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Multipole amplitudes of pion photoproduction on nucleons up to 2 GeV using dispersion relations
and the unitary isobar model

I. G. Aznauryan*
Yerevan Physics Institute, Alikhanian Brothers St.2, Yerevan 375036, Armenia
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Two approaches for the analysis of pion photoproduction and electroproduction on nucleons in the resonance
energy region are checked atQ250 using the results of the GWU~VPI! partial-wave analysis of photoproduc-
tion data. The approaches are based on dispersion relations and the unitary isobar model. Within dispersion
relations a good description of photoproduction multipoles is obtained up toW51.8 GeV. Within the unitary
isobar model, modified with increasing energy by the incorporation of Regge poles and with a unified Breit-
Wigner parametrization of resonance contributions, a good description of photoproduction multipoles is ob-
tained up toW52 GeV.
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I. INTRODUCTION

It is known that dispersion relations~DR!, and the unitary
isobar model~UIM !, constructed on the basis of an effecti
Lagrangian approach in Ref.@1#, are widely used for the
analysis of pion photoproduction and electroproduction d
and for the extraction from these data of information
g* N→N* vertices. In this paper our goal is to check the
approaches atQ250 using the results of a GWU~VPI!
partial-wave analysis of pion photoproduction made fro
threshold toW52 GeV ~Refs.@2,3#, and theSAID program!.
In the case of dispersion relations the main goal is to find
energy region of applicability of DR, since with increasin
energy the utilization of DR is connected with the followin
problems:~a! at large angles the importantP33(1232) reso-
nance contribution requires, in the integrands of DR extra
lation to very largex5cosu, and becomes arbitrary;~b! the
unknown contribution of resonances with large massesM
.2 GeV) can become important; and~c! the contribution of
the Regge region (W.2.5 GeV) can also become importan
From the results of this paper it follows that the role of the
effects is insignificant up toW51.8 GeV, and DR can be
reliably used in this energy region.

In the case of the UIM our goal is to find an adequa
description of the resonance and background contribution
order to extend this model toW52 GeV. It is known that the
background of the UIM which consists of the minimal num
ber of diagrams~the nucleon exchanges in thes andu chan-
nels and thet channelp, r, andv exchanges! is motivated
only at threshold~Refs. @4,5#! and in the first resonance re
gion ~Refs.@1,6#, and references therein!. As will be argued
in Sec. III, the extension of this background above the fi
resonance region cannot be satisfactory. Moreover, contin
to 2 GeV and higher, the background of Ref.@1# strongly
contradicts experimental data. We will modify the UIM
such a way that with increasing energy the amplitudes of
model will transform into the amplitudes in the Regge po

*Email addresses: aznaury@jlab.org,
aznaur@jerewan1.yerphi.am
0556-2813/2003/67~1!/015209~12!/$20.00 67 0152
ta

e

e

-

e

in

t
ed

e

regime which starts practically atW52.5 GeV. We will
demonstrate that incorporation of Regge poles into the ba
ground with increasing energy results in a good descript
of the GWU~VPI! photoproduction multipole amplitudes i
the resonance energy region up toW52 GeV. This descrip-
tion will be obtained using a standard Breit-Wigner para
etrization for the resonance contributions, as suggeste
Ref. @7#. Only for the multipolesM11

3/2 andE11
3/2 , correspond-

ing to theP33(1232) resonance, will a slight modification b
made in order to satisfy the Watson theorem@8#. Let us note
that in order to reproduce photoproduction multipole amp
tudes in the UIM of Ref.@1#, a complicated parametrizatio
of resonance contributions has been used. Such a comp
tion is caused by the fact that above the first resonance
gion background contributions into some multipole amp
tudes in Ref. @1# become too large, and in order t
compensate them resonance contributions have been stro
deformed.

In Sec. II we will present our results obtained within di
persion relations. First, in Sec. II A we will present the r
sults for multipole amplitudesM11

3/2 and E11
3/2 which corre-

spond to theP33(1232) resonance. It will be shown, that D
for M11

3/2 andE11
3/2 can be transformed into singular integr

equations. These multipoles will be found via solutions
these equations. Further, in Sec. II B, imaginary parts of
contributions corresponding to other resonances will
found using the results of the GWU~VPI! analysis and as-
suming a Breit-Wigner parametrization for resonance con
butions. We will also find nonresonance contributions
imaginary parts ofE01

(0,1/2,3/2), M12
(3/2) , M11

(0,1/2) and E11
(0,1/2)

which are not small at small energies due to largepN phases
d01

1/2,3/2, d12
3/2 , and d11

1/2 . These contributions will be found
using DR and the Watson theorem. Finally, in Sec. II
using DR, real parts of the multipole amplitudes will b
found. In this section the contribution of the multipo
M11

(3/2) , coresponding to theP33(1232) resonance into DR
for other multipoles, will be investigated, and it will b
shown that atW.1.8 GeV there is significant arbitrarines
in the real parts of some multipole amplitudes connec
with this contribution. The dispersion integrals over the hi
energy region will be also estimated in Sec. II C, and it w
©2003 The American Physical Society09-1
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be shown that the role of these integrals in the resona
energy region is insignificant.

In Sec. III we will discuss and present the modified UI
and will present the results obtained within this model. Co
clusions will be made in Sec. IV.

