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Methods for the study of particle production fluctuations
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We discuss various measures of net chdogaserved quantitigsluctuations proposed for the identification
of critical phenomena in heavy ion collisions. We show the dynamical component of fluctuations of the net
charge can be expressed simply in terms of integrals of two- and single-particle densities. We discuss the
dependence of the fluctuation observables on detector acceptance, detection efficiency and colliding system
size, and collision centrality. Finally, we present a toy model of particle production including charge conser-
vation and resonance production to gauge the effects of such resonances and finite acceptance on the net-charge

fluctuations.
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[. INTRODUCTION Others emphasize the importance of the momentum-

The numbers of particles produced in relativistic nucleardependent correlation functions, such as the balance function
collisions differ dramatically from collision to collision due [17]. The correlation-function approach has yielded great
to the variation of impact parameter, energy depositionsuccess in the case of identical pion Hanbury Brown—Twiss
baryon stopping, and other dynamical effefts-3]. Such  (HBT) correlations.
fluctuations can also be influenced by novel phenomena such In this paper, we discuss relations between correlation
as disoriented chiral condensd®5] or the appearance of functions and moment measures of net-charge fluctuations to
multiple event classes]. Even globally conserved quanti- study the dependence of these measures on collision central-
ties such as net charge, baryon number, and strangeness dah experimental efficiency and acceptance. We focus ini-
fluctuate when measured, e.g., in a limited rapidity intervaltially on the variancevy,, suggested in Ref.18], which is
The rapid hadronization of a quark-gluon plast@GP can  derived from integrals of the single- and two-particle distri-
reduce net-charge fluctuations compared to hadronic expebution functions. Next, we compare these measures to alter-
tations[7,8], while phase separation can increase net-baryonatives suggested in Reffz,10]. Our correlation-function
fluctuationg 9]. Fluctuations of conserved quantities are pos-based analysis complements a study by Mrowczynski using a
sibly the best probes of such dynamics, because conservatisiatistical point of view10]. Specifically, we begin in Sec. Il
laws limit the degree to which final-state scattering can disby defining the fluctuation measuug,, in relation to the
sipate them. microscopic correlation functions. In the following section,

Many statistical measures have been suggested for anwe determine the scaling propertiesigf,, with system size
lyzing particle number fluctuations in experiments and, equivalently, collision centrality. We then introduce al-
[6,7,10,1]. Although these measures superficially appear tdernative fluctuation measures, and discuss their relationship
be different in nature and unrelated, closer examination rewith v, in Sec. IV. A relation between the net-charge fluc-
veals they are infact connected. On the other hand, each metaations, and the balance function introduced by Betsal.
sure exhibits different dependence on collision centrality, def17] is presented in Secs. VII and VIII is devoted to a dis-
tector acceptanogapidity andp, region used to calculate the cussion on the robustness of fluctuation observables, i.e.,
observablg particle detection efficiency, and susceptibility whether and how fluctuation measures introduced in Sec. IV
to experimental biases. The utility of each measure dependiepend on detection efficiency. Finally, we consider and
on the particle species measured and the physical phenomeg@mpare, in Sec. IX, the various fluctuation measures in the
one wishes to extract. For example, “robust” efficiency- context of simple particle production models.
independent measures are best for observing the correlations

between neutral and charged-particles produced by disori- || NET.CHARGE FLUCTUATIONS AS A MEASURE

ented chiral condensal2,13. OF TWO-PARTICLE CORRELATIONS
Experimental efforts to measure event-by-event fluctua-

tions have followed two approaches. Many advocate a statis- In this section, we show that multiplicity fluctuations are
tical approach in which fluctuations of particle numbers aredriven by intrinsic two-particle correlations. Statistical quan-
characterized by variances, covariances or other momentiies that we discuss are constructed from the one-body and
[6,7,10,11,14—1p These moments can be compared to exiwo-body densities:

pectations based on thermal equilibrium or other statistical

models; any difference can be attributed to novel dynamics. dN
pl( 7]) = d_ '
n
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For simplicity, we focus on pseudorapidity dependence, al- V—(N)

though results can be generalized to address transverse- Raa:W_! (8)
momentum and azimuthal-angular dependence. Our ap-

proaCh and notation in this section follows Rd:ﬂ;g,zq and the robust covariance

To extract statistical information from these microscopic
densities, we use Edl) to write the multiplicity in the ra-
pidity rangeA » as

