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Strange quark production in a statistical effective model

F. Becattini* and G. Pettini†

Department of Physics, University of Florence and INFN Sezione di Firenze, Via G. Sansone 1, I-50109, Sesto F.no, Firenze,
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An effective model with constituent quarks as fundamental degrees of freedom is used to predict the relative
strangeness production pattern in both high energy elementary and heavy ion collisions. The basic picture is
that of the statistical hadronization model, with hadronizing color-singlet clusters assumed to be at full chemi-
cal equilibrium at constituent quark level. Thus, by assuming that at least the ratio between strange and
non-strange constituent quarks survives in the final hadrons, the apparent undersaturation of strange particle
phase space observed in the data can be accounted for. In this framework, the enhancement of relative
strangeness production in heavy ion collisions in comparison with elementary collisions is mainly owing to the
excess of initial nonstrange matter over antimatter and the so-called canonical suppression, namely, the con-
straint of exact color and flavor conservation over small volumes.
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I. INTRODUCTION

The recent observation that hadron multiplicities
e1e2and hadronic high energy collisions agree very w
with a statistical-thermodynamical ansatz@1,2# has revived
the interest on the statistical models in high energy co
sions, an idea dating back to the 1950s@3,4#. As the apparent
chemical equilibrium of all hadron species in these elem
tary collisions~ECs! cannot be driven by inelastic collision
amongst hadrons after their formation, this finding has led
the idea of a pure statistical filling of multihadronic pha
space of homogeneous hadronizing regions~clusters or fire-
balls! as an intrinsic feature of hadronization process, occ
ring at a critical value of energy density@2,5,6#. Otherwise
stated, hadrons are born in an equilibrium state, as envis
by Hagedorn@7#. It must be emphasized that, within th
framework, temperature and other thermodynamical qua
ties have an essential statistical meaning which does not
ply the occurrence of a thermalization process via inela
hadronic collisions.

The same model, in different versions, has been succ
fully applied to a large set of heavy ion collisions~HICs!
data @8–10# and this has been interpreted as a clue of
minor effect of post-hadronization inelastic rescattering@5#,
an indication which is also supported by kinetic models c
culations@11#.

One of the nice features of the statistical hadronizat
model ~SHM! is the very low number of free paramete
required to reproduce a large number of hadronic multipl
ties. Provided that the masses and charges of the assu
hadronizing clusters fluctuate according to a particular sh
function@2,12#, all Lorentz-invariant quantities~such as, e.g.
hadron average multiplicities! depend on two parameters: th
sumV of the volumes of the clusters and the temperatureT.
However, in order to get a satisfactory agreement with
data, the model has to be supplemented, both in EC and H
with one more phenomenological parametergS suppressing
the production of particles containingn strange valence
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n with respect to the expected production in

fully equilibrated hadron gas@38#.
The behavior ofgS as a function of collision and center

of-mass energy was found to be rather odd as it turns ou
be significantly higher ine1e2collisions than in hadronic
collisions over a large energy range@1,2# whereas it has a
fairly stable value in heavy ion collisions@9#, which is ap-
proximately the same as ine1e2 collisions. A clearer insight
in the mechanism of strangeness production can be achi
by estimating the ratio between newly produced valen
strange and up, down quark pairs, the so-called Wroblew
factor lS :

lS5
2^ss̄&

^uū&1^dd̄&
~1!

which shows a striking regularity, being in fact fairly con
stant in all kinds of elementary collisions@10# over two or-
ders of magnitude of center-of-mass energy and as twic
large in high energy heavy ion collisions~see Fig. 1!. It

FIG. 1. lS in various elementary and heavy ion collisions~from
Ref. @36#!.
©2003 The American Physical Society05-1
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should be stressed that this ratio is calculated by counting
primarily produced quark pairs, i.e., those belonging to
rectly emitted hadrons. As primary hadrons are not mea
able, they must be calculated by using a model andlS turns
out to be a model dependent quantity especially with reg
to the number ofu andd quarks which significantly increase
during the post-hadronization hadronic decay chain. Ho
ever, if the number of measured species is large and
model accurately reproduces them~which is the case for the
SHM!, the thereby estimatedlS is expected to be reasonab
close to the actual value. The need of an extra suppressio
strangeness with respect to the full statistical equilibrium
the hadronic system urges the search for an explana
based on a more microscopic approach. This is indeed
main subject of the present work, where we try to calcul
lS within one statistical model scheme in both EC and H
employing a constituent quark model as the basic underly
structure, with the purpose of justifying the lack of strang
ness chemical equilibrium at hadron level observed in
data. In fact, constituent quark models have already b
used to calculate strangeness production in HIC on the b
of transport equation@13#. Amongst other microscopic ap
proaches to this problem and, more generally, to accoun
hadronization equilibrium features, a recent study has b
performed in Ref.@14# focused on the role of massive Poly
kov loops.

The paper is organized as follows. In Sec. II we introdu
the physical picture and in Sec. III the full model is d
scribed. In Sec. IV the Nambu-Jona-Lasinio model with e
act conservation of quantum charges is used to calculatlS
and compare it with the corresponding value obtained fr
fits of the statistical hadronization model to the data in b
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HIC and EC. Also, the stability of the results is address
Section V is devoted to conclusions.

II. THE PHYSICAL PICTURE

The physical picture keeps the same scheme of the SH
formation of a set of clusters endowed with charge, mom
tum, mass and volume, in local statistical equilibrium. Ho
ever, statistical equilibrium is now assumed to apply to
system of constituent quarks while hadrons are assume
be produced via their coalescence, still in a purely statist
fashion ~statistical coalescence! so as to give rise to a par
tially chemically equilibrated hadron gas. Furthermore, ea
cluster is required to be a color singlet. This requirement
of course no effect at hadron level, but it is crucial in a qua
model.

Two more crucial assumptions are introduced. First,
thermodynamical parameters fitted in the SHM, in high e
ergy EC and HIC, are interpreted as the critical values
color deconfinement and, consequently, for~approximate!
chiral symmetry restoration@15,16#; secondly, it is assumed
that the produced s and light quarks, or at least the ratios/u,
i.e., lS , survive in the final hadrons after hadronization h
taken place.

