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Pion-nucleus optical potential valid up to theD-resonance region
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We present in this article an optical potential for thep-nucleus interaction that can be used in various studies
involving p-nucleus channels. Based on earlier treatments of the low-energyp-nucleus optical potential, we
have derived a potential expression applicable from threshold up to theD-resonance region. We extracted the
impulse approximation form for this potential from thep-N scattering amplitude and then added to it kine-
matical and physical corrections. The kinematic corrections arise from transforming the impulse approximation
expression from thep-N center of mass frame to thep-nucleus center of mass frame, while the physical
corrections arise mostly from the many-body nature of thep-nucleus interaction. By taking advantage of the
experimental progress in our knowledge of thep-N process, we have updated earlier treatments with param-
eters calculated from state-of-the-art experimental measurements.
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I. INTRODUCTION

The purpose of this work is to provide ap-nucleus optical
potential valid up to theD-resonance region that can be us
in various studies involving thep-nucleus interaction. Spe
cifically, we supply a potential that can provide an integ
component in the analysis of several future and past exp
ments in pion photoproduction and electroproduction p
cesses from nuclei at Thomas Jefferson National Acceler
Facility ~Jefferson Lab! and Mainz@1–5#. Indeed, the per-
sonal motivation for this study is a study of the coherent p
photoproduction from nuclei in theD-resonance region@6,7#.

The p-nucleus elastic scattering has enjoyed signific
investigation from a variety of theoretical perspectives@8#.
Our approach here is to extend the prominent work
Stricker, McManus and Carr~SMC! @9–12# on the low-
energyp-nucleus optical potential to higher energies so t
it covers theD-resonance region. Indeed, our treatment h
follows closely the SMC analysis but extends their treatm
to higher energies. We do so by first not using any lo
energy approximation. Second, we invoke a fully covari
kinematics including the nucleus recoil. Third, we upda
their treatment by usings- andp-wave parameters calculate
from state-of-the-art experimental measurements, and
keep these parameters intact by not attempting to cha
them to fit any specific data. Finally, we include terms th
the SMC group ignored either because of their small effec
low energy or because of the fitting procedure which allow
them to absorb theses terms in the refitted parameters.

Bearing these facts in mind, in what follows we outlin
the formalism used to derive the optical potential. We be
from where the SMC work started by taking the element
amplitude of the processpN→pN and using it, along with
the impulse approximation, to develop the amplitude for
p-nucleus interaction. We arrive then at what is known
the impulse approximation form of the optical potenti
Such a form, however, still lacks two classes of correctio
kinematical and physical ones. The kinematical ones a
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from transforming thep-N elementary amplitude from the
p-N center of mass~c.m.! frame to thep-nucleus c.m. sys-
tem. The physical corrections, however, arise from the f
that the impulse approximation picture does not encomp
distinct many-body interactions that appear only in t
p-nucleus channel. These effects include multiple scatter
pion absorption, Pauli blocking, and Coulomb correctio
They are of second and higher orders in strength compa
to the first-order expression given by the impulse approxim
tion.

The paper has been organized as follows. In Sec. II,
optical potential is derived starting from thep-N elementary
amplitude while the final form of the potential is presented
Sec. III. Next, a number of applications are discussed in S
IV, and various results are compared with experimental d
Finally, conclusions are drawn in Sec. V.

II. DERIVATION OF THE OPTICAL POTENTIAL

A. Pion-nucleon elementary process

The starting point for our derivation of the optical pote
tial is thep-N scattering amplitude which is given by@9–12#

f pN~pN→pN!5b01b1t•t1~c01c1t•t!k.k8, ~1!

wheret andt are the pion and nucleon isospin operatorsk
andk8 are the incoming and outgoing pion momenta,b0 and
b1 are thes-wave parameters whilec0 andc1 are thep-wave
parameters. In this expression the small spin-dependent
has been neglected@10#.

