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Nucleon elastic scattering potentials: Energy and isospin dependence

A. Nadasen, S. Balaji, J. Brace, and K. A. G. Rao
Department of Natural Sciences, University of Michigan, Dearborn, Michigan 48128-1491

P. G. Roos
Department of Physics, University of Maryland, College Park, Maryland 20742

P. Schwandt
Indiana University Cyclotron Facility, Bloomington, Indiana 47405

J. T. Ndefru
Sinclair Community College, Dayton, Ohio 45402

~Received 8 August 2002; published 16 December 2002!

Volume integrals of the real potentials derived from proton elastic scattering studies have been calculated for
data available from the lowest to the highest energy. Because of the spread of the volume integrals at low
energies, an average of volume integrals in each 1 MeV bin was calculated. These average volume integrals
show a logarithmic dependence on the beam energy. A similar analysis of neutron potentials shows that the
proton energy dependence can be applied to neutron data. The data for proton scattering from Ca isotopes at
1044 MeV were analyzed in terms of the optical model, and an isospin component of the potential was
determined. The derived isospin potential is compared with those obtained for proton and neutron scattering in
previous investigations.
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I. INTRODUCTION

Elastic scattering of nucleons from nuclei has been st
ied for several decades. The primary goal of these stu
was to determine the nucleon-nucleus interaction. The in
action between a nucleon and the nucleus is a many-b
problem, and the potential has many components due to
ferent mechanisms of nuclear reactions. However, the op
model potential has been found to provide an accepta
macroscopic, phenomenological description of the inter
tion. It essentially reduces the highly complicated descript
of the many-body nucleon-nucleus system to the solution
the Schro¨dinger equation with a complex mean-field pote
tial. It provides good fits to the differential cross secti
angular distributions for a wide range of target nuclei at d
ferent energies. In many instances the optical model anal
have provided interesting physics information through
energy, target-mass, and isospin dependence of the de
parameters.

Accurate data for the elastic scattering of protons from
large sample of nuclei are available at many bombard
energies up to 60 MeV@1–5#. Most of these data have bee
analyzed in terms of the standard nuclear optical model
rametrization employing a real and an imaginary potent
Generally, the Woods-Saxon form~defined in Sec. II! was
used for both potentials. Occasionally, the derivative of th
form factors was used when the scattering is not too sens
to the interior of the nucleus. Many investigators analyz
individual sets of data and obtained a linear dependenc
the real potentials on the incident proton energies. Howe
because these low-energy protons do not penetrate deep
the nucleus, the derived potentials are ambiguous: diffe
sets of potentials that are similar in the surface region p
0556-2813/2002/66~6!/064605~7!/$20.00 66 0646
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vide equally good fits to the data. Because of these amb
ities in the potentials, the parameters obtained by differ
authors are not consistent with each other, and the resu
uncertainty in interpolation between energies and nuc
masses precludes the determination of reliable system
trends of the parameters.

With the advent of higher-energy beams, single-ene
proton elastic scattering studies have been made at 100 M
@6#, 156 MeV @7#, 185 MeV @8#, 200–500 MeV@9#, 800
MeV @10# and 1044 MeV@11#. A comprehensive analysi
over a limited energy range of 80–180 MeV proton elas
scattering from several targets@12# was also carried out
Most of these data were analyzed in a consistent and unif
manner in terms of a local optical model potential wi
Woods-Saxon form factors. Because of their higher energ
these data required the use of relativistic kinematics an
relativistic extension of the Schro¨dinger equation. At these
energies, the the Coulomb repulsion is relatively weak a
the nucleus is fairly transparent to the incident proton. Th
the proton is able to sample interior regions of the nucle
resulting in a significant reduction in the ambiguities of t
potentials.

