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Level density parameter study using a microscopic model
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Nuclear level density parametera has been calculated over a large range of nuclear mass and energy, using
the microscopic model with the inclusion of nuclear pairing interaction. The values ofa and the energy shift
parameterd, appearing in the Bethe formula, are obtained by fitting the entropy as a function of excitation
energy. Although the general behavior ofa, obtained with nuclear entropy is very similar to that of the
conventional Fermi gas model, it shows deviations in the vicinity of major nuclear shells. The dependence of
the level density parameter on energy has also been investigated and it is shown that the variation ofa at lower
energy is significant and has an asymptotic approach to a constanta at higher energies. The dependence ofa
on pairing force and deformation is illustrated.
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I. INTRODUCTION

Nuclear level density is an important quantity in th
nuclear reaction theory. For years the Fermi gas model
been used to interpret experimental observations of le
densities. To explain some of the gross deviations from
simple model, modifications have been introduced into
theory to include pairing and shell effects. In order to obt
agreement between theory and experiment, some of the
density data need an arbitrary adjustment of energy inde
dent parameters in the theory. In particular, the back-shi
Fermi gas model has been introduced to obtain a simu
neous fit of observed level densities at low, medium a
higher energies@1–4#. In this model, the quantityd is an
adjustable parameter used to account for pairing and s
corrections. It also defines the energy of a fictitious grou
state with respect to the actual ground state. This mode
reasonably successful in reproducing level densities of nu
away from major shells. It has been known for some ti
that the experimental level density parametera deviates con-
siderably from the magnitude and constancy predicted by
Fermi gas model in the vicinity of major shells. Thus, t
theory with energy independent parameters is not valid in
mass regions, and the theoretical parameters cannot be
culated directly.

In our previous publications@5,6# we have studied 75 nu
clei, between20F and 250Cf, and determined the paramete
appearing in the Bethe level density formula. We have sho
that a does not have a smooth mass dependence; it ra
varies with the mass number, especially for nuclei near m
nuclear shells.

A systematic study of the behavior of the nuclear le
density parameter across a large mass region and energ
been a topic of interest from both theoretical and experim
tal viewpoints. Recently, there have been several attemp
obtain the temperature dependence ofa in various approxi-
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mations @7–12#. At sufficiently high excitation energies
where the shell effects disappear, a simple linear mass
pendence ofa has been reported@13#. Most recently, a func-
tional form ofa as a function of energy and mass number h
also been suggested@14#.

In this study, we have used a microscopic model to
duce the level density parameter and examine its depend
on energy and mass number in more detail. The primary g
is to find more realistic values for the level density para
eter, which is often employed in equilibrium decay calcu
tions. In addition, we have studied the general behavior oa
for a wide range of mass and temperature using the mo
calculations. The methods of calculations are illustrated
Sec. II and results of the calculations are discussed and
lined in Sec. III.

II. STATISTICAL CALCULATIONS OF LEVEL DENSITY
PARAMETER

This section is a brief review of the microscopic mod
used to calculate the state density and level density par
eters. The calculation procedure for the state density is
lined in our previous papers~Refs.@15,16#!.

In the framework of statistical mechanics, the state d
sity is defined as

v~N,E!5
exp~S!

2puDu1/2
. ~1!

D is the determinant of the second derivatives of the gra
partition function taken at the saddle point. At this stationa
point the entropyS is given by

S52(
k

ln@11exp~2bEk!#12b(
k

Ek

11exp~2bEk!
,

~2!

whereb is the inverse nuclear temperature andl is related
to chemical potential.Ek5@(ek2l)21D2#1/2 is the quasi-
©2002 The American Physical Society07-1
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particle energy, whereek is the energy of a single particlek,
and D is the gap parameter that is a measure of nuc
pairing.

The saddle point conditions that must be satisfied are

(
k

nk5N, ~3!

(
k

nkek5E. ~4!

The occupational probability of levelk is

nk512
ek2l

Ek
tanh

b Ek

2
. ~5!

For a system ofN neutrons andZ protons, the total energy i
given by

E5Ep1En ~6!

and the total entropy is given by

S5Sp1Sn . ~7!

