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Two-step model of fusion for the synthesis of superheavy elements
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A new model is proposed for fusion mechanisms of massive nuclear systems where so-called fusion hin-
drance exists. The model describes two-body collision processes in an approaching phase and shape evolutions
of an amalgamated system into the compound nucleus formation. It is applied to48Ca-induced reactions and is
found to reproduce the experimental fusion cross sections extremely well, without any free parameter. Com-
bined with the statistical decay theory, residue cross sections for the superheavy elements can be readily
calculated. Examples are given.
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How many elements exist in nature or what is the heav
element have been intriguing questions since the Peri
Table was proposed for the chemical elements. The hea
element that exists in nature is now known to be urani
with an atomic numberZ of 92. But the discovery of the
magic numbers in atomic nuclei and their understanding
the shells of nucleonic motion@1# suggest that much heavie
atomic nuclei might exist, stabilized by extra bindings due
possible shells next to the largest ones known, i.e.,Z582
and N5126. Actually, many theoretical calculations ha
been made, predicting the next double closed shell nucleu
be with Z5114, 120, or 126 andN5184 @2#. Naturally,
enormous experimental effort has been devoted to find
out traces of existence of the corresponding superhe
atomic nuclei and to synthesizing them with nuclear re
tions, especially with heavy-ion fusion reactions@3#. But
what combination of ions is favorable as entrance chan
and what incident energy is the optimum for residues are
predicted well, and thus, the experiments have been
formed according to the results of systematic studies don
far. This is due to the lack of knowledge of reaction mech
nisms.

Based on the theory of compound nucleus reactions,
residue cross sections are given as follows:

s res5pl̄2SJ~2J11!•Pfusion
J ~Ec.m.!•Psurv

J ~E* !, ~1!

wherel̄ is the inverse of the wave number andJ is the total
angular momentum quantum number.Pfusion andPsurv denote
the fusion and the survival probabilities, respectively. T
latter is given by the statistical theory of decay, i.e., by co
petitions between neutron emission and fission decay. Es
tially unknown is the fusion probability, i.e., the fusio
mechanism of massive systems, although there are amb
ities in the parameters in the properties of heavy and su
heavy nuclei which give rise to uncertainties in calculati
the survival probability.

In lighter systems, the fusion probability is well dete
mined by the barrier defined with the Coulomb and nucl
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attraction between nuclei in the entrance channel, but in m
sive systems, the situation is not so simple. It has been
known experimentally that there is fusion hindrance@4#,
which is often described with so-called extra-push ener
which is required for a system to fuse in addition to t
barrier height@5#. A physical origin or mechanism is not ye
well clarified. There are two possible interpretations p
posed. They both attribute it to energy dissipations; one
due to the dissipation of the initial kinetic energy durin
two-body collisions passing over the barrier@6#, while the
other is due to the dissipation of the energy of collect
motions which would lead an amalgamated system to
spherical compound nucleus@5#. It is natural to consider tha
both mechanisms exist, though we do not knowa priori
which dominates in which situation. We, thus, propose a n
theoretical framework for fusion, i.e., a two-step mod
which incorporates both of them properly@7#.

In the approaching phase of passing over the Coulo
barrier, we describe the system as collision processes u
frictional forces, up to the contact point of two incide
nuclear matters, and then we describe dynamical evolut
of the amalgamated mononuclear system toward the sph
cal shape under frictional forces acting in collective moti
of excited nuclei. As is given below, both dynamical pr
cesses are described by Langevin equations which inc
random forces associated to the respective frictions. It wo
be worth to mentioning here that the fluctuations due to
random forces are crucially important in problems of sm
probability such as in syntheses of the superheavy elem
~SHE!, because we have to investigate cases where m
trajectories never reach the spherical shape. Another poin
be mentioned is that since the two steps are connected
cessively, the results of the first step not only give a pro
ability for incident ions to stick to each other~sticking prob-
ability Pstick) but also give initial conditions for the secon
step. Thus, the method of the connection from the first to
second steps is natural, which is neither related to the dia
ticity nor the adiabaticity. It is completely new and could b
called ‘‘statistical,’’ as will be seen below. In massive sy
©2002 The American Physical Society02-1
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tems, there is a conditional saddle point, or a ridge line
tween the amalgamated configuration and the spherical s
on the potential energy surface calculated with the liq
drop model~LDM !, which could be considered to be anoth
barrier inside and makes most trajectories return back to
separation~quasifission, etc.!, i.e., it gives rise to a smal
probability for forming the spherical shape~formation prob-
ability Pform). Thus, the fusion probability is given by th
product of the two probabilities,

Pfusion
J ~Ec.m.!5Pstick

J ~Ec.m.!•Pform
J ~Ec.m.!. ~2!

In order to realize the model, we employ the surface frict
model ~SFM! @8# for the approaching phase and the on
body wall-and-window formula@9# of the dissipation for the
shape evolutions, i.e., for the second step.

