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Charge-symmetry violation in pion scattering from three-body nuclei
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We discuss the experimental and theoretical status of charge-symmetry violation~CSV! in the elastic scat-
tering of p1 and p2 on 3H and 3He. Analysis of the experimental data for the ratiosr 1 , r 2, andR at Tp

5142, 180, 220, and 256 MeV provides evidence for the presence of CSV. We describe pion scattering from
the three-nucleon system in terms of single- and double-scattering amplitudes. External and internal Coulomb
interactions as well as theD33-mass splitting are taken into account as sources of CSV. Reasonable agreement
between our theoretical calculations and the experimental data is obtained forTp5180, 220, and 256 MeV. For
these energies, it is found that theD33-mass splitting and the internal Coulomb interaction are the most
important contributions for CSV in the three-nucleon system. The CSV effects are rather sensitive to the choice
of pion-nuclear scattering mechanisms, but at the same time, our theoretical predictions are much less sensitive
to the choice of the nuclear wave function. It is found, however, that data forr 2 andR at Tp5142 MeV do not
agree with the predictions of our model, which may indicate that there are additional mechanisms for CSV
which are important only at lower energies.
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I. INTRODUCTION

The issue of charge-symmetry violation~CSV! is funda-
mental to our understanding of hadronic interactions, a
many experimental and theoretical studies have addre
this issue~see review, Ref.@1#!. In the framework of QCD,
CSV arises from the mass difference between theu and d
quarks. The other principal cause for CSV comes from
electromagnetic interaction.

Weinberg@2# pointed out that the effective chiralpN La-
grangian, coming from QCD, contains a term which viola
charge symmetry~see, also, a recent review by Meissn
@3#!. Thus, not only are there kinematic reasons for CSV d
to the mass differences within baryon multiplets, but dir
CSV effects should exist as well. Recently, Gashiet al. @4#
analyzed low-energypN scattering data, and found som
indications for direct CSV effects in the strong-interacti
sector.

Another way to study CSV is through the pion-nucle
interaction in the lightest nuclei, particularly via isomirro
elastic scattering. For the deuteron case, thep1d cross sec-
tion is compared with that forp2d in Mastersonet al. @5#
and Baruet al. @6#, but only small differences are found.
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For pion elastic scattering from3H and 3He, one can
consider three mirror ratios formed from the different
cross sections:

r 15
ds/dV~p13H!

ds/dV~p23He!
,

r 25
ds/dV~p23H!

ds/dV~p13He!
,

R5r 1•r 2 , ~1!

whereR is referred to as the ‘‘superratio’’@7#. Thep13H and
p23He scattering cross sections are isomirror ones, as
p23H and p13H. If charge symmetry were conserved, a
three ratios would be equal to unity. Of course, the Coulo
interaction is not charge symmetric and has to be taken
account.

The experimental study of these ratios has been con
trated on large-angle scattering@everywhere below all angle
are quoted in the center of mass~c.m.!# because the Coulomb
interaction, which intrinsically violates charge symmet
makes a significant contribution in the forward-scattering
gion. In a series of LAMPF experiments@7–10#, the ratios
~1! were measured in the range of theD33(1232) pN reso-
nance. Significant deviation~several standard deviations!
from unity ~up to ;20%) was observed forr 2 andR in the
angular range outside of the Coulomb cone,u*30°. In ad-
dition, strong angular dependence of bothr 2 andR was ob-
©2002 The American Physical Society07-1
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served in the angular interval betweenu.60° and 90°.
These CSV effects are much more pronounced for3H and
3He than for2H, where the observed asymmetryAp

1 is not
nearly as large: it is only about 2%~see, for example, Ref
@5#!. In addition, inelastic-scattering data for the ratios~1! at
excitation energy below 20 MeV have been reported in R
@11#, and elastic differential cross sections at back angle
Ref. @12#.

Thus, CSV effects manifest themselves clearly in
three-nucleon system, even if they are very small in the d
teron case. For this reason, the main goal of our theore
analysis is the elucidation of the mechanisms that enha
CSV in the three-nucleon system. In other words, can
observed enhancement be due only to the well-known m
differences of the hadron multiplets together with the Co
lomb interaction? Previous studies have indicated that
main reason for CSV in the case of the deuteron is the m
difference of the chargeD33(1232)-isobar states. The influ
ence of this effect on the scattering amplitude of thepd
elastic scattering was discussed in the papers by Maste
et al. @5# and Baru et al. @6# for single and single-with-
double scattering, respectively. Naturally, as the numbe
multiple-scattering diagrams increases with an increas
number of nucleons, one expects the effect of theD33-mass
splitting to be more prominent for3H and 3He than for2H.

In addition to the interaction between charged pions a
nuclei due to the external Coulomb force, there is an inter
Coulomb interaction due to the difference in the wave fu
tions~WFs! of 3H and 3He. ~Note that in terms of the stron
interaction, there is no difference between the WFs of3H
and 3He.! One difference in these WFs arises from the a
ditional Coulomb repulsion between the two protons in3He,
which is not present in3H.

In Ref. @13#, the difference in the structure of3H and 3He
has been described by a first order optical potential in
pion-nuclear interaction in which the3H and 3He charge and
magnetic form factors extracted from experimental data
elastic electron scattering from3H and 3He were used. A
more detailed analysis of pion-3H/3He elastic and inelastic
scattering was reported in Ref.@14#, where an optical single
scattering pion-nuclear potential, calculated at a microsco
level with a realistic three-nucleon wave function, was us
No reasonable description of the CSV effects was achie
when the calculations were performed with isosp

1Historically, the CSV experimental data forp6d elastic scatter-
ing have been evaluated in terms of the asymmetryAp :

Ap5
ds/dV~p2d!2ds/dV~p1d!

ds/dV~p2d!1ds/dV~p1d!
.

If we definer d by analogy with the ratios~1!, we get

r d5
ds/dV~p2d!

ds/dV~p1d!
511e,

and for smalle we haveAp5e/2. Thus,r d.112Ap .
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symmetric wave functions for both nuclei. A different a
proach was used in Ref.@15#, where the difference in the
WFs of 3H and 3He was taken into account explicitly. In a
of these approaches@13–15#, the difference in the structure
of the three-nucleon system results in a sharp enhancem
of the ratiosr 2 andR in the angular range 60°&u&90°.

One of the reasons for this behavior of the angular dis
bution is that the elastic differential cross section in t
single-scattering approach contains a significant contribu
at small scattering angles and has a minimum atu.90°
which is related to the dip in thepN non-spin-flip amplitude.
Therefore, even a small contribution to the interaction t
violates charge symmetry~e.g., the Coulomb interaction! can
produce an enhanced effect. The influence of theD33-mass
splitting on the observed CSV effect might also result in
large effect in this angular range.