The first assumption is supported by the constancy of
fitted temperatures in the SHM for various processes in
@17# and by its agreement with other estimates of the criti
temperature; in view of this fact, the use of effective mod
such as the Nambu-Jona-Lasinio model@18,19# and others
@20–23# embodying chiral symmetry breaking and resto
tion, looks well suited. It should be pointed out that the v
ues of the thermodynamical parameters~i.e., temperature and
emen-

nd
ness

us
enerally
ined in
TABLE I. Parameters determined through statistical model fits to measured multiplicities in some el
tary and heavy ion collisions. Heavy ion parameters have been taken from Refs.@9,36# while elementary

collisions from Refs.@2,12#; e1e2at As591.2 andpp̄ points have been refitted with updated data a
hadronic input parameters. Thepp point has been fitted with a different parametrization of the strange

suppression@12# andgS has been replaced with the mean value of strange quark pairs^ss̄&; the correspond-
ing gS would be.0.5. The numerical values in Pb-Pb atAs58.7 GeV have been obtained in Ref.@36# with
preliminary data from experiment NA49, those in Au-Au collisions atAs5130 GeV from a numerical
analysis of midrapidity ratios as quoted in Ref.@37#. The quoted central values of volumes~the volume is
defined as the sum of the volumes of all produced clusters!, have been obtained with pointlike hadrons, th
they must be taken as lower limits for the actual values. The errors on volumes, not quoted here, are g
large and can be up to 50%. Also quoted the central values of the electrical chemical potentials obta
heavy ion collisions.

Collision As ~GeV! T ~MeV! mB ~MeV! gS lS mQ ~MeV! V ~fm3)

Au-Au 130 16767.2 45.866.4 1.0460.10 0.47660.049 21.42
Pb-Pb 17.3 158.163.2 238613 0.78960.0582 0.44760.025 26.87 3460
Pb-Pb 8.7 149.062.4 393.768.3 0.82260.058 0.58560.052 211.2 2067
Si-Au 5.4 133.464.3 581632 0.84560.101 0.7260.14 210.7 330
Au-Au 4.8 121.264.9 559616 0.69760.091 0.4360.10 212.4 2805
e1e2 14 167.466.5 0.79560.088 0.24360.036 15.9
e1e2 91 159.260.8 0.66460.014 0.22560.004 52.4
pp 27.4 162.461.6 ^ss̄& 0.65360.017 0.20160.005 25.5

pp̄ 200 175611 0.49160.056 0.21460.025 35.5

pp̄ 900 167.69.0 0.53360.054 0.23060.033 77.3
5-2
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STRANGE QUARK PRODUCTION IN A STATISTICAL . . . PHYSICAL REVIEW C 67, 015205 ~2003!
baryon-chemical potentials! extracted within the SHM in
HIC ~see Table I! lie in a range where all effective mode
and recent lattice simulations@24# predict smooth crossove
transitions, far from a possible critical ending point. For t
same reason, extensions of the NJL model@25,26# at high
baryon chemical potential and low temperature, where co
superconductivity takes place@27#, can be disregarded.

The second assumption allows us to calculatelS within a
quark model and compare it with that obtained from valen
quark counting in the produced hadrons. Also, it implies t
the lack of full chemical equilibrium at hadron level is in
deed the consequence of full chemical equilibrium at c
stituent quark level.

In the grand-canonical framework, which applies to
large system,lS would depend only on intensive quantitie
such as chemical potentials and temperature and its
stancy would be tightly related to theirs. However, if t
system is not large, the canonical~and possibly microcanoni
cal! ensemble, in which the exact conservation of clus
quantum numbers in the hadronic or quark system is
forced, must be used and, as a consequence,lS gets a de-
pendence also on the volume~the so-called canonical sup
pression!. While the volume within which quantum charge
~baryon number, electric charge, and strangeness! are fixed
can be taken as the sum of the proper volumes of all clus
though under appropriate nontrivial assumptions@2,12#, the
volume over which color must be neutralized is, as has b
mentioned, that of a single hadronizing cluster. This very f
introduces a further parameter in the model, i.e., the ave
single cluster volumeVc which can indeed be much smalle
than the volume over which flavor is conserved. As qua
do carry color charge,lS might be significantly affected by
variations ofVc .

Therefore, the underlying idea is that the presence o
characteristic constant value ofVc in EC, related to the typi-
cal distance over which color is neutralized, may siza
reduce the value oflS ~together with flavor constraint!
whereas color deconfinement in HIC may lead to an
hancement ofs/u ratio. We thus argue that the main diffe
ence between hadronization in EC and HIC is to be found
the typical size of the prehadronization color-neutral regi
it has to be something of the order of a hadron radius in
~a sort of mini-QGP droplet! and much larger in HIC if a
macroscopic~i.e., extending over many hadron volume!
QGP has been formed. Of course, it must be emphasized
the process stage at which the statistical equilibrium
achieved is expected to be deeply different in EC as co
pared with HIC: an early thermalization of partons is inde
envisaged in HIC, which is maintained until hadronizatio
whereas a late, prehadronization local equilibrium scena
possibly driven by the strongly coupled nonlinear evoluti
of QCD fields in the late soft regime is envisaged for EC

Hence, we argue that relative strange quark produc
might probe these two scenarios because of a possible s
ger color and flavor-canonical suppression ofs quarks with
respect tou andd quarks in EC which is absent in HIC du
to much larger single-cluster volume and overall volum
The ultimate reason of the stronger canonical suppressio
s quarks in comparison withu, d, resides in their different
01520
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constituent mass values. The hereby proposed mechanis
strangeness enhancement in HIC is rather different from
suggested by Muller and Rafelski@28# insofar as no differ-
ence in the time scale is invoked but an equilibrium situat
is assumed in both EC and HIC, though over differen
sized regions.