The total level density for a system ofN neutrons andZ
protons at an excitation energy ofU5Up1Un is

r~N,Z,U !5
v~N,Z,U !

~2ps2!1/2
~8!

wheres2 is the spin cutoff factor defined as

s25sp
21sn

2 ~9!

with

sn
25

1

2 (
k

mk
2sinh2~1/2bEk!, ~10!

and a similar relation forsp
2 .

The measure of exponential growth of the level dens
due to the shifted Bethe formula@17# is

r~E!5
e2Aa(U2S)

A48a1/4~U2d!
}

eS

AD
, ~11!

wherea is approximately defined by

a5
S2

4~U2d!
, ~12!

U designates the excitation energy, andd is an energy shift
parameter.

The steps necessary to calculateSn are as follows: For a
set of single particle levels and a particular choice of te
peratureT, the parametersl andD are estimated and a set o
occupational probabilities is calculated using Eq.~5!. Next,
the saddle point conditions are checked for a given nucl
06430
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number using Eq.~3!. If the conditions are not met, the va
ues ofl and D are adjusted and the procedure is repea
until the saddle point conditions are satisfied. Once
proper sets ofnk values are computed, the entropySn is
calculated using Eq.~2!. The energyEn is calculated by ap-
plying Eq. ~4! at a particular temperatureT. The excitation
energyUn is then determined by subtracting the energy
T50. The quantitiessn

2 , v(N,E) are calculated using Eqs
~1! and~10!. A similar set of calculations is used to calcula
Up andSp for proton elements. Total entropy S, at excitati
energyU5Un1Up , is then determined from Eq.~7! and the
total level density is calculated using Eq.~8!.

The square of the entropy is then plotted as a function
excitation energy. Straight line fit to the quantityS2 as a
function ofU is performed at high energy regions, where t
shell correction is rather constant. The value of the le
density parametera is determined from the slope using E
~12!. The extrapolation of this straight line fit results in a
intercept value of the energy shift parameter,d.

III. SUMMARY AND RESULTS

Systematic studies of the behavior of the nuclear le
density parameter in nuclei from20F to 250Cf were per-
formed. The investigation included a balanced number oe-
e, o, o-e, light, medium, heavy, spherical, and deform
nuclei.

We have computed the state density and entropy for
nuclei listed in Table I as outlined in Sec. II. The sing
particle levels of Nilssonet al. @18# for deformed nuclei, and
Seeger and Howard@19# in the case of spherical nuclei wer
used in the calculations. The initial values of the ground st
gap parametersDn and Dp used to fix the pairing strength
were taken from Nixet al. @20,21#.

For the odd particle system, relevant statistical functio
were calculated for the adjacent doubly even nucleus
then the energy scale was shifted by an energy equivalen
that required to produce one quasiparticle.

In performing calculations of the level density for lan
thanide and actinide nuclei, however, single particle energ
and spins were first calculated for a specified deformat
using the Nilsson potential, and then the state density
entropy as a function of excitation energy were evaluate

The total entropy for each nuclear system was calcula
as outlined in Sec. II. The square of entropy as a function
excitation energy for the207Pb nucleus is shown in Fig. 1
Similar curves plotted for the210Bi and 236U nuclei are
shown in Fig. 2. At higher energies, the vanishing of the sh
effect is apparent, as the slope remains almost constan
should be emphasized that whenever statistical propertie
nuclei play a decisive role in nuclear reactions, the m
tioned phenomena has an important consequence.

Figure 3 shows entropy curves for the236U nucleus at
four different deformations. These curves have nearly
same slope in the~40–80!-MeV energy range. However
they show structures at lower excitation energies due to p
ing interaction. The effect of pairing force decreases w
increasing deformation and it becomes much smaller
larger deformations. The dependence of calculations on
7-2
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TABLE I. Level density parameters of the Bethe and BC
model with their energy-shift values.

Nuclei a (MeV)21 a E1 ~MeV! a (MeV)21 b d ~MeV!