Moreover, to understand the angular distribution in det
one must look beyond the single-scattering approach to
pN interaction. We therefore examine the contributions
both single- and double-pN scattering to the pion-nuclea
scattering amplitude following techniques developed in R
@6#. We then take CSV effects into account to obtain expr
sions for the ratios~1!, which are then compared with th
experimental data@7–10#.

An analysis of the experimental status for the ratios~1! at
energies spanning theD33 resonance is given in Sec. II. I
Sec. III, we explain how the basic ingredients of the scat
ing amplitude and the constraints of single and double s
tering are combined forp3H andp3He elastic scattering. In
Sec. IV, we derive expressions for the scattering amplitud
taking into account all three effects responsible for CSV.
Sec. V, we discuss the influence of these factors on the ra
~1! to show the effect of the individual CSV factors, and w
compare the results of our calculations with the data. In S
VI, we discuss some related issues associated with CSV
fects in other nuclei over broader ranges in energy and s
tering angle. In Sec. VII, we summarize our findings.

II. ANALYSIS OF THE EXPERIMENTAL STATUS

CSV in pion-nucleus scattering was first claimed to ha
been observed in the difference of totalp6d cross sections
measured at PSI@16#, and ascribed to theD33-mass splitting.
Essentially, the total cross section is mainly determined
the forward-scattering amplitude, which at small angles c
be approximated well by single scattering. In this approa
the different charge states of theD33 are excited inp1 and
p2 scattering on the deuteron, and the result is the sm
observed CSV effect. This has been discussed widely~see
e.g., the book by Ericson and Weise@17#!. The situation with
the observation of CSV effects in thep6d differential cross
sections is less clear. The first systematic study of the C
effect in the differentialp6d cross sections was done
LAMPF @5#. There have been several subsequent meas
ments at LAMPF and TRIUMF for bothp1d andp2d ~see
Ref. @6# for details!. The experimental data weakly sugges
small effect in the asymmetryAp for the deuteron. For ex-
ample, in Ref.@5#, an asymmetryAp.2% at 143 MeV near
90° in the c.m. frame is reported. However, Smithet al. @18#,
7-2
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in an independent measurement done at TRIUMF, repo
asymmetries of21.560.6% at back angles and various e
ergies. Thus, the magnitude of CSV is at most 1% –2%,
sign is uncertain, and the experimental uncertainties are
slightly less than theAp values themselves.

At about the same time, however, measurements of
ratios ~1! for 3H and 3He at LAMPF obtained significantly
larger effects. The first evidence for a sizable CSV in
differential p63H/3He cross sections2 below and at theD33
resonance was seen for the range of c.m. scattering an
between 45° and 95°@7#. The effect seems to peak near 8
in the c.m. frame~e.g., r 2.R.1.2 at 180 MeV@7#!. The
experiment was repeated with better statistics and syste
ics for approximately the same range of scattering angle
energies spanning theD33 @8# and beyond@9#. These mea-
surements also were extended to backward angles from 1
to 170° @19# and are reported in the previous paper@10#. The
experimental data for all three ratios~1! for incident pion
energies between 142 and 256 MeV are shown in Fig. 1
the associated paper by Briscoeet al. @10#. The agreemen
between the four data sets, on the whole, is very good.
bump observed at;80°, corresponding to the minimum i
the non-spin-flip amplitude, is obvious in the ratiosr 2 andR
for 142 and 180 MeV~below and on theD33 resonance!.
Thus, CSV effects inp3H andp3He scattering are large an
statistically significant. The main goal of the present work
to provide a theoretical basis for these large effects in
three-nucleon system.

III. AMPLITUDES OF PION ELASTIC SCATTERING
FROM 3H AND 3He

We formulate the pion-nuclear amplitude in the range
the D33 resonance as a combination of a single- and dou
scattering of pions from the nucleons in the nucleus. For
A53 nuclei, the appropriate diagrams are shown in Fig
The elementarypN amplitudef̂ pN is taken as theP33 partial
wave, as ifpN scattering takes place entirely through t
D33 resonance:

f̂ pN5 f P33
•Ŝ•T̂, ~2!

where

f P33
5

1

2ikcm
@e2id33(k)21#,

andŜ andT̂ are the spin and isospin projection operators
the pN system for total spin 3/2 and isospin 3/2:

Ŝ52~kŴ1•kŴ2!1 i sW •@kŴ13kŴ2#, T̂5
1

3
~21 tW•tW !. ~3!

2To eliminate some systematic uncertainties, normalized yie
were used for the experimental determination of the ratios~1!.
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Here, tW and tW /2 are the isospin operators of the pion a

nucleon, respectively,sW andtW are Pauli matrices,kŴ1 andkŴ2
are the unit vectors in the direction of the incoming a
outcoming pions in the c.m. frame, respectively, andkW cm is
the pion momentum in the c.m. frame. Everywhere belo
we use the following notation:

Ŝ5a1b̂, a52 ~kŴ1•kŴ2!, b̂5~sW •bW !, bW 5 i @kŴ13kŴ2#.
~4!

The WF of the3H and 3He can be written as

C5c~rW1 ,rW2 ,rW3!(
i 51

3

Xi•Yi , ~5!

whereXi andYi correspond to the spin and isospin parts
the WF, respectively,

Xi5
1

A2
~x i

1x!~x j
1s2xk* !, Yi5

1

A6
~h i

1tWh!~h j
1tWt2hk* !,

~6!
s

FIG. 1. ~a! Single- and~b! double-scattering diagrams used
the present calculations forp63H/3He elastic scattering.
7-3
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KUDRYAVTSEV et al. PHYSICAL REVIEW C 66, 054007 ~2002!
wherex andh are the spinor and isospinor of the nucleu
respectively, andx i , x j , andxk (h i , h j , hk) are the spinors
~isospinors! of the nucleons of the nucleus (i , j , and k are
cyclic!. Equations~6! represent states of pairs of nucleo
( jk) such that their total spinS50 and their isospinT51.
The representation~5! for the WFs of 3H and 3He can be
generalized for more complicated wave configurations of
clei, as is discussed in Ref.@20#.

The coordinate part of the WF is taken into account in
symmetric form corresponding to a simpleS-shell model. In
the following calculations, we use two different forms of th
radial WF:

~i! The simple Gaussian form

c~rW1 ,rW2 ,rW3!;expF2
1

2b2 (
i 51

3

~rW i2rWR0!2G , ~7!

whereb51.65 fm andRW 05 1
3 (rW11rW21rW3), taken from Ka-

malov et al. @14#. The slopeb51.65 fm was chosen in Ref
@14# by a best fit to the experimental data for the3H charge
form factor below momentum transferQ5400 MeV/c @21#.
This form of the WF fails to reproduce the minimum of th
charge form factor atQ'710 MeV/c, however, the elastic
p63He differential cross sections are reproduced well
Tp5100 and 200 MeV, and at backward-scattering ang
the results of the calculations with the WF~7! tend toward
the suppression seen in the experimental cross sections@14#.