II. DISPERSION RELATIONS

We use fixed-t dispersion relations for invariant ampl
tudes. We derive real parts of multipole amplitudes via
expansion of results obtained over multipoles. The invari
amplitudes are chosen following Ref.@9# in accordance with
the definition of the hadron electromagnetic current,

I m5ū~p2!g5H B1

2
@gm~g k̃!2~g k̃!gm#12PmB212q̃mB3

12k̃mB42gmB51~g k̃!PmB61~g k̃!k̃mB7

1~g k̃!q̃mB8J u~p1!, ~1!

wherek̃, q̃, p1 , andp2 are four-momenta of the virtual pho
ton, pion, initial and final nucleons, respectively,P5 1

2 (p1
1p2), and B1 ,B2 , . . . ,B8 are invariant amplitudes which
are functions of the invariant variabless5( k̃1p1)2, t5( k̃
2q̃)2, andQ2[2 k̃2.

The conservation of the hadron electromagnetic curr
leads to the relations

4Q2B45~s2u!B222~ t1Q22mp
2 !B3 ,

2Q2B7522B582~ t1Q22mp
2 !B8 , ~2!

whereB58[B52 1
4 (s2u)B6 . So only six of the eight invari-

ant amplitudes are independent. As independent amplitu
let us chooseB1 ,B2 ,B3 ,B58 ,B6 , andB8 . The relations be-
tween these amplitudes and the multipoles are given
Appendix A. For all amplitudesB1

(6,0) ,B2
(6,0) ,B3

(1,0) ,
B85

(6,0) ,B6
(6,0) , and B8

(6,0) , exceptB3
(2) , unsubtracted dis-

persion relations at fixedt can be written

ReBi
(6,0)~s,t,Q2!5Ri

(v,s)~Q2!S 1

s2mN
2

1
h ih

(1,2,0)

u2mN
2 D

1
P

pEsthr

`

Im Bi
(6,0)~s8,t,Q2!

3S 1

s82s
1

h ih
(1,2,0)

s82u
D ds8, ~3!

whereRi
(v,s)(Q2) are residues in the nucleon poles~they are

given in Appendix B!, h15h25h651, h35h585h8

521, h (1)5h (0)51, h (2)521, and sthr5(mN1mp)2.
For the amplitudeB3

(2) we take the subtraction point at in
finity. In this case, using current conservation conditions~2!,
we have
01520
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ReB3
(2)~s,t,Q2!5R3

(v)~Q2!S 1

s2mN
2

1
1

u2mN
2 D

2
eg

4p

Fp~Q2!

t2mp
2

1
P

pEsthr

`

Im B3
(2)~s8,t,Q2!S 1

s82s

1
1

s82u
2

4

s82u8
D ds8, ~4!

where the Born term, in addition to the nucleon poles, a
includes pion exchange in thet channel.

AmplitudesB(1) and B(2) correspond to isovector pho
tons and are related to amplitudes with a definite total isos
in the s channel by

B(1)5
1

3
~B(1/2)12B(3/2)!, B(2)5

1

3
~B(1/2)2B(3/2)!.

~5!

Amplitude B(0) corresponds to the isoscalar photon.
Amplitudes corresponding to reactions with a defin

charge states are

B~g1p→p1p0!5B(1)1B(0),

B~g1n→n1p0!5B(1)2B(0), ~6!

B~g1p→n1p1!521/2~B(0)1B(2)!,

B~g1n→p1p2!521/2~B(0)2B(2)!.

We will use also the notations

pB
1
25B(0)1

1

3
B(1/2), nB

1
25B(0)2

1

3
B(1/2), ~7!

where the subscriptp(n) denotes a proton~neutron! target.

A. P33„1232… resonance

Let us write dispersion relations for the multipole amp
tudesM11

3/2/kq andE11
3/2/kq in the form

M ~W!5MB~W!1
1

pEWthr

Wmax ImM ~W8!

W82W2 i«
dW8

1
1

pEWthr

Wmax
K~W,W8!ImM ~W8!dW8, ~8!

where M (W) denotes any of multipoles
M11

3/2/kq, E11
3/2/kq, k, and q, are the photon and pion

3-momenta in the c.m.s.,MB(W), is the contribution of the
Born term into these multipoles,K(W,W8) is a nonsingular
kernel arising from theu-channel contribution to the disper
9-2
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FIG. 1. ~a! Multipole amplitudeM11
3/2 within the DR. The results are obtained via a solution of the integral equation~8!: solid and dashed

curves correspond to the real and imaginary parts of the amplitude; dotted and dashed-dotted curves correspond to the contr
homogeneous and particular solutions into ImM11

3/2 ; and the thin dashed curve is the contribution of other multipoles into Eq.~8!. ~b!
Multipole amplitudeE11

3/2 within the DR and UIM. Dash-dotted and dashed curves are the real and imaginary parts of the amplitude o
by the DR via solution of the integral equation~8!; the thin dashed curve is the contribution of other multipoles into Eq.~8!; and the solid
and dotted curves are the real and imaginary parts of the amplitude obtained within the UIM with modified background@Eq ~16!#. ~c! ImM11

3/2

in the UIM: the solid curve is the full result obtained with the modified background@Eq. ~16!#; the dash-dotted and dashed curves corresp
to the resonance and unitarized background contributions, respectively; and the dotted curve corresponds to the unitarized no
background.~d! ReM11

3/2 in the UIM: the legend is as for~c!. In ~a!–~d!, the GWU~VPI! results from theSAID program are presented by ope
circles for the imaginary parts of the amplitudes, and by open triangles for those real parts. All amplitudes are in millifermi units.
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sion integral and the nonsingular part of thes-channel con-
tribution, Wmax51.8 GeV. In relations~8! the following as-
sumptions are made.

