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Three-body approach to theKÀd scattering length in particle basis
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We report on the first calculation of the scattering lengthAK2d based on a relativistic three-body approach

where theK̄N coupled channel two-body input amplitudes have been obtained with the chiral SU(3) con-
straint, but with isospin symmetry breaking effects taken into account. Results are compared with a recent
calculation applying a similar set of two-body amplitudes, based on the fixed center approximation, and for
which we find significant deviations from the three-body results. Effects of the deuteronD-wave component,
pion-nucleon, and hyperon-nucleon interactions are also evaluated.
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While the threshold behavior of theK-nucleon system ha
been found to be simple, the corresponding one for

K̄-nucleon (K̄N) system is quite complicated as its thresho
is above those for thepY (Y[L,S) channels to which it
couples strongly@1#. In addition, it also couples to th
below-thresholdL(1405) resonance. Moreover, this top
has suffered from years of persistent ambiguity in the sign
the real part of theK2p scattering lengthaK2p : the sign
from the scattering data is opposite to the one from the
onic hydrogen atomic data. Even under these circumstan
a few three-body calculations on theK2- deuteron scattering
lengthAK2d were performed with different degrees of refin
ment, by always disregarding the controversial kaonic hyd
gen constraint onRe(aK2p) @2–7#. Some of these works
were devoted primarily to calculations of the mass and m
mentum distributions such asm(pY), in the breakup reac
tions K2d→pNY, so the K2d scattering length was, to
some extent, a by-product@4,5#. Calculations required vari
ous two-body amplitudes as input, the most important
which was the coupledK̄N, andpY channels. Those ampli
tudes were derived fromad hocrank 1 separable potentia
with ~energy independent! strengths, and ranges in the for
factors determined by fit to the low energyK2p scattering
data. On the average the thus obtained values forAK2d were
centered around'(21.51 i1.0) fm. Due to the very re-
stricted quantity and quality of the data and to the lack
sound theoretical guidance~apart from isospin symmetry! on
the form of the potentials, along with the then troubl
Re(aK2p), it appeared meaningless to continue this theo
ical endeavor any further. So the investigation in the sub
became dormant. One very important finding, however, w
that the iterative solution forK2d did diverge; hence solving
the three-body equations without truncation became a m

Recently, there has been a steady progress in effective
energy hadronic methods such as chiral perturbation the
@8,9#. This advance, as well as the newK2p data, has created
a renewed interest in physics with low energy kaons, to
extent that there have even been discussions on extra
the kaon-nucleons terms, which are expected to provid
important information on chiral symmetry breaking, strang
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ness content of the nucleon, etc.@10–12#. Note that both
aK2p andAK2d are vital ingredients in this respect.

On the experimental side, the long-standing sign puzzl
aK2p was finally resolved by the KEK x-ray measurement
the kaonic hydrogen@13#. The extracted scattering length
aK2p 5 ( 20.7860.156 0.03)1 i (20.4960.2560.12) fm.
Though the sign of the real part is now settled, one clea
needs a more accurate value, particularly for its imagin
part. With this in mind, remeasuring this quantity along w
extractingAK2d from kaonic atom experiments is underwa
in the DEAR experiment at DAFNE; see, e.g., Ref.@10#.
This should, in principle, allow for an extraction of the sca
tering lengthaK2n ~see, e.g., Ref.@14#!.

The interest in improving the calculation ofAK2d may be
witnessed in two recent publications. First, Deloff@15# com-
pared the results of old generation multichannel three-b
calculations@5# with a simplified three-body result, keepin
only K2p, K2n, andNN~deuteron! input ~all in theSwave!,
and with the fixed center approximation~FCA! applied to the
simplified three-body model. Here the positions of the pro
and neutron in the target deuteron were frozen at a cer
separation, while theK̄N amplitudes were replaced by the
scattering lengths. TheK2d amplitude was then obtaine
algebraically as a function of the proton-neutron separat
To include the effect of the Fermi motion partially, its expe
tation value over the separation was calculated with the d
teron wave function.~This leads to the results calledFCA-
integ in Ref. @15#!. Second, Kamalovet al. @16# performed
yet another FCA calculation, but with an essential differen
the inputK̄N potentials for theS-wave amplitudes were ob
tained atO(1/f 2), the lowest order in the SU(3) chiral La
grangian, which couples the pseudoscalar meson octet
1/21 baryons octet@17#. Only two free parameters were in
volved: the best fit to the data was found with a cutoff in t
momentum integration atpmax5630 MeV, and with an ef-
fective meson decay constantf only 15% larger than the
physical pion decay constant:f p593 MeV, putting the
value of f betweenf p and f K . With the hadron physical
massesresulting from the isospin symmetry breaking, whic
the authors called thephysical ~or particle! basis as com-
©2002 The American Physical Society01-1
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pared with theisospin basis, the obtained amplitudes for th
coupledK̄N, pY, andhY channels allow one to reproduc
the existing low energy data quite well~see Ref.@17#!. The
L(1405) resonance was also generated as a bound stat
low the K2p and K̄°n thresholds. This approach is in sha
contrast to the models mentioned earlier, in which the o
constraint on the parameters was thex2 fit to the available
data.~note, however, that improved models of this type ex
with SU(3) constraints on the relative strengths of the
tentials@18#!.