~ii ! The two-component Gaussian parametrization

c~rW1 ,rW2 ,rW3!5N (
m51

2

DmexpF2
am

2 (
i 51

3

~rW i2RW 0!2G , ~8!

whereD151, D2521.9, a150.70 fm22, a252.24 fm22,
andN is a normalization constant given in Appendix A. Th
WF was successfully used by Foursatet al. @22# for the de-
scription of the differential cross sections for the react
4He(p,d)3He at 770 MeV for a wide range of scatterin
angles. The WF~8! reproduces the minimum of the3He
charge form factor atQ5670 MeV/c, but is larger than the
experimental data at momentum transferQ'300
2400 MeV/c.

A. Single-scattering approximation

The diagram in Fig. 1~a! corresponds to the single
scattering approximation for the elastic pion-nuclear scat
ing amplitude. To calculate this amplitude, we need to co
pute the matrix element for the operator~2! between initial-
and final-state wave functions. We neglect both the Fe
motion of the nucleon inside the nucleus and the off-sh
corrections to thepN amplitudes in expression~2!. ~We dis-
cuss the accuracy of both of these approximations in S
VI B.! Taking nuclear WFs in the form~5!, we exclude spin
05400
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and isospin variables of the nucleons. As in Ref.@20#, the
single-scattering amplitudeF̂1 is

F̂15F~DW ! f P33
L̂1 , ~9!

whereF(DW ) is a nuclear form factor defined by Eq.~A4! and
DW is the three-momentum transfer. The operatorL̂1 acts on
the nuclear spin and isospin variables and is expressed

L̂15
1

3
@~61tW•tW !a1~22tW•tW !b̂#, ~10!

wherea and b̂ have been defined in Eq.~4!. Calculating the
matrix element from the operatorL̂1 on isotopic variables,
we get

L̂̃15H 1

3
~7 a1b̂! for p13He and p23H scattering,

1

3
~5 a13b̂! for p13H and p23He scattering.

~11!

In terms ofL̂̃1, the expression for the differential cross se
tion with unpolarized particles yields

ds

dV
5F2~DW ! u f P33

~k!u2
1

2
Tr$L̂̃1

1L̂̃1%, ~12!

where

1

2
Tr$L̂̃1

1L̂̃1%

5H 1

9
~11195 z2! for p13He and p23H scattering,

1

9
~9191 z2! for p13H and p23He scattering,

~13!

wherez5(kŴ1•kŴ2)5cosu. In additional to a lower form fac-
tor F(DW ), the angular dependence ofds/dV is determined
by the factors of Eq.~13!. Expressions~12! and ~13! show
thatds/dV is suppressed atz50 (u590°), where only the
spin-flip pN amplitude contributes. Thus, for theA53 case,
there is a more significant spin-flip suppression than for
deuteron case, where~see, for example, Ref.@6#!

dspd

dV
;~115 z2!

and the minimum in the cross section is much weaker.
note that this kind of suppression of the spin-flippN ampli-
tude in the single-scattering term for the3H/3He case was
pointed out in Ref.@7#, following Ref. @23#.

In Figs. 2–5, the single-scattering contributions to the d
ferential cross sections for incident pion kinetic energ
7-4
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FIG. 2. Differential cross sections forp63H/3He elastic scattering forTp5142 MeV. Plotted are results for~a! and~b! WFs ~7! and~c!
and ~d! WF ~8!. Experimental data are from Refs.@7# ~diamonds!, @8# ~circles!, @9# ~triangles!, and @10# ~squares!, with p13He/3H ~filled
symbols! andp23He/3H ~open symbols!. The cross sections~a! and ~c! are forp13He andp23H and ~b! and ~d! for p13H andp23He.
The solid curves give the total contribution. Results for single and double scattering alone are shown by the dashed and dotte
respectively.
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Tp5142, 180, 220, and 256 MeV, for both versions of t
radial part of the WFs~7! and ~8!, are shown by the dashe
curves.

B. Double-scattering approximation

Let us consider the double-scattering amplitudeF̂2, such
as in Ref.@20#, corresponding to the diagram shown in F
1~b!. ~Calculations of double-spin-flip amplitudes were pe
formed recently@24#.! In the same approximation as wa
used while calculating the single-scattering term,

F̂254p
9

2
f P33

2 E d3qW

~2p!3

d3QW

~2p!3

d3QW 8

~2p!3

3w~qW 8,QW 8! w~qW ,QW !Gp L̂2 , ~14!

where the WF in the momentum space operatorw(qW ,QW ) is
defined by Eq.~A2!. The momentaqW , QW , QW 8, andqW 8 relate
to the momentapW i and pW i8 , shown in Fig. 1~b!, via qW 5(pW 2

2pW 3)/2, QW 5(pW 21pW 32pW 1)/3, QW 85(pW 281pW 32pW 18)/3, and

qW 85qW 2 1
2 QW 1 1

2 QW 81 1
3 DW . In Eq. ~14!, Gp is the Green’s
05400
-

function for the intermediate state, which, neglecting kine
energy of the intermediate nucleons, has the form

Gp5~k1
22sW21 i0!21, ~15!

where sW5kW12QW 1QW 82 1
3 DW . By analogy with Eq.~4!, we

introduceai and b̂i , wherei 51,2, for the first and second
nucleons:

a1,252 ~kŴ1,2•sŴ !, b̂1,25~sW •bW 1,2!, ~16!

wherebW 15 i @kŴ13sŴ#, bW 25 i @sŴ3kŴ2#, andsŴ5sW/usWu. The opera-
tor L̂2 then can be written as

L̂25
4

9
~51tW•tW !a1a21

4

9
~a1b̂21a2b̂1!2

1

9
~6

13 tW•tW !b̂1b̂22
1

9
~615 tW•tW !b̂2b̂1 . ~17!

The operatorL̂2 depends explicitly on the spin and isosp
variables of the nuclei and the pion.L̂2 also depends on the
7-5
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FIG. 3. Differential cross sections forp63H/3He elastic scattering forTp5180 MeV. The notation is the same as for Fig. 2.
d

s

o
r
e
g

vector sŴ, which is an integrative variable on the right-han

side of Eq.~14!. We extractsŴ by introducing the operator
L̂2,i j :

L̂25(
i , j

L2,i j ŝi ŝj . ~18!

Thus, the operatorF̂2 can be expressed in the form

F̂25(
i , j

f P33

2 L2,i j I i j , ~19!

where the tensorI i j is expressed in the form

I i j 5J1k̂ i k̂ j1J2d i j , ~20!

such thatkW 5(kW11kW2)/2 andkŴ5kW /ukW u. Here, the quantities
J1 and J2 are complex functions which depend on the m
mentum of the incoming pionk1 and the momentum transfe
D ~or on the scattering angleu). They also depend on th
WFs of the nuclei, which are given in Appendix B. Usin
Eq. ~20! for the tensorsI i j , the amplitudeF̂2 becomes

F̂25A21 iB2 ~sW •@kŴ13kŴ2# !. ~21!

