67, 025203 ~2003!
Case II implies the choice ofF(rE)51/2. Taking into ac-
count the fact that the partial restoration of the chiral sy
metry might be experimentally observed in nuclei@25,26#,
we can anticipate that such reduction up to half may hap
in the vicinity of the CEP.

III. SPECTRAL FUNCTIONS NEAR THE CRITICAL
END POINT

From the experimental point of view, functional forms
the meson masses and the condensate assigned by Eq~1!
and ~2! are not sufficient to describe physical decay p
cesses; that is, the decay width and the amplitude mus
evaluated. This information is contained in the spectral fu
tions. Actually the spectral functions in thes channel are
necessary to estimate the diphoton emission rates. There
in this section, we are going to draw our knowledge on
spectral functions in thes channel, limiting our consider
ation to the case with the spatial momentum fixed at ze
The spectral function in thes channel is defined as

rs~p!52
1

p
Im Ds

R~p!

52
1

p

ImPs
R~p!

@p22m22RePs
R~p!#21@ ImPs

R~p!#2
. ~4!

Ds
R(p) andPs

R(p) are the retarded Green’s function and t
retarded self-energy in thes channel, respectively. In prin
ciple, all we have to do is calculate the self-energyPs

R(p)
near the critical point as performed, for example,
Ref. @18#.

In place of performing some resummation procedures,
calculate only the imaginary part of the self-energy using
propagators with the parametrized masses. The one-loop
grams shown in Fig. 2 describe the decay processes
→2s and s→2p. We would emphasize that this is not
simple perturbative expansion but rather a resummed ca
lation since the propagator incorporates the interaction in
mean field of masses given bymp(T) andms(T). Also the
full vertices represented by solid squares in Fig. 2 can
inferred from the effective potential~see Appendix A for de-
tail arguments!.

Here we limit ourselves to the case of back-to-back ki
matics, that is, diphoton emission with zero spatial mom
tum. Then we obtain

FIG. 2. Diagrams for the self-energy with non vanishing ima
nary part up to one-loop order. Solid squares stand for the
vertices inferred from the effective potential.
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ImPs
R~v,0W !52

Vsss
2

32p
A12

4ms
2

v2
@112nB~v/2!#

3u~v22ms!2
3Vspp

2

32p
A12

4mp
2

v2

3@112nB~v/2!#u~v22mp!, ~5!

wherenB(v/2) stands for the usual Bose distribution fun
tion andu(v22m) is the step function. The expressions f
the vertices Vsss and Vspp are given in terms of
mp(T), ms(T), and f p(T) in Eq. ~A3! in Appendix A.

We have neglected processes involving quark~nucleon!
loops such ass→qq̄ (s→NN̄) because of physical an
technical reasons. First of all, it should be negligible at
CEP since the constituent quark is still hea
(;100 MeV), while thes meson becomes light. Furthe
more, the inclusion of quarks needs a wave-function ren
malization, in which we cannot avoid technical complic
tions and ambiguities.

It is worth noting that the parametrized mass is the c
vature of the effective potential, i.e., the screening mass.
pole mass appearing in the calculation of the self-ene
might be different from the parametrized one due to the L
entz anisotropy at finite temperature and/or density. In R
@27# it is clarified that the anisotropy results in the dynamic
critical exponentz.111/27 for thef4 theory slightly above
Tc at zero density. The underlying physical contents of ma
lesss mesons near the CEP are effectively the same as
critical phenomena described by thef4 theory. Thus we ex-
trapolate the results of Ref.@27# and suppose that the effec
of the dynamical critical exponent is small enough to
negligible even belowTc at finite density. This presumption
of neglecting the dynamical critical exponent formally corr
sponds to a specific choice of renormalization conditions l
the fastest apparent convergence~FAC! condition adopted in
Hatree-type resummations@18#, in which the coupling con-
stant contained in the models should depend on the temp
ture, in principle.