As for the approaching phase, the equation of motion
only for the radial degree of freedom and the orbital angu
momentum, and is given as

dr

dt
5

1

m
p,

dp

dt
52

dV

dr
2

]

]r

\2L~ t !2

2mr 2
2Cr~r !

p

m
1Rr~ t !,

dL~ t !

dt
52

CL~r !

m
•@L~ t !2Lst#1RT~ t !, ~3!

wherem is the reduced mass of the collision system, andV is
the sum of the Coulomb potentialVc and the nuclear poten
tial Vn . Ci(r ) is the radial or the tangential friction coeffi
cient which is assumed to have the following form fact
Ci(r )5Ki

0
•(dVn /dr)2, where Kr

050.035 andKT
050.0001

in units of 10221 s/MeV. Lst denotes the limiting orbital an
gular momentum under the friction, which is the so-call
sliding limit in the SFM and is equal to 5/7•L. Ri denotes a
random force associated with the friction fori 5r ~radial! or
T ~tangential!, and, assumed to be Gaussian, to satisfy
following property:

^Ri~ t !&50,

^Ri~ t !•Rj~ t8!&52d i j d~ t2t8!•Ci@r ~ t !#TJ~ t !, ~4!

where the last equation is the fluctuation-dissipation theo
with temperatureTJ(t), J being equal to a total angular mo
mentum of the system, i.e., an incident orbital angular m
mentumL. For the case ofi and j equal toT ~tangential!,
r (t)2 is factored in the rhs of Eq.~4!. We calculate many
trajectories over relevant impact parameters and obtain p
abilities for their reaching the contact point, respective
Figure 1~a! shows the calculated sticking probability for th
L50 for the case of48Ca-238U system. Incident energy i
given relative to the barrier height. It is readily seen that
energies just above the barrier there is almost no probab
This is due to the fact that the form factor assumed in
SFM stretches over outside the barrier top position in m
sive systems. The results already appear to explain the fu
06160
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hindrance and at least partially the extra-push energy, w
the second step is also expected to give rise to an additi
contribution. In order to know the physical situation at t
contact point, we analyze the radial momentum distribut
as well as that of the orbital angular momentum. The rad
momentum distribution is found to be almost purely Gau
ian, as shown in Fig. 1~b!. Its width is consistent with the
temperature of the heat bath of nucleons which is suppo
to absorb the initial kinetic energy through the friction forc
The example shown is forL50, but the other angular mo
mentum cases behave in the same way. Therefore, the c
lated distributionSJ(p0 ,Ec.m.) can be expressed as follow
for each angular momentum:

SJ~p0 ,Ec.m.!5Pstick
J ~Ec.m.!•gJ~p0 ,p̄0

J ,T0
J!, ~5!

where the normalized Gaussian distributiongJ(p0 ,p̄0
J ,T0

J) is
given generally so as to include an average mean momen
left ( p̄0

J), which is almost equal to zero in the present ca
This distribution is used as the initial inputs to the dynami
evolutions in the second step, i.e., to Eq.~8! below. T0

J de-
notes the temperature of the amalgamated system. The
energy available for the compound nucleusE* is given by
the energy conservationE* 5Ec.m.1Q5V02Eshell1«0
1k0, whereQ denotes theQ value of the fusion reaction
Eshell is the shell correction energy of the ground state,V0 the
LDM potential energy of the contact point,«0 the intrinsic
excitation, andk0 the radial kinetic energy left at the conta
point. The latter two are on average given asa0•T0

J2 and

( p̄0
J)2/2m1 1

2 T0
J , respectively, with the level density param

etera0 which is calculated according to To¨ke and Swiatecki
@10#. The orbital angular momentum is also analyzed. T
average value is plotted as a function of the radial distanc
Fig. 1~c!. It is seen that it approaches the dissipation limitLst
at about the contact point, which indicates that the incid
system reaches the sticking limit, if the rolling friction
properly taken into account. We, thus, can consider that
relative motion is completely damped and reaches the t

FIG. 1. Results on the48Ca-238U system with the SFM. The
sticking probability forL50 is shown in~a! ~curve is a guide for
the eye!, the radial momentum distribution in~b! in unit of
10221 sec MeV/fm, and the average orbital angular momentum
the relative distance is shown in~c!.
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mal equilibrium with the heat bath at the contact point, i.
that the incident ions form an amalgamated mononuc
system, the probability of which depends on the incid
energy and is extremely small just above the barrier
should be noticed here thatp̄0

J50 does not always hold, fo
example, it does not in the100Mo-100Mo system.