We divide the contributions toA2 andB2 into double elastic
scattering
05400
-

p2→p2→p2

~we will define this contribution via index ‘‘ee’’ ! and double
charge exchange

p2→p0→p2

~we will denote this contribution via index ‘‘cc’’ ! in the
functionsA2 andB2:

A25A2
ee1A2

cc, B25B2
ee1B2

cc. ~22!

Then, we can present expressions forA2 andB2 in terms of
the integralsJ1 andJ2:

A2
cc52

1

9
f P33

2 @~315z!J1112zJ2#, B2
ee5

4

3
f P33

2 ~J112J2!,

A2
ee5

1

3
f P33

2 @~23117z!J1128zJ2#, B2
cc52

2

9
f P33

2

3~2J113J2! for p13H, p23H,

A2
ee5

1

9
f P33

2 @~29127z!J1152zJ2#, B2
cc52

2

9
f P33

2

3~2J115J2! for p23H, p13H. ~23!
7-6
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FIG. 4. Differential cross sections forp63H/3He elastic scattering forTp5220 MeV. The notation is the same as for Fig. 2.
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The resulting double-scattering contributions to t
differential cross sections are shown by the dotted cur
in Figs. 2–5.

C. Nonresonant contributions

Although, thepN P-wave amplitude is dominant for th
multiple scattering of pions in the nuclear medium in t
energy range under consideration, the contribution of sm
nonresonant waves still can play an important role neau
;90° ~the sharp minimum for single scattering!. Thus, we
limit ourselves to single scattering for nonresonant waves
this limit, thepN amplitude~2! becomes

f̂ pN5(
j

f j•Ŝj•T̂j , ~24!

where

f j5
1

2ikcm
@e2id j (k)21#

and Ŝj and T̂j are the spin and isospin projection operato
for the statej of thepN system. Limiting ourselves toSand
P waves, the nonresonantpN d j (k) phases can be take
from a recent GWpN partial-wave analysis@25#. Therefore,
we take into account twoS and fourP waves in our calcu-
lations. The projection operators are
05400
s

ll

In

s

Ŝj51̂ ~S11,S31!,

Ŝj5z2 i ~sW •nW ! ~P11,P31!,

Ŝj52z1 i ~sW •nW ! ~P13,P33!,

T̂j5
1

3
~12 tW•tW ! ~S11,P11,P13!,

T̂j5
1

3
~21 tW•tW ! ~S31,P31,P33!, ~25!

where nW 5@kW1
ˆ3kŴ2#. We note that the procedure of takin

into account nonresonant waves in the single-scattering
proach is analogous to the resonant contribution taken
account and discussed in Sec. III A. The final expressions
the non-spin-flip and spin-flip nonresonant amplitudes ar

Anon5F2

3
f S11

1
7

3
f S31

1S 2

3
f P11

1
7

3
f P31

1
4

3
f P13D zGF~D!,

Bnon5
1

3
~2 f P13

2 f P31
22 f P11

!F~D!

for p1 3He and p2 3H,
7-7
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FIG. 5. Differential cross sections forp63H/3He elastic scattering forTp5256 MeV. The notation is the same as for Fig. 2.
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3
f S11

1
5

3
f S31

1S 4

3
f P11

1
5

3
f P31

1
8

3
f P13D zGF~D!,

Bnon52 f P31
F~D! for p2 3He and p1 3H. ~26!

The nonresonant contribution for the total amplitudeF̂5F̂1

1F̂2 @see Eq.~27! below# is small and numerical values ar
taken from the analysis@25#. It is expressed by the substitu
tions

A→A1Anon , B→B1Bnon .

The nonresonant amplitudes are taken into account in
calculations of the ratios~1! presented in Sec. V.

D. Total amplitude and differential cross section

The expression for the sum of the single- and doub
scattering amplitudes can be expressed in a form simila
Eq. ~21!:

F̂5A1 iB ~sW •@kŴ13kŴ2# !, ~27!

where the functionsA and B represent the contributions o
single and double scattering, e.g.,A5A11A2 and B5B1
1B2. The amplitudesA1 and B1 are determined by Eqs
05400
e

-
to

~9!–~11! and~26!, A2 andB2 by Eqs.~22! and~23!. In terms
of the functionsA andB, the differential cross section in th
unpolarized case has the form

ds

dV
5

1

2
Tr$F̂1F̂%5uAu21uBu2sin2u. ~28!

The combined single- and double-scattering contributio
with interference taken into account, are depicted by
solid curves in Figs. 2–5. It can be seen that the mo
approach we use qualitatively agrees with the data. For
ward scattering,u;30° –60°, WF~7! reproduces the cros
sections systematically better than WF~8!. At larger scatter-
ing angles, the results for WF~7! @WF ~8!# lie below ~above!
the experimental data, and the cross-section minimum
shifted to a smaller angle (u;80°), in agreement with the
experimental data. The key point to be made, however
that the gentle maximum atu;110° –120° arises from the
interference between single and double scattering. It is a
seen that the moderation of the rise in the cross sections
backward scattering reflects the contribution of double sc
tering, which is most pronounced nearu;180°.

We point out that the description of hadron-nuclear sc
tering in the backward hemisphere is a very complica
multibody problem that requires detailed information abo
the wave function of the nucleus and the reaction mec
nism. For example, the five-component WF used in Ref.@14#
to describe the p63He elastic cross sections atTp
7-8
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CHARGE-SYMMETRY VIOLATION IN PION . . . PHYSICAL REVIEW C66, 054007 ~2002!
5200 MeV is superior to WF~7!. However, the goal of our
study is the description and understanding of CSV effe
and these effects do not depend strongly on the details o
WF at small distances. For this reason, we prefer to use
simplerS-shell versions of the nuclear WFs~7! and ~8!.

IV. CHARGE-SYMMETRY VIOLATION EFFECTS

There are three principal sources of the violation
charge symmetry forp6 scattering from light nuclei in the
D33 region:

~i! the Coulomb interaction between the charged pio
and the nuclei—the external Coulomb effect,

~ii ! the mass splitting of the different charge states of
D33-isobar, and

~iii ! the difference between the WFs of3H and 3He due to
the additional Coulomb repulsion between the two proton
the 3He nucleus—the internal Coulomb effect.

We now discuss how we take these effects into accoun
our calculation of the elastic scattering of charged pions fr
the A53 nuclei.