Also we briefly comment upon the results of Ref.@10#.
The authors argued that the pole mass of thes meson within
the Nambu–Jona-Lasinio~NJL! model remains finite even
right at the CEP in the leading order of the 1/Nc expansion.
This is not because of the treatment of the zero-point ene
as discussed by the authors, but because of the lack of in
red dynamics. We have found that the masslesss loops de-
pendent on the external momentum are essential ingred
to describe the critical properties@28#.

Now that we have the imaginary part of the self-ener
we can construct the real part from its imaginary part via
dispersion relation, i.e.,

RePs
R~v,0W !5

1

p
PE

s0

`

ds
ImPs

R~As,0W !

s2v2
1~subtractions!,

~6!

apart from subtraction factors which are to be determined
the renormalization conditions, in principle.P stands for the

-
ll
3-3
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FIG. 3. Spectral functions in
the s channel near the CEP lo
cated at (mE5700 MeV, TE

5140 MeV). The left figure is for
the parameter set of case
@F(rE)51# and the right for that
of case II@F(rE)51/2#.
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prescription of Cauchy’s principal value. As for the subtra
tions, meson one loops need only one subtraction, whic
absorbed in the mass renormalization. We can fix the s
traction factor without ambiguity by demanding thes mass
to be given by Eq.~1!, neglecting the effect of the dynamica
critical exponent. If quark loops were taken into accou
they would need two subtractions in the one-loop ord
which are absorbed not only in the mass renormalization
in the wave-function renormalization also. This makes
actual computation quite intricate, though the quantitat
behaviors are essentially described by meson loops only

Then we can evaluate the spectral functions in thes
channel by substituting ImPs

R(v) and RePs
R(v) for the defi-

nition of Eq. ~4!. m2 in Eq. ~4! is irrelevant since it can be
absorbed in the subtraction factor. Throughout this anal
we set the location of the CEP at (mE5700 MeV, TE
5140 MeV) as suggested by Refs.@9,12#. The resulting
spectral functions are shown in Fig. 3 for the cases oT
5130 MeV andT5139 MeV. It is clear from the shown
spectral functions that the dominant contributions in the l
energy region arise from the lights pole and the continuum
for the decay processs→2s. The threshold of the con
tinuum contribution lies in the pointv52ms(T). We note
that the processs→2p has only slight effects on the spe
tral function atT5139 MeV simply because the full verte
Vspp becomes decreasing when thes mass approaches th
pion mass, as can be seen in Eq.~A3!.

To investigate the spectral enhancement in a more qu
titative sense, we define the strength of the pole contribu
as

Zs~v!5
1

2v S 12
d

dv2
Ps

R~v!D 21U
T5Tv

, ~7!

whereTv is the temperature at whichms(T5Tv)5v is sat-
isfied. Then the pole part of the spectral function can
written asrs

(sing)(v)5Zs(v)d„v2ms(T)…. In Fig. 4 we plot
the strength of the pole contribution as a function ofv. As is
clear from the figure, the strength becomes vanishing av
50. This property is understood immediately from the d
persion integral of Eq.~6!. The differentiation of the integra
02520
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diverges infraredly (s;0) asv→0. As a result of the infra-
redly diverging denominator, the spectral function becom
zero atv50, which is consistent with the general proper
of the spectral functionr(v)52r(v), for mesons@41#. We
will discuss this behavior of the pole strength in connect
with the diphoton observation later in Sec. IV.