Investigators were then able to derive more reliable s
tematics of the potentials. Of particular interest was the
ergy dependence of the potentials. The optical model po
tials have two basic sources for their energy depende
First is the intrinsic energy dependence, which is deriv
from the dispersion relation. Second, the proton-nucleus
tential is nonlocal. The Fourier transform of this nonloc
potential to an equivalent local potential naturally leads to
energy dependence. The optical model energy dependen
reflected by the variation of the derived parameters with
ergy. In many analyses, particularly at low energies, the
©2002 The American Physical Society05-1
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pendence of the strengthV is considered. However, becau
of the correlations betweenV and the Woods-Saxon geom
etry parametersr 0 and a0, these individual parameters ca
exhibit spurious energy dependences. On the other han
has been found that the volume integral of the potentialJR is
a well-defined quantity, free of parameter correlatio
@5,13,14#, and thus would provide a reliable measure of t
energy dependence of the optical potential. Van Oerset al.
@8# obtained a linear energy dependence of the real pote
volume integrals up to 60 MeV for six target nuclei and
different linear energy dependence from 160 to 200 MeV
40Ca and 208Pb. This inconsistency was then resolved
determining a logarithmic energy dependence, which p
vided a good description ofp1 12C, 16O, 27Al, 40Ca,208Pb
data from 10 MeV to 1000 MeV@15#. It had the form
JR(E)5JR(0)2b ln E with JR(0)5850–930 MeV fm3 and
b5142–156 MeV fm3. The results gave a zero crossing
the real potential, from attractive to repulsive, at about 5
MeV. Nadasenet al. @12# also obtained a logarithmic energ
dependence for the energy range of 80–180 MeV, w
JR(0)5815 MeV fm3 andb5120 MeV fm3, which gave an
extrapolated zero crossing value of 890 MeV. This glo
analysis was extended to a maximum energy of 1 GeV~Ref.
@16#! by including newer scattering data at 200, 300, 4
and 500 MeV from TRIUMF@9#, as well as the older data a
800 and 1044 MeV.

Extensive investigations of neutron elastic scattering h
been carried out up to 24 MeV@17#. The first major analysis
of differential cross sections was carried out by Bjorklu
and co-workers@18# for neutron scattering at energies of 4,
and 14 MeV. Perey and Buck@19# obtained good fits to data
up to 24 MeV using a nonlocal potential. Becchetti a
Greenlees@5# performed the first global analysis of neutro
elastic scattering up to 24 MeV. During the 1970s, accur
neutron elastic scattering cross sections over wide ang
ranges on several target nuclei were measured up to 26 M
at Ohio University@20#, and global optical model potential
were derived. DeVitoet al. @21# measured neutron elast
scattering from40Ca at 30 and 40 MeV. Additional high
quality measurements over wide angular ranges for ener
from 8 to 14 MeV were made at TUNL@22,23#. However,
because these low-energy neutrons sample only the ext
surface region of the nucleus, it was virtually impossible
determine unambiguous optical model potentials. The
rived volume integrals range from;300 to;700 MeV fm3.
The global analyses of Becchetti and Greenlees@5#, Rapaport
@20#, and Varneret al. @24# show some agreement betwe
their derived volume integrals with only about 10% diffe
ences for the heaviest target nuclei. However, all these an
ses obtained linear energy dependences of the volume
grals because of the narrow energy range of th
investigations. Volume integrals derived from measureme
of total cross sections for five target nuclei from 100 to 1
MeV @25# seem to favor a logarithmic energy dependenc

It became apparent that because different investiga
analyzed different sets of data, a number of curious, an
some cases inconsistent, features arose from the va
analyses. What was lacking was a complete single ana
over the entire range of energies. We have therefore car
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out and presented in this paper a global review of all nucle
elastic scattering studies up to 1 GeV. Section II descri
the optical model parameter selection and analysis pro
dure. A new optical model analysis of proton scattering fro
Ca isotopes at 1 GeV for the determination of the isos
potential is presented in Sec. III. The energy dependenc
the potentials is derived in Sec. IV. Section V contains
results and conclusions of the investigation.

II. OPTICAL MODEL PARAMETER SELECTION
AND PROCEDURE

The initial real central potential parameters were tak
from the compilation of Perey and Perey@17#, which lists
potential parameters derived from proton elastic scatte
studies up to 1975. More values were obtained from
works of Perey@26#, Becchetti and Greenlees@5#, Van Oers
@8#, Alkhazov et al. @27#, Kwiatkowski and Wall @6#, Igo
et al. @28#, Nadasenet al. @12#, Woo et al. @29#, and Hutch-
eon et al. @9#. Most of these optical model analyses ha
been carried out with the real central potentials of t
Woods-Saxon form:

