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Final state interactions in pion production from nuclei

M. Alqadi and W. R. Gibbs
Department of Physics, New Mexico State University, Las Cruces, New Mexico 88003

~Received 16 August 2002; published 6 December 2002!

We have calculated the effect of the inclusion of final state interactions on pion production from nuclei with
incident pion beams. We find that the effect of absorption, along with geometric considerations, explains much
of the enhancement at low invariant mass seen in recent data for invariant-mass spectra with increasing atomic
number. While the variation among nuclei is well reproduced for all charge states, the enhancement for the
ratio for heavy nuclei to deuterium for thep1p2 final state is only partially understood.

DOI: 10.1103/PhysRevC.66.064604 PACS number~s!: 25.80.Hp, 13.75.Gx
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I. INTRODUCTION

The pion induced pion production on both a free nucle
and a nucleon within nuclear material provides an oppo
nity to study the mechanism for pion production. In a ser
of papers @1–5# the results of experiments done at t
CHAOS ~Canadian High Acceptance Orbit Spectrometer! at
TRIUMF were presented on pion production with pio
beams for several nuclei. Specifically, the collaboration
ported data for thep1A→p1p2X andp1A→p1p1X re-
actions on2H, 12C, 40Ca and208Pb at an incident pion ki-
netic energy of 283 MeV. The results showed that the sh
of the invariant-mass distribution of the two final pion
changes with atomic mass number.

An examination of the changes among the heavy nu
~carbon and heavier! reveals that the variation is about th
same for the two final charge states. The shape of the s
trum for the case of a deuteron target is very different for
two cases.

A striking feature of the raw spectra is a large peak
small invariant mass of the two-pion system. This peak is
least partly the result of the experimental conditions and
be regarded as a Jacobian peak related to the acceptan
the spectrometer. Since the correction for this large ins
mental effect is difficult to make, the results are often p
sented as ratios, in the expectation that the acceptance e
will cancel. Thus, Ref.@3# gives ratios to the deuteron cros
section, a common way to normalize. However, in this ca
since the deuteron results are very different for the two fi
charge states, this procedure results in very different spe
ratios for them. If one instead takes ratios to the carbon c
sections, the calcium and lead results are about the sam
the two final charge states.

Shortly after these first data, experiments@6# done by the
Crystal Ball Collaboration at Brookhaven National Labor
tory produced data on the production of two neutral pions
D, C, Al, and Cu with a negative pion beam. One sees a v
similar trend for the ratios in these data to that of t
CHAOS data.

Since the basic conclusion of these data sets is that
heavier the nucleus, the more the invariant-mass spectru
peaked toward lower values of invariant mass, a numbe
groups have seen in this data possible evidence for a
posed modification of thepp interaction in nuclear matter
In early work, a theoretical expectation of an enhancemen
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strength in thep1p2 channel forI 5J50 near the threshold
was suggested by Schucket al. @7# based on an analogy with
Cooper pairs.

Recently, several studies have placed emphasis on
dium effects to explain the strength enhancement ofMpp

distribution in thep1p2 channel (s-meson channel!. The
calculation of Rappet al. @8# is based on a simple model i
which the pion production takes place as an elementary
action. In their model two contributions were included,
single pion exchange reaction and the excitation followed
the decay of theN* (1440) into two pions and a nucleon. Th
pp final state interaction is included by using the chira
improved Ju¨lich model@9# and several medium effects wer
included. There is reasonable agreement of their calcula
and the CHAOS data in both thep1p2 and p1p1 chan-
nels.

Vicente-Vacas and Oset@10# used a microscopic mode
for the pion production with final state interaction among t
pions included in the nuclear medium. Several nuclear
fects were taken into account in their study including
approximate treatment of pion absorption, Pauli blockin
and Fermi motion. Their calculation reproduced the CHAO
data for calcium in thep1p1 channel reasonably well an
also gave a reasonable agreement for the deuteron. In
trast, this model failed to reproduce the CHAOS data in
p1p2 channel except for2H.