III. THE MODEL

According to the basic idea of the SHM and what h
been said in the previous section, the formation of a se
prehadronic, color-singlet clusters at statistical equilibriu
with definite values of flavor quantum numbers is envisag
as the result of a complex dynamical evolution. In an eq
librium scheme, all physical observables relevant to a p
ticular cluster can be calculated by means of suitable op
tions on its associated partition function. Provided th
cluster masses are large enough so that microcanonica
fects can be neglected, the requirement of definite quan
numbers implies that thei th cluster’s partition function has
to be the canonical one rather than the more familiar gra
canonical

Zi5 (
states

e2E/T, ~2!

where T is the cluster’s temperature,E its energy and the
sum is meant to run over all allowed states, namely,
states with flavor and color quantum numbers match
those of the cluster. The calculation ofZi can be done by
using the symmetry groupG associated to the involved quan
tum numbers. If the continuous groupG is an exact internal
symmetry for the HamiltonianH and the cluster state be
longs to its irreducible representationn, then@29#

Zi5E dm~g1 , . . . ,g r !xn* ~g1 , . . . ,g r !Ẑi~g1 , . . . ,g r !

5E dm~g1 , . . . ,g r !xn* ~g1 , . . . ,g r !

3TrS exp2bH2 i(
l 51

r

g lQl D , ~3!

wheredm(g1 , . . . ,g r) is the invariant normalized measur
of G, xn is the character of the representationn, r is the
rank of G, Ql are the mutually commutating generators
the Cartan subalgebra, andg l are the group parameters. Th
actual group of interest is SU(3)3U(1)3, where each U~1!
corresponds to conserved net flavorsU, D, andSand SU~3!
to the color. For instance, the canonical partition function
the i th cluster of a gas of free quarks~no antiquarks in-
cluded! with flavor j involves the followingẐi in Eq. ~3!:
5-3
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Ẑi~u1 ,u2 ,f j !

5expS (
n51

`
~21!n11

n
x1,0~nu1 ,nu2! einf j

gV

~2p!3

3E d3pe2
ne j

T D , ~4!

where

x1,0~u1 ,u2!5e2 iu11e2 iu21ei (u11u2) ~5!

is the character of the fundamental representation of SU~3!,
with u1,2 P@2p,p#; f j is the parameter ofU(1) jV is the
volume,g is the spin degeneracy factor,e j5Ap21mj

2; and
the sum over discrete statesk has been approximated with it
continuum limit. When including antiquarks and consideri
three flavors@i.e., the full group SU(3)3Uu(1)3Ud(1)
3Us(1)], Ẑi can be written as the product of three functio
similar to those in Eq.~4!:

Ẑi~u1 ,u2 ,fu ,fd ,fs!

5 )
j 5u,d,s

Ẑi j ~u1 ,u2 ,f j ! Ẑi j* ~u1 ,u2 ,f j !. ~6!

The irreducible representationn can be labeled by three in
teger numbers, the net flavorUi ,Di ,Si , and, as far as the
SU~3! color group is concerned,n is simply the singlet rep-
resentation. Therefore, by introducing the vectorsQi
5(Ui ,Di ,Si) andfi5(f iU ,f iD ,f iS), the character can b
written asxn5exp@2iQi•fi # and

Zi j 5F)
j 51

3 E
2p

p df j

2p G E dm~u1 ,u2!eiQi•fi Ẑi~u1 ,u2 ,fi !,

~7!

where

E dm~u1 ,u2!5
1

3!E2p

p du1

2p E
2p

p du2

2p )
j ,k

3

4sin2
u j2uk

2
~8!

with the constraint(k51
3 uk50 mod 2p, is the SU~3! invari-

ant integration. The partition function hitherto considered
relevant to one cluster. Yet, there are several clusters
single collision event and, as long as global observables
concerned, theoretical predictions require summation ove
clusters. Moreover, clusters may well be produced with d
ferent configurations of flavor numbers (Ui ,Di ,Si) in differ-
ent events~provided that their sum fulfills the conservatio
law, i.e., it must be equal to the flavor numbers of the c
liding particles!, hence an integration over all possible co
figurations weighted by its probability must be carried out
order to calculate averages of physical quantities. Howe
the probability distribution of clusters flavor configuration
an unknown function, which cannot be predicted within t
statistical model and which is most likely governed by t
01520
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preceding dynamical process. We will therefore assum
configuration probability distributionw which is the ‘‘maxi-
mum disorder’’ one and which allows a remarkable simpl
cation of the expressions of averages quark multiplicities
well as any other Lorentz-invariant observables. This fu
tion w, for an event withN clusters can be written as

w~Q1 , . . . ,QN!5

)
i 51

N

Zi~Qi !dQ,S iQi

(
Q1 , . . . ,QN

)
i 51

N

Zi~Qi !dQ,S iQi

~9!

whereZi as in Eq.~7!, thed ensures that global conservatio
of initial quantum numbersQ is fulfilled. If one has to cal-
culate the average multiplicity of a given quark speciesj in a
N cluster event, it is advantageous to introduce a fictitio
fugacityl j and taking the derivative of lnZi with respect to
it, so that the overall multiplicity reads

^nj&5 (
Q1 , . . . ,QN

w~Q1 , . . . ,QN!(
i 51

N
]

]l j
ln Zi~Qi !ul j 51

5 (
Q1 , . . . ,QN

w~Q1 , . . . ,QN!
]

]l j
)
i 51

N

ln Zi~Qi !ul j 51

~10!

and, by using Eq.~9!:

^nj&5
]

]l j
ln (

Q1 , . . . ,QN
)
i 51

N

Zi~Qi ! dQ,S iQi
ul j 51 . ~11!