V~r !5V0 /$11exp@~r 2r 0At
1/3!/a0#%,

whereV0 , r 0, and a0 define the strength and shape of t
potential. Values forV0 , r 0, anda0 were derived from the
analyses of elastic scattering data. The Woods-Saxon po
tial is a spherically symmetric potential that resembles
shape of the nuclear matter distribution. The potential para
etersV0 , r 0, anda0 are not completely independent. The
correlate with each other, resulting in continuous ambiguit
between them. An increase or decrease in one paramete
be compensated by changes in the other two, resulting
equally good fit to a set of the scattering data. However, t
quantities have been found to be free of ambiguities. On
the root-mean-square radius,r ^rms& , which is the radius of
the nucleus averaged over the potential. Greenlees, Pyle
Tang @14# showed that combinations of different rad
(;19% variation! and diffuseness (;55% variation! param-
eters that provide acceptable fits to the data giver ^rms& values
that are within 3% of each other. Ther ^rms& basically gives
the size of the nucleus, and is thus of no interest in
present study. The other is the real potential volume integ
JR, which is the spatial integral of the potential, weighted
the strength. This quantity defines the total effective poten
for the interaction of the proton with a nucleus at a particu
energy. The potential volume integral is not subjected to
V, r 0 , a0 continuous ambiguity. It has been found that all t
different sets ofV, r 0, and a0 parameters that provide
equally good fits to a set of data have the same volu
integral @5,13,14#.

Comparison of analyses of proton elastic scattering fr
different targets showed that the potential volume integ
was proportional to the mass of the target nucleus. Thi
expected if the potential and nucleon~mass! density distri-
butions have essentially similar radial shapes. Therefor
quantity largely independent of the target mass, namely,
reduced volume integralJR/A whereA is the mass numbe
5-2
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NUCLEON ELASTIC SCATTERING POTENTIALS: . . . PHYSICAL REVIEW C 66, 064605 ~2002!
of the target, has been defined. This quantity provides a b
for the determination of the systematics of the poten
across the entire Periodic Table~except for very light few-
nucleon systems!. The reduced volume integrals of the re
potentials calculated using parameters from all availa
studies of proton elastic scattering, are shown in Fig. 1. T
will be discussed in Sec. IV.

III. ANALYSIS OF 1044-MeV PROTON ELASTIC
SCATTERING FROM Ca ISOTOPES

The original analysis of 1044-MeV proton elastic scatt
ing from four Ca isotopes@11# was based on the Glaube
theory with the purpose of determining neutron and nucl
matter distributions. Thus this study did not provide the v
ume integrals required for the present investigation. We h
therefore carried out an optical model analysis of these d
in a formalism consistent with those of lower-energy da
The optical model potential of conventional form containi
a Coulomb term, a complex nuclear central term, and a c
plex nuclear spin-orbit term was used. We used the relati
tic extension of the Schro¨dinger equation with relativistic
kinematics@30#. The Woods-Saxon form factors were us
for the potentials. Since the proton has a spin of 1/2, i
advisable to include a spin-orbit potential in the analys
since otherwise systematics in the other components of
potential could be distorted. However, only differential cro

FIG. 1. Proton volume integrals versus energy.
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section data are available at 1044 MeV. In order to inclu
polarization data, needed to fix the spin-orbit potential,
resorted to the 800-MeV analyzing power measureme
@28# for all four nuclei. We do not expect the polarization
change much between 800 MeV and 1 GeV. Therefore
transformed the 800-MeV data to 1 GeV by changing
angles of the data by means of the equivalence of momen
transfer, i.e., 2k sin(u/2) values are equal at both 800 Me
and 1 GeV (k is the wave number of the incident proton!.
This procedure was deemed adequate for determining a s
orbit potential at 1 GeV, which is sufficiently realistic t
constrain ambiguities in the central potential that would o
erwise arise from the analysis of cross section data alon

The codeSNOOPY8@30# was used to carry out the analy
ses. The starting parameters were obtained from the extr
lations of lower-energy studies. For each angular distri
tion, first single-parameter searches were carried out on
twelve parameters. The optimized fit parameters were t
used to carry out all combinations of two-parame
searches. The number of search parameters was contin
increased until searches were made on combinations o
parameters. This provided very good fits to the data. An
tempt was made to improve the fits obtained by allowing
normalization of the cross section data to vary, but only44Ca
preferred a normalization different from unity. Figures 2 a
3 show the results for48Ca differential cross section and po
larization data. The dots represent the data with the error
indicated. The solid lines show the optical model~OM! fits.