~a! For each of the amplitudesM11
3/2/kq and E11

3/2/kq we
neglect the contributions of other multipoles into dispers
integrals. By our estimations they are small and do not af
our final results. These contributions are shown by t
dashed curves in Figs. 1~a! and 1~b!. It is seen that up to
1.8 GeV they are practically equal to zero forM11

3/2 and are
very small forE11

3/2 .
~b! We neglect the integrals over (Wmax51.8 GeV,`).

In Figs. 1~a! and 1~b! we present the results of th
GWU~VPI! partial-wave analysis forM11

3/2 and E11
3/2 up to

W52 GeV. It is seen that at 1.8 GeV,W
,2 GeV, ImM11

3/2 and ImE11
3/2 are practically equal to 0. The

integrals over (2 GeV,̀ ) were estimated using the resul
of the Regge-pole analysis of high energy data made in R
@10#. These integrals turned out to be negligibly small.

Let us make one more assumption.
~c! We will use the Watson theorem from threshold

W51.8 GeV, assuming thatd11
3/2(W) → p, i.e., ImM (W)
01520
n
ct
n

f.

→0, whenW → Wmax. From the results of the GWU~VPI!
partial-wave analysis, presented in Figs. 1~a! and 1~b!, it is
seen that this is a reasonable assumption, taking into acc
that the pN amplitude h11

3/2(W) is elastic up to W
51.45 GeV, and atW51.45 GeV,d11

3/25157° @11#. So, in
all integration regions we will take ImM (W)
5h* (W)M (W).

With these assumptions the dispersion relations forM11
3/2

and E11
3/2 turn into singular integral equations~8!, which at

K(W,W8)50 have solutions in an analytical form@12,13#,

MK50~W!5M part,K50
B ~W!1cMMK50

hom~W!, ~9!

where M part,K50
B (W) is the particular solutions of Eq.~8!

generated byMB,

M part,K50
B ~W!5MB~W!1

1

p

1

D~W!

3E
Wthr

Wmax D~W8!h~W8!MB~W8!

W82W2 i«
dW8,

~10!
9-3
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and

MK50
hom~W!5

1

D~W!
5

Wmax

uWmax2Wu

3expFW

p E
Wthr

Wmax d~W8!

W8~W82W2 i«!
dW8G

~11!

is the solution of homogeneous equation~8! with MB50. It
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t
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01520
enters solution~9! with an arbitrary weight, i.e., multiplied
by an arbitrary constantcM .

At K(W,W8)Þ 0 one can transform singular integr
equation~8! into a nonsingular integral equation@14#. The
solution of this equation turned out to be very close to E
~9!.

From Eqs. ~9!–~11! it is seen that with a given
MB(W),the particular and homogeneous solutions of integ
equation~8! are determined only by the phased11

3/2(W). In
our calculations, atW,1.35 GeV, this phase was taken
the form
sin2d11
3/25

~4.27q3!2

~4.27q3!21~qr
22q2!2@1140q2~q22qr

2!121.4q2#2
, ~12!
is-
-

the
ere
ds
q.

e
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-
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ters
which is a slightly modified version of the correspondi
formula from Ref.@15#, qr is the pion c.m.s. momentum a
W5M . At 1.35 GeV,W,1.8 GeV, the phase was taken
the form

d5p2@p2d~W51.35 GeV!#S q2q2

q12q2
D 2

, ~13!

whereq1 andq2 are the pion c.m.s. momenta, respective
at W51.35 andW51.8 GeV. Equations~12! and~13! repro-
duce with good accuracy the results of the GWU~VPI! analy-
sis for d11

3/2(W) from threshold toW51.5 GeV.
Our final results forM11

3/2 andE11
3/2 , obtained by formulas

~9!–~13! via adjusting the only unknown parameterscM and
cE , are presented in Figs. 1~a! and 1~b!. It is seen that there
is good agreement with the GWU~VPI! results. In Fig. 1~a!
we also separately presented contributions of particular
homogeneous solutions into the imaginary part ofM11

3/2 .

B. Imaginary parts of multipole amplitudes up to 2 GeV

In the energy region belowW52 GeV the imaginary
parts of multipole amplitudes are determined mainly by re
nance contributions. These contributions for resonan
which are seen in the GWU~VPI! analysis atW,2 GeV @ex-
cept P33(1232)] were parametrized using the Breit-Wign
form given in Appendix C. A good description of the imag
nary parts of multipole amplitudes was obtained with t
Breit-Wigner parameters presented in Table I.

At small energies imaginary parts of the amplitud
E01

(0,1/2,3/2), M12
(3/2) , M11

(0,1/2), andE11
(0,1/2) also contain notice-

able nonresonance contributions due to largepN phases
d01

1/2,3/2 andd12
3/2 d11

1/2 . Up toW51.3 GeV these contribution
were found using DR and the Watson theorem. At hig
energies they were reduced to 0. Our final results for
imaginary parts of the multipole amplitudes obtained in
way described in this section are presented by dashed cu
in Fig. 2.
,

d

-
es

r
e
e
es

C. Real parts of multipole amplitudes

Real parts of multipole amplitudes were found using d
persion relations~3! and ~4!. Let us present dispersion inte
grals in these relations in the form

E
Wthr

`

5E
Wthr

2 GeV

1E
2 GeV

2.5 GeV

1E
2.5 GeV

`

. ~14!