_ Vg
B (N H(Ng)

@) for particle speciesr and 8. These quantities have the same
sensitivity to fluctuations as the variane® and covariance
(7) but have three significant advantages. First, these quanti-
Here(N) represents an average of the observablever an  ties vanish foV=(N) andV,;=0, so that they measure the
event ensemble. Fluctuations of the particle number in thigleviation from Poisson-statistical behavior. Second—and of
rapidity range are determined by integrating the two-particlegreater practical importance—the rati@ and(9) are “ro-
density, bust” in that they are independent of experimental efficiency,
To see why Eq(8) is robust, let the probability of detecting
3) each charged particle beand the probability of missing it
be 1-e€. For a binomial distribution the average number of
measured particles {N),,= €(N) while the average square
The “—1" appears on the left side because the integral oveis <N2>exp= €?(N?>)+ e(1—€)(N). The variance Vexp
p2(7m1,m2) counts the average number of particle pairs in the:<N2>exp_<N>§xp: €2((N?)—(N)Y?)+ €(1—€)(N), so that
rapidity interval. Note thatN) and(N(N—1)) are the first Verp— {N) exp= €*(V—(N)). We then find
and second order factorial moments of the multiplicity dis-

R 9

<N>=an1(77)d77-

(N(N—-1))= JAnpz(ﬂlaﬂz)d 71d7;.

tribution. RoT=Rua (10
A familiar statistical measure of particle number fluctua-
tions is the variance independent of; the proof that Eq(9) is robust is similar.
The ratios(8) and(9) are strictly robust only if the efficiency
V=((N—(N))?). (4) e is independent of multiplicity. We discuss this point in
more detail in Sec. VIII.
We can obtain the variance from Edg) and (3), sinceV Third, R,z are directly related to the particle correlations.

=(N(N=1))=(N)((N)—1). In the absence of particle- For a# 3, we combine Eqs(2), (6), (7), and(9) to obtain
particle correlations, the two-body density factorizes into a

product of two one-body densities. In that case, we find
N P24, 1mp)d7,d7,
7

Rap= -1; (11
f pl(na)dnaf p1(7ng)dng
An Ay

<N(N_ 1)>uncorr: JA p1(n1)p1(nz)dn,d 772:<N>2-
n
5

The variance is theW=(N), as expected since the number one can check that Eq411) also holds fora=g. As in an

of particles produced in a sequence of independent eventdBT analysis, we define a correlation functi@nby

follows Poisson statistice21]. Note that the relative uncer-

tainty in the mean numbéiN) is VV/(N)=1/\(N) for this p2(11,72) = pr(M)pa(m)[1+C(y,m2) ], (12)

case. Observe that the particle number in a grand canonicgb that Eq/(11) yields

ensemble in thermal equilibrium follows Poisson statistics. '
Information on net-charge fluctuations is contained in the

two-body density for distinct particles with opposite charges. f P1(17)p1(15)Cop( 14,15 dn,d7g
We determine these fluctuations from R .= An . (13
o (No)(Ng)
(NNg)= L”Pz( Nar1p)d7,d7;, (6)  We use this result to illustrate how to extract microscopic

information on the rapidity range of correlations from the

where a and 8 label the particle species. In a statistical A 7 dependence dR,z in Sec. VII.