FIG. 2. p1 48Ca differential cross sections~dots! and OM cal-
culations~solid line!.
5-3
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The derived central potential volume integrals are po
tive, indicating that the repulsive component of the nucl
force dominates at this energy. The volume integrals stea
increased in going from40Ca to 48Ca. This variation is due
to the isospin component of the nuclear potential. Sev
authors have considered the existence of an isospin com
nent in the central nuclear potential@31#. Lane@32# explicitly
showed that the volume integral of the isospin componen
the potential is given byJS(N2Z)/A, whereJS is the coef-
ficient of the symmetry term. Figure 4 shows the plot of t
volume integrals~after subtracting the Coulomb correctio
term Vc50.4Z/A1/3) as a function of (N2Z)/A. The linear
relationship betweenJR/A and (N2Z)/A provides a value
of JS5350635 MeV fm3. This value agrees well with the
values 200–400 obtained by Becchetti and Greenlees@5#,
and 3006100 by Perey@26#, but is much higher than the
value of 120640 obtained by Kwiatkowski and Wall@6#.
The isospin effect arises from nucleon-nucleon interactio
For proton elastic scattering, neutron-rich nuclei have a p
tive isospin term, that remains essentially constant with
ergy. Since the total central potential decreases with ene
the isospin component becomes relatively more importan
energy increases. In fact, for48Ca at 1044 MeV, we find tha
almost one-third of the potential is due to the isospin effe
This can be understood in terms of the fundamental nucle
nucleon forces. It is well known that, because of the ex
tence of the triplet state, the proton-neutron interaction
three times as strong as the proton-proton and neut
neutron interaction. Thus the potential for proton scatter
from a neutron-rich nucleus is strongly enhanced.

FIG. 3. p1 48Ca analyzing powers~dots! and OM calculations
~solid line!.
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We calculated the isospin coefficientJS for neutron scat-
tering using the 131-MeV potential parameters of Schnei
and Cormack @25#, and obtained a value of 19
680 MeV fm3. The values ofJS in literature vary widely,
ranging from;100 @33,34# to as high as;470 @35–37#. In
a global analysis of neutron scattering, Rapaport@20# ob-
tained an energy-dependent isospin coefficient of the fo
JS5JS(0)2aE. The values of 310680, 234680, and 110
625 for JS(0) have been obtained from different sets
data. The global analysis of nucleon elastic scattering
Varner et al. @24# gives a value of 110610 MeV fm3. It is
clear that the neutron isospin potential needs to be de
mined unambiguously. This can be done by measuring h
energy neutron scattering from target nuclei having a ra
of values of (N2Z)/A.

IV. ENERGY DEPENDENCE OF THE REAL
VOLUME INTEGRAL

Several theoretical attempts have been made to derive
energy dependence of the empirical real potential. Brueck
et al. @38# proposed a description of the dispersive nature
nuclear matter, which gave the correct magnitude of the
tential at zero energy. Lipperheide and Schmidt@39# used the
dispersion integral, but the real potential was too strong
high energies and did not change sign as indicated by
scattering data. The nonlocal energy-independent potenti
Perey and Buck@19#, extended in energy by Engelbrecht an
Fiedeldey@40#, was in reasonable agreement with expe
mental results up to about 150 MeV. Passatore noted str

FIG. 4. Volume integrals for Ca isotopes at 1044 MeV vers
(N2Z)/A. The solid line is a linear fit to the data.
5-4
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NUCLEON ELASTIC SCATTERING POTENTIALS: . . . PHYSICAL REVIEW C 66, 064605 ~2002!
disagreement between the experimentally determined po
tials and those calculated from the dispersion relation for
energy range 100–500 MeV@41#, but the slope agreed with
the empirical results above 500 MeV@42#. Using both the
intrinsic energy dependence resulting from the dispersion
lation and that due to nonlocality, he reformulated the cal
lations to obtain a logarithmic energy dependence of the
tentials up to 1 GeV. As shown below, our results confi
Passatore’s predictions.

All the calculated volume integralsJR /A were ordered in
terms of increasing energy. Since these are the reduced
ume integrals, they should be largely independent of the
get mass. Therefore no consideration was given to the m
of the target in determining the systematics of these volu
integrals. The volume integrals determined from all kno
proton elastic scattering studies are plotted as a functio
beam energy in Fig. 1. It is observed that the values at
energies have a large spread, ranging from;200 to
;1000 MeV fm3. This is basically due to the fact that th
incident proton cannot get into the nuclear interior beca
of Coulomb repulsion effects and a short nuclear mean
path. Thus the proton only samples the surface region of
nucleus. Therefore it is not clear which of these potent
represents the true mean-field interaction between the pr
and the nucleus.

As the beam energy increases, the spread of the vol
integrals decreases. This is a consequence of the abilit
the proton to sample a larger region of the nucleus and
perience almost the total average nuclear potential. As
trend continues, the derived volume integrals fall within
cone-shaped region, converging towards single values a
ergies above 100 MeV. Even the single values at the hig
energies are not always completely consistent with e
other. These differences may be due to different method
gies of analysis, as well as differences in scattering d
particularly in the absolute cross section normalizati
However, there is noa priori reason not to accept the resu
of any of the studies.