Imaginary parts of the amplitudes in the integrals over
resonance energy region from threshold to 2 GeV w
found via expansion of invariant amplitudes in the integran
over multipole amplitudes using relations inverse to E
~A1!, relations~A3! and the imaginary parts of the multipol
amplitudes obtained in Secs. II A and II B. As we use DR
a fixed t, the argument in the Legendre polynomials in the

TABLE I. Parameters in the Breit-Wigner formula from Appen
dix C, found via a description of imaginary parts of the multipo
amplitudes. In the parentheses the parameters found within the
are presented in the cases when they differ from the parame
found in this section.

Resonance M , GeV G, GeV X

P11(1440) 1.45~1.46! 0.3 0.3

S11(1535) 1.52 0.11~0.12! 0.5

D13(1520) 1.51 0.12~0.1! 0.1~0.3!

S11(1650) 1.65 0.08~0.11! 0.5

F15(1680) 1.68 0.13 0.2~0.5!

P13(1720) 1.8 0.38~0.35! 0.5~0.4!

S31(1620) 1.61~1.62! 0.14 0.5

D33(1700) 1.65 0.25 0.22~0.2!

F37(1950) 1.92~1.93! 0.3 0.5
9-4
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FIG. 2. Multipole amplitudes within the DR and UIM. Dash-dotted and dashed curves are the real and imaginary parts of am
obtained by the DR. Solid and dotted curves are the real and imaginary parts of amplitudes obtained within a UIM with a m
background@Eq. ~16!#. Plotted are the multipole amplitudes in millifermi units. In parentheses the notations of multipole amplitudes
SAID program are given. The GWU~VPI! results from theSAID program are presented by open circles for the real parts of the amplitudes
by open triangles for those imaginary parts.
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FIG. 2. ~Continued!.
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expansions is equal to cosu85(t1Q22mp
212k08q08)/2uk8uuq8u,

wherek8 andq8 are the four-momenta of the virtual photo
and pion corresponding tos8. Whens8,s, we have cosu8
.cosu, and in the dispersion integrals a problem can ar
due to the possible divergence of the partial-wave expans
This problem has been discussed in a number of papers~see,
for example, Ref.@16# and references therein!. However it
remains unclear up to which cosu8.1 the partial-wave ex-
pansion@Eq. ~A3!# can be used in the dispersion integrals.
Ref. @16# a good description of photoproduction data w
obtained using fixed-t dispersion relations at utu
,1.6 GeV2, i.e., for the full angular range up toW
51.78 GeV. This permits an empirical conclusion that t
partial-wave expansion@Eq. ~A3!# can be used in the dispe
sion integrals up toutu51.6 GeV2. In this paper this conclu-
sion is confirmed by the results of the comparison of the r
parts of the photoproduction multipole amplitudes obtain
by the fixed-t dispersion relations with the results of th
GWU~VPI! analysis.

Imaginary parts of the amplitudes in the integrals over
high energy region from 2.5 GeV tò can be found using
the results of Regge-pole analysis made in Ref.@10#. The
method used to construct the amplitudes in Ref.@10# is de-
scribed in Appendix D. This analysis is made in gaug
invariant form and using invariant amplitudes. For this re
son its results can be easily used for the calculation of h
energy integrals in dispersion relations~3! and ~4!. The role
of these integrals turned out to be negligible in the real p
of multipoles in the I and II resonance regions and very sm
in the III and IV resonance regions. Imaginary parts of t
01520
e
n.

al
d

e

-
-
h

ts
ll
e

amplitudes in the integrals over the intermediate energy
gion were calculated via an interpolation of the imagina
parts of the amplitudes between the regions:W,2 GeV and
W.2.5 GeV.

Our final results for real parts of the multipole amplitud
are presented in Fig. 2 by dash-dotted curves. Let us n
that in Fig. ~2! all amplitudes for which the GWU~VPI!
analysis gives definite results are presented. It is seen tha
agreement with the GWU~VPI! results is satisfactory up to
W51.8 GeV. At higher energies in some multipoles, notic
able deviations from the GWU~VPI! analysis arise. Most
probably they are connected with the above discussed di
gence of the partial-wave expansions in the dispersion i
grals. The main uncertainty which can arise due to this
vergence is connected with the contribution of the multip
M11

3/2 corresponding to theP33(1232) resonance. The contr
bution of this multipole, which is large by itself, sharp
grows with increasing energy. This is demonstrated in F
1~b! and 3 for the amplitudesE11

3/2 , E01
1/2,3/2, andM12

1/2,3/2. At
W.1.721.8 GeV these amplitudes are much smaller th
the P33(1232) resonance contribution@see Figs. 2~a!–2~f!#;
therefore, they should be obtained as differences of two la
contributions, one of which, theP33(1232) contribution,
contains arbitrariness. In addition, when we approachW
52 GeV, the uncertainty connected with the unknown co
tributions of the resonances withM.2 GeV can become sig
nificant. For these reasons multipole amplitudes obtained
DR at W.1.8 GeV are not reliable, and we do not prese
them in Fig. 2.
9-6
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FIG. 3. The contributions of the integral ove
M11