The s- and p-wave parameters are determined from t
phase shifts of the interaction according to a formali
sketched in Ref.@13#. In the earlier treatments@9–12#, these
parameters were determined initially from a phase-s
analysis performed by Rowe, Salomon, and Landau@14#, but
then were modified to obtain the best fit for thep-nucleus
scattering and pionic atom data. Our treatment here differ
two respects: first, we extract the parameters from the st
of-the-art experimental measurements and phase-shift an
sis of Arndt, Strakovsky, Workman, and Pavan from the V
©2002 The American Physical Society01-1
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FIG. 1. The b0 ~left panel! and b1 ~right
panel! s-wave elementary amplitude paramete
as functions of the pion kinetic energy in th
laboratory systemTp(lab) . The figure draws a
comparison between parameters extracted fr
the state-of-the-art Arndtet al. ~VPI! experimen-
tal measurements@15# and those extracted from
the Roweet al. ~RSL! phase-shift analysis@14#
more than 20 years earlier.
e
an
tic
cu
th

e

or
m

re
m

th

g
nd
he

f.

he
to
ginia Tech SAID program @15#. Second, we keep thes
parameters intact by not attempting to change them to fit
specific data. In doing so we have maintained the theore
basis for the optical potential unblemished. This is parti
larly important in this work as these parameters dominate
optical potential in theD-resonance region.

Having extracted thes- and p-wave parameters from th
phase-shift analysis of Arndtet al. ~VPI!, we compare them
with those extracted using the Roweet al. ~RSL! phase
shifts. Figures 1 and 2 show theb0 , b1 , c0, andc1 param-
eters as functions of the pion kinetic energy in the laborat
system. It is evident that the VPI and RSL results are co
parable and that there are only small differences. This
indeed notable in light of the limited experimental measu
ments at pion momenta higher than 250 MeV at the ti
Roweet al. published their results.

B. Kinematic corrections

After adopting thep-N amplitude of Eq.~1! in the p-N
c.m. frame, the next step in the derivation is to transform
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amplitude to thep-nucleus c.m. system. This is done usin
the relativistic potential theory of Kerman, McManus, a
Thaler @16# which establishes a relationship between t
p-N transition matrix~t! in thep-N c.m. frame and thep-N
amplitude in thep-nucleus c.m. frame according to Re
@17#:

^k8,p8utuk,p&5~2p!3d~kW81pW 82kW2pW !Kf pN~kc.m.8 ,kc.m.!,
~2!

where k and p (k8 and p8) are the initial~final! pion and
nucleon momenta in thep-nucleus c.m frame whilekc.m. and
kc.m.8 are the initial and final pion momenta in thep-N c.m.
system.K is some involved kinematic factor@10#.

Next, we express the arguments off pN(kc.m.8 ,kc.m.) in
terms of the appropriate kinematical quantities in t
p-nucleus c.m. frame. This is done using what is referred
as the ‘‘angle transformation’’ which relates thekc.m.8 and
kc.m. to the corresponding quantities in thep-nucleus c.m.
rs
e

om
FIG. 2. The c0 ~left panel! and c1 ~right
panel! p-wave elementary amplitude paramete
as functions of the pion kinetic energy in th
laboratory systemTp(lab) . The figure draws a
comparison between parameters extracted fr
the state-of-the-art Arndtet al. ~VPI! experimen-
tal measurements@15# and those extracted from
the Roweet al. ~RSL! phase-shift analysis@14#
more than 20 years earlier.
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PION-NUCLEUS OPTICAL POTENTIAL VALID UP TO . . . PHYSICAL REVIEW C66, 064601 ~2002!
system through a Lorentz transformation@10#. As a conse-
quence of this boost, a term proportional to the dot prod
of nucleon momentapW •pW 8, that is proportional to the kinetic
energy density in the nucleus, is encountered. Us
Thomas-Fermi approximation, it leads to the optical pot
tial term K̃(r );c0r5/3(r ), wherer(r ) is the nuclear matte
density. This term, although derived by Stricker-Bauer@10#,
was ignored in the SMC potential largely because its effec
absorbed in the parameter fitting. Since we have electe
preserve the physical basis of our parameters, this term m
be included.