Were it not for the color-singlet constraint stuck to eachZi ,
the sum over all configurations on the right-hand side of E
~11! would be, forl j51, the canonical partition function o
a single cluster having as volume the sum of volumes of
individual clusters and with quantum number vectorQ @2#,
provided that all clusters have the same temperat
Thereby, also the explicit dependence onN would vanish.
However, this is no longer true once the color singlet co
straint is introduced. For a similar strong equivalence w
one cluster to apply, single clusters should be in suita
color quantum states superpositions, which is definit
against the common belief of preconfinement and local co
neutralization. Nevertheless, it can be proved that a con
erable simplification in Eq.~11! occurs if clusters in one
event are assumed to have the same volume, i.e.,Vi[Vc . In
that case, it can be proved~see Appendix A! that the right-
hand side of Eq.~11!, which can be defined as the glob
partition function, reads

Z5F)
j 51

3 E
2p

p df j

2p GeiQ•fF E dm~u1 ,u2! Ẑi~u1 ,u2 ,f!GV/Vc

,

~12!

whereV5( iVi5NVc @for the free quarks gasẐi is given by
Eq. ~6! with the single flavor termẐi j (u1 ,u2 ,f j ) calculated
from Eq. ~4! with Eq. ~5!#. The introduction of the local
5-4
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color-singlet constraint gets the value of the global partit
function severely reduced with respect to an onlyglobally
color-singlet constrained case where clusters are allowe
be in a quantum superposition of colored states. This ca
quite easily understood for any extra constraint essenti
involves a decrease of the number of available states in
system. IfVc[V andV is very large, i.e., in the thermody
namical limit, it can be shown that the usual grand-canon
expressions of the partition function, average multipliciti
etc., are recovered.

In addition to the basic assumption of local statistic
equilibrium ~for a single cluster!, the expression~12! ulti-
mately relies on a particular choice of flavor distributio
@i.e., Eq. ~9!# among clusters, which is indeed a nontrivi
assumption. This particular distribution allows the reduct
to one equivalent global cluster just because it is the ‘‘ma
mum disorder’’ distribution, namely, the probability of ob
taining a configuration (Q1 , . . . ,QN) by randomly splitting
a statistically equilibrated global cluster intoN subcluster
each with volumeVc and in a color singlet state. In fact, th
can be proved by showing that thew’s in Eq. ~9! minimize
the free energy of the system~see Appendix B!.

It should pointed out that hadronizing clusters might
too small for a local~i.e., in each of them! temperature to be
defined, as we have tacitly assumed. Should this be the c
the appropriate treatment would be microcanonical and
canonical, with clusters described by mass and volume
stead of temperature and volume. Notwithstanding, as fa
the calculation of Lorentz-invariants is concerned, a glo
temperature may still be recovered by resorting to a sim
equivalent global cluster reduction procedure at the micro
nonical level, which is described in detail in Refs.@12,39# ,
with a microcanonical equivalent of the distribution~9!. The
proof is quite lengthy and the mathematical framework m
involved, but it is no longer necessary to assume that e
cluster ought to have the same temperature. In fact, only
equivalent global cluster or, equivalently, the global cano
cal partition function~12!, must be large enough to allow
canonical treatment of the system as a whole.

We now have to face the problem of a suitable choice
a microscopic Hamiltonian to be used in Eq.~3! and, thereby,
make a theoretical calculation oflS . As full QCD is out of
question, we resort to QCD-inspired low energy models. T
simplest model to start with is the Nambu-Jona-Lasi
~NJL! model, which has quarks as fundamental degree
freedom and embodies essential features of dynamical c
symmetry breaking (xSB! in the limit of vanishing current
quark masses. Also, we confine ourselves to mean-field
proximation, as presented in Ref.@19#, using the effective
Hamiltonian

HMFA
NJL

5V@g
S
~a21b21g2!14g

D
abg#

1E d3x q̄~2 i g•“1M !q, ~13!

whereV is the spatial volume,g
S

andg
D

are the four-fermion
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and the six-fermionU(1)A-breaking couplings, respectively
@19,30#, a5^ūu&,b5^d̄d&,g5^s̄s& are the quark conden
sates, and

Mu5mu22g
S
a22g

D
bg,

Md5md22g
S
b22g

D
ag,

Ms5ms22g
S
g22g

D
ab ~14!

are the constituent quark masses which, owing to the con
four-fermion interaction, are linearly related to the curre
quark massesmu ,md ,ms . As far as the grand-canonical ca
culation is concerned, the variational parametersa,b,g are
determined by minimizing the effective potential@19# ob-
tained within standard methods@31,32#. Of course, the same
result can be readily obtained by calculating

Z5Tr exp2bS H2(
i

m j N̂ j D 5e2Gumin ~15!

with H5HMFA
NJL

. In Eq. ~15!, N̂j are the conserved flavo
operators andGumin is the effective action at the physica
point. For constant fieldsGumin5bVVumin52 ln Z, whereV
is the effective potential.

The quark over antiquark excess is obtained by taking
derivative ofV with respect to the chemical potential for
given flavor

^nj2n̄ j&52
]Vumin

]m j
, ~16!

whereas the number of particles, in the grand-canonical
semble, reads

^nj&5
Nc V

p2
E

0

L

dp
p2

eb(Ap21M j
2
2m j )11

, ~17!

whereL is an UV cutoff andNc the number of colors.
One of the remarkable features of the HamiltonianHMFA

NJL

in Eq. ~13! is that the previously obtained expressions in E
~7!, ~12! for the free quark gas partition functions with exa
flavor and color conservation, can be taken up by sim
replacing the current masses with the constituent massemj
→M j and setting the cutoffL as upper bound for the mo
mentum integration in Eq.~4!.

The NJL model is the simplest choice in order to stu
strange quark production, yet it is not a compelling on
Actually, its validity is limited within a temperature rang
well below the UV cutoffL @26#. However, we are reason
ably confident that the main results found within this mod
would not essentially change when employing other effect
models whose validity, in principle, extend to arbitrarily hig
temperatures. As an example, it is worth mentioning
model developed in Refs.@20–22#, named in Ref.@19# as
ladder-QCD. In this model the exchange of a gauge part
between quarks is considered, implying a momentum dep
dence of the self-energy and, consequently, an irreducib
5-5
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to a simple model with free constituent quarks as in N
However, ladder-QCD is considerably different from N
only in the UV regime, where a 1/p2 tail is added to the
self-energy, which is otherwise constant in the small mom
tum region@20,33#. The effect of the different behavior in th
UV regime on the integrated number of particles is expec
to be rather small@20#.

