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Nuclear level densities within the relativistic mean-field theory
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Self-consistent calculations for excited nuclei are performed in the framework of the relativistic mean-field
theory at temperatures between 0 and 4 MeV for 193 spherical even-even nuclei. The temperature dependent
macroscopic part of the thermal energy was approximated by a liquid-drop type formula. The average depen-
dence of the single particle level-density parametera on mass and isospin of the nucleus is established.
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The temperature dependence of the internal energy
nucleus is of special importance for the description of de
modes of compound nuclei formed in heavy-ion collisio
@1# and for all kinds of transport theories. Similarly to mo
els based on the extended Thomas-Fermi~ETF! approxima-
tion @2,3# of the nuclear many-body problem in connecti
with Skyrme interactions we observe in the relativistic me
field theory~RMFT! @4# the nearly exactly quadratic depe
dence on temperature of the macroscopic part of the nuc
energy.

Using the Strutinsky shell-correction method@5# we can
subtract the shell effects from the RMFT self-consistent
ergy in a similar way as this was done in Ref.@6# for nuclear-
structure calculations with the Gogny effective interactio
Estimates obtained in this way for the macroscopic bind
energies at zero temperature were used as reference poi
observe the change of the average internal energies with
perature. The Strutinsky shell-correction method can also
formulated at finite temperature@7#. We did not attempt to
use this prescription here, but rather establish an approxim
way to describe the fact that shell effects are washed
when the nuclear temperature increases, so that
T>3 MeV they have essentially disappeared and the nuc
has become a semiclassical object. Similarly as done in
@3# in the case of Skyrme forces we approximate the cha
of the RMFT internal energies with temperature by a liqu
drop–like formula.

The temperature dependence of the thermal energy g
some information about the single-particle level-density
the considered nucleus. In our analysis we do not include
effects of the pairing interaction because for nuclear te
peratures larger than 1–1.5 MeV the pairing correlations
nuclei are negligibly small, as was shown in Ref.@8# on the
basis of shell-model Monte-Carlo calculations. Also the
fect of the projection on a given particle number is neglec
in our calculations. We conserve only the average numbe
protons and neutrons in the nucleus when the tempera
increases. It was shown, e.g., in Ref.@9# that the energy
obtained in such an approximation for higher temperatu
differs only slightly from the projected one. We would lik
also to stress that in our model we obtain only estimates
the single-particle level-density as contributions from t
collective degrees of freedom are, by the very nature of
mean-field approach, not included in our calculations.
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We give in the following a short overview of our ap
proach and present the numerical results obtained in
RMFT for 193 spherical even-even nuclei. Investigating t
temperature dependence of theaverageRMFT nuclear ener-
gies we are able to determine the dependence of the le
density parametera on mass and isospin.

The calculations were performed for spherical symme
within the RMFT with the NL3 set of Lagrangian paramete
@4#. The self-consistent procedure includes the resolution
the Dirac equations for the fermionsn,p and of the Klein-
Gordon equations for the mesonsr,v,s. These equations
are solved iteratively until a self-consistent solution
reached.

The self-consistent mean-fields result in single-parti
level densitiesgq(«),q5$n,p% which show a significant
shell structure at low nuclear excitation energies. At high
temperatures (T'3 MeV) the shell effects disappear. Th
shell structure in the level density can be removed by
Strutinsky prescription@5#. One obtains the average lev
densityg̃(«) by a folding procedure

g̃q~«!5
1

gAp
E

2`

1`

f nS «2«8

g De2(
«2«8

g )2
gq~«8!d«8. ~1!

Hereg is a smoothing parameter andf n is a polynomial of
order 2n corresponding to the so-called curvature correcti
The shell-correction energy can be obtained by subtrac
the Strutinsky smoothed energyẼ from the sum of single-
particle energiesEs.p. . At zero temperature we have

dEshell
(q) ~0!5Es.p.

(q) ~0!2Ẽ(q)~0!

5(
n

2«n
(q)22E

2`

l̃q
«g̃q~«!d«. ~2!