The large spread in the low-energy values precludes
accurate determination of the energy dependence, unless
bins the data over some appropriate energy interval to de
mine an average volume integral for each energy bin. Si
investigations were carried out in small energy intervals
low energies, we averaged all results in 1-MeV intervals.
energies below 10 MeV, nuclear structure effects, core po
ization, compound nuclear scattering, and other reac
machanisms influence and mask the assumed pure pote
scattering. Thus the empirical values ofJR/A do not neces-
sarily reflect the actual energy dependence of the real ce
potential. Therefore we decided to omit results below
MeV in the determination of the energy dependence. T
average volume integral at each energy is plotted as a f
tion of beam energy in Fig. 5. There is still some spread
these values, particularly at the lower energies. However,
overall pattern of the data clearly indicates a logarithmic
pendence of the volume integrals on the incident energy.
made a least squares fit to the data, which provides a de
dence of the volume integrals on incident energy of the fo
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JR~E!5JR~0!2b ln E,

with JR(0)5872644 MeV fm3 and b513667 MeV fm3.
The zero crossing of the real potential is at 600660 MeV, in
good agreement with the earlier results of phenomenolog
optical model studies@16# and impulse-approximation calcu
lations @43#.

We have also calculated real potential volume integr
using parameters of all available neutron elastic scatte
studies. These are plotted as a function of energy in Fig
The values forE>10 MeV coincide well with the proton
data. We averaged the volume integrals in 1-MeV interva
and a least squares fit of the data for energies>10 MeV
gave a logarithmic energy dependence withJR(0)5773
639 MeV fm3 andb512066 MeV fm3, with a zero cross-
ing at 630660 MeV. This is shown as the solid line in Fig
6. It compares well with the proton energy dependen
There is only;10% difference in the slope and the ze
crossing is essentially the same. Thus it seems appropria
apply the proton potentials for neutron studies.

V. SUMMARY AND CONCLUSION

We have carried out a global analysis of all available p
tential parameters for proton elastic scattering from
known studies at all energies. The volume integral of the r
potential was calculated for each parameter set. These

FIG. 5. Volume integrals for proton elastic scattering averag
over 1-MeV bins. The solid line is a logarithmic fit to the data.
5-5
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NADASEN et al. PHYSICAL REVIEW C 66, 064605 ~2002!
ume integrals, averaged over 1-MeV bins, show a logar
mic dependence on the proton energy from the lowest e
gies to 1 GeV. The derived relationship between the volu
integrals and the energy describes the real part of the pro
nucleus interaction as a function of the beam energy. It m
thus be concluded that the attractive mean field domin
the proton-nucleus interaction at low energies. As the ene
increases, the repulsive nucleon-nucleon interaction

FIG. 6. Volume integrals for neutron elastic scattering. The so
line is the energy dependence derived using data atE>10 MeV.
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creases in importance. In the energy region around 600 M
the two effects balance each other and the net real pote
goes to zero. Beyond this region, the repulsive componen
the potential dominates. Analyses using more flexible rad
shapes for the nuclear potential than the simple Woo
Saxon form considered here indicate@16# that the change
from attraction to repulsion occurs first in the nuclear inter
at a much lower proton energy~between 200 and 300 MeV!,
while the nuclear surface potential remains weakly attrac
up to 800 MeV. From an utilitarian point of view, this stud
provides an universal formulation of the proton-nucleus r
potential at any energy up to 1 GeV for all target nucl
Thus thep-nucleus potentials required for global reactio
studies can be derived from this formulation. By assum
reasonable radius,r 0, and diffuseness,a0, parameters, one
can determine the strengthV from the correct volume inte-
gral for a particular target nucleus at the appropriate ene
Because of the overlap of the neutron volume integrals ab
10 MeV with those of protons, the proton formulation ca
also be used for neutron reaction studies.

We have also carried out optical model analyses of 10
MeV proton elastic scattering from Ca isotopes. This p
vided an asymmetry potential of the formJS(N2Z)/A for
Ca isotopes at 1044 MeV. The value of;350 MeV fm3 for
the isospin coefficientJS is in agreement with the value
determined at lower energies. In the determination of pro
potentials for reaction studies, it is important to include t
asymmetry potential for neutron-rich nuclei. Therefore, t
volume integral of the real potential should be increased
JS(N2Z)/A. Values ofJS ranging from;300 MeV fm3 to
;400 MeV fm3 at 1 GeV may be appropriate. The neutro
volume integrals for neutron-rich nuclei should be decrea
by JS(N2Z)/A.
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