IV. ANALYSIS AND RESULTS

The goal of the numerical analysis is the calculation oflS
in both HIC and EC, by performing the ratio between new
produced strange quark andu, d quark pairs in the NJL
model. The main ingredient needed to calculatelS are the
constituent quark masses which, for a given temperature
baryon-chemical potential, have to be determined by
minimization of the free energyF and thus depend on th
parameters contained in the effective Hamiltonian~13!, i.e.,
gS , L, gD and the current quark masses. Their values h
been fitted at zero temperature and baryon density in R
@19# to many static and dynamical meson properties

m̂5
mu1md

2
55.5 MeV, ms5135.7 MeV,

L5631.4 MeV, g
S
L253.67, g

D
L5529.29. ~18!

Particularly forgD , in Ref.@19# a temperature dependence
introduced through the phenomenological law

gD~T!5gD~T50!e2(T/T0)2
, ~19!

whereT0 is a further free parameter andgD(T50) is quoted
in Eq. ~18!. Different values ofT0 give rise to different be-
haviors of the constituentu, d mass~see Fig. 2! as a function
of the temperature as well as different positions of the cro

FIG. 2. Constituent masses of the quark s and the light qu
u, d as a function of temperature, with fixedmu,d /T50.5 andms

50. The three curves correspond to differentT0 values. The verti-
cal lines define the 1s band for Pb-Pb collisions atAsNN517.3
GeV, as fitted in the SHM@9#.
01520
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over curve in the (mB ,T) plane. According to the statemen
in Sec. II, we take the thermodynamical parametersT andmB
in Table I as an input, and thereforeT0 can be fixed by
enforcing that the quark susceptibility for a light quark wi
massm̂ in Eq. ~18!:

xm5
]^ūu&

]m
U

m5m̂

~20!

has a peak at the desired (mB ,T) point. This has been don
for the most accurately determined thermodynamical par
eters, which are those in Pb-Pb collisions atAsNN517.3
GeV, yielding T05170 MeV ~see Fig. 3!. Thereby, all rel-
evant parameters are now fixed. The only free parameter
is the single cluster proper volumeVc , which may vary as a
function of center-of-mass energy and colliding system. T
dependence oflS on this parameter is a crucial issue to
studied because it can possibly establish a relationship
tween color deconfinement and strangeness enhanceme

A. Heavy ions

In HIC, calculations are much simpler as the total vo
umes~namely, the sum of proper volumes of all the cluste!
turn out to be so large that the effect of the canonical s
pression related to exact conservation of flavor quant
numbers can be disregarded@34#, provided that flavor quan-
tum numbers are distributed among clusters according to
function ~9!. Indeed, it should be pointed out that differe
scenarios have been devised in which the volume wit
which strangeness exactly vanishes~strangeness correlatio
volume! is less than the total volume, but this approach c
not account for the low yield off meson@35#, so we will
stick to the identification between the strangeness correla

ks
FIG. 3. Chiral susceptibilityxm for the quarku or d with current

mass 5.5 MeV as a function of temperatureT, for different values of
the T0 parameter in the NJL model. The baryon chemical poten
mB has been set to 238 MeV andmQ has been set to 0, in accor
dance with the analysis of full phase space Pb-Pb data at SPS
ergy @9#. The maximum of2xm is located atT5158 MeV, the
fitted value in Pb-Pb collisions at SPS energy forT05170 MeV.
5-6
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volume and the total volume. IfVc is large enough, quark
multiplicities can thus be estimated by means of Eq.~17!, the
grand-canonical formula, andlS turns out to be independen
of V. In fact, it must be emphasized that the total volum
fitted in the SHM for HIC, though affected by large error
lie in a range~see Table I! where canonical suppression
negligible andlS is sensitive toVc if this is roughly below
10 fm3 ~see Fig. 4!. This little sensitivity toVc makeslS
certainly not a clear-cut probe for deconfinement, thou
hadronizing clusters as small as some fm3 can indeed be
excluded.

Hence, by taking a full grand-canonical approach,
crossover line for chiral symmetry breaking has been ca
lated by minimizing the light quark mass susceptibilityxm .
As has been mentioned, by forcing the location of the m
mum to coincide with the fittedT andmB in Pb-Pb collisions
at AsNN517.3 GeV, we have been able to set the param
T0 to 170 MeV~see Fig. 3!. For this calculation, the u and
chemical potentials have been assumed to be equal, so
xu and xd coincide with xm , whereas the strange qua
chemical potentialms has been set to zero due toS50 con-
straint. It must be noted that, in principle,mu andmd differ
because

mu5
mB

3
1

2

3
mQ ,

md5
mB

3
2

1

3
mQ ,

ms5
mB

3
2

1

3
mQ2mS , ~21!

FIG. 4. CalculatedlS in the NJL model in a color singlet cluste
with T5158 MeV, baryon chemical potentialmB /T51.5, mQ50,
andms50, as a function of the volume. The dashed line indica
the grand-canonical value oflS . The constituent quark masse
have been fixed to their values in the grand-canonical limitMu

5Md5103 MeV andMs5452 MeV.
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wheremQ is the electrical chemical potential, which vanish
only in isospin symmetric systems. However, this term tu
out to be negligible for all examined collisions~see Table I!
and we have simply takenmu5md5mB/3. Having setT0,
the crossover curve can be predicted from the model and
is shown in Fig. 5 along with fitted SHM points which are
satisfactory agreement with the calculation.

It must be pointed out that in a grand-canonical fin
system with fixed volume, the conservation of a definite i
tial values of baryon number, electric charge, and strange
necessarily leads to different values of the chemical pot
tials for the two different phases, such as the conside
constituent quark phase and the hadron gas. Certainly,
volume is not supposed to be fixed in the transition, thus
assumption of equalmB’s may be correct. On the other han
oncemB has been set, the constraintsS50 andQ/B5Z/A
lead to definitemQ andmS ~beware the difference withms)
values which, in principle, are different in the two phase
While retainingms50, we have checked the accuracy of t
assumptionmQ50 by studying the effect onlS of nonvan-
ishing electrical chemical potentials in the quark phase. T
procedure is as follows. First, we have calculatedlS and
quark masses with the main assumption, i.e.,mQ50. Then,
by using those masses, we have calculatedmQ in the quark
phase by enforcingQ/B5Z/A. Finally, with the obtained
mQ , we have recalculated quark masses and the newlS .
The difference between thelS’s calculated in the two ways
ranges from 1% in Pb-Pb collisions at SPS energy up
2.7% in Au-Au collisions at AGS energy and is therefo
negligible throughout.