Here we have chosen to employ a strategy similar to
one in Ref. @17# for determining the essential part of th
input to the three-body equations, and we solve them exa
In this way, we will be able not only to provide the be
theoretical value forAK2d to date, to our knowledge, but als
to test the reliability of the FCA, the effect of theNN ~deu-
teron!, pN and YN interactions, etc., on this quantity, a
investigated in Ref.@15# within the old scheme.

We have introduced two distinct sets of potentials that
slightly different from the one in Ref.@17#. The main reasons
for this are~i! to check the sensitivity ofAK2d to the two-
body input, and~ii ! to embody them in our current invest
gations on the finite energyK2d scattering including the
three particle final states likepNY, for which the momen-
tum integration must be done along a rotated line in
complex plane. For this objective, instead of truncating
integration atpmax, the potentials should have a smooth c
off by form factors. Following closely Eqs.~1! to ~9! of @17#,
the first set of potentials~OS1! is expressed, using the iso
spin notation, as

V~ I ! i j 52
1

4 f 2
Ci j

I g~pi !~e i1e j !g~pj !, ~1!

where pi and e i are the magnitude of the center-of-ma
momentum and the corresponding meson energy in thei th
channel, respectively. The SU(3) coupling coefficients
Ci j

I 50[Di j andCi j
I 51[Fi j , as defined in Tables II and III o

Ref. @17#. The form factor has been chosen as

g~p!5
b2

p21b2
~2!

for all coupled channels. A fit to the data with comparab
quality to Ref.@17# has been reached withb5870 MeV and
f 51.20f p . The second set of potentials~OS2! introduces the
possible SU(3) breaking effect in the coupling strengt
such that its form is identical to the one for OS1, except t
it is now multiplied by an extra coefficientbi j

I . By perform-
ing a standard statistical fit to the data, we have obtaineb
5865 MeV andf 51.16f p . The values of the SU(3) break
ing coefficients all stay within 20% around unity; see Tab
I. Note that, unlike in Ref.@18#, the radiative captureK2p
→gY has not been investigated. Overall, the fit to data
these two interactions and the one in Ref.@17# are just about
the same: differences may be examplified in terms of
scattering lengths shown in Table II. All of them have be
evaluated at theK2p threshold (51432 MeV): beware the
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discussion below regarding the value of the threshold
which these quantities are calculated. As compared with
periment @13#, both the real and imaginary parts ofaK2p
given by all models adopted are found within 2sstat of the
central values. The extra parameters in OS2 make the re
somewhat distinct from the two other models. The symme
breaking effect in the mass of the hadron isospin multipl
on the scattering lengths is quite visible, especially on
real parts; see Table II.~In the limit of isospin symmetry, one
hasap5an° andaex5ap2an). Finally, we should note that
just as in Ref.@17#, we have also retained thehY channels to
obtain a reasonable fit to some data like thepS mass spec-
trum.

Another major two-body input for the three-body equ
tions is theNN interaction in the deuteron channel. We ha
mostly adopted the rank 1 relativistic potential constructed
Ref. @19#, hereafter called model A. The parameters we
fitted to the static properties of the deuteron, withD-state
percentage valuePD56.7%, and to the monopole charg
form factor up to;6 fm21 @this parametrization was de
noted as SF~6.7! in Ref. @19##. In order to study in a forth-
coming paragraph the dependence on deuteron descrip
we have also considered two other models. One, herea
called model B, is the relativized version of the model elab
rated in Ref.@20#, based on a separable representation of
Paris potential, and withPD55.77% ~denoted PEST1 in
Ref. @20#!. The other~model C! is a relativistic interaction
including only theS-state component.