Subsequent shape evolutions of the pear-shaped m
nucleus formed with the incident ions are described by
multidimensional Langevin equation which is the same
that used for dynamical studies of fission@11#,

dqi

dt
5~m21! i j •pj ,

dpi

dt
52

]UJ

]qi
2

1

2

]

]qi
~m21! jk•pj•pk

2g i j •~m21! jk•pk1gi j •Rj~ t !,

gikgjk5g i j •TJ, ~6!

where summation is implicitly assumed over repeated s
fixes. The collective mass tensormi j is the hydrodynamica
one and the potentialUJ is calculated by the finite rang
LDM with two-center parametrization of nuclear shap
@12#, added with the rotational energy of the system cal
lated with the rigid body moment of inertia. The rando
force Ri(t) is again Gaussian with the normalization 2, a
the tensorgi j is now related to the friction tensorg i j , as is
given in the last equation, i.e., the generalized fluctuati
dissipation theorem in the multidimensional case. The f
tion tensor is calculated with the wall-and-window formu
@9#. The temperatureTJ of the heat bath is better taken to b
that at the conditional saddle point, but is approximated w
that at the contact point, i.e.,T0

J . They are close to eac

FIG. 2. Examples of the trajectories are displayed with the sa
initial radial momentum being equal to zero. Random force gi
rise to a variety of the trajectories. The circle in the upper rig
corner corresponds to the touching configuration reached by
first step, from which dynamical evolutions of shape start (R0 is the
radius of the spherical ground state!.
06160
,
ar
t

It

o-
e
s

f-

-

-
-

h

other for the48Ca-induced reactions. In the present calcu
tions we only use the relative distanceR and the mass asym
metry coordinatea with the other degrees of freedom bein
frozen. For example, the neck parameter is taken to be
based on our experience that it does not change very m
while passing over the conditional saddle point in the thr
dimensional calculations. Figure 2 shows examples of
trajectories on the LDM potential for the48Ca-238U system
for initial radial momenta and thus initial energies equal
zero ~the initial value ofa is taken always to be zero, be
cause the SFM does not include thea degree of freedom!.
Calculations of many trajectories, starting with various init
radial momenta, give a distribution of formation probabili
FJ(p0 ,TJ). By making it a convolution with the Gaussio
distribution of the initial momentumgJ(p0 ,p̄0

J ,T0
J), we ob-

tain the formation probabilityPform :

Pform~Ec.m.!5E dp0FJ~p0 ,TJ!•gJ~p0 ,p̄0
J ,T0

J!. ~7!

Figure 3~a! shows the calculated formation probability fo
the 48Ca-238U system forL50 and 30. In Fig. 3~b!, the final
fusion probability is plotted versus incident energy. At fir
glance, the decreasing energy dependencies seem to b
culiar, but the energy dependence of the passing-over p
ability under friction delicately depends on the strength
friction and the incident momentum. Actually, slightl
weaker friction gives rise to an increasing energy dep
dence. A detailed analysis with the one-dimensional mo

e
s
t
he

FIG. 3. Calculated formation and fusion probabilities are sho
in ~a! and ~b!, respectively.
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FIG. 4. Calculated excitation functions of fusion reactions for48Ca-238U, 2244Pu, 2248Cm and2252Cf systems, together with the
available experimental data~Ref. @13#! for GSI and for Dubna~Ref. @14#!.
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will be given elsewhere@15#. It should be also mentione
here that the present model is completely classical, and
there is no quantum tunneling effect included, which lim
the lowest energy to be covered.

Fusion cross sections are calculated with the fusion pr
ability as usual,s fusion5pl̄ 2SJ(2J11)•Pfusion

J (Ec.m.), and
are shown in Fig. 4 for the four systems with a48Ca beam,
together with some measured cross sections@14#. It is ex-
tremely surprising that the calculations well reproduce
experiments without any adjustment of the model para
eters. Experimental measurements are highly desirable
the 48Ca-252Cf system for comparison with the present c
culations.

In order to show that we are ready for calculations
residue cross sections for SHE, we give examples foZ
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5114, 116, and 118, by the use ofPsurv calculated with
HIVAP @16#. Actually, the shell correction energies are t
most crucial quantities in residue calculations, because t
effectively give the fission barriers for SHE. Since they a
not yet firmly predicted, we thus take those by Mo¨ller et al.
@17# and Liran@18# as typical examples of mass prediction
and compare with the recent Dubna experiments@19#, which
are given in Table I.

In brief, the new two-step model has been found to
extremely successful in reproducing the available fusion d
of 48Ca-induced reactions. By combining the present fus
probabilities with the standard statistical decay calculatio
we have obtained residue cross sections forZ5114, 116,
and 118, which are in reasonable agreement with the re
Dubna experiments, but with rather small shell correct
TABLE I. Calculated maximum residue cross sections of the three systems48Ca-244Pu, 2248Cm, and
2252Cf are summarized. The factor 1/3 for Mo¨ller masses is rather arbitrarily chosen (smax:pb, E* :MeV).

Prediction of 3n 4n
48Ca DEshell ~MeV! smax E* smax E*

244Pu Liran 20.23 0.018 30.6 0.018 36.5
Möller/3 22.96 7.39 30.1 6.00 35.3

experiment '1 Elab5236 '1 Elab5236
248Cm Liran 21.37 0.254 31.1 0.045 37.8

Möller/3 22.86 4.56 30.4 2.98 35.6
experiment 0.6 35.8

252Cf Liran 23.24 1.057 32.7 0.095 38.2
Möller/3 22.41 0.216 28.8 0.086 33.5
2-4
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energies, much smaller than previously thought. A system
study of residue cross sections are being made. Furtherm
the model is now being applied to other massive syste
such as100Mo-100Mo, etc.
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