The parameterlS has been calculated along the crosso
curve by using Eq.~17! and the comparison with the SHM
fitted values is shown in Fig. 6. The main prediction of t
NJL-based model is an increase oflS for decreasingAs
which is driven by the increase ofmB ~see Table I!. This
involves an enhancement of relative strange quark prod
tion with respect tou, d, the so-called Pauli blocking effec

s

FIG. 5. Crossover curve in the NJL model withT05170 MeV in
the (mB ,T) plane. Black dots with error bars are the values o
tained within the SHM analysis in various heavy ion reactio
@9,36#.
5-7
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On the other hand, the observedlS does not keep growing
but undergoes a dramatic drop at very small energies~see
Fig. 1!, a fact which can be possibly explained by the on
of a purely hadronic production mechanism at low~yet not
easy to locate! center-of-mass energies with possible loc
strangeness conservation@35#. Looking at the deviations o
the SHM-fitted central values oflS in Au-Au and Si-Au
from the theoretical curve in Fig.~6!, it can be argued tha
this hadronic production mechanism takes over at energie
low as AGS’s. Certainly, error bars are large and a defin
conclusion needs more precise data. It should also be poi
out that a mild strange canonical suppression sets in alre
in AGS Si-Au collisions@10# which is not taken into accoun
here. Another sizable discrepancy between data and m
shows up in Au-Au collisions at RHIC (As5130 GeV!.
However, in this case,lS has been determined by fittin
ratios of hadronic yields measured at midrapidity, unlike
other quoted collisions for which full phase space multipli
ties have been used. This method may have led to an o
estimation oflS if the midrapidity region is enriched in
strangeness as observed in Pb-Pb collisions at SPS@36#.

It is now worth discussing the robustness of these res
in some detail. The calculation oflS based on Eq.~17! de-
pends on constituent quark masses and the UV cutoff par
eterL in addition to the thermodynamical parametersT and
mB which have been set by using hadronic fits. This expr
sion of lS is indeed a general one for effective models w
four fermion interactions in the mean-field approximation
is then worth studyinglS by taking the constituent masses
free parameters instead of fixing them by means of a part
lar effective model as we have done so far. WhileMu,d(m,T)
is strongly dependent onT0 , Ms(m,T) is fairly independent
of it ~see Fig. 2!. Therefore, as far as the finite temperatu
sector is concerned, one can fairly conclude that this N
model has actually one free parameter, eitherT0 or
Mu,d(mBc ,Tc). In other words, fixingT0 amounts to set a
definite value of the light quark mass at the critical point

FIG. 6. lS calculated along the crossover curve predicted in
NJL model withT05170 MeV. Black dots with error bars are th
values obtained within the SHM analysis in various heavy ion
actions@9,36#.
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However, the resultinglS value does not strongly depen
on this parameter either, as shown in Fig. 7, where the reg
in the (Mu ,Ms) plane ~with both L5631.4 MeV andL
51`) allowed by the fittedlS values in Pb-Pb collisions a
AsNN517.3 GeV is shown: the bands pattern clearly in
cates thatlS has a strong dependence onMs and much
milder on Mu,d . Furthermore, theMs value at the critical
temperature is quite constrained by its corresponding va
at zero temperature and does not undergo strong variation
a function of the temperature andT0, as shown in Fig. 2,
which is indeed a quite general feature of effective mod
@22#. Summarizing, we can state that this NJL model yield
lS value in good agreement with the data~as determined
through the SHM! essentially because it has a fit value of t
constituent strange quark mass at zero temperature and
sity ~about 500 MeV!, while the particular value ofT0 has
much less impact on it~see also Fig. 7!. On the other hand
for fixed constituent quark masses,lS is sizably affected by
the cutoffL. The calculation withL51` is meant to give
some upper bound on its variation due to neglected ultra
let contributions, though a reanalysis within a renormaliza
model would be desirable to have a more accurate esti
tion.

B. Elementary collisions

In EC the fitted total volumes are small and the calcu
tions have to be carried out within the canonical formalis
As has been mentioned in the previous section, the parti
function to be used is that in Eq.~12! with constituent

e

-

FIG. 7. Allowed regions of constituent quark massesMu,d ,Ms

determined by the parameterslS50.44760.025,T5158.162.3
and mB5238613 MeV as fitted in Pb-Pb collisions atAsNN

517.3 GeV@9#, with mQ50 andms50. The lighter hatched region
corresponds to theL momentum cutoff as in the NJL model@19#
whereas the hatched darker region to the free constituent quark
~i.e., L5`). The solid line shows the predictions of the full NJ
model with T0 ranging from zero~no KMT term! to ` ~case I in
Ref. @19#! from left to right, in the grand-canonical ensemble wi
T5158.1 MeV andmB5238 MeV while the black dot shows th
values of masses forT05170 MeV. The dash-dotted horizontal an
vertical lines correspond to theT5mB50 constituent masses va
ues for the strange quark and for the light quarksu,d, respectively.
5-8
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STRANGE QUARK PRODUCTION IN A STATISTICAL . . . PHYSICAL REVIEW C 67, 015205 ~2003!
masses replacing current masses and aL cutoff as upper
bound in the momentum integration in Eq.~6!. Unlike in the
grand-canonical ensemble,lS depends on the volume and
thorough comparison with SHM fitted parameters is mu
more involved. This is true in many respects: first, the fit
total volumes in the SHM are subject to large errors a
obtained for pointlike hadrons, thus reasonably undere
mated. Secondly, for finite volumes one should in princi
refit T0 so as to obtain a crossover point for a definite to
volume V and cluster volumeVc , for each process, at th
desired temperature. Finally, one should minimize the
expression of free energyF52T ln Z @with Z as in Eq.
~12!# to determine the constituent masses at finite volum
For the present, this calculation is not affordable as the m
mization of functions involving five-dimensional numeric
integration as in Eq.~12! at each step with the due accurac
implies exceedingly high computing times with presen
available computers. For this reason, we have carried o
simpler calculation, withT0 kept to 170 MeV and constituen
quark masses calculated in the model at the thermodyna
limit.