IV. DIPHOTON EMISSION RATE

One of the most promising candidates to see the spe
changes in thes channel is the invariant-mass spectrum
diphoton emission from thes meson. The emission rate pe
unit space-time volume is given by~see Appendix B for the
derivation! @19#

dN

d4xd4p
U

p5(v,0W )

5
uv2gsgg~v!u2

~2p!4
•

rs~v,0W !

ebvcoshu21
, ~8!

with the effective couplinggsgg of the decay processs
→2g. Although the expression is proportional tov4, the
singularities ingsgg(v) just compensate forv4 in the pres-
ence of a thermal medium andv2gsgg(v) takes a finite
value in the limit ofv→0. The actual evaluation ofgsgg(v)

FIG. 4. Strength of the pole contributions.
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FIG. 5. Diphoton emission
rates foru50. The left figure is
for the parameter set of case
@F(rE)51# and the right for that
of CASE-II @F(rE)51/2#.
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as a function ofv is illustrated in Appendix C.u is the fluid
rapidity related to the fluid velocityv by u5arctanhv arising
from the Lorentz boost.

Since they are proportional to each other, the gross
tures of the multiplicity are the same as those of the spec
function. The dominant contribution, in fact, comes from t
s pole when the system lies in a state close to the CEP.
results are presented in Fig. 5 foru50, in accordance with
the spectral functions in Fig. 3, respectively.

We must take account of the space-time evolution of
system for the calculations to be compared with experim
tal outputs. Here we adopt the simplest situation for
space-time history, though it is not quantitatively realistic b
qualitatively acceptable.

First of all, we fix the baryon chemical potential atm
5mE during the evolution until freeze-out. This approxim
tion makes the entropy per baryon deviate at most;10%
depending on the nucleon mass around the CEP when
equation of state for the ideal gas is used. Considering
neither the nucleon mass nor the equation of state is
cisely known around the CEP, this approximate path w
m5mE is the best we can do for the qualitative study.

Second, following the analysis presented in Ref.@29#, we
presume that the hydrodynamic evolution would ob
Bjorken’s scaling solution@30#. In a quantitative sense th
transverse expansion should be taken into account and m
over the boost invariance might be unsatisfied under the
perimental conditions where the the CEP is concerned. N
ertheless, the analysis based on the scaling solution
provide us with the qualitative pattern of the diphoton sp
trum when the CEP is passed through.

Then the invariant-mass spectrum with transverse m
M t , transverse momentumpt , and momentum rapidityY of
diphotons fixed is given by

1

~area!

dN

dM t
2d2ptdY

U
pt5Y50

5
1

2Et i

t f
dt tE dy

dN

d4xd4p
U

p5(M ,0W )

, ~9!
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where~area! is the constant transverse area of the hadro
gas andy is the space-time rapidity which is equal to th
fluid rapidity u in Bjorken’s scaling solution.t i and t f are
the initial and final times of the evolution;t i is taken as 1 fm
as usual andt f is defined as the time when the system
cooled down below the freeze-out temperature. We fix
freeze-out temperature around the CEP asTf5120 MeV ac-
cording to Ref.@9#. In order to accomplish the integratio
with respect tot, we need the temperature at a givent. That
is determined by the following argument, as discussed
Ref. @31#. Bjorken’s scaling solution leads to the entrop
density as a function of time as

s~t!

s~t i!
5

t i

t
, ~10!

from which we can read the temperature once we hav
relation connecting the entropy density to the system te
perature. For ideal gases, the entropy density is given by

sH~T!53
4p2

90
T314

]

]T H TE d3k

~2p!3
~ ln@11e2b(Ek2mE)#

1 ln@11e2b(Ek1mE)# !J , ~11!

for the hadronic gas composed of pionsp6, p0 and nucle-
ons p, n. Pions can be treated as massless particles, w
Ek5Ak21Mn*

2 is the energy of nucleons with massMn* in a
medium. For the quark-gluon plasma composed of mass
gluons and quarks with two flavorsu, d at quark chemical
potentialmE/3, the entropy density is given by

sQ~T!5
74p2

45
T312TS mE

3 D 2

. ~12!