3/2 ~in millifermi units! into the real parts of the
multipole amplitudesE01

1/2 ~dashed curve!, E01
3/2

~dashed-dotted curve!, M12
1/2 ~solid curve!, and

M12
3/2 ~dotted curve! within dispersion relations.
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III. UNITARY ISOBAR MODEL

The unitary isobar model is based on the effective L
grangian approach which was introduced in Refs.@4,5# to
reproduce low energy results of current algebra and PC
Within the approach of Refs.@4,5# the pion photoproduction
amplitudes consist of nucleon exchanges in thes andu chan-
nels, and thet channelp exchange with a pseudovecto
pNN coupling. These contributions describe well pion ph
toproduction at threshold~Ref. @5#!.

Later the approach of Refs.@4,5# was extended to the
P33(1232) resonance region in a number of works~see, for
example, references in Refs.@1,6#!, and to the first, second
and third resonance regions in the UIM@1#. The background
in the UIM is constructed from the contributions of nucle
exchange in thes and u channels and thet channelp ex-
change with apNN coupling which is pure pseudovector
threshold, transforming with increasing energy into the ps
doscalar coupling via formula~B2!. In addition to these con
tributions, the background of the UIM@1# contains the
t-channelr andv exchanges, which are given in Append
E. The background, constructed in this way, is unitarized
each multipole amplitude according to Ref.@17# in the
K-matrix approximation:

Unitarized~Ml 6 , El 6 , Sl 6!background

5~Ml 6 , El 6 , Sl 6!background~11 ihl 6
pN!. ~15!

This form of the unitarization of the background is equiv
lent to taking into account on-shellpN rescattering in the
diagrams contributing to the background. Off-shell rescat
ing can be found only using models and contains uncert
01520
-

.

-

-

r
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r-
n-

ties connected with the cutoff in corresponding integrals a
with the method of taking into account off-shell effects. It
not included into the unitarization procedure@Eq. ~15!#. Be-
low the two-pion production threshold, wherehl 6

pN

5sindl6
pNexp(id l 6

pN), unitarization according to Eq.~15! sat-
isfies the Watson theorem for the background contributi
into multipole amplitudes.

With increasing energy the contribution of the bac
ground of the UIM@1# becomes too large. This is demon
strated in the case ofM11

3/2 in Fig. 1~d! ~dotted curve!. In
order to compensate these large background contributi
resonance contributions in the UIM of Ref.@1# have been
strongly deformed. Continued to the energiesW.2 GeV,
the background of Ref.@1# strongly contradicts experimenta
data.

Extension of the effective Lagrangian approach above
first resonance region with the minimal set of diagrams~the
nucleon exchanges in thes and u channels, andt channel
p, r, and v exchanges! cannot be satisfactory by the fo
lowing reasons.

~i! Restriction to mesons with lowest masses in t
t-channel exchanges is justified only at small energies, wh
utu is small and, therefore, the propagators 1/(t2mmes

2 ) are
determined by the meson masses. However, with increa
energy the range oft is increasing, and additionalt-channel
contributions corresponding to mesons with higher mas
should be taken into account.

~ii ! With increasing energy, starting withW51.3 GeV,
the contributions of inelastic channels intopN scattering be-
come important~see, for example, Ref.@18#!. This means
that diagrams corresponding to the production of other p
9-7
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ticles with subsequent rescattering, i.e.,gN→ inel.→pN,
should be taken into account. Therefore in order to ext
consistently the effective Lagrangian approach above
first resonance region, it is necessary to take into accou
large number of new diagrams.

On the other hand, it is known that with increasing ene
Regge-ization of different contributions occurs via multip
gluon exchanges betweent-channel quarks, and all contribu
tions are reduced to a restricted number of Regge-i
t-channel exchanges. This picture, which is known as
Regge-pole model, gives a good description of exclusive
actions aboveW52.5 GeV (Eg53 GeV) atutu,3 GeV2. In
a number of cases the Regge-pole approach gives a
description at smaller energies as well.

For this reason we have modified the unitary isobar mo
so that it incorporates the results of the effective Lagrang
approach in the first resonance region and the Regge-
behavior of the amplitudes at high energies. With this a
the background of the UIM of Ref.@1#, which consists of
N, p, r, andv contributions and is real, has been modifi
by including the real parts of the Regge-pole contribution

Back5@N1p1r1v#UIM at s,s0 ,

Back5@N1p1r1v#UIM

1

11~s2s0!2
1Re @p1r1v

1b11a2#Regge

~s2s0!2

11~s2s0!2
at s>s0 . ~16!

In the resonance energy region, we unitarize Eq.~16! in the
K-matrix approximation@Eq. ~15!#. From the sum rules
which follow from dispersion relations@19–21#, it is known
that there is an integral duality between imaginary parts
the amplitudes in the resonance energy region and the im
nary parts of the Regge-pole amplitudes, continued into
region. For this reason we do not continue the imagin
parts of the Regge-pole amplitudes belowW52 GeV. Above
W52 GeV the imaginary parts of the amplitudes, which
the resonance energy region are determined by the reson
contributions, will turn into the imaginary parts of th
Regge-pole amplitudes.