Yet, even in this approximated calculation, the effect
flavor and color conservation over finite volumes can
studied and, hopefully, it can be verified if this mechanism
canonical suppression actually implies a reduction oflS with
respect to the thermodynamic limit consistently with t
data. In fact, any conservation law enforced on finite v
umes implies a reduction of heavy charged particle multip
ity stronger than lighter particles’ so that a decrease oflS for
decreasing volumes is expected. The ultimate reason of
effect is the reduced energy expense needed, in a finite
tem, to compensate any charge unbalance with light parti
in comparison with heavy particles.

We can see this mechanism at play in Fig. 8, wherelS is
plotted as a function of the total volumeV ~over which flavor
is exactly conserved!, for different~color-singlet! cluster vol-
umesVc for an initially completely neutral system, such
e1e2. The temperature has been set toT5160 MeV, which
is a fair average of the SHM fitted values@2,12,17# in
e1e2and the constituent quark masses have been set toMs
5452 MeV andMu,d5112 MeV, which are the thermody
namic limit values. Interestingly,lS features a fair stability
over a large range of total volumes greater than'20 fm3 for
Vc,10 fm3 within the data band, with a mild increase up
an asymptotic value which turns out to be closer to the th
modynamic limit ~yet not equal to it, see also Fig. 4! for
larger Vc . As the volumes fitted in a pointlike hadron ga
model in e1e2and pp̄ collisions turn out to be larger tha
15 fm3, but not larger than.80 fm3, we can argue that a
suitableVc can account for the observed values and the
bility of lS over a reasonably large volume range, taking in
account that the actual volumes are certainly larger than t
pointlike estimates. Moreover, the mechanism of local co
neutrality induces the reduction oflS value with respect to
the thermodynamic limit of.0.31 which is needed to quan
titative reproduce the data. Within this approach, the diff
ence betweenlS in high energy HIC and EC would b
mainly the result of the nonvanishing initial baryon dens
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~from .0.31 to.0.45) and of local color neutrality in EC
over small regions (5 –10 fm3).

The situation is somewhat different forpp collisions, due
to nonvanishing initial baryon number and electric charge
this system, one can observe two compensating effe
namely, Pauli exclusion principle favoring relativess̄ pro-
duction and canonical suppression, favoring relativeuū and
dd̄ production. As a result,lS is nearly constant around 0.3
in apparent disagreement with the observed value whic
about 0.2~see Fig. 9!. The reduction oflS brought about by
the decrease ofVc is not sufficient to restore the agreeme
even for very lowVc . The disagreement can be possib
explained by the inadequacy of the taken assumptions, s
as the statistical distribution of charges among clusters
cording to Eq.~9!.

V. CONCLUSIONS AND OUTLOOK

We have presented a statistical model to explain the
served pattern of strangeness production in both elemen
and heavy ion collisions. The basic idea is that full chemi
equilibrium is locally achieved at the level of constitue
quark degrees of freedom~within the framework of a simple
effective model!, at a different stage of the evolution proce
in elementary collisions~late! with respect to heavy ion col
lisions ~early!. In this approach, hadron formation take
place through the coalescence of constituent quarks and
accounts for the known observation of an incomple
strangeness equilibrium at hadron level in the statistical h

FIG. 8. Plot oflS as a function of the total volumeV of the
hadronizing clusters, for various~color singlet! single cluster vol-
umesVc in an initially completely neutral system. The constitue
quark masses have been set to their values obtained in the g
canonical case withT5160 MeV and all chemical potentials van
ishing. The dotted line has been obtained by disregarding the c
singlet constraint and keeping only the flavor constraint, for a giv
volume. The arrow indicates the asymptotic value in the gra
canonical limit. The horizontal band is the region determined by
maximal spread of central values obtained in the SHM fits ine1e2

@2,12,17# and inpp̄ collisions @2#.
5-9
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ronization models. The underlying assumption is that at le
the ratios/u survives in the final hadrons.

In addition to the effect of different initial excess of ma
ter over antimatter, the smaller relative strangeness pro
tion in EC with respect to HIC has been related to t
smaller overall system size and to color confinement o
much smaller regions. Particularly, the existence of a cha
teristic cluster volume, roughly between 5 and 10 fm3 and
independent of center-of-mass energy, can possibly acc
for the observed stability oflS , along with the constancy o
temperature and the weak dependence oflS itself on the
total volumeV ~if not below;60 fm3), at least ine1e2and
pp̄ collisions. However, the dependence oflS on cluster vol-
ume in HIC is so mild that it is not possible to use strang
ness production to prove the formation of large color-neu
regions, i.e., color deconfinement.

The numerical analysis, carried out within an effecti
Nambu-Jona-Lasinio model, involved only one paramete
be adjusted which has been used to get the critical p
agreeing with that fitted in Pb-Pb collisions. A satisfacto
agreement with the data has been found in several heavy
collisions ande1e2, pp̄ collisions. Deviations have bee
found at low energy HIC, such as Au-Au and Si-Au at AG
where the strangeness production mechanism could be
dominantly driven by hadronic inelastic collisions. Furthe
more, a significant discrepancy has been found inpp, which
might be perhaps cured by taking a different scheme of qu
tum numbers distribution among the hadronizing clusters
should be pointed out that the analysis in EC has been

FIG. 9. Plot oflS as a function of the total volumeV of the
hadronizing clusters, for various~color singlet! single cluster vol-
umesVc in an initially pp-like system (B5Q52, S50). The con-
stituent quark masses have been set to their values obtained i
grand-canonical case withT5160 MeV and all chemical potential
vanishing. The dotted line has been obtained by disregarding
color singlet constraint and keeping only the flavor constraint, fo
given volume. The arrow indicates the asymptotic value in
grand-canonical limit. The horizontal band is the region determi
by the maximal spread of central values obtained in the SHM fit
pp collisions @2,12#.
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formed with some approximations as a full consistent tre
ment of the Nambu-Jona-Lasinio model for finite volumes
presently beyond our possibilities.