The position of the average Fermi energiesl̃q is fixed by the
condition

Nq52E
2`

l̃q
g̃q~«!d«, Nq5$N,Z% ~3!
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for the particle number. To obtain the shell-correction ene
dEshell(T) at finite temperature we have taken advantage
the fact that the shell structure is washed out as the nuc
temperature increases. It was shown in Refs.@10,11# that
magnitude of the shell-correction energy decreases with t
perature by a factor

f~T!5
t

sinht
, t5

2p2

\v
T, ~4!

where \v represents the average spacing between
mayor shells which is parametrized in the usual way
\v541 MeV/A1/3. We then have

dEshell~T!5dEshell~0!f~T! ~5!

and this shell-correction energy at finite temperature sho
be subtracted from the corresponding self-consistent en
to obtain the RMFT estimates of the liquid-drop type ene
at finite temperature

Ẽ~T!5ERMFT~T!2dEshell
(n) ~T!2dEshell

(p) ~T!. ~6!

It is known that for medium-heavy nuclei the nuclear sh
effects disappear atT'2.523 MeV @12# and we expect tha
the RMFT results for temperatures above this value are
purely semiclassical nature.

The temperature enters into the calculation of the s
consistent energy via the levels occupation in the form o
Fermi function@12#:

nT~«!5F11expS «2lq

T D G21

, ~7!

where the Fermi energylq is found from the particle-
number-conservation condition

2(
n

nT~«n!5Nq . ~8!

The average energy of a nucleus obtained s
consistently by solving the RMFT equations with the te
perature dependent occupation numbersnT(«) and by the
shell-correction procedure described above can be app
mated by a parabola

ERMFT~T!5Ẽ~T!1dEshell~T!'Ẽ~0!1aT21dEshell~T!,
~9!

wherea is the average level-density parameter which is
lated to the entropyS by

S~T!52aT. ~10!

We have neglected pairing correlations when evalua
the RMFT self-consistent energy so that there is no nee
include the pairing correction energy in Eq.~9!.

From Eqs.~9! and ~10! we can conclude that, except fo
shell effects, the Helmholtz free energy takes the form

F̃~T!5Ẽ~T!2TS~T!5Ẽ~0!2aT2. ~11!
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The proper estimate of the level-density parametera, its
mass and isospin as well as its deformation dependenc
crucial whenever the free energy has to be used, as,
when evaluating fission barriers at finite temperature. U
ally, in a rough estimate, this quantity is assumed to be p
portional to the mass number

a5
A

n
MeV21 ~12!

and as a crude but quite practical rule one can taken'10.
To study the magnitude of the level-density parametea

throughout the periodic table we attempt to give an expr
sion of a as function of the mass numberA and the reduced
isospin parameterI 5(N2Z)/A. To this aim we have ex-
tracted its values for a very large sample of nuclei rang
from 16O to the region of super-heavy elements by fitting t
average energy at finite temperatureẼ(T) to Eq. ~9!.

The macroscopic part of the self-consistent energy can
nicely approximated by the liquid-drop type formula@6,13#.
The same should be true for the macroscopic part of
excitation energyẼ(T) of a hot nucleus@3#. So the most
consistent way to approximate the energy~9! would be ex-
pressing the parametera in a liquid-drop–like formula:

a5avol~12kvolI
2!A1asurf~12ksurfI

2!A2/31aCoulZ
2A21/3.

~13!

Our calculations were performed for 193 spherical ev
even nuclei ranging fromZ58 to Z5114 with several series
of isotopic and isotonic chains placed between the neu
and proton drip lines. We have chosen the nuclei hav
quadrupole moments practically equal to zero, according
Ref. @14#. These are 16224O, 26230Ne, 32Mg, 30236Si,
38250Ca, 82290Sr, 962140Sn, 80284Sm, 1622220Pb isotopes,
the isotonesN550 with Z536242, N582 with Z540
280, andN5126 with Z554298 plus 60 other spherica
nuclei along theb stability line.

The Strutinsky shell correctionsdEshell evaluated at zero
temperature are presented on the upper and lower part of
1 for the considered isotopic and isotonic chains, resp
tively. One notices that the amplitude ofdEshell exceeds 10

FIG. 1. Strutinsky shell corrections evaluated within the RMF
for some isotopic~top! and isotonic chains~bottom!.
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MeV for some nuclei. The temperature dependence of th
shell corrections are approximated according to Eq.~5!.