20F 2.46 1.6~11! 4.00 3.01
22Na 1.80 25.3(77) 2.90 2.04
24Na 2.60 23.0(16) 3.05 3.18
24Mg 4.20 5.5~19! 3.12 2.70
25Mg 2.30 21.8(19) 3.12 2.76
26Mg 3.00 1.3~11! 3.09 3.44
28Al 3.00 21.9(13) 3.44 3.96
28Si 2.60 2.9~5! 3.45 4.90
29Si 4.80 3.5~7! 3.61 3.25
30Si 2.50 0.3~25! 3.80 3.47
33S 3.40 20.3(9) 4.23 3.51
34S 3.50 1.3~8! 4.43 1.83
36Cl 3.70 21.0(9) 4.68 1.03
40K 4.60 21.2(6) 5.29 2.70
41K 5.39 20.4(3) 5.32 1.73
40Ca 3.60 2.2~27! 5.24 1.93
41Ca 4.85 0.2~5! 5.43 2.38
46Sc 5.64 22.1(4) 5.59 1.59
55Fe 5.30 20.05(59) 6.89 2.87
60Co 6.77 21.24(25) 7.56 2.12
61Ni 6.10 20.7(4) 7.70 4.60
67Zn 7.85 20.62(31) 6.65 2.30
75Se 9.75 21.09(24) 9.74 0.98
77Se 9.52 21.05(31) 10.07 2.31
87Sr 9.92 0.90~27! 10.17 1.79
95Mo 9.82 20.29(29) 12.23 2.04
96Mo 10.19 0.71~27! 12.02 2.04
102Ru 12.77 0.81~23! 13.04 1.39
106Pd 13.09 0.84~15! 13.53 1.06
109Pd 13.60 21.01(20) 13.99 1.97
112Cd 13.45 0.85~20! 14.22 1.90
114Cd 14.48 1.21~12! 14.41 2.26
116In 15.07 20.68(15) 14.65 2.73
122Sb 14.51 20.95(15) 15.30 3.49
124Sb 13.64 21.09(16) 15.45 4.55
128I 13.63 21.43(15) 15.84 2.01
134Cs 12.75 21.40(13) 16.50 3.96
151Sm 18.93 20.66(15) 18.89 0.60
152Sm 18.57 0.37~12! 18.61 2.09
153Sm 17.11 20.89(12) 18.64 22.71
155Sm 16.29 20.59(15) 18.77 1.99
152Eu 19.25 21.48(9) 15.45 4.55
153Eu 18.15 20.54(14) 15.45 4.55
154Eu 18.63 21.31(7) 19.20 21.01
153Gd 18.84 20.85(11) 18.86 3.20
155Gd 19.34 20.46(13) 19.36 1.41
156Gd 18.00 0.52~11! 18.74 20.69
158Gd 17.41 0.48~8! 19.33 5.86
161Dy 17.47 20.66(13) 19.91 26.51
168Er 16.93 0.40~7! 20.48 29.89
169Er 16.66 20.52(11) 20.40 210.09
169Yb 15.90 20.67(12) 21.07 24.05
06430
formation is shown in Fig. 4, where the logarithm of the sta
density is plotted as a function of energy for the244Am
nucleus at various deformations. Figure 5 shows the dep
dence of nuclear temperature on energy at these defo
tions for the244Am nucleus. The effect of pairing interactio
and phase transition is also apparent at lower excitation
ergies. The points for zero deformatione50 lie above the
points with nonzero deformations. This is expected with
the Nilsson model as a result of the decreased single par
level density with increasing deformation.

The values extracted from the slopea and the interceptd
for all nuclei under investigation are listed in Table I. Th

FIG. 1. Plot of the entropy squared versus excitation energy
207Pb with zero deformation. Note the straight line fit at high
energies.

TABLE I. ~Continued!.

Nuclei a (MeV)21 a E1 ~MeV! a (MeV)21 b d ~MeV!