A. External Coulomb effect

As was shown in Sec. II, experimental data for the rat
~1! @7–10# were taken outside the Coulomb cone,u*30°. In
this angular range, the Coulomb amplitude is a smooth fu
tion of the scattering angleu. Here, we take into account th
Coulomb interaction in a nonrelativistic approach, neglect
the interaction between the photon and the magnetic mom
of the nucleus. Thus, the Coulomb amplitude of the pio
nucleus interaction in terms of the Coulomb phase may
written as

AC52
ZpZAe2

2kc.m.
2 sin2

u

2

vmA

mA1v

3exp

3F2
2iZpZAe2

kc.m.

vmA

mA1v
lnS sin

u

2D GFp~DW !F~DW !,

~29!

wheree2.1/137,Zp andZA are the charges of the pion an
the nucleus, respectively,v is the pion c.m. energy,mA is the
mass of the nucleus,F(DW ) is the form factor of the nucleu
defined by Eq.~A4!, and Fp(DW ) is the pion charge form
factor that is used in the standard parametrization of R
@26#. In calculating the ratios~1!, we use the amplitudeAC of
Eq. ~29! in combination with the non-spin-flip amplitudeA
of the strong interaction of Eq.~27! by the substitutionA
→A1AC .

B. D33„1232…-mass splitting

The influence of theD33-mass splitting on the differentia
cross section forpd elastic scattering was discussed in R
@5#, where the single-scattering approximation with allo
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ance for the different charge states of theD33(1232) was
used. In this approximation, the CSV effect proves to
independent of the scattering angle, with a value proportio
to dmD /GD . Nearly the same approach was used for
3H/3He case in Ref.@7#.

We denote the different charge states of theD33 via the
index i 51 –4 for theD11, D1, D0, andD2, respectively.
The masswi ( i 51 –4), corresponding to the isobari, is
calculated according to a formula from Ref.@17# @p. 109, Eq.
~4.18!#, following Ref. @27#:

wi5a2bIi1cIi
2 , ~30!

where I i is the third component of isospin for thei th term
from the D33 multiplet. Using the average resonance ma
value from the Particle Data Group@28#, w̄51232 MeV, b
51.38 MeV from Ref.@17#, and

w32w15mD02mD11.2.5 MeV

from Ref. @28#, we get

a.1231.8 MeV, c50.13 MeV.

The scalar amplitude forpN scattering@see Eq.~2!# for each
charge statei is defined as

f P33
→ f i5

1

2ikc.m.
@e2id i (k)21#. ~31!

The phasesd i are defined relative to the resonance pha
dP33

,

d i5dP33
22

dwi

GD
sin2dP33

, ~32!

wheredwi5wi2w̄. The resonance phasedP33
is taken from

Ref. @25#. In Eq. ~32!, we neglect the energy dependence
the width GD becausedwi /GD!1; in our calculations we
use GD5120 MeV. Using this definition off i for the pN
scattering amplitudes in Eq.~31!, we obtain the following
expressions for the single pion-nucleus scattering am
tudes:

A15~2 f 11 1
3 f 2!2zF~DW !, B15

1

3
f 2F~DW ! for p13He,

~33!

A15~ f 11 2
3 f 2!2zF~DW !, B15 f 1F~DW ! for p13H.

~34!

Substitutingf 1→ f 4 and f 2→ f 3, the amplitudesA1 andB1 at
Eqs.~33! and ~34! are transformed to the amplitudes for th
isomirror reactionsp23H andp23He.

For the double-scattering pion-nucleus amplitudes, we
tain

A2
cc52

1

9
f 2

2@~315z!J1112zJ2#,

B2
ee5

4

3
f 1f 2~J112J2! for p13He,p13H ~35!
7-9
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instead of Eq.~23!. The other amplitudes forp13He and
p13H elastic scattering are different:

A2
ee5

4

3
f 1f 2@2~11z!J114zJ2#

1 f 1
2@~513z!J114zJ2# for p13He,

A2
ee5

4

3
f 1f 2@2~11z!J114zJ2#

1
1

9
f 2

2@~513z!J114zJ2# for p13H,

B2
cc52

2

9
f 2

2~2J113J2! for p13He,

B2
cc52

2

3
f 2

2~2J115J2! for p13H. ~36!

The amplitudesA2 and B2 of Eqs. ~35! and ~36! are also
transformed to their isomirror reaction amplitudes, i.
p13He→p23H and p13H→p23He, by substituting f 1
→ f 4 and f 2→ f 3. We do not include any difference for th
different charge states in the nonresonant amplitudesAnon
andBnon .

C. Internal Coulomb effect

The difference in the structure of the WFs of3H and 3He
is related not only to the electromagnetic interaction, but a
to the part of the strong interaction which violates isospin.
the strong-interaction sector, there are terms that violate i
pin directly @2#. Isospin violation inside nuclei can relate
both nucleon and quark degrees of freedom. In terms
quark degrees of freedom, isospin violation relates to
mass difference of theu andd quarks. At present, there is n
quantitatively good estimate of isospin violation due to t
strong interaction for theA53 nuclei.

If we assume that the strong interaction conserves isos
then the main reason for the difference in the structure of
WFs of 3H and 3He is the additional Coulomb repulsio
between the two protons in3He, which is not present fo
3H. If there were no Coulomb interaction between these t
protons~i.e., if the WFs of 3H and 3He were isotopically
symmetric!, the neutron distribution for3He ~the ‘‘odd’’ neu-
tron! would be the same as the proton distribution for3He
~the ‘‘odd’’ proton!, and the proton distribution for3He ~the
‘‘even’’ protons! would be the same as the neutron distrib
tion for 3H ~the ‘‘even’’ neutrons!. However, the proton dis
tributions for 3H and 3He can still be different and, as
consequence, so can the charge form factors of3H and 3He.

If, however, isospin is violated for3H and 3He, the even-
and odd-nucleon distributions can also be different. In R
@15#, the difference between these distributions has been
mulated in terms of nonzero parametersde anddo , where

de5r e
n2r e

p , do5r o
n2r o

p .
05400
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Herer e,o
n,p is the neutron~n! or proton~p! radius for the even

~e! or odd ~o! nucleons. As was shown in Ref.@15#, the
superratioR at Tp5180 MeV is very sensitive tode anddo ;
a reasonable description ofR versus scattering angle ha
been obtained forde520.03060.008 fm anddo50.035
60.007 fm. These differences betweenr e

n andr e
p or between

r o
n andr o

p due to isospin violation result in additional chang
in the charge radii and form factors of3H and 3He.

We vary the parameters of the WFs~7! and ~8! to intro-
duce such differences. For WF~7!, we follow the recipe
suggested in Ref.@14#: we fix the slopeb for 3H at 1.65 fm
and vary the slope for3He to obtain the best description o
the data for the ratiosr 1 and r 2. An analogous procedure i
followed for WF ~8!, using parameters for the WF for3He
suggested in Ref.@22# ~see Sec. III!. Then, for the WF of3H,
we use three different variations of the WF:~i! a variation of
the slopea1, ~ii ! a variation of the slopea2, and ~iii ! a
variation of both slopesa1 anda2, which are proportional to
each other:a1→ca1 anda2→ca2.

Although this variation of the parameters of WFs~7! and
~8! cannot be compared directly with the refined proced
used in Ref.@15#, this way of taking into account the interna
Coulomb interaction allows us to take theD33(1232)-mass
splitting into account, which was not done in Ref.@15#.
Therefore, the quantitiesde anddo obtained from the experi-
mental data can differ from the values obtained in Ref.@15#.