With the background of the unitary isobar model modifi
according to Eqs.~16!, a good description of all multipole
amplitudes withl<3 has been obtained up toW52 GeV,
taking resonance contributions in the standard Breit-Wig
form presented in Appendix C. The parameters0 in Eqs.~16!
was found from the requirement of the best description
multipole amplitudes and is equal tos051.16 GeV2. The
Regge-pole amplitudes in Eq.~16! were taken from the
analysis of high energy photoproduction data made in R
@10#. They are presented in Appendix D. ThepN amplitudes
in the unitarization procedure@Eq. ~15!# were taken from the
GWU~VPI! analysis~theSAID program!. The results are pre
sented in Figs. 1~b!–1~d! and 2 by solid curves.

Let us note that for theP33(1232) resonance we hav
modified the Breit-Wigner parametrization given in Eq.~C1!,
taking G total in the form G total5Gp(M2/s). This allows to
01520
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d
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describe the ratio of the imaginary and real parts of the re
nance contributions intoM11

3/2 , E11
3/2 , andS11

3/2 in accordance
with the Watson theorem. Let us remind, that the backgro
contributions into these multipoles, unitarized via Eq.~15!,
satisfy the Watson theorem. In the case of the amplitu
M11

3/2 , which is known with great accuracy, the followin
modifications are also made.

~a! At W,1.3 GeV the right part of the Eq.~C1! is mul-
tiplied by the factor (W/M )6.

~b! At W.1.3 GeV the imaginary and real parts of th
resonance contribution are multiplied by the factorsI Im and
I Re,

I Im5
~W/1.3!2.5~1.3/M !6

112.4~s21.69!2.5
, I Re5

~W/1.3!3.5~1.3/M !6

111.4~s21.69!2.5
,

~17!

whereW andM are in units of GeV. These are slight mod
fications. The obtained resonance contribution intoM11

3/2 is
presented in Figs. 1~c! and 1~d!, by dash-dotted curves. It i
seen that the sum of this contribution and the unitariz
background withs051.16 GeV2 ~dashed curves! describes
well the GWU~VPI! data. With the nonmodified bakground
~dotted curves!, resonance contribution should be strong
deformed in order to describe the GWU~VPI! data.

In order to demonstrate theQ2 evolution of theP33(1232)
resonance contribution obtained with the above descri
modifications, we present in Fig. 4 the imaginary parts
M11

3/2 at Q250.9, 1.8, 2.8, and 4 GeV2 ~solid curves!. In this
figure, Im M11

3/2 , obtained within DR via a solution of inte
gral equation~8!, are also presented~dashed curves!. The
magnitudes of ImM11

3/2 at the resonance position are o
tained from the analysis of JLab data@22,23#. It is seen that
the amplitudes obtained within the two approaches are
good agreement with each other. In order to compare
shape of the amplitudeM11

3/2 at Q2Þ0 with its shape atQ2

50, in Fig. 4, we present the GWU~VPI! data with normal-
izations corresponding toQ250.9, 1.8, 2.8, and 4 GeV2. It
is seen that the shape ofM11

3/2 practically is not changed with
increasingQ2.

IV. CONCLUSION

We have obtained a good description of the real parts
all multipole amplitudes withl<3 up toW51.8 GeV using
fixed-t dispersion relations. In Sec. II A it was shown, th
dispersion relations for multipole amplitudesM11

3/2 , andE11
3/2

which correspond to theP33(1232) resonance, can be tran
formed into singular integral equations. The real and ima
nary parts of these multipoles were obtained via solution
these equations and are in good agreement with
GWU~VPI! results.

We have modified the unitary isobar model of Ref.@1# via
the incorporation of Regge poles with increasing energy
using the unified Breit-Wigner parametrization of the res
9-8
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FIG. 4. The imaginary part ofM11
3/2 obtained

within the DR ~dashed curves! and UIM ~solid
curves! at Q250, 0.9, 1.8, 2.8, and 4 GeV2.
Data atQ250 are from GWU~VPI! analysis, and
data at otherQ2 are the same data with change
normalizations.
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nance contributions in the form proposed in Ref.@7#. Within
this approach we have obtained a good description of
photoproduction multipoles withl<3 up toW52 GeV.

Both approaches can be continued toQ2Þ0, and all for-
mulas of this paper are presented in a form which perm
this continuation. Therefore, both approaches can be use
an analysis of data on pion electroproduction on nucle
and for extraction from these data information on theQ2

evolution ofg* N→N* form factors. Such data are current
being obtained at the high duty-factor electron accelerato
Jefferson Lab.
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APPENDIX A: RELATIONS BETWEEN INVARIANT AND
MULTIPOLE AMPLITUDES

In order to connect invariant and multipole amplitudes
is convenient to introduce the intermediate amplitud
f i(s,cosu,Q2):
01520
ll

ts
for
s

at

r
I

I.

n
n

t
s

f 15@~W2mN!B12B5#
@~E11mN!~E21mN!#1/2

8pW
,

f 25@2~W1mN!B12B5#
@~E12mN!~E22mN!#1/2

8pW
,

f 35F2B32B21~W1mN!S B6

2
2B8D G

3
@~E12mN!~E22mN!#1/2~E21m!

8pW
,

f 45F2~2B32B2!1~W2mN!S B6

2
2B8D G

3
@~E11mN!~E21mN!#1/2~E22m!