172Yb 17.68 0.41~8! 21.71 29.91
174Yb 17.44 0.63~16! 20.84 210.83
178Hf 18.26 0.36~9! 20.50 23.24
179Hf 18.26 20.25(9) 21.92 23.80
190Os 18.72 0.48~12! 22.29 2.13
196Pt 17.67 0.65~14! 22.31 3.16
198Au 15.24 21.27(14) 22.27 2.46
200Hg 13.28 0.02~17! 22.37 2.18
207Pb 9.6 1.23~44! 20.18 2.95
210Bi 9.8 20.76(34) 22.26 3.15
230Th 23.40 0.13~10! 23.78 24.39
231Th 26.10 20.24(8) 21.05 210.65
234U 24.02 0.40~6! 22.34 26.78
235U 24.10 20.32(10) 23.18 27.98
236U 25.20 0.22~7! 21.58 28.90
237U 25.80 20.20(13) 19.88 213.92
239U 24.02 20.14(8) 22.34 26.78
240Pu 23.10 0.26~8! 22.34 26.78
244Am 26.60 20.65(6) 29.81 211.91
250Cf 22.90 0.33~9! 19.69 211.97

aValues deduced from the Bethe formula.
bValues obtained from the BCS model.
7-3
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level density parameter and energy shiftd deduced from the
Fermi gas formula~see our previous publication, Ref.@6#!
are also listed in Table I. The values ofa in MeV21 from two
different calculations are plotted in Fig. 6 as a function
mass number for comparison. Examination of Fig. 6 reve
that the level density parameter obtained from the mic
scopic theory increases smoothly with mass numberA. How-
ever, the corresponding values ofa from the Fermi gas
model show variations from the smoothA dependence. Fo
the nuclei in the vicinity of major nuclear shells this devi
tion is substantial.

The dashed line in Fig. 6 representsa values given by
A/8 MeV21, which is frequently employed in equilibrium
decay calculations. One observes thata increases withA as
expected theoretically. However, there are marked deviat
from this smooth trend, especially fora values near closed
shells. For example, in the vicinity of theZ582, N5126

FIG. 2. Plot of the entropy squared versus excitation energy
210Bi and 236U together with straight line fits at high energies.

FIG. 3. Plot of the entropy squared for236U at four deformations
with a straight line fit at each deformation.
06430
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shells,a values are more than a factor of 2 smaller than th
of nearby nuclei. Such irregularities are associated with
low single particle level densities near the Fermi energy
nuclei near closed shells. The thick line represents the g
eral trend of the level density parameter obtained from
microscopic model to be compared with the dashed line.
interesting regularity emerges from the data listed in Tab
and plotted in Fig. 6; the values ofa from the statistical
entropy calculations increase smoothly in all mass regio
and are significantly higher than their corresponding val
from the Fermi gas model for nuclei near major shells.

The values from the present compilations were compa
with those made by Ignatyuket al. @22# and that of Huang

r

FIG. 4. Plot of the logarithm of the state density as a function
excitation energy for244Am at four deformations.

FIG. 5. The variation of nuclear temperature in MeV as a fun
tion of excitation energy for244Am at various deformations.
7-4
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et al. @23#. Although, the general trends are in qualitati
agreement with those reported by these authors, they d
by about 15% for nuclei between the closed shells. Thi
perhaps not surprising because the level density incre
with energy at a slower rate for closed shell nuclei.

To obtain an approximate energy dependent fora, we fo-
cus on the low energy portion of the entropy square cur
for which theS2 dependence on energy is not linear. The
in this region is made by partitioning the energy range a
by using the linear behavior of the square of the entropy w
energy for each energy partition between subenergies.
slope a (U), deduced from the relationS254a(U)@U
2d(U)#, is plotted in Fig. 7 for the207Pb nucleus. We note
a sharp increase ina with energy at lower excitation ener
gies, but it changes slowly with energy and becomes alm
constant at higher excitation energies. Similar behavior
also been observed for other nuclei studied. Although
theoretical predictions are available to give us the form, s
energy dependence has been reported in dealing with
effects@24–26#.

FIG. 6. Values of the level density parameter in MeV21 as a
function of mass numberA from two different calculations. The
parametrizationA/8 MeV21 is also plotted for comparison.
y
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In summary, in this paper we have presented more rea
tic calculations of the level density parameter for a wi
range of mass region; and show that the parametrizatioa
5A/8 MeV21 is an approximation. It is completely inad
equate near magic nuclei; instead, significant shell and p
ing effects appear for these nuclei, and these effects man
themselves by an associated decrease in the level de
parameter with increasing mass number.
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FIG. 7. Values of the level density parameter as a function
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