V. COMPARISON WITH THE EXPERIMENTAL DATA

A. Excluding the internal Coulomb effect

The results of our calculations for the ratiosr 1 , r 2, and
the superratioR which take into account the external Co
lomb interaction and theD33-mass splitting but exclude th
internal Coulomb effect are shown in Figs. 6–9, as the do
curves for single scattering and the dashed curves for b
single and double scattering. There are no free parame
associated with these results. The main purpose of Figs. 6
~as for Figs. 2– 5! is to show that the inclusion of doubl
scattering is essential to be able to follow the trend of
data in the non-spin-flip-dip region. As is seen in these fi
ures, there is qualitative agreement between the results o
calculations and the data forTp5180, 220, and 256 MeV.
Also, in contrast with the case for the differential cross s
tion ~see Figs. 2– 5!, there is little sensitivity to the WF here
For Tp5180 MeV, the ratior 1 is reproduced very well for
both WFs~7! and~8!, but the peaks nearu580° in the ratio
r 2 and superratioR are reproduced better by WF~7!. At the
same time, the description ofr 2 and R in the backward di-
rection is not good for either WF. Figure 7 shows that ev
taking into account single scattering and the external C
lomb interaction cannot reproduce the experimental d
there. But overall, Figs. 7– 9 show that taking into accou
the D33-mass splitting consistently with both the single- a
double-scattering contributions reproduces the main st
tures of the angular distribution and to shows that we do
require a detailed knowledge of the nuclear WF.

We note here that the data forr 2 and R for Tp

5142 MeV are not reproduced by our model approach. A
7-10
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FIG. 6. The ratiosr 1 and r 2 and the super-
ratio R for Tp5142 MeV. Experimental data are
from Refs.@7# ~diamonds!, @8# ~circles!, @9# ~tri-
angles!, and @10# ~squares!. Only the D33-mass
splitting and external Coulomb contributions a
taken into account. The full calculations take in
account both single and double scattering, and
shown by the dashed curves. The results
single scattering alone are shown by the dott
curves. Plotted are the results for~a! WF ~7! and
~b! WF ~8!.
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parently, some other mechanism must play a role at this
ergy. We return to this problem below.

B. Including the internal coulomb effect

We now describe the CSV effects by taking into acco
the internal Coulomb interaction as well. The procedure
variation of the WFs is described above. For this case,
vary a single free parameter to obtain the best fit. Again,
fit r 1 andr 2 only, since the superratioR (5r 1•r 2) is not an
independent quantity. The best-fit results for this appro
and for both WFs~7! and ~8! are shown in Figs. 10–13 b
the solid curves. By comparison, the results without the
ternal Coulomb interaction~from Figs. 6– 9! are shown by
the dashed curves. Both free parametersa1 and a2 have
been varied simultaneously, following our prescription~iii !
of Sec. IV. The results of varying eithera1 or a2 indepen-
dently are very similar, as listed in Table I. In this table, t
05400
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best-fit results obtained by variations of the radii of the n
clei and correspondingx2 values are listed as well.

In Fig. 11, we see that our calculations reproduce all
ratios r 1 , r 2, andR for Tp5180 MeV rather well over the
entire angular range. In fact, we reproduce the superratiR
for 40°&u&110° much as did Gibbs and Gibson@15#. Tak-
ing into account the difference in the WFs of3H and 3He
results in a much better reproduction both of the quantityR
at u;80° and the scattering at backward angles. Thus,
ing into account the internal Coulomb interaction provide
substantial improvement inx2 compared with the case wher
only the external Coulomb interaction and theD33-mass
splitting are included.

Finally, we consider the description of the data forTp

5220 and 256 MeV to be qualitatively satisfactory, while t
description of the data forTp5142 MeV is not. Consider the
situation forTp5220 MeV, shown in Fig. 12. Our theoreti
FIG. 7. The ratiosr 1 and r 2 and the super-
ratio R for Tp5180 MeV. The notation is the
same as for Fig. 6.
7-11
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FIG. 8. The ratiosr 1 and r 2 and the super-
ratio R for Tp5220 MeV. The notation is the
same as for Fig. 6.
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cal curves reproduce the sharp dip-bump angular depend
of the ratiosr 2 and R remarkably well. AtTp5256 MeV,
shown in Fig. 13, we predict a more gradual dip-bump
gular dependence, which also agrees with the experime
data. At the same time, our theoretical curves do not rep
duce the data forTp5142 MeV, shown in Fig. 10, even
though the angular dependence is much smoother. We n
however, that the amount of experimental data forTp5220
and 256 MeV is significantly less than forTp5142 and es-
pecially for 180 MeV. Evaluation of theTp5142 MeV data
may require an additional mechanism to reproduce the
havior of the data.3

VI. ADDITIONAL REMARKS

A. D33-mass splitting and total cross sections

We have seen that one of the principal sources of CS
theD33-mass splitting. The difference in the totalp6d cross
sections is determined by theD33-mass splitting@17#. Here
we calculate this effect for the ratiosr 1t andr 2t for the total
cross sections ofp63H/3He scattering, defined as

r 1t5
s tot~p13H!

s tot~p23He!
, r 2t5

s tot~p23H!

s tot~p13He!
.

We predict a considerably larger CSV effect for the thre
nucleon system than for the deuteron, as shown in Fig.
Moreover, the crossover ofr 1t andr 2t at the peak of theD33,
for either of the WFs used, establishes a unique signature
this effect.

The high sensitivity of CSV to theN* -mass splitting
~within multiplets! allows us to suggest the use of these
tios as a method to determine the mass splitting in he

3In the most advanced study@15#, the authors considered only th
case forTp5180 MeV. On the other hand, the calculation of Re
@14# does not reproduce the CSV effect for 142 MeV either.
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N* ’s andD* ’s. We think that this method would be prefe
able to the traditionalpN partial-wave analysis for baryon
spectroscopy.

B. Accuracy of calculations

In our theoretical approach to single and double scat
ing, we neglect the Fermi motion of the nucleons inside
nucleus. The amplitude of thepN scattering is extracted
from an integral over incident pion energies that are on sh
We also neglect the recoil of the nucleons in the Gree
function Gp of Eq. ~14! for the double-scattering amplitude
We call this approach the ‘‘fixed-centers approximation
Then, we observe that when only certain corrections
taken into account, we obtain worse agreement with the
perimental data~see Ref.@20# for details!.