framework, this average is related to the two-particle cova- 10 Study net-charge fluctuations, one can measure the ro-
riance bust covariance for charged hadroRs . On the other

hand, it would be better to isolate the potentially interesting
Vo= (N N — (N )(Ng). (7) net-charge fluctuations from factors that cause the numbers
ap a'NB @ B " .
of positive and negative hadrons to fluctuate together, such
The covariance vanishes if there are no correlations betweeas variations in energy deposition or collision volume. To-
the speciesy and 8, sincep,(7,,1g) =p1(74)p1( 7). ward that end, we consider dynamic charge observable de-
Following Refs.[19,2(Q we define the robust variance  fined as the linear combination
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vayn=Ri 4 +R__—2R, _. (14) To compute the correlation function, we substitute A7e
densities Eqs(18)—(19) in Eq. (12) to find

Ratio fluctuations considered by Jeon and K¢Zhare an
alternative, see, Sec. IV. This combination vanishes when the
positive and negative hadrons fluctuate simultaneously, since
all theR,z are then the same. We also see thgt, is both _ o .
robust (see, Sec. VI and straightforwardly related to the For independent subcollisions and in the absence of rescat-
microscopic correlatorgl), as are theR,z. We find an al- tering, we therefore expect th&®A correlation function to

C’c\:N( 71,72)
ChRm mo) == (20

ternative expression forg,, in terms of have the same rapidity dependence ap fincollisions, with
an overall scale that is reduced by a fadtbr *.
N, N_ \? Before turning to realistic experiments, we consider for
Vi-= _<N+> - _<N_) ' (19  the moment a collision with a fixed number of subcollisions.
The statistical observables then satisfy
whereN, andN _ are respectively the multiplicities of posi- RNN
tive and negative hadrons. In the limit of independent par- RAAZ 9B (21)
ticle production,y becomes M
1 1 and
Vstat= 7 N\ T 7\ (16)
(N+) (N Vayn(PP)
Vayn(AA) = — B (22

The dynamic charge observable is the difference,

We see that all quantities scale s ..

More realistically, suppose that one specifies a centralility
range by measuring the total charge multiplicity, the zero
gegree energy, or some analogous global observable. The
number of subcollisions will then fluctuate, adding to the
variance and covariance of particle numbers and changing
g. (21). Specifically, the fluctuations dfl contribute a term
N ){(Ng)((M?)—(M)?) to the variance and covariancé,
andV,;, so that Eqs(8) and(9) give

Vdyn= V™~ Vstat» 17

as we see by expanding the square in @§). Observe that
vgyn IS Nonzero when net-charge fluctuations are correlate
(non-Poissonian Furthermore, Eqg15)—(17) are more use-
ful than Eq.(14) for extracting correlations from numerical
data since the net-charge fluctuations are typically smalle
than the fluctuations of the total number of hadrons.

We examine the scaling properties of thg,, variance
with collision system size in the following section.

NN 2 2
RAA_Ra,B+<M >_<M>
“#(M) M)2
lll. SCALING OF wgyy, WITH SYSTEM SIZE (M)
AND COLLISION CENTRALITY IN  A+A COLLISIONS

(23

See, the appendix for a full derivation. We remark that these
We now study the scaling of the observab@®s;, Rz, M fluctuations are essentially equivalent to the “volume fluc-

and vgy,, with collision centrality, target and projectile tuations” discussed in a local equilibrium framewdik8].
mass. For concreteness, we assume that nuclear collisions areOn the other hand, random changes in the number of in-
a superposition of independent nucleon-nuclebiNY sub-  dependent subcollisions can change the total number of par-
collisions and neglect the rescattering of the hadrons. Thedéles but not the net charge, so that EB2) is effectively
assumptions imply that charged-particle pairs can be corrginchanged. We find
lated only if produced in the same subcollision. We expect (op)
the contribution to the two-body density from these related _ -~ _ Vdyn
pairs to grow linearly with the number of subcollisiohs VaynAA)=R  +R-_—2R, = (M) 24)