The model dependence of our results has been discus
We are reasonably confident that the obtained results
quite general and stable within nonrenormalizable mod
with four-fermion interactions treated in the mean field a
proximation. The exploration of renormalizable effectiv
model is under investigation.
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APPENDIX A

We want to prove that

(
Q1 , . . . ,QN

)
i 51

N

Zi~Qi ! dQ,S iQi
~A1!

is the global partition function in Eq.~12!, with Zi as in Eq.
~7!, provided that all clusters have the same volumeVc . We
will first prove it in the canonical framework, with each clu
ter having also the same temperatureT. One can rewrite Eq.
~A1! by using Eq.~7! and the integral representation of th
dQ,S iQi

as

(
Q1 , . . . ,QN

F)
j 51

3 E
2p

p df j

2p GeiQ•f2 iS iQi•f)
i 51

N F)
j 51

3 E
2p

p df j i

2p G
3eiQi•fiE dm~u1 ,u2! eVcf (u1 ,u2 ,fi ) ~A2!

where Ẑi has been written in the simple form
exp@Vcf(u1,u2,fi)# according to Eq.~6!. It must be stressed
that this expression ofẐ is very general and does not depe
on the Hamiltonian of the considered model. Moreover,
function f is the same for all clusters for it depends only
the temperature which has been assumed to be the same
can now perform the summation over allQi in Eq. ~A1! and
get

(
Q1 , . . . ,QN

eiS iQi•(fi2f)5)
i 51

N

~2p!3 d3~f2fi ! ~A3!

so that the integration overf j i in Eq. ~A1! can be easily
performed and one is left with

F)
j 51

3 E
2p

p df j

2p GeiQ•f)
i 51

N E dm~u1 ,u2! eVcf (u1 ,u2 ,f).

~A4!
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The integral over SU~3! group is the same for all clusters an
Eq. ~A4! can then be written as

F)
j 51

3 E
2p

p df j

2p GeiQ•fF E dm~u1 ,u2! eVcf (u1 ,u2 ,f)GN

5F)
j 51

3 E
2p

p df j

2p G
3eiQ•fF E dm~u1 ,u2! Ẑi~u1 ,u2 ,f!GV/Vc

, ~A5!

whereV5S iVi5NVc , which is equal to the right hand sid
of Eq. ~12!.

APPENDIX B

We show that the configuration probabilitie
w(Q1 , . . . ,QN) in Eq. ~9! minimize the free energy of a
system with volumeV and temperatureT which is split into
N color-singlet clusters with volumesV1 , . . . ,VN such that
( iVi5V. Let p be the full probability of a single state in thi
system and w the probability of a configuration
w(Q1 , . . . ,QN). Then

pstate5w~Q1 , . . . ,QN!)
i 51

N
exp~2Ei /T!

Zi~Qi !
dQi ,Qi ;s

dsingleti
,

~B1!

whereZi is given by Eq.~7!, Ei is the energy of a cluster
Qi ;s is the vector of flavor quantum numbers of the state, a
dsingleti

signifies the color singlet constraint on each clus
The entropy reads

S52 (
states

p ln p

52 (
Q1 , . . . ,QN

(
states1

. . . (
statesN

w~Q1 , . . . ,QN!

3)
i 51

N
e2Ei /T

Zi~Qi !
ln w~Q1 , . . . ,QN!F)

i 51

N
exp~2Ei /T!

Zi~Qi !
G ,

~B2!

where the flavor and color constraint on each cluster are
implied in the sum over the states.

Equation~B2! can be worked out:
01520
d
r.

w

S52 (
Q1 , . . . ,QN

(
states1

. . . (
statesN

w~Q1 , . . . ,QN!)
i 51

N
e2Ei /T

Zi~Qi !

3F ln w~Q1 , . . . ,QN!2
Ei

T
2 ln )

i 51

N

Zi~Qi !G
5 (

Q1 , . . . ,QN

w~Q1 , . . . ,QN!F 2 ln w~Q1 , . . . ,QN!

1

(
i 51

N

^Ei& (Q1 , . . . ,QN)

T
1 ln )

i 51

N

Zi~Qi !
G , ~B3!

where ( i^Ei& (Q1 , . . . ,QN) is the average energy for thei th
cluster and a fixed configuration (Q1 , . . . ,QN). The total
average energy of the system, to be identified with the in
nal energyU, evidently reads

U5 (
Q1 , . . . ,QN

w~Q1 , . . . ,QN!(
i 51

N

^Ei& (Q1 , . . . ,QN) ~B4!

so that entropy can be rewritten as

S5 (
Q1 , . . . ,QN

2w~Q1 , . . . ,QN!ln w~Q1 , . . . ,QN!1
U

T

1 (
Q1 , . . . ,QN

w~Q1 , . . . ,QN!ln )
i 51

N

Zi~Qi ! ~B5!

and the free energyF as

F5U2TS5T (
Q1 , . . . ,QN

w~Q1 , . . . ,QN!

3F ln w~Q1 , . . . ,QN!2 ln )
i 51

N

Zi~Qi !G . ~B6!

Now we seek for the probabilitiesw which minimize the free
energy with the constraint(w51. Therefore we have to
introduce a Lagrange multiplierl and look for the extremals
of F1l((w21) with respect to eachw(Q1 , . . . ,QN) and
l. This leads to

ln w~Q1 , . . . ,QN!5 ln )
i 51

N

Zi~Qi !2
l

T
~B7!

and

w~Q1 , . . . ,QN!5

)
i 51

N

Zi~Qi !dQ,S iQi

(
Q1 , . . . ,QN

)
i 51

N

Zi~Qi !dQ,S iQi

~B8!

after proper normalization.
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