The enhancement of strength in theI 5J50 channel
p1p2 channel near the threshold was argued by Hats
et al. @11# to be due to the partial restoration of chiral sym
metry in nuclear matter. Davesneet al. @12# included the
effect of chiral symmetry restoration and the influence
collective nuclear pionic modes and found an enhancem
of the spectral function to be a small energy. Aouissatet al.
@13# argued that the combination of effects of the restorat
of chiral symmetry@11# in nuclear matter and standard man
body correlation could explain the strength of the spectr
Mpp near threshold@7#.

While these considerations may be correct there may
be more prosaic reasons for the increasing strength at
invariant mass. We investigate the effect of the final st
interaction of the two individual pions with the nucleus, e
pecially the absorption of the pion. Our calculation conta
no free parameters and pays special attention to the geom
of the reaction.

We make two simplifying assumptions.
©2002 The American Physical Society04-1
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~i! The energy of the recoiling nucleons is neglected. T
can be justified, to some extent, because the nucleus ca
off the remaining energy and momentum as a single entit
the extent that it stays together. This is true forA-1 of the
nucleons@2# and the single nucleon can still be co-movin
with the A-1. Since the nucleons are much heavier than
pions, they can carry a large amount of momentum wit
negligible amount of energy. In this extreme case the to
beam energy is passed on to the two-pion system. The a
native to this assumption would be a considerably more c
plicated calculation, perhaps warranted but beyond the sc
of the present work. The invariant mass of the two-pion s
tem is given by

M52Am21q2, ~1!

wherem is the pion mass~charged or neutral as appropriat!
andq is the momentum of one of the pions in the two-pi
rest frame, the internal momentum. The above assump
then leads to the relation

v5AM21Q2, ~2!

wherev is the initial beam energy andQ is the total mo-
mentum of the two-pion pair. This assumption will lead
some overestimate of the energy carried by the pion
changing the shape of the spectrum of produced pions.
most significant difference can be expected at high invar
masses. We restrict the present study to the lower half of
spectrum where we have verified that the shape of the
duction spectrum makes a negligible difference to the rat

~ii ! We assume that the production takes place at a fi
point on the surface of the nucleus in a plane at the equ
perpendicular to the beam direction. The reaction probab
is greatly enhanced in this region for two reasons. First, th
is a simple geometrical factor of the distance to the cente
the nucleus. Second, if the incident pion comes in with
small impact parameter either the initial pion will be sc
tered ~even a moderate loss of energy will make the p
production impossible! or one of the final pions will very
likely be absorbed, having to pass through the entire nuc
to escape. Thus, the reactions in which the incident pion
a small impact parameter are greatly suppressed. This p
is discussed in Ref.@10#.

II. TECHNIQUE

A. Qualitative overview

It is possible to see in a simple qualitative manner t
pion absorption in the final state will lead to a relative e
hancement of the invariant-mass spectrum at low pion
variant masses. For a first orientation we will assume that
pion pair proceeds forward in the direction of the initi
beam since the distribution of the momentum of the pai
expected to be very forward peaked. For the purposes o
diagram only~see Fig. 1! we also take the momentum of on
pion in the frame of the two-pion system,q, to be perpen-
dicular to the beam direction.
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With these simplifying assumptions we may now consid
the effect of the absorption of the pions in the final state
the shape of the invariant-mass spectrum. Figure 1 sh
two cases. The left portion of the sketch corresponds to
situation where the invariant mass is small, so the inter
momentum is small and the momentum of the total two-p
system is large, leading to a narrow cone representing
paths of the two pions. It is seen that the pions are expose
relatively little interaction with nuclear matter. In the limit o
the internal momentum becoming zero, the pions would
counter no higher nuclear density than that in which th
were formed. In this limit the size of the nucleus wou
matter very little.

In the right portion of the diagram a case is illustrated
which the invariant mass and internal momentum are lar
In this case it is seen that a large fraction of the pions m
traverse a significant amount of nuclear matter. The lar
the nucleus, the larger the probability that one member of
pion pair would get absorbed. Hence, we can anticipate
the geometry of the absorption in the final state leads t
depletion of the higher values of the invariant-mass spect
and that the effect becomes more important with increas
A.

B. Calculation

The method used here is very similar to that of Oset a
Vicente Vacas@14#. However, they calculated the effect on
for calcium and used an eikonal approximation for the pro
gation of the final pions.