Since the fixed-centers approximation gives results t
are close to the data, there must be cancellations of the m
corrections to leading order. These cancellations for hadr
deuteron scattering have been discussed in detail in prev
work. The cancellation of nonadiabatic corrections within t
Glauber approach for differential cross sections at high en
gies was shown in Ref.@29#. In the pd scattering-length
calculations, the cancellation of off-shell and recoil corre
tions was discussed in Ref.@30#. The cancellation of nona
diabatic corrections forpd elastic scattering was found i
the range of theD33 resonance in Ref.@31#. Apparently, the
analogous cancellation of corrections holds as well for
A53 nuclei. Therefore, the use of only a few of the corre
tions to the fixed-centers approximation can result in wo
agreement with the data than when all the corrections
ignored. Inclusion of all the corrections~including the so-
called binding corrections! is a rather complicated task and
not a goal of our present study.

For example, we limit ourselves to the consideration
single- and double-scattering terms, and this approach all
us to take into account the leading terms of the amplitude
the pion-nuclear interaction at energies and scattering an
where we can qualitatively reproduce the shape of the dis
7-12
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FIG. 9. The ratiosr 1 and r 2 and the super-
ratio R for Tp5256 MeV. The notation is the
same as for Fig. 6.
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tum
bution of the differential cross sections. Triple-scatteri
contributions to the differential cross sections can smooth
angular shape, but they are more difficult to calculate a
cannot be simplified by the transformation of the integralsJ1
andJ2 discussed in Appendix B.

C. Pion absorption

At small scattering angles,u;30° –60°, there is reason
able agreement between our theoretical approach and th
perimental data forTp5180 MeV and above, but forTp

5142 MeV the experimental cross sections are smaller t
the results of our model calculations for both WFs us
~Figs. 2–5!. But because for modest scattering angles
range of momentum transfer is small (Q<150 MeV/c), our
use of the simple WFs~7! and~8! is reasonable. We therefor
infer that the suppression of the cross section forTp

5142 MeV results from absorption, which is absent in o
model approach for the amplitude of thepA interaction.
Usually, the absorption on a nucleus is due to the reac
p(NN)→NN, where (NN) is a pair of correlated nucleons
But the total cross section of thepd→NN reaction has its
maximum atTp5140 MeV, and the absorption cross secti
is somewhat suppressed atTp5180 MeV @32#. However,
Tp5180 MeV corresponds to the maximum of the to
p6d cross section, as shown in Fig. 15. The pion absorp
cross section for3He, measured at PSI@33#, also peaks at
Tp5140–150 MeV, as shown in Fig. 15 as well. Therefo
if absorption were responsible for the suppression of
scattering cross sections at small scattering angles forTp

5142 MeV, then this effect would be considerably smal
for Tp5180 MeV, where our fit to the data is much bette

D. CSV in pÁ4He elastic scattering

Data for the elasticp4He differential cross sections hav
been obtained at LAMPF forTp below, at, and above theD33
resonance@34#. The spin-flip amplitudes for elasticp64He
in the single-scattering approximation do not contribute
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the D33 resonance. Preliminary analysis of the charge asy
metry for Tp5180 MeV shows a statistically significant e
fect in Ap , of the order of 10% at scattering anglesu
;70° –90° @35#. The size ofAp for Tp<180 MeV and the
possible influence of absorption there are still unknown.

Because of the larger role played by pion absorption
heavier nuclei, CSV is expected to be suppressed relativ
the three- and four-body nuclei. If present, CSV in heav
nuclei probably depends more on their geometrical prop
ties than on theD33-mass splitting.

VII. SUMMARY

We have performed theoretical calculations for the sim
ratios r 1 and r 2 and the superratioR for elasticp63H/3He
scattering, forTp5142, 180, 220, and 256 MeV and over
broad angular range. We have found reasonable agree
between the results of our calculations and the experime
data, shown in Fig. 1 of the associated paper by Bris
et al. @10#, over most of the range of the data.

Our calculations were done with an approach utilizing t
sum of the single- and double-scatteringpN contributions,
as indicated in Fig. 1. We took into account three sources
CSV—the D33-mass splitting and the external and intern
Coulomb interactions. We usedS-shell WFs for3H and 3He.
This approach enabled us to use simple analytical exp
sions for the double-scattering contribution to pion-nucle
scattering, taking into account all spin and isospin amp
tudes. We used two different radial WFs for theA53 nuclei:

~i! A simple Gaussian distribution@Eq. ~7!# with the slope
describing the charge densities of3H and 3He obtained from
electron scattering@21,36–38#. We used the WF of Ref.@14#.

~ii ! A sum of two Gaussian WFs@Eq. ~8!#, as used in Ref.
@22# for the description of the differential cross sections
the reaction4He(p,d)3He. This WF reproduces the mini
mum of the 3He charge form factor atQ5670 MeV/c, but
is larger than the experimental data at smaller momen
transfer.
7-13
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FIG. 10. The ratiosr 1 and r 2 and the super-
ratio R for Tp5142 MeV. The notation for the
experimental data is the same as for Fig. 6. T
D33-mass splitting with external~and internal!
Coulomb contributions are shown by the dash
~solid! curves. Plotted are the results for~a! WF
~7! and ~b! WF ~8!. Version ~iii ! of the variation
of the WFs is shown, as described in Sec. IV.
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The calculated cross sections, shown in Figs. 2–5, ag
qualitatively with the experimental data. ForTp

5180 MeV, the theoretical curves have minima atu
;140° –150° and reproduce the gradual growth of the cr
sections asu approaches 180°, indicating the importance
the inclusion of double scattering for the differential cro
sections. Of course, the absolute cross sections are very
sitive to the WF, and are not reproduced well by the sim
S-shell approach used here.

The main goal of our study is the calculation of the CS
effects forp63H/3He differential cross sections in terms
the observablesr 1 , r 2, andR. No free parameters are used
our approach when taking into account theD33-mass split-
ting and the external Coulomb interaction. Figures 7–9 sh
that these factors alone account qualitatively for major f
tures of the data. These figures also show that there is
sensitivity to the choice of the wave function.

Figures 11–13 show that when the internal Coulomb
05400
ee

s
f

en-
e

w
-
le

f-

fect is included as well, there is reasonable agreement
tween our theoretical calculations and the experimental d
The best agreement is found forTp5180 MeV ~at the peak
of the D33 resonance!. Both theD33-mass splitting and the
internal Coulomb interaction are important for the reprodu
tion of the shape of the angular distribution, both near
non-spin-flip dip atu;80° and at large scattering angle
Although the influence of the internal Coulomb interacti
on CSV has been shown before@15#, our investigation shows
that including theD33-mass splitting results in a still bette
description of the effect of CSV, as it should: theD33-mass
splitting exists, so its effects should not be ignored. We a
predict the simple mirror ratios for the total cross sections
shown in Fig. 14.