In our three-body calculation, we first retain, in additio
to the deuteron channel, the two-bodyK̄N t matrices only:
for the elastic K2p, K2n, K̄°n, and charge exchang
K2p↔K̄°n, which is in line with Ref.@16#. It turns out that,
with only these two-body channels forK2d at threshold,

TABLE I. SU~3!-symmetry breaking coefficientsbi j
I ([bji

I ) for
model OS2.

I50 K̄N pS hL I51 K̄N pS pL hS

K̄N 0.93 1.19 0.84 K̄N 1.07 1.20 0.83 1.07

pS 0.87 0 pS 0.81 0 0
hL 0 pL 0 0

hS 0

TABLE II. K̄N scattering lengths~in fm! calculated atW
5MK21M p in the particle basis with models OS1 and OS2. T
values in the last column have been evaluated by Ramos@17# at the
same energy.ap , an , an

0 , and aex are the scattering lengths fo

elasticK2p, K2n, K̄°n, and charge exchangeK2p↔K̄°n, respec-
tively.

OS1 OS2 Oset-Ramos

ap 21.041 i 0.83 20.711 i 0.92 21.011 i 0.95
an 0.571 i 0.45 0.711 i 0.69 0.541 i 0.53
an

0 20.601 i 0.89 20.231 i 0.97 20.521 i 1.05
aex 21.371 i 0.48 21.161 i 0.39 21.291 i 0.48
1-2
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effectively there is no other strong branch cut along the r
axis in the momentum integration in the three-body eq
tions, so no contour rotation into the complex plane
needed for integration, and even a sharp cutoff may be
posed. Thus with the two-body input from Ref.@17#, we
were able to find the exact solution to the three-body eq
tionswithoutmaking the FCA as adopted in Ref.@16#. Table
III summarizes our calculations in theparticle basis, namely,
the FCA which we adopt to characterize the on-shell con
bution, and the three-body Faddeev calculation. The re
with the amplitudes from Ref.@17# is presented in the col
umn labeled ‘‘Oset-Ramos,’’ along with our own sets O
and OS2. For later discussions we have separated the re
into ~i! the pure elastic case, i.e., withK2 multiple scattering
on the proton and neutron;~ii ! the total contribution; and~iii !
the charge exchange contribution, which is the differen
between the values in~ii ! and ~i!.

As for the FCA, we see in Table III that the results for a
threeK̄N models are more or less a reflection of the diffe
ences in the scattering lengths in Table II. Now there is a
of trouble in the present situation: near the threshold
K2p and K̄°n elastic amplitudes andK2p↔K̄°n charge
exchange amplitudes all vary rapidly due to the proximity
theL(1405) resonance. In fact, the minimum of the real p
of the K2p amplitude is found to be located slightly belo
the K2p threshold (Wth51432 MeV); see, e.g., Fig. 9 o
Ref. @17#. In addition, the threshold is slightly different fo
each physicalK̄N channel, except in the limit of exact iso
spin symmetry. So, depending on the threshold ene
adopted in determining the different scattering lengths
use in the FCA, the resultingon-shellcontribution toAK2d
has been found to vary up to at least 20% for its real p
while its imaginary part was relatively stable. It may be us
ful to remark that this strong variation in the present FC
result is due to the violation of Be´g’s theorem.~Bég’s theo-
rem @21# states that, ‘‘if the ranges of interactions for th
projectile and target constituents between two succes
collisions do not overlap, the projectile-target interaction
described entirely by the on-shell properties of the two-bo
input.’’ This theorem is relevant to the reactions studied h
due to the fact that the deuteron is very loosely boun!

TABLE III. K2d scattering length~in fm! calculated in the par-
ticle basis, using the FCA and Faddeev approaches. Model A is
for the deuteron. The calculations in the last column have b

performed by us with the Oset-RamosK̄N scattering lengths given
in Table II.

FCA OS1 OS2 Oset-Ramos

el. only 21.321 i 1.10 21.091 i 1.41 21.361 i 1.26
charge ex. 20.831 i 0.82 20.641 i 0.35 20.631 i 0.69
total 22.151 i 1.92 21.731 i 1.76 21.991 i 1.95

Faddeev

el. only 21.701 i 1.31 21.411 i 1.48 21.681 i 1.33
charge ex. 20.291 i 0.34 20.271 i 0.18 20.241 i 0.25
total 21.991 i 1.65 21.681 i 1.66 21.921 i 1.58
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The finite lifetime of theL(1405) causes its propagation
hence, non-overlapping of the interaction ranges does
materialize.