We assume that the pion pair is formed quickly at sh
range by the strong interaction, and that this formation
independent of the nucleus that it is near. Also, we assu
that the final total momentum of the two pions is in the sa
direction as the incident beam. This assumption of exact
ward propagation of the pair was investigated by calculat
with finite angles. It was found that the dependence on
angle was very small. We define the spherical anglesu andf
from the beam axis as the direction of thep1 in the center of
the mass of the pair.

After formation the pions are allowed to propagate ind
pendently in Coulomb and strong nuclear potentials w

FIG. 1. Schematic view of the basic effect.
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FINAL STATE INTERACTIONS IN PION PRODUCTION . . . PHYSICAL REVIEW C66, 064604 ~2002!
relativistic motion. Their momenta and coordinates a
propagated with the equations

p~ t1dt !5p~ t !1Fdt ~3!

and

r ~ t1dt !5r ~ t !1
p~ t !

E~ t !
dt, ~4!

whereF is the resultant of the Coulomb and strong intera
tion forces. We take the electric charge distribution of t
nucleus to be

rc~r !5
r0

11er 2g/a
. ~5!

The values ofg anda were taken from Ref.@15# and are~in
fm! ~2.44, 0.5!, ~3.07, 0.519!, ~3.65, 0.54!, ~4.252, 0.589!,
and ~6.6, 0.55! for C, Al, Ca, Cu, and Pb, respectively. Th
constantr0 was fixed by normalizing the integral of the de
sity to the total charge Ze.

The nuclear potential is given by

Vs~r !52
2p

mA
~N fpn1Z fpp!r~r !, ~6!

whereN, Z are the number of neutrons and protons andA is
the atomic mass number.r(r ) is the nuclear strong density
i.e., the density of the centers of the nucleons,

r~r !5
r0

11er 2c/a
. ~7!

The values ofc and a were ~2.25, 0.5!, ~2.95, 0.5!, ~3.55,
0.54!, ~4.23, 0.55! and~6.5, 0.55!, for C, Al, Ca, Cu, and Pb
respectively, andf pn and f pp are the real parts of the forwar
amplitudes of thepn and pp amplitudes@16#. This real
potential is modeled after the pion-nucleus optical potent
We will see later that these nonabsorptive strong interact
play a minor role in the result.

For each initial value of the invariant mass (Mi) we cal-
culate the internal momentum, the total momentum of
two-pion pair, and, with values of the angles of these t
quantities, the initial values of the momenta for each p
can be determined. The pions are then propagated to a
distance~into free space! and a new invariant mass is calc
lated for the pair (M f). In this way the function

M f~x,f,Mi !, ~8!

wherex5cosu, is established. It depends on the angles
both q andQ but we suppress the dependence on the an
of Q.

The final spectrum~without absorption! will be given by

Sf~x,f,M f !5
ds

dMf
5

ds

dMi
Y dMf

dMi
5Si~x,f,Mi !Y dMf

dMi
.

~9!
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Because the derivative in the denominator is sometimes z
sharp peaks appear in the spectra for individual values of
momentum directions. The integration over the angles res
in a smooth spectrum but, since the integration is done
merically, some care is required to obtain a presenta
curve. The lines shown in the figures have been smoot
since the final calculated values still show a small resid
ripple. We use as a simple model for the initial spectrum t
body phase space.

C. Absorption factor

Pion absorption is an important factor during the pass
of pions through the residual nucleus. It reduces the cr
section for pion production and affects the shape of the sp
trum. We include the effects of absorption by calculating t
factor of the probability that the pion has not been absorb
P(r ), at the pointr as follows. The probability of survival is
given by

P~r !512E
r0

r
l~r 8!P~r 8!dl, ~10!

where r0 is the formation point, and the initial value ofP
[1. The integral is taken along the trajectory of the partic
The probability of survival can also be written as

P~r !5expS 2* r0

r l(r 8)dl D . ~11!

As in Ref. @14#, the absorption probability per unit length
assumed to be proportional to the square of the nuclear
sity

l~r !5l0~E!r2~r !. ~12!