8pW
,

f 55H FQ2B11~W2mN!B512W~E12mN!

3S B22
W1mN

2
B6D G~E11mN!2XF ~2B32B2!

1~W1mN!S B6

2
2B8D G J ~E12mN!~E21mN!

8pWQ2
,

9-9
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f 65H 2FQ2B12~W1mN!B512W~E11mN!

3S B21
W2mN

2
B6D G~E12mN!1XF ~2B32B2!

2~W2mN!S B6

2
2B8D G J ~E11mN!~E22mN!

8pWQ2
,

~A1!

where

X5
k̃0

2
~ t2mp

2 1Q2!2Q2q̃0 , ~A2!

u is the polar angle of the pion in the c.m.s., andk̃0 ,q̃0 ,E1 ,
and E2 are the energies of the virtual photon, pion, initia
and final nucleons in this system.

The expansions of the intermediate amplitudes over m
tipole amplitudesMl 6(s,Q2), El 6(s,Q2), Sl 6(s,Q2) have
the forms

f 15( $~ lM l 11El 1!Pl 118 ~cosu!

1@~ l 11!Ml 21El 2#Pl 218 ~cosu!%,

f 25( @~ l 11!Ml 11 lM l 2#Pl8~cosu!,

f 35( @~El 12Ml 1!Pl 119 ~cosu!

1~El 21Ml 2!Pl 219 ~cosu!#,

f 45( ~Ml 12El 12Ml 22El 2!Pl9~cosu!,

f 55( @~ l 11!Sl 1Pl 118 ~cosu!2 lSl 2Pl 218 ~cosu!#,

f 65( @ lSl 22~ l 11!Sl 1#Pl8~cosu!. ~A3!

The formulas which relate the amplitudesf i(s,cosu,Q2) to
the helicity amplitudes and cross section can be found in R
@14#.

APPENDIX B: BORN CONTRIBUTION

The residues in the nucleon poles of the invariant am
tudes in Eqs.~3! and ~4! are equal to

R1
(v,s)~Q2!5

ge

2
@F1

(v,s)~Q2!12mF2
(v,s)~Q2!#,

R2
(v,s)~Q2!52

ge

2
F1

(v,s)~Q2!,
01520
l-

f.

i-

R3
(v,s)~Q2!52

ge

4
F1

(v,s)~Q2!,

R58
(v,s)~Q2!5

ge

4
~mp22Q22t !F2

(v,s)~Q2!,

R6
(v,s)~Q2!5geF2

(v,s)~Q2!,

R8
(v,s)~Q2!5

ge

2
F2

(v,s)~Q2!, ~B1!

where g2/4p514.2,e2/4p51/137, and F1
(v,s)(Q2),

F2
(v,s)(Q2) are the nucleon Pauli form factors. Followin

Ref. @1#, in the UIM the Lagrangian for thepNN vertex is
taken in the form of mixed pseudovector~PV! and pseudo-
scalar~PS! couplings,

LpNN5
L2

L21q2
LpNN

PV 1
q2

L21q2
LpNN

PS , ~B2!

where we takeL250.12 GeV2. This leads to the following
additional contributions in the amplitudesB1

(1,0)(s,t,Q2):

B1
(1,0)~s,t,Q2!5B1

(1,0)~s,t,Q2!1AF2
(v,s)~Q2!, ~B3!

where

A5
ge

2mN

L2

L21q2
. ~B4!

The nucleon Pauli form factorsF1
(v,s)(Q2) andF2

(v,s)(Q2) in
the above equations we have defined according to the
scription of the existing data in Refs.@24–26#, in the follow-
ing way:

F1
(v,s)~Q2!5F1p~Q2!2F1n~Q2!,

F2
(v,s)~Q2!5F2p~Q2!2F2n~Q2!,

F1p~Q2!5Gp
m~Q2!/~112mNz!, F2p~Q2!5zF1p~Q2!,

z5
1.793

2mN
S 11

1.2Q2

111.1Q
10.015Q210.001Q8D ),

Gp
m~Q2!52.793/~110.35Q12.44Q210.5Q311.04Q4

10.34Q5!,

F1n~Q2!5
Gn

e~Q2!1tGn
m~Q2!

11t
,

F2n~Q2!5
Gn

m~Q2!2Gn
e~Q2!

2mN~11t!
,

t5Q2/4mN
2 , Gn

e5
0.5Q2

1125Q4
,

Gn
m~Q2!521.913Fd~Q2!,
9-10
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Fd~Q2!51/~110.71/Q2!. ~B5!

Here Q2 is in units of GeV2. For the pion form factor we
take as in Ref.@1# the form

Fp~Q2!5F1
(v)~Q2!. ~B6!

APPENDIX C: BREIT-WIGNER PARAMETRIZATION FOR
RESONANCE CONTRIBUTIONS

We use the Breit-Wigner parametrization for the res
nance contributions into multipole amplitudes in the fo
@7,9#.

ResB2W~W,Q2!5cS k

kr
D nS qr

q

kr

k

GpG̃g

hpG
D 1/2

3
MG

M22W22 iM G total

, ~C1!

wheren50 for Ml 6 , El 6 , n51 for Sl 6 and

G total5Gp1G inel , ~C2!

Gp5hpGS q

qr
D 2l 11S X21qr

2

X21q2D l

, ~C3!