Now we wish to underline a significant finding of th
present work: as one can see in Table III, the Faddeev res
for all three models are closer to each other than in the FC
with Re(AK2d) for OS2 only about 15% different from th
values given by the other two models. By comparing t
three-body result and its FCA version for a given set ofK̄N
interactions, there is a noticeable difference which may
regarded as due to off-shell effects. Particularly, the effec
the charge exchange scatteringK2p↔K̄°n in the multiple
scattering process has been found to be grossly over
mated in the FCA. This is because theK̄°n channel has a
higher threshold than that ofK2p. The constant scattering
length approximation adopted in the FCA ignores this asp
Within the FCA, the situation gets even worse with theiso-
spin basis, in which the two thresholds are identical, se
e.g., Table II of Ref.@16#. To make clear the threshold effec
within the Faddeev approach, we have calculatedAK2d in
the isospin basis, using deuteron model A. The result
(21.761 i2.91) fm for OS1 and (21.371 i2.68) fm for
OS2, compared with the values in the last line of Table
show significant differences, especially for the imagina
part.

Next we have checked the dependence on the deut
models mentioned above. First, we compare the results
tained with the two parametrizations including theD-state
component, namely, models A and B. As shown in Table
the difference inAK2d is found mostly in the imaginary part
but is only within a few percent. But when a simp
3S1-wave model is used~model C!, this difference grows to
be about 20%, as seen in the third column of Table
However, the real part appears quite stable. The short ra
part of the deuteron wave function should be responsible
this difference. Hence one needs to retain a realistic deute
model with the3D1 component.

We then want to check the claim in Ref.@15# that the FCA
is rather reliable with respect to the full three-body result.
fact, by comparing the rows forFCA-integand Faddeevin
Table II of Ref. @15#, the author seems to be right: the tw
methods provide almost identical imaginary parts, while
FCA tends to underestimate the magnitude of the real
slightly. This is just opposite to what was reported above;
Table III. Eventually, we solved this apparent puzzle: by ta
ing a pureS-wave deuteron and also by excluding the cha
exchange contribution in theK̄N input to the three-body
equations, we found that the exact and FCA solutions pre
very similar values for the imaginary part, but that the lat

ed
n

TABLE IV. K2d scattering length~in fm! calculated with mod-
els OS1 and OS2 in the physical basis, with different deute
models.

Model A B C

OS1 21.991 i 1.65 21.971 i 1.52 21.981 i 1.31
OS2 21.681 i 1.66 21.681 i 1.55 21.691 i 1.33
1-3
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underestimates the real part by about 30%. In fact this
how the author of Ref.@15# performed his calculation, an
the characteristic of the outcome was just the same: m
difference in the real part. Then, once the charge excha
contribution is introduced, we find that the trend chang
considerably. We found further that by introducing a realis
deuteron model including theD-state component, even th
result without charge exchange process does not satisfy
finding of Ref.@15#. Hence we conclude that the FCA is n
as reliable as claimed in Ref.@15#.

Finally, we need to check the effects due to thepN and
YN interactions, which have been excluded so far from
two-body input: they introduce thep(YN) andY(pN) states
in the three-body equations, where particles outside the
rentheses are the spectators. To evaluate these contribu
we have used theP33 pN andS-waveYN interactions from
Refs.@6,7#. Our preliminary results show effects smaller th
5%, so the semiquantitative estimate of Ref.@16# seems
justified.

To summarize, the main item of interest reported h
consists of the elaboration of a relativistic three-bo
coupled channel approach of theK2d scattering length, em
bodying isospin symmetry breaking effects, thus allowi
one to show the crucial role played by opening thresh
cl.

05700
is

in
ge
s
c

he

r

a-
ns,

e

d

effects for different two- and three-body channels. Moreov
the two-bodyK̄N interactions have been constructed in li
with the recent chiral perturbation formalisms. Starting fro
a study ofK2p scattering length, reproducing the data w
enough, we have investigated the sensitivity ofAK2d to vari-
ous input ingredients. The obtained values agree with e
other within620%, leading to

AK2d'~21.81 i1.5! fm. ~3!

Here our approach embodied elastic and inelasticK̄N chan-
nels in the three-body formalism. To go further, we are in
process of including all other relevant inelastic channe
such aspY and hY. How one may extract the scatterin
length aK2n from the experimental values ofaK2p and
AK2d , is another question under study. A more extens
account will be reported in a forthcoming paper.
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