The l0 parameter depends on the energy of the pion an
obtained by fitting to absorption data. For light nuclei w
first calculated the eikonal expression for the total absorp
cross section,

s~l0!52pE
0

`

adaF12expS 2*2`
` dzl0r2(Az21a2) D G .

~13!

By comparing the values ofs(l0) with experimental values
of sabs(E) @17–22# we inferred the values ofl0(E) needed
to fit the data~see Fig. 2!. We found that the values ofl0(E)
had little dependence on the atomic mass numberA for light
nuclei.

For the case of calcium we compared calculations us
the Woods-Saxon density and a shell model density for
cium @23#. The difference was scarcely visible on a plot.

For heavy nuclei it is important to follow the trajector
instead of using Eq.~13!. Figure 3 shows the result of the fi
for gold. Thel0 used in this case is also given in Fig. 2. It
unfortunate that thel0’s determined in these two regions o
A are so different. There are possible physics reasons
they are different but the data fits are from different grou
and use different techniques as well. Only values bel
about 100 MeV are important for our results.
4-3
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Denoting the result of following the trajectory of thei th
pion into free space byPi(x,f,Mi) the final spectrum is
given by the integral over all possible decay angles,

Sf~M f !5
1

4pE21

1

dxE
0

2p

dfSf~x,f,M f !

3P1~x,f,Mi !P2~x,f,Mi !. ~14!

III. RESULTS

Figure 4 shows the resulting spectra as well as the orig
model spectrum~solid line!. Also shown is the spectrum with
only the strong and Coulomb potentials. These spectra
not easily be compared directly to the data for two reaso

~i! Our initial model spectrum represents only roughly t
free spectrum forp1p1 and does not represent well th
spectrum forp1p2. In fact, the free spectrum is not we
known. Even if it were, we cannot be sure that it is t
appropriate starting spectrum in the nuclear case.

~ii ! There is a large instrumental acceptance correctio
be made.

For these reasons we, like the experimental group, c

FIG. 2. l0 determined for light nuclei~solid curve! and for gold
~dashed curve!.

FIG. 3. Comparison of the absorption cross section compu
with the dashed curve in Fig. 2 with the absorption data of Na
et al. ~Ref. @18#!.
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pare with ratios. Since we are interested in the increase o
spectrum ratios near small values of invariant mass we n
malize the ratios~theoretical and experimental! to unity at
330 MeV.

The CHAOS group calculated the ratioASpp /DSpp for
both p1p2 and p1p1 to show the effect of the nucleus
The strong enhancement near threshold is due to the
that the invariant-mass distribution ofD (2H) and
A (12C,40Ca,208Pb) change dramatically near the thresho
where is a much smaller peak in theD distribution. In our
study we calculated the ratio of heavier nuclei to carb
instead of deuterium and found that the ratio increases w
A for all charge channels by almost the same amount.

Figures 5 and 6 show the ratios of the cross sections
208Pb and40Ca to that of12C. The calculated ratios are see
to reproduce the experimental data in thep1p1 andp1p2

channels. The two charge channels show similar behav

d
i

FIG. 4. Variation of the basic spectrum for carbon, calcium, a
lead. The solid curve shows the shape the initial free spectrum
the long-dashed curve represents the modification due to the
absorptive interactions only.

FIG. 5. Ratios for lead and calcium to carbon for thep1p1

final state compared with the CHAOS data~Ref. @3#!.
4-4
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FINAL STATE INTERACTIONS IN PION PRODUCTION . . . PHYSICAL REVIEW C66, 064604 ~2002!
Figure 6 also shows the effect of varying the assumed ra
at which the production takes place.

Figure 7 shows the difference seen in the lead to car
ratio using the value ofl0 determined from the gold data an
that obtained from the light element fit. Figure 8 shows
dependence on the final charge state of the calculations.
seen that the effect is moderate.

Figure 9 shows the ratio of the cross sections for Cu
Al to C compared to the experimental data in thep0p0 chan-
nel. Although the error bars are large, the trend of the dat
clearly reproduced.