In the intermediate temperature we can smoothly interpo
between them as follows:

s~T!5
1

2
@sQ~T!1sH~T!#1

1

2
@sQ~T!2sH~T!#tanhS T2TE

DT D ,

~13!
3-5
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KENJI FUKUSHIMA PHYSICAL REVIEW C 67, 025203 ~2003!
whereDT controls the strength of the~deconfinement! tran-
sition. It is worth noting that the change of the entropy de
sity is mainly attributed to the liberation of the color degre
of freedom and thus it has little to do with the chiral pha
transition, at least in principle. There remain subtleties in t
respect because no well-defined indicator of confinemen
established so far@32#. If the deconfinement transition is re
ally related to the chiral dynamics, as often said, the cha
of the entropy density at the CEP~i.e., the terminal point of
the first-ordered transition! could be almost discontinuou
that is, DT is small or zero in effect. Here we setDT
51 MeV.

The temperature as a function of time is shown in Fig
with the initial conditionTi5TE5140 MeV att i51 fm. We
take this initial condition, in which the gas is equilibrate
right at the CEP, for we have parametrized the masses be
TE and have no idea about the masses above the CEP.
dotted curve stands for the temperature evolution in the c
when the nucleons are infinitely heavy. In case I and cas
the nucleon massMn* is chosen in accordance with th
Brown-Rho scaling hypothesis, that is,Mn* .1 GeV for case
I and Mn* .0.5 GeV for case II.

FIG. 6. The temperature as a function of time derived from
ansatz given by Eq.~13! with the initial condition Ti5TE

5140 MeV att i51 fm.
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We note that the ansatz given by Eq.~13! is implicitly
based on a specific choice of the initial entropy dens
s(TE)5@sH(TE)1sQ(TE)#/2. The gentle slope of tempera
ture until t;3 fm (1.2 fm) in case I~case II! is caused by
the difference of the entropy densitys@TE)2sH(TE)
5@sQ(TE)2sH(TE)#/2. Although we will focus our argu-
ments only on the case of the ansatz~13!, other forms of
interpolation will be necessary when we look into the ca
with different initial conditions for the entropy density.

Fig. 7 is our final result for the diphoton emission whe
the system passes through the CEP. Because the contin
contribution turns out to be two to three orders of magnitu
smaller than the pole contribution, we have plotted only
pole contribution with a variety ofa ranging from 0.2~bot-
tom! to 0.9 ~top!. We cut the invariant massM shown in the
figures up to 170 MeV, for thes mass at the freeze-ou
temperature is around 170 MeV in case II.

At a glance we notice a characteristic property that
multiplicity approaches zero asM→0 and has a peak aroun
M550–120 MeV. Although we have expected that the pr
ence of masslesss mesons would induce more and mo
significant enhancement in the multiplicity asM gets smaller
and smaller, the resulting multiplicity in the low energy r
gion is reduced altogether. This suppression is because o
amplitude, or the strength of the pole contribution, which
given by Eq.~7!.

The location of the peak actually depends onms* , f p* @the
s mass and the pion decay constant at (m5mE, T50)], and
the evolution of temperature as a function of time. In a
case the multiplicity starts from zero atM50. As the energy
gets larger, the amplitude rapidly increases and at the s
time the space-time volume in which the thermal syst
stays is reduced by the steeper slope of temperature. Co
quently the peak observed in Fig. 7 is produced in somew
general situations due to the behavior of the amplitude
the time evolution. Thus we can anticipate that the pe
found in our analysis appears in different physical conditio
~different choices ofms* , f p* , and the hydrodynamic evolu
tion! as long as the system passes through the CEP, tho
its location is altered according to those conditions.