C. Multiple scattering corrections

By invoking the impulse approximation, the resulta
form for the amplitude is then sandwiched between bou
nucleon states and the expression is summed over all o
pied states of the nucleus. Hence, one obtains thep-nucleus
interaction amplitude in momentum space. Taking the F
rier transform, we obtain the impulse approximation expr
sion for the optical potential. This form still lacks physic
corrections arising from many-body processes, which a
the scattering amplitude parameters such asb0 and c0 and
add new terms to the optical potential. Thus, we incorpor
the second-order multiple scattering corrections to the sm
~nearly zero! s-wave terms that play an important role only
low energies as thep-wave effect is still small in this energ
regime. This correction was first calculated by Ericson a
Ericson @18#. Here we adopt the formalism given by Kre
and Ericson@19# which yields a term in the potential propo
tional to the nuclear density. Effectively, this correction shi
the b0 parameter by a term proportional to (b0

212b1
2)I ,

where I is the so-called 1/r correlation function calculated by
Stricker-Bauer@10# and is shown in Fig. 3. At very low en
ergy (<10 MeV) a good approximation for this function
I 53kF/2p, wherekF is the nucleon Fermi momentum in th

FIG. 3. TheI parameter as a function of the pion kinetic ener
in the laboratory systemTp(lab) . This quantity is necessary in th
incorporation of multiple scattering corrections to theb0 (s-wave!
parameter.
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free gas model. In the SMC work@9–12#, this constant value
was used forI. It is clear in Fig. 3 thatI falls rapidly and so
this assumption is, in principle, not justified. Nonethele
since they fitted their parameters, the effect of this correct
is buried in the refitted value forb0. We include this term in
our study with its exact behavior as a function of energy.

Thep-wave terms are the crucial ones in theD-resonance
region and thus we include higher-order corrections by su
ming the multiple scattering series to all orders. This w
first done by Ericson and Ericson@18# who concluded that
this summation introduces a term of the form“•Q(r )“.
This nonlocal form became to be known in the literature
the Ericson-Ericson effect which is analogous to the Loren
Lorenz effect in electrodynamics@20#. The exact form of the
function Q(r ) is a matter of dispute due to the method
which the multiple scattering series is summed and due
the nature of the assumed short-range correlations betw
nucleons. Here we follow the SMC methodology@9–12# of
summing the series partially to all orders to obtain a term
the form

L~r !

11
4p

3
L~r !

1p1x1ćr~r !, ~3!

whereL(r ) includes contributions from thec0 (p-wave! and
absorption terms to be discussed in Sec. II D. The kinem
factorsp1 andx1 are defined below. This term still lacks th
inclusion of short-range correlations. Various studies ha
attempted to calculate these contributions under different
sumptions@21,22#. They concluded that such correlations r
duce the strength of this form through a parameterl accord-
ing to

L~r !

11
4p

3
lL~r !

1p1x1ćr~r !. ~4!

The value ofl is not precisely established. Nonethele
there is an agreement that it is greater than one due to
finite range of the pion-nucleon interaction. Baym a
Brown predicts a value of 1.6 or higher while Oset a
Weise estimate it in the range of 1.2–1.6. Values in the ra
of 1.2–1.6 are common in the literature@9–12#.

The second termp1x1ćr(r ) in Eq. ~3! appears naturally
in summing the multiple scattering series@10# but was not
included in the SMC work because of its small contributi
at low energy. However, this term is sizable in th
D-resonance region as can be seen in Fig. 4 which disp
the ć parameter along with the dominantc0 one.

D. Pion absorption corrections

Having included multiple scattering corrections, we a
now in a a place to discuss pion absorption processes
generate the absorption terms in the optical potential. Th
are two types of such terms: the first one arises from the
that there are many open inelastic channels in thep-nucleus
interaction such as nucleon knock-out. Accordingly, a p
1-3
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FIG. 4. The real parts~left panel! and the
imaginary parts~right panel! of the ć andc0 pa-
rameters as functions of the pion kinetic ener
in the laboratory systemTp(lab) . While small at
low and high energies, theć parameter is consid-
erable in theD-resonance region.
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tion of the incoming flux is absorbed by these proces
leading to an imaginary part in the potential. This kind
absorption is naturally included in the impuls
approximation form for the potential. The second type
absorption originates from many-body mechanisms such
two-nucleon absorption where the pion is scattered from
nucleon but then absorbed by another. This is in fact
dominant many-body absorption mechanism and has to
incorporated in the potential. The many-body absorpt
mechanisms are referred to as ‘‘true absorption’’ to dist
guish them from the inelastic~type one! absorptions. Ironi-
cally, theD-resonance formation that drives strongly the
ementary processpN→pN, dampens it in the nuclea
medium through absorption channels.