Related pairs will be diluted by random pairs. TAA den- o o _
sities are The contributions from subcollision or volume fluctuations

are the same for allv and 8, so that Eq.(14) implies that
pt A () =Mpi¥N( %), (18 this contribution does not affeaty,,. The second term in
Eq. (21) is of order 1{M) and comparable to the first, since
P2 (01, 1) =Mp3" (1, 1) MM = 1)) () pyN(mp). ISR @nd FNAL - experiments - suggest tha ~REY
(19 ~RYY/2, each of order unity ilh »=1-2 at RHIC[19,20.
We now extend these considerations to the wounded-
The first term of Eq(19) describes the related pairs while the nucleon model, which sucessfully describes many global fea-
second accounts for thd (M — 1) random pairs. These ex- tures in SPS and AGS experiments. There, one assumes that
pressions apply generally to particle production fravh  only the first subcollision of each nucleon drives particle
sources; we focus on the independent-collision model foproduction and neglects all subsequent interactifi2.
simplicity. We apply these considerations to more realisticSince Eqs(18) and (19) formally describe particle produc-
models at the end of this section. tion from M independent sources, we can adapt EtR). and

044904-3



C. PRUNEAU, S. GAVIN, AND S. VOLOSHIN PHYSICAL REVIEW @6, 044904 (2002

(19) to the wounded-nucleon scenario by replacing the num- — 2(N+)(N_)
ber of subcollisionsvl with the number of participant nucle- Ax“=(9+—q-) T
ons M. We must also replace the densitj€s' andpj™ in (N)

Egs.(18) and(19) with C‘?e_fﬁCie”tSP(l) andpj that describe e magnitude of AX?) is determined by both statistical
the production per participant. Observe that nucleons arg,q dynamic fluctuations. Definir@ as the net charge of an
counted as particpants if they interact at least once and th@{,ent” one has X=Q—N(Q)/(N), from which one finds

there are two participants p&N collision. indeed(AX)=0. The averagéAX?) is however nonzero.
Results of the form23) and (24) then follow from the  ne finds

wounded-nucleon model if we repladé with one half the

(26)

number of participants\l. The average number of partici- (N YAN_)2 (N2 y— (N, )2

pants at impact parametbrfor a symmetricAA collision is (AXZ)=(q, —q_)— ( i
(M(b))=2[dsT(s){1—e “WTB=91 " where  T(h) (N)® (N;)?

= [p(z,b)dzis the familiar nuclear thickness function apd

is the nuclear density. By comparison, the number of subcol- I <N2*>_<N*>2 _ (N4 N_)— (N )(N_)
lisions is (M(b))=onnSdsT(s)T(b—s). We remark that (N_)? (N YN_) '
both wounded-nucleon and independent-collision approxi-

mations imply that the total multiplicity of pionll . scales (27)

as the respective numbdparticipants or subcollisions
Therefore, both models implyg, =N, *, albeit with differ-
ent coefficients. 2\ _ 2
We point out that particle production at RHIC energy has <I>=(q+—q_)[ (N.)(N-) ( (N —(N+)
contributions from soft interactions, which scale as the num- (N)¥? (N)?
ber of participants, and hard processes, which scale as the 5 ) 12
number of subcollision§23,24]. In this case the scaling of n (NZ)—(N-) _ (N N_)— (N (N-)
vgyn With N can be more complex. Furthermore, final-state (N_)? (NLYN_)
scattering effects can certainly modify this scaling.

so that

(NN -
IV. ALTERNATIVE MEASURES OF FLUCTUATIONS <N)2 ! (28)