We would remark that the annihilation processp1p2

→2g makes no background in such a low energy reg

e

.
r

FIG. 7. The multiplicity of
diphoton emission near the CEP
The left figure is for the paramete
set of case I@F(rE)51# and the
right for that of case II@F(rE)
51/2#. The dotted line indicates
the position of the pion mass
mp05135 MeV.
3-6
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below the threshold of two pions. In the scenario of the sp
tral enhancement in the chiral restoration at zero chem
potential, the annihilation process brings about a huge ba
ground comparable to the desired signal, which crucia
smears the spectral changes@18#. In contrast, the main back
ground for the CEP peak comes from the electro magn
decay into two photons fromp0 in a hot medium and also
from p0 emitted after freeze-out. In the present analysis
pion mass is fixed at a constant value independently of t
perature. In addition to the pole contribution atM5mp0

5135 MeV, the spectral functions in the pion channel ha
a continuum contribution in the low energy region below t
pion mass because of the mass difference between pions
s mesons. However, this pion continuum gives rise to
small a contribution, which is at most comparable to t
continuum contribution in thes channel, that it is suffi-
ciently negligible.

Although the invariant-mass spectrum has a character
shape with a peak whose location is separable from the
pole, the combinatorial background of photons fromp0

→2g will be crucial for experimental observations. Th
invariant-mass distribution of photon pairs from separ
sources is the origin of the combinatorial background.
principle, however, the combinatorial background can
subtracted by means of the event-mixing method. Thus
accuracy necessary to identify the peak originating froms
mesons is roughly estimated by the comparison between
number of photons froms mesons and the number of ph
tons fromp0 which might pair with photons froms mesons
in the construction of the invariant mass.

Let us roughly estimate the accuracy necessary to iden
the diphoton peak from thes meson in the present formula
tion, though the analysis should not be reliable beyon
qualitative sense and the quantitative results may be sig
cantly changed under different conditions for the choice
parameters, the initial values of the temperature and
chemical potential, the equation of state, the hydrodyna
evolution, and so on.

Thep0 yield in the present condition can be estimated
the integration of the Bose distribution function on t
freeze-out surface as@33#

1

~area!

dNp0

dY
.

z~3!t fTf
3

p2
.0.13 fm22, ~14!

with t f54.7 fm andTf5120 MeV ~case I! substituted. This
value of thep0 yield seems small as compared with, f
example, the particle production observed in AGS@35#. It is
because we set the initial point where the system reac
equilibrium right at the CEP, not above it. As a result t
freeze-out timet f becomes smaller.

Since almost all thep0 decays via an electro magnet
process into two photons, the number of photons fromp0 is
estimated as twice that of Eq.~14!. On the other hand, the
invariant-mass spectrum of diphoton emission with the ra
up to pt;M;100 MeV integrated out gives

1

~area!

dNsgg

dY
;1028 fm22. ~15!
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As a rough estimate, the accuracy of order;1027 to thep0

peak after the subtraction of the combinatorial backgroun
necessary to detect the clear signal from nearly massles
mesons. The infrared suppression of the amplitude we fin
the present paper is responsible for the smallness of the
sulting output~15!. As we stated above, however, the qua
titative results here may be considerably changed. For r
able quantitative analyses, we must clarify the hydrodyna
properties around the CEP, which are just beginning to
investigated@34#.

V. SUMMARY

We investigated the spectral functions in thes channel
near the CEP where the first-ordered transition of the ch
restoration would terminate. Thes pole and the continuum
from the decay processs→2s dominate over the spectra
functions near the CEP, as expected. Our method has al
no model artifact though it contains some parameters pu
by hand. In the present analysis we try two parameter se
the extreme cases; one is the case with no medium effect
the other is the case with a considerably large medium eff