The two-nucleon absorption contribution is derived fro
the pion-two nucleon amplitude in analogous methodolo
to that of Sec. II A, but in the pion-two nucleon c.m. fram
@18#. This introduces new scatterings- and p-wave param-
etersB0 , B1 , C0, andC1 such as those in Eq.~1!. They can,
as a matter of principle, be determined from the various a
plitudes of the pion-two-nucleon systems including the re
tion pd→NN. However, it is difficult to disentangle th
deuteron structure effects and thus we adopt the param
as calculated theoretically for nuclear matter by Chai a
Riska @23#.

After establishing the pion-two nucleon amplitude, the e
pression is transformed to thep-nucleus c.m. system and th
angle transformation is invoked to express the various k
matical quantities in thep-nucleus c.m. frame. In turn, thi
introduces further kinematic corrections such as those
scribed in Sec. II B. The amplitude is then folded in t
nucleus using the impulse approximation. Higher-ord
p-wave absorption terms are summed leading to an abs
tion contribution to the Ericson-Ericson nonlocal term@see
Eq. ~3!#. Figure 5 shows theB0 and C0 absorption param-
eters as a function of the pion kinetic energy in the labo
tory system. The absorption isospin parametersB1 and C1
are very small and have been neglected in our formalism
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E. Pauli correction

Another alteration to the potential is the Pauli correctio
Due to the Pauli principle, the number of available fin
states for the struck nucleon in the nuclear medium is
duced by Pauli blocking leading to this kind of correctio
The effect can be treated approximately by reducing
imaginary parts of the parametersb1 , c0, andc1 by a factor
Q that parametrizes the fraction of phase space availabl
the struck nucleon@10#. This correction has already bee
incorporated for theb0 parameter in the calculation of th
second-order correction. To be noted here that this ef
does not, to a large extent, influence the imaginary parts
the absorptions parametersB0 , B1 , C0, and C1 as the
nucleon gains a large value of momentum when the pion
absorbed.

TheQ factor has been estimated for pions by Landau a
McMillan @24# and is shown for completeness in Fig. 6. It
evident that at low energy,Q is vanishing as no states ar
available for the struck nucleon while it approaches the id
tity at higher energies as a large volume of phase space
comes available to the struck nucleon.

F. Coulomb corrections

An additional correction is the Coulomb one, stemmi
from the fact that the incoming charged pion~in p-nucleus
scattering! is accelerated or decelerated depending on
charge, by the long-range Coulomb field of the nucleus
fore interacting through the short-range strong interacti
This correction shifts the value of kinetic energy at which t
optical potential is evaluated to account for the accelera
or deceleration according toTp(lab)→Tp(lab)2«pECoul ,
whereECoul is the value of the Coulomb field at the nucle
surface and«p is the pion charge. Figure 7 displays th
ECoul parameter as a function of the proton numberZ of the
nucleus. While this correction is very small for light nucl
and at low energies where the parameters vary slowly
1-4
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FIG. 5. The B0 ~left panel! and C0 ~right
panel! absorption parameters as functions of t
pion kinetic energy in the laboratory syste
Tp(lab) .
th
ly.

a
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plays a significant role for heavy nuclei and specially at
D-resonance region where the parameters change rapid

III. OPTICAL POTENTIAL FORM

In implementing the above mentioned corrections, we
rive at a p-nucleus optical potential—applicable from
threshold up to theD-resonance region—of the form

2vU524pFp1b~r !1p2B~r !2“Q~r !•“2
1

4
p1u1¹2c~r !

2
1

4
p2u2¹2C~r !1p1y1K̃~r !G , ~5!

FIG. 6. The Pauli blocking parameterQ as a function of the pion
kinetic energy in the laboratory systemTp(lab) . This parameter re-
duces the imaginary parts of the parametersb1 , c0, and c1 by a
factor ofQ to account for the reduction in bound-nucleon availa
phase space.
06460
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where

b~r !5b̄0r~r !2epb1dr~r !, ~6!

B~r !5B0r2~r !2epB1r~r !dr~r !, ~7!

c~r !5c0r~r !2epc1dr~r !, ~8!

C~r !5C0r2~r !2epC1r~r !dr~r !, ~9!

Q~r !5
L~r !

11
4p

3
lL~r !

1p1x1ćr~r !, ~10!