G̃g5S k

kr
D 2l 811S X21kr

2

X21k2D l 8

, ~C4!

G inel5~12hp!GS q2p

q2p,r
D 2l 14S X21q2p,r

2

X21q2p
2 D l 12

. ~C5!

For Ml 6 ,El 1 ,Sl 1 , l 85 l ; for El 2 ,Sl 2 , l 85 l 22 if l>2;
for S12 , l 851; M andG are the masses and widths of th
resonances,hp are the branching ratios into thepN channel,
q2p is the three-momentum of the 2p system in the decay
Res→2p1N in the c.m.s.,q2p,r is the magnitude of this
momentum atW5M , andX are phenomenological param
eters.

For the resonanceS11(1535) which has large branchin
ratio into thehN channel,G total is taken in the form

G total50.6Gp10.1G inel10.3G
qh

qh
r

. ~C6!

Below the thresholds of 2p1N and h1N productions we
take, respectively,q2p50 andqh50.

APPENDIX D: INVARIANT AMPLITUDES IN THE REGGE
REGIME

In Ref. @10# the introduction of Regge-trajectories is ma
in gauge-invariant form for invariant amplitudes in the fo
lowing way. Instead oft-channelp exchange, which is non
gauge-invariant and contributes intoB3

(2)(s,t,Q2), the fol-
lowing combination is used:
01520
-

ū~p2!g5$2PmB2
(2)12qmB3

(2)%u~p1!, ~D1!

where, in addition to thep contribution, the nucleon pole
contribution generated by the form factorF1

(v)(Q2) is taken
into account. The nucleon and pion contributions intoB2

(2)

andB3
(2) are written in the forms

B2
(2)~s,t,q2!52

ge

2
F1

(v)~Q2!S t2mp
2

s2m2
2

t2mp
2

u2m2D 1

t2mp
2

,

~D2!

B3
(2)~s,t,q2!5F2

ge

4
F1

(v)~Q2!S t2mp
2

s2m2
1

t2mp
2

u2m2D
2egFp~Q2!G 1

t2mp
2

, ~D3!

and are Regge-ized by the replacement

1

t2mp
2

⇒ PRegge
p in B2,3

(2)1PRegge
b1 in B2,3

(0) . ~D4!

HerePReggeare Regge propagators,

PRegge
p,b1 5S s

s0
D ap(t) pap8

sin@pap~ t !#

1

G@11ap~ t !#

t1e2 ipap(t)

2
,

~D5!

and it is supposed thatp andb1 trajectories are degenerat
ap(t)5ap8 (t2mp

2 ), andap8 50.7 GeV22.
The contributions of ther and v exchanges in the

t-channel are gauge invariant and are Regge-ized simply
the following replacements in Eqs.~E1!:

1

t2mr
2

⇒ PRegge
r in Bi

(0)1PRegge
a2 in Bi

(2) ,

i 51,2,3,6, ~D6!

1

t2mv
2

⇒ PRegge
v in Bi

(1) , i 51,2,3,6, ~D7!

where it is assumed that ther anda2 trajectories are degen
erate, and

PRegge
r,a2 5S s

s0
D ar(t)21 par8

sin@par~ t !#

1

G@ar~ t !#

t1e2 ipar(t)

2
,

PRegge
v 5S s

s0
D av(t)21 pav8

sin@pav~ t !#

1

G@av~ t !#

t1e2 ipav(t)

2
,

~D8!

ar(t)50.551ar8t, ar850.8 GeV22, av(t)50.441av8 t, av8
50.9 GeV22. In Eqs. ~D5! and ~D8!, t is the signature of
the trajectory:
9-11
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tp5ta2
51, tr5tv5tb1

521. ~D9!

APPENDIX E: r AND v CONTRIBUTIONS

Ther andv exchanges in thet - channel contribute to the
following amplitudes:

B1
(0)5

elr

mp
F2mNgr11t

gr2

2mN
G 1

t2mr
2

,

B2
(0)5

elr

mp

gr2

4mN
~Q21mp

2 2t !
1

t2mr
2

,

B3
(0)5

elr

mp

gr2

8mN
~u2s!

1

t2mr
2

, B6
(0)52

elr

mp
gr1

1

t2mr
2

,

B1
(1)5

elv

mp
F2mNgv11t

gv2

2mN
G 1

t2mv
2

,

B2
(1)5

elv

mp

gv2

4mN
~Q21mp

2 2t !
1

t2mv
2

,

cl

C

n,

ys

ys

n,

01520
B3
(1)5

elv

mp

gv2

8mN
~u2s!

1

t2mv
2

, B6
(1)52

elv

mp
gv1

1

t2mv
2

.

~E1!

These amplitudes are obtained using vertic
grp, gvp, rNN, andvNN defined in the form presente
in Ref. @1#. In the UIM, the off-shell behavior ofgVi is de-
scribed by:gVi5g̃ViLV

2/(LV
22t). The coupling constants ar

taken from Ref.@1#, and are equal to

lv50.314, g̃v1521, g̃v25212, Lv51.2,

lr50.103, g̃r152, g̃r2513, Lr51.5. ~E2!

In the Regge-pole analysis of high energy photoproduct
data in Ref.@10# the coupling constants are

gv1
Regge513.9, gv2

Regge50, gr1
Regge53.47, gr2

Regge513.
~E3!
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