Using the resulting spectral functions we have evalua
the multiplicity of diphoton emission. Within the simples
space-time evolution described by Bjorken’s scaling so
tion, we present the theoretical prediction for the diphot
emission when the system passes through the CEP in a
drodynamic evolution. Our results show that the diphot
multiplicity with vanishing transverse momentum has t
characteristic shape with a peak around the invariant m
50–120 MeV. We find, contrary to expectation, that the
frared dynamics makes the amplitude of nearly massless
mesons so suppressed that the CEP signal is weakened
severe background comes from a large peak produced bp0

after freeze-out.
To proceed further and employ more realistic hydrod

namics, it is essential for the present framework to settle
parametrization in the whole (m,T) plane and extend it
above the critical point. As for the chiral critical point i
three-flavor QCD at finite temperature@36#, lattice simula-
tions prove to be powerful instruments to search fort-like
and theh-like directions @37#. Unfortunately, however, the
CEP located at high density is still hard to access by me
of lattice simulations.
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APPENDIX A: INTERACTIONS NEAR THE CRITICAL
END POINT

In the presence of a finite chemical potential for t
baryon density, the effective potential in terms ofs and p
can be expanded as
3-7
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V~s, pW !5A~s21pW 2!32B~s21pW 2!21C~s21pW 2!2Ds,
~A1!

where the last term embodies explicit breaking of the ch
symmetry due to finite quark masses. The effects aris
from the finite chemical potential induce the first term of t
sixth power ~finite A) and reduce the second term of th
fourth power~smallB). As a result the phase transition cou
be first ordered. In the vicinity of the the CEP, coefficien
A, B, C, andD are determined by the following condition
]2V/]p25mp

2 and ]2V/]s25ms
2 for the meson masse

given by Eq.~1!, ]V/]s50 for the condensation given b
Eq. ~2!, and ]3V/]s350 for the CEP. We need one mor
condition to determine all the coefficients away from t
CEP because the last condition is peculiar just to the C
Then we assume thatA can be regarded as constant in o
analysis. Actually we can expect that the value ofA is more
sensitive tom, which is fixed asm5mE throughout this pa-
per, rather thanT, remembering thatA stems from the effects
of the finite chemical potential. Then it follows that

A5
mp

2

16v0
4

, B5
3 f p

2 mp
2

16v0
4

1
mp

2 2ms
2

8 f p
2

,

C5
3 f p

4 mp
2

16v0
4

1
3mp

2 2ms
2

4
, D5 f pmp

2 , ~A2!

leading to the full vertices of the three-point interactions

Vsss[
]3V

]s3
5

3 f p
3 mp

2

v0
4

2
3~mp

2 2ms
2 !

f p
,

Vspp[
]3V

]s]p2
52

mp
2 2ms

2

f p
. ~A3!

APPENDIX B: FORMULATION OF THE DIPHOTON
EMISSION RATE

The multiplicity of two photons~diphotons! per unit
space-time volume is given in the thermal circumstance

dN

d4x
5 (

f ,i ,l1 ,l2

e2bEi

Z~b!

u^ f ;g~k1 ,l1!g~k2 ,l2!uSu i &u2

VT

3
d3k1

2v1~2p!3

d3k2

2v2~2p!3
, ~B1!

where Z(b) is the partition function and theS matrix
is denoted by S. Two photons have four-moment
(v15uk1u,k1

W ), (v25uk2u,k2
W ) and polarization vectors

em(l1), em(l2), respectively. TheS matrix depends on the
actual processes which can be expressed through the e
tive Lagrangian, i.e.,

Lfgg5gfggfFmnFmn, ~B2!
02520
l
g

P.
r

ec-

with the effective coupling constantgfgg of order ae
.1/137. In our notationf denotes collectively any particle
which can decay into two photons such asp0 ands mesons.
We will focus our attention on the case off5s in the
present paper because we are interested in the diphoton
trum in the low energy region. Up to the lowest order of t
perturbation with respect togfgg , the S matrix can be ex-
panded as

^ f ;g~k1 ,l1!g~k2 ,l2!uSu i &

524igfgg$~k1•k2!~e1* •e2* !2~k1•e2* !

3~k2•e1* !%E d4x ei(k11k2)^ f uf̂~x!u i &.

~B3!