In this section we consider the connection between the

variance vqy, and other fluctuations measures. We discus&xamination of Eqs(26), (27), and (28) reveals that they

some of the merits and problems associated with each ofg@", in fact, be expressed as theand v, variances as
follows [as also reported by MrowczynskiO]]:

servable.
(NOHN-)?
A. ® measure (AX2)=(q+—q_)2—3v, (29
The ® measure of the net-charge fluctuation was intro- (N)
d.uced _by Mrowczy_nsk[lo] and_ is based on statistical con- o (N, )N _)?
siderations. It consists of the difference between the mean of AX2=(q, —q ) ———" v .0, (30)
particle production variances calculated event-by-event and (N)3

the variance calculated over the entire dataset. Congidar
observable of interest, e.g., the net charge of produced pago one can expresb as
ticles. The inclusive mean of(i.e., average over all particles

an eventsis notedx. Deviation from the inclusive mean are B 2<N+><N>( | v /Vs_tat) 31
(N) (N)  VAN)

notedAX=X—X. By construction, one hasx=0. The root
mean squaréRMS) deviation ism=(x—7)2. To investi- In general, the dynamic component of the fluctuations is

gate the dynamics, one determines how the event-wise ngfuch smaller than the statistical componen<vsa: IM-
value of “x,” defined asX=3;x;, changes event-by-event. PIYing VUI(N) = Vwsa/(N) = \/V_stat_/<N>(\/1+ Vayn/ Vstat
One definesAX=X—Nx as the event deviation from the ~1)~vay(2 (VstadN)) . Substituting the value Obsa
inclusive mean(with N being the number of particles in the given by Eq(16), the above expression can thus be approxi-

given evenkt By construction, its event averagaX) van- mated by
ishes, whereagA X?) does not. Theb measure is defined as (N )IHN_)32
n _
[10] ~ T Vdyn- (32)
(AX?)  —
o= (N) —VAXZ. (25 One thus finds that indeed th® measure is determined
(mostly by the dynamical fluctuations of the system,

For a system with particles of charge andq_, the inclu- i.e., by the particle correlations implicit in the sum
sive standard deviation is R.,+R__—-2R,_.
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Equation (32) further simplifies, as follows, for cases (AQ?)
where(N, )=(N_): ©Q=TINy (38)
N
O~ %ydyn_ (33)  As before, we expand the square to find

2 2
Given, as we discussed in Sec. lll, that the variamgg, w :<AN+>+<AN*>_2<AN+AN*>
should vary inversely to the multiplicity of charge particles Q (NL)+(N_)

in the limit of independent particle collisions and absence of

rescattering of the secondaries, one should expectdhat This ratio is unity for Poissonian fluctuations or for a thermal

~vaynpp/8 IN that limit, and independent of the collision ensemble in chemical equilibrium; any measured multiplicity

centrality if the collision dynamic do not vary with collision dependence would be interesting. In terms of robust ratios,
centrality. Note, however, one must exercise caution whileve obtain

comparingd measured by experiments with different accep-

(39

tances(see, Sec. VI for details Note finally that unlike (N, )? (N_)? (NL YN
vgyn, the® measure is a nonrobust observable given it ex- wQ:1+WR++ WR"_ WR+,.
plicitly depends on the detection efficiency of positive and (40)

negative particles through the factdd,) and(N_) as we

shall discuss in more detail in Sec. VIl. Generally, this quantity has a complicated dependence on the

correlatorsR, ;. However, for(N,)~(N_), the above ex-

B. Particle ratios pression reduces to
Another approach advocated in RE8] focuses on the
variance of the ratio of positive and negative particle multi- (Ny+N_)
plicities, R=(N,)/(N_). As shown in Ref[8], the fluctua- wo~1+ 4 Vaym (41)

tions of the ratio offer the advantage that “volume” fluctua-

tion egectsl tI:ang?II) tolélrst order. This is also true igfy indicating that this quantity has the same efficiency depen-
(se'(__e, ec. I? ‘;’}n [. . h . f th . b dence as the total number of charged particles.

| ordsmah ur(]:tuatlons,_ the vlaérlazce O||tf|e rath canf € We note, in closing this section, that the reduced variance
refated to the charge varianee(15). A small fluctuation o g unlike v4,,, and®, has an explicit dependence on col-