FIG. 7. The Coulomb energy correction parameterECoul as a
function of the nuclear proton numberZ. This correction shifts the
value of the pion kinetic energy in the laboratory systemTp(lab) at
which the optical potential is evaluated to account for the accel
tion or deceleration of the incoming charged pion, before it feels
short-range strong interaction of the nucleus.
1-5
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L~r !5p1x1c~r !1p2x2C~r !, ~11!

K̃~r !5
3

5 S 3p2

2 D 2/3

c0r5/3~r !, ~12!

and with

b̄05b02p1

A21

A
~b0

212b1
2!I , ~13!

ć5p1x1

1

3
ko

2~c0
212c1

2!I . ~14!

In the above expressions, the set$p1 ,u1 ,x1, andy1% repre-
sents various kinematic factors in the effectivep-N system
~pion-nucleon mechanisms! that are determined from the s
of equations

p15S EN1v

EA1v D S EA

EN
D , ~15a!

u152~D11D1
2!, ~15b!

x15~11D1!2, ~15c!

y15D1
2 . ~15d!

Here

D15
F1

EN1v
, ~16a!

F15g1S g1

g111
bW 1•kW2v D , ~16b!

g15
1

A12b1
2

, ~16c!

b15
k

EN1v S 12
1

AD , ~16d!

bW 1•kW5b1k. ~16e!

In these expressions,A is the atomic number,v andk are the
pion energy and momentum, whileEA is the nucleus energy
and EN is the nucleus energy per nucleon. These kinem
quantities are in thep-nucleus c.m. frame. Note the appea
ance of the Lorentz transformation parametersb1 andg1 in
these expressions. This is a result of the angle transforma
described in Sec. II B.

The set$p2 ,u2, and x2% represents kinematic factors i
the p-2N system~pion-two nucleon mechanisms!:

p25S 2EN1v

EA1v D S EA

2EN
D , ~17a!

u252~D21D2
2!, ~17b!
06460
ic
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x25~11D2!2. ~17c!

where

D25
F2

2EN1v
, ~18a!

F25g2S g2

g211
bW 2•kW2v2D , ~18b!

g25
1

A12b2
2

, ~18c!

b25
k

2EN1v S 12
2

AD , ~18d!

bW 2•kW5b2k. ~18e!

Note the appearance of the factor 2 in many terms in th
pion-two-nucleon quantities as opposed to the factor 1 in
corresponding quantities in the pion-nucleon system.

The set of parameters$b0 ,b1 ,c0, andc1% originates from
the pN→pN elementary amplitudes while all other param
eters, excluding kinematic factors, have their origin in t
second- and higher-order corrections to the optical poten
Nuclear effects enter the optical potential through the nuc
densityr(r ), and through the neutron-proton density diffe
ence~isovector density! dr(r ). These densities were calcu
lated using a mean-field approximation to the quant
hadrodynamics model~QHD! of Walecka@25#. Finally, ko is
the pion laboratory momentum,l is the Ericson-Ericson ef-
fect parameter, andI is the 1/r correlation function ~Sec. II C!.
TheB andC parameters arise from true pion absorption~Sec.
II D !.

IV. RESULTS AND DISCUSSION

Having establsihed the optical potential, it is appropria
to test it for a variety of nuclei and at various energies fro
threshold up to theD-resonance region. Figure 8 shows t
differential cross section ofp1 elastic scattering from208Pb
at pion laboratory kinetic energy of 30.7 MeV and as a fun
tion of the scattering angle in the c.m. frame. Experimen
data are obtained from Ref.@26#. In the left panel of the
figure, we display the calculated cross section using our
tical potential~solid-line! and comapre it with the data. It i
evident that the potential lacks some strength as it unde
timates the data. This is in fact the well-known problem
missings-wave attraction at low energy@9–12#. Indeed, this
missing strength was one of the main reasons that cause
SMC group to refit the parameters enhancing thes-wave at-
traction. We also show in the same panel the significan
improved result with an enhanceds-wave attraction. The
physics behind this enhancement is not clear, but likely d
to some many-body effect not included in the optical pote
tial. The effect is specially pronounced for heavy nuclei su
as 208Pb and does not appear to be as important for light o
as can be seen in Fig. 9 where we plot the differential cr
1-6
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FIG. 8. The differential cross section ofp1