For all nuclei the self-consistent RMFT energyERMFT(T)
grows with temperature, but its slope depends strongly
the proton and neutron numbersZ andN of the isotope. This
dependence is almost parabolic for temperatu
T<3 MeV when the shell-correction energy is remov
from the energiesERMFT(T) by the Strutinsky procedure
@Eqs. ~1!–~6!#. A typical example of such a dependence
plotted in Fig. 2 for the nucleus118Sn. The stiffness of the
parabola is just the average level-density parametera in Eqs.
~9!, ~10!. As the variation of the nuclear energy as functi
of the temperature is considerably larger than the sh
correction energydEshell this difference between the fu
RMFT energies and their semiclassical counterpart would
hardly visible on the figure.

One also notices that the quality of the quadratic fit of
level-density parametera through Eq.~9! deteriorates con-
siderably when the energies obtained atT54 MeV are in-
cluded, as opposed to the one where energies only u
T53 MeV are taken into account thus indicating the lim
of validity of the low-temperature expansion which is behi
Eq. ~9!.

Using the values of the level-density parametera obtained
through this fit truncated atT53 MeV as an input to Eq.
~13! for the 193 nuclei of our sample one obtains followin
set of coefficients:

avol50.0126 MeV21, kvol56.275

asurf50.3804 MeV21, ksurf51.101 ~14!

aCoul50.00014 MeV21.

One notices that the volume and Coulomb terms obtai
here are considerably smaller than the corresponding va
in Ref. @3#. But the average behavior ofa as extracted from
our RMFT results is very nicely reproduced by our fit to E
~13! as can be seen on Fig. 3 which shows the average le
density parametera obtained in the RMFT model~stars! for
seven isotopic~upper lhs! and three isotonic chains~upper

FIG. 2. Temperature dependence of the smooth part of
RMFT energy of 118Sn ~stars! and its quadratic approximatio
~solid line!.
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rhs! and compares it with the estimates made in Ref.@15# for
a diffuse Fermi gas~dots! and with the results of@3# obtained
within the extended Thomas-Fermi approximation for t
SkM* Skyrme interaction@16# ~dashed lines!.

The solid lines on Fig. 3 correspond to the fit made w
the LD-like formula~13!. A similar plot but for theb-stable
nuclei is presented in the lower lhs of Fig. 3. It is seen t
the RMFT estimates are smaller than the data obtained
the diffuse Fermi gas and slightly larger than those evalua
with the Skyrme force. The averageA dependence of thea
parameter is similar in the two self-consistent models. T
corresponding factorsn of Eq. ~12! are presented in the
lower rhs of the figure.

It might seem astonishing that the level-density parame
a decreaseswith increasing particle number for theN5126
isotonic chain~see upper right corner of Fig. 3!, since one
rather expects that adding to a system more degrees of
dom ~more particles! should in general increase the numb
of levels of that system. It is, however, exactly the point w
would like to make here, that a quantity such as the
level-density parametera can have a strong isospin depe
dence@see Eq.~12!# which works against this general ten
dency. A similar behavior is observed when studying t
isospin dependence of charge rms radii~see Ref.@17#!.

The following conclusions can be drawn from our resul
~i! The temperature dependence of the RMFT internal

ergies is very closely parabolical forT<3 MeV.
~ii ! The single-particle level density parametera varies

strongly with the mass and isospin of the nucleus.
~iii ! The liquid-drop like formula~13! describes the varia

tion of a with A and I quite accurately.
~iv! The factorn in Eq. ~12! is not constant as often as

sumed in a rough estimate but varies between 8 and 16

e

FIG. 3. The average level-density parametera obtained in the
RMFT model ~stars! for seven chains of isotopes~upper left!, for
three chains of isotones~upper right!, and for a series ofb-stable
nuclei ~lower left! is compared with the estimates of Ref.@15# for a
diffuse Fermi gas~dots! and with the results obtained in@3# within
the extended Thomas-Fermi approximation to the SkM* Skyrme
interaction~dashed lines!. The corresponding factorsn of Eq. ~12!
are given on the lower right part of the figure. Solid lines cor
spond to the fit made with the LD-like expression~13!.
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depends on mass and isospin of the nucleus.
Our LD-like formula for the average level-density param

eter could be quite useful in calculations of the light-parti
emission probabilities from hot compound nuclei, where
enters via the Bethe-Wheeler formula@1#. Our results could
be also used to estimate the variation of fission-bar
heights with temperature.
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