R=(N,)/(N_) satisfies lision volume fluctuations, as given by the following expres-

AR AN, AN_ sion:
RN, N_ 34
* B I +(<N+>—<N7>)2<AVZ> 42
so that IRV (NG H(ND) vy
2 2
(AR?) _(ANT) (ANZ) _2<AN+AN—> (35  Wherewqy corresponds to the reduced variance at fixed vol-
(R)? (N, " (N_)Y2 “(N,)MN_) " ume, while(V), and(AV)? are respectively the mean and
. . variance of the collision volume. The importance of volume
Expanding the square in E¢L5), we see that fluctuations was pointed out by Jeon and K¢28]. Follow-
) ) ing their work, it is straightforward to show thag,,, and®
(AR9)=(R)“w. (38 are independent of volume fluctuations.

Observe that neither nor (AR?) are robust. Also, note that
this equivalence holds only whelAN?2 )¥2<(N..); an ap- V. CHARGE CONSERVATION EFFECTS

proximation,_ which breaks_ _down at small mul_tipl_icities. The total charge of the system is fixed due to the charge
Problems with these quantities for small multiplicities areconservation. It implies some “trivial” correlation in particle
discussed in Ref.15]. The D measure used by Koch, Ble- prodyction regardless of other dynamical effects. As such, it
icher, and Joe8] only affects the two-particle densipy, _ (7., ,7_). We pro-
ceed to study the effect of charge conservation on the net
D=(N)(AR%)=(N, +N_}(R)?v (37) charge quctuyation by calculating the correlation function
C. (»+,n_) as a function of single- and two-particle den-
sity expressed in terms of probability distributions of posi-
tive and negative particle in order to emphasize the role of
C. Reduced variance charge conservation. One writes, for fixed number of
Last, we consider the reduced varianeg used by au- Positive and negative particles:
thors[6,8,11,15,2% If we write N=N,+N_ and Q=N
—N_, then the reduced variance is p+(7)=NLP.(7+), (43

is also efficiency dependent.
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ps_(me,m_) R;_ is independent of the experimental acceptance. One
thus finds that the charge conservation contribution{g,
=N_P, (74,7 )+ (N_-N.=N_)P,(n)P_(7-). amounts to

(44) A
P.(#7.) are probabilities to find one- or — particle at A”dyn:_w- (50
rapidity ». . P,_ is the probability to find one positive 4
particle and one negative particles at rapiditigsand»_, |t is independent of the experimental acceptance, and only

respectivelyN_ andN, are, respectively, the total number determined by the total charge-particle multiplicity at a given
of negative and positive particles produc@ver 4w solid  impact parameter.

angle by a collision. By virtue of charge conservation, and  We emphasize thaty,,# 0 for a 47 acceptance because
given the total charg®=0, one hasQ=N,—N_, and  charge conservation imposes a correlation on the system. The
N, =N_. The first term of Eq(44) accounts for correlations total », _ given by(15) is strictly zero when all particles are
between positive and negative particles. As thereNare+-  detected. However, Eq(16) implies that vg,#0 in this
pairs created, one has a contributiin P, . The second case, since the Poisson distributions used to calculatedo
term arises because there &f¢ N_—N_ ways to pair the not incorporate a global charge conservation constraint. It
uncorrelated+- particles. In general, at a fixed impact pa- follows thatvgyn=v— vsiar— — vstat fOr @ 47 acceptance, as
rameter(or number of nn collisions the multipliciesN_  seen in Eq(50). This estimate of the effect of charge con-
andN, shall fluctuate event-by-event. One must then averservation is in agreement with a correction reported in Ref.
age over such fluctuations and rewrite the above expressiqr27]. Note, however, that the correction is additive not mul-

as tiplicative as stated in Ref27].
p=(7:)