elastic scattering from208Pb as a function of the
scattering angle in the c.m. frame at pion labor
tory kinetic energy of 30.7 MeV. Experimenta
data are obtained from Ref.@26#. The left panel
displays the results with normal~solid line! and
enhanced~dashed line! s-wave attractions. The
right panel shows the cross section with Walec
model ~QHD! calculations for the nuclear dens
ties ~solid line! and with a two-parameter Ferm
density ~dashed line!. The figure illustrates the
effects of missing low-energys-wave strength as
well as the uncertainty arising from different ca
culations for the nuclear structure.
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section ofp1 elastic scattering from12C at pion laboratory
kinetic energy of 30.3 MeV. The experimental data, tak
from Ref. @26#, are well reproduced.

It is necessary here to stress one caution in compa
theoretical results with experimental data. The derived o
cal potential depends on the matter and isonuclear dens
These densities are independent of the reactive content o
p-nucleus interaction but depends solely on the static pr
erties of nuclei. They can be calculated with a variety
models with different sophistication. This in turn introduc
an element of ambiguity in comparing to experimental d
as we cannot determine whether any discrepanices with
data are due to the optical potential or to the nuclear den

FIG. 9. The differential cross section ofp1 elastic scattering
from 12C as a function of the scattering angle in the c.m. frame
pion laboratory kinetic energy of 30.3 MeV. Experimental data
obtained from Ref.@26#. This figure provides an application of th
optical potential at low energy.
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calculations. In the right panel of Fig. 8, we exhibit tw
calculations, one using Walecka model~QHD! @25# while the
other using the simple two-parameter Fermi densities@27#. It
is evident that there are significant differences at large an
attributed to differences in the large momentum compone
of the densities in these two models. In order to minimize
not eliminate, the ambiguities arising from nuclear densiti
and in order to concentrate our investigation on the reac
content of thep-nucleus interaction, we have used the s
phisticated Walecka model for calculating the nuclear str
ture.

Having provided an application of our optical potential
low energy, we proceed with comparisons at higher energ
for a variety of nuclei. In Fig. 10 we show a comparison f

FIG. 10. The differential cross section ofp1 elastic scattering
from 16O as a function of the scattering angle in the c.m. frame
pion laboratory kinetic energy of 114.4 MeV. Experimental data
obtained from Ref.@28#. The figure provides an application of th
optical potential at intermediate energy.
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L. J. ABU-RADDAD PHYSICAL REVIEW C 66, 064601 ~2002!
16O at at pion laboratory kinetic energy of 114.4 MeV, wi
experimental data from Ref.@28#. In Fig. 11, we exhibit the
results for 40Ca at laboratory kinetic energy of 180 Me
~close to theD-resonance peak! with data obtained from Ref
@29#. Finally in Fig. 12, we show a comparison for16O at
240.2 MeV, that is towards the end of theD-resonance re-
gion. The data are taken from Ref.@28#. It is evident that the
experimental data are well reproduced by the inherent
namics of the potential. One should stress here that
agreement is generated using a physics-based potential r
than a phenomenological one with free parameters to be
sen. All parameters in our treatment have their origin in
physics behind the scattering process. One in principle
modify the parameters in order to fit any specific nucleus,
we prefer this fundamental approach with its innate unity a
clear conception.

V. CONCLUSIONS

In conclusion, based on an earlier seminal treatment of
low-energyp-nucleus optical potential, we have derived
potential form applicable from threshold up to th
D-resonance region. We have done so by deriving the
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FIG. 11. The differential cross section ofp2 elastic scattering
from 40Ca as a function of the scattering angle in the c.m. frame
pion laboratory kinetic energy of 180 MeV. Experimental data
obtained from Ref.@29#. The figure provides an application of th
optical potential close to theD-resonance peak.
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pulse approximation expression and then adding to it ki
matical and physical corrections. The kinematical ones a
from transforming the impulse approximation express
from the p-N c.m. frame to thep-nucleus c.m. system
while the physical ones stem mostly from the many-bo
nature of thep-nucleus interaction. By taking advantage
experimental advances in our knowledge of thep-N process,
we have updated earlier treatments with parameters ca
lated from state-of-the-art experimental measurements
this manner, we provide a physics-based optical poten
that can be used in diverse studies involving thep-nucleus
interaction.
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