The estimate of the interaction potential to use in a cl
sical calculation by a quantum model must, of course,
approximate. Figure 10 shows that this potential plays a
nor role by comparing with calculations with it set to zero

Figure 11 shows the ratios of the heavy elements to d

FIG. 6. Ratios for thep1p2 final state compared with the
CHAOS data~Ref. @3#! ~squares! and ~Ref. @1#! ~triangles!. The
solid line is the result of a calculation withr 5c and the dashed line
was made withr 5c1a.

FIG. 7. Comparison of the ratio calculated using values ofl0

obtained from the fit to gold~solid! and the light nuclei~dashed!.
The data is the same as in Fig. 6.
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terium for thep1p1 final state. The comparison betwee
theory and experiment is satisfactory.

Figure 12 shows the ratio of the lead spectrum to tha
deuterium for thep1p2 final state. The effect considere
here is able to explain only a little less than half of t
observed experimental effect.

IV. DISCUSSION

We have seen that the variation in the spectral shape f
nucleus to nucleus~above deuterium! can be understood in
terms of the interaction of the produced pions with t

FIG. 8. Comparison of results for different charge states for
lead to carbon ratio. The solid curve corresponds to thep1p1 final
state, the short dash to the neutral final state, and the long da
the p1p2 final state.

FIG. 9. Results for the ratios for thep0p0 final state compared
with the Crystal Ball data~Ref. @6#!.
4-5
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M. ALQADI AND W. R. GIBBS PHYSICAL REVIEW C 66, 064604 ~2002!
nucleus. The size of the nucleus plays a strong role in
explanation. Thus, there is little or no evidence in these ra
for a modification of the pion production or pion-pion inte
action. It is not clear that one should expect an effect of t
type in any case. As has been discussed, the point at w
the production takes place is largely determined by the d
sity. Thus, as one moves to heavier nuclei there will b
strong tendency for the reaction to occur at the same den
Since the average density is the major parameter use
determine the medium effect, and it tends to remain const
one might believe that no nuclear matter effect on the p
duction would be seen in comparing among heavy nucle

Having said that, one must admit that there is some va
tion in the expected density going from~say! carbon to lead.
If we use the linear dependence of the condensate on
density of Cohen, Furnstahl, and Griegel@24# with the cal-
culation of the change in the shape of the spectrum

FIG. 10. Results showing the effect of setting the strong pot
tial to zero for thep1p2 final state. The solid curve is calculate
with the strong potential and the dashed curve has it set to zer

FIG. 11. Ratios of the spectra of heavy nuclei divided by
basic spectrum for thep1p1 final state. The squares and sol
curve correspond to lead, the triangles and long-dashed curv
calcium, and the diamonds and short-dashed curve to carbon.
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Hatsuda and collaborators@11# along with a guess of the
change in nuclear density, the result is of the same orde
the discrepancy seen in the upper part of Fig. 6 or in Fig.
However, one must be very careful about trying to draw a
conclusion from this since this is also about the same or
as the difference between the two choices inl0 as seen in
Fig. 7, and not far outside experimental errors.

Of course, one might try to compare the production on
nucleon with production in the nucleus which is close
what has been done before. One would have to assume
the mechanism was simply production from one of the nuc
ons in the nucleus@2#. In the present experiments the com
parison has been made with the deuteron.

It has long been known~see Ref.@22#, for example! that
the shape of the invariant-mass spectrum for thep1p2 final
pair is different from that of thep1p1 pair at low incident
energy. According to Ref.@10# the sharp decrease in the lo
mass region is due to a cancellation in diagrammatic con
butions. These authors suggest that an alteration of the
cellation due to interaction with the surrounding nucleo
might lead to a modification in this cancellation and thus t
change in shape of the production spectrum in the direc
seen.

It is also clear~see again Ref.@22#! that thep1p2 spec-
trum shape changes to more closely resemble thep1p1

distribution ~and phase space! as the energy increases. A
one goes from the reaction on a single nucleon to that o
nucleus the effective energy at which the reaction takes p
becomes higher due to the possibilities of coherent prod
tion. Thus, one should also expect an increase of strengt
the low mass part of the spectrum from this effect as we
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FIG. 12. Ratio of the lead spectrum to the basic spectrum for
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