Since real~on-shell! photons are emitted, we must take th
summation with respect to the polarizations only over
transverse components. The Ward identity, however, sim
fies the manipulations; that is, we reach the correct ans
simply by taking the summation over all the polarization
Thus we can make use of the formula,(lem(l)en* (l)
52gmn , to acquire

dN

d4x
5 iDf

,~k11k2!

332ugfggu2~k1•k2!2
d3k1

2v1~2p!3

d3k2

2v2~2p!3
,

~B4!

after taking the summation over states. Here, the Gre
function

iDf
,~p!5E d4x eip•x^f̂~0!f̂~x!&b ~B5!

can be related to the spectral function as@38#

iDf
,~p!5

2prf~p!

ebp021
, ~B6!

where the spectral function is defined as Eq.~4!. If the ther-
mal medium has the flow velocity specified byum , thenbp0
in the above expression should be replaced bybp•u.

In the kinematics specified byv11v25v and pW 50W
~back-to-back kinematics!, we can easily perform the inte
gration overkW1 and kW2. Taking into account the symmetr
factor of identical bosons~photons!, we finally reach

dN

d4xd4p
5

uv2gfgg~v!u2

~2p!4

rf~v,0W !

ebv21
. ~B7!

APPENDIX C: EFFECTIVE COUPLING CONSTANT

The effective coupling constant describing the decays
→2g has been calculated within the framework of the line
3-8
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FIG. 8. Diagrams contributing the decay pro
cesss→2g in the chiral quark model. The box
indicates the full vertex ofs→2p inferred from
the effective potential.
ite
F

t
u

,

t is,

no
is
ark
in
s model at zero temperature@39# and within the framework
of the NJL model at finite temperature@31#. In the present
analysis we estimate the couplinggsgg by means of the chi-
ral quark model at finite baryon density as well as at fin
temperature. The diagrams to be calculated are shown in
8. The result in the back-to-back kinematics is written as

gsgg~v!5ae@ tp
(vac)~v!1tp

(mat)~v!1tq
(vac)~v!1tq

(mat)~v!#,
~C1!

whereae5e2/4p is the electro magnetic coupling constan
tp
(vac) and tp

(mat) represent the vacuum and medium contrib
tions of the pion loops, respectively, given by

tp
(vac)~v!5

Vspp

4pv2 H 12
4mp

2

v2 S sin21
v

2mp
D 2J ,

tp
(mat)~v!5

Vsppmp
2

pv2 H E
0

`

dq
2qnB~Eq!

Eq
2~v224Eq

2!
lnUEq1q

Eq2qU2u~v

22mp!
ip

v2
nB~v/2!lnUv1Av224mp

2

v2Av224mp
2UJ ,

~C2!

with the notationEq5Aq21mp
2 . The vacuum and medium
on
6.

G

n

et

,

02520
ig.

.
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contributions tq
(vac) and tq

(mat) come from the quark loops
which are given by

tq
(vac)~v!52

5gmq

3pv2 H 11S 12
4mq

2

v2 D S sin21
v

2mp
D 2J ,

tq
(mat)~v!52

5gmq~v224mq
2!

3pv2

3H E
0

`

dq
q@nF~Eq1mq!1nF~Eq2mq!#

Eq
2~v224Eq

2!

3 lnUEq1q

Eq2qU2u~v22mq!
ip

2v2
@nF~v/21mq!

1nF~v/22mq!# lnUv1Av224mq
2

v2Av224mq
2UJ , ~C3!

with Eq5Aq21mq
2 as above.g is the strength of the Yukawa

coupling between mesons and quarks.mq denotes the con-
stituent quark mass. We have choseng53.2 so as to repro-
duce the constituent quark mass at the tree level, tha
mq5g fp5300 MeV @40#.

It is important to note that the diagrams in Fig. 8 have
s loop since thes mesons are electrically neutral. Thus it
absolutely necessary to include the contribution from qu
loops in contrast to the calculation of the self-energy
which thes contribution dominates over the quark loops.
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