Finally, however, as seen from Figs. 6 and 10, our cal
lations do not reproduce the data forTp5142 MeV. Al-
though we tried to take into account a number of differe
approaches beyond the framework of our model~more accu-
FIG. 11. The ratiosr 1 and r 2 and the super-
ratio R for Tp5180 MeV. The notation is the
same as for Fig. 10.
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FIG. 12. The ratiosr 1 and r 2 and the super-
ratio R for Tp5220 MeV. The notation is the
same as for Fig. 10.
rm
fo
he
s

th

n
is
t o
E

R
w

lea
w
a

ract

sis
rate amplitudes for single and double scattering and Fe
motion, etc.!, we were not able to improve the agreement
Tp5142 MeV. Therefore, the question of the nature of t
effect of CSV for Tp5142 MeV remains open. Perhap
there is an additional mechanism atTp5142 MeV which
does not manifest itself at higher energies; Fig. 15 shows
quite possibly, pion absorption plays a major role.
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APPENDIX A: THE CHARGE FORM FACTOR F „D¢ …

Let us introduce relative coordinates of the nucleonsrW i

5rW j2rWk and RW i5
1
2 (rW j1rWk)2rW i instead ofrW i . In terms of

these new variables, the functionc of Eq. ~5! yields

c~rW1 ,rW2 ,rW3![cF (
m51

3

~rW i2RW 0!2G5cS rW i
2

2
1

2

3
RW i

2D 5c~rW ,RW !.

~A1!

This functionc does not depend on the selection of a ba
i ( jk). The Fourier transformation of the functionc is de-
fined by
FIG. 13. The ratiosr 1 and r 2 and the super-
ratio R for Tp5256 MeV. The notation is the
same as for Fig. 10.
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TABLE I. Best-fit results for the ratiosr 1 andr 2 from variation of the3H and 3He WFs. The slopeb has
been varied for the WF~7! ~Ref. @14#!. Cases~i!–~iii ! of variations of the WF~8! ~Ref. @22#! have been
discussed in the text. Differences in the mean-square charge radiidr 5r (3He)2r (3H) andx2/d f are listed in
columns 5 and 6. The last column showsx2/d f when the internal Coulomb interaction is not taken in
account.

Tp ~MeV! WF ~Refs.! Varied parameter dr ~fm! x2/d f x2/d f (dr[0)

@14# b 0.015 3.90 4.87
142 a1 ~i! 0.017 4.15

@22# a2 ~ii ! 0.010 4.44 5.06
a1 anda2 ~iii ! 0.014 4.26

@14# b 0.012 1.68 2.88
180 a1 ~i! 0.017 1.60

@22# a2 ~ii ! 0.014 1.65 3.05
a1 anda2 ~iii ! 0.016 1.61

@14# b 0.019 8.46 10.5
220 a1 ~i! 0.016 5.37

@22# a2 ~ii ! 0.011 5.37 6.74
a1 anda2 ~iii ! 0.014 5.36

@14# b 20.010 2.26 2.43
256 a1 ~i! 20.006 2.29

@22# a2 ~ii ! 0 2.37 2.37
a1 anda2 ~iii ! 20.003 2.35
3 3 p Dm q2 3Q2

fo

su

for
w~qW ,QW !5E d rW d RW c~rW ,RW !exp~2 iqW •rW2 iQW •RW !,

~A2!

whereqW 5qW i5(pW j2pW k)/2 andQW 5QW i5(rW j1pW k22pW i)/3 are
relative momenta and (pW i , pW j , pW k) are the momenta of the
nucleons of the nucleus. For the WF~8!, w(qW ,QW ) has the
form

FIG. 14. Predictions for the ratiosr 1t ~solid!, and r 2t ~dashed!
for the totalp63H/3He cross sections. Calculations were done
single and double scattering with theD33-mass splitting. The Cou-
lomb interactions are not taken into account. Plotted are the re
for ~a! WF ~7! and ~b! WF ~8!.
05400
w~qW ,QW !5NS A12
D(

m am
3

expS 2
am

2
4am

D , ~A3!

where

N225
9

2
~pA12!3(

m,n

DmDn

~am1an!2
.

The charge form factor for elastic scattering is defined by

F~DW !5
9

2E dqW

~2p!3

dQW

~2p!3
wS qW ,QW 2

2

3
DW Dw~qW ,QW !,

F~0!51. ~A4!

r

lts

FIG. 15. Totalp1 cross sections. Plotted are cross sections
p1d ~solid! andp1d→pp ~multiplied by a factor of 20! ~dashed!
from a recent combined fit of thepp andpd elastic scattering with
thep1d→pp data@32#. Thep3He absorption data~multiplied by a
factor of 10! are from@33# ~filled circles!; it can be seen that they
peak nearTp5140 MeV.
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An analytical expression for the form factor~A4! corre-
sponding to the WF~8! is

F~DW !5N0
21(

m,n

DmDn

~am1an!3
expF2

D2

3~am1an!G ,
~A5!

where

N05(
m,n

DmDn

~am1an!3
. ~A6!

APPENDIX B:
THE TENSOR I i j AND THE FUNCTIONS J1 AND J2

The expression for the tensorI i j in terms of the wave
function w(qW ,QW ) ~A2! is

I i j 54pE d3qW

~2p!3

d3QW

~2p!3

d3QW 8

~2p!3

3w~qW 8,QW 8!w~qW ,QW !
ŝi ŝj

k1
22s22 i0

. ~B1!

This integral is suitable for calculations in coordinate spa
To do this, we follow a transformation first used in Ref.@31#:

ŝi ŝj

k1
22s22 i0

5
1

4pE exp~ isW•rW !Hi j ~rW !drW, ~B2!

where

Hi j ~rW !5h1~r ! r̂ i r̂ j1h2~r !d i j

and

h1~r !5
eikr

r
1

3ieikr

kr2
2

3eikr

k2r 3
1

3

k2r 3
,

-
th

.S

o
s

S.

05400
.

h2~r !5
eikr

k2r 3
2

1

k2r 3
2

ieikr

kr2
.

Then, using Eq.~B2! and the coordinate expression for th
wave function~A1!, we get the expression for the tensorI i j :

I i j 5
2

9E d3rW d3rWc2~rW ,RW !Hi j ~rW !expF i S kW12
DW

3
D •rW1 i

DW •rW

3
G ,

~B3!

whereRW 5rW1 1
2 rW . If the WFc(rW ,RW ) is expressed as a sum o

several Gaussians, the integral~B3! can be represented in th
form of expression~20!. Then the integralsJ1 and J2 are
transformed into one-dimensional integrals. For the WF~8!,
they have the form

J1,25
2

9
N2(

m,n
DmDnS 3p

amn
D 1/2

expS 2
D2

12amn
DF1,2~amn ,u!,

where

F1~a,u!5pE
0

`

r 2expS ar2

4 D ~3E22E0!h1~r !dr,

F2~a,u!5pE
0

`

r 2expS ar2

4 D
3@~E02E2!h1~r !12E0h2~r !#dr,

En5E
21

1

exp~ i jrz!zndz, ~B4!

j5k cosu/2, D52k sinD/2, andN is given by Eq.~A3!. In
the case of WF~7!, the expressions for the integralsJ1,2 are
computed easily from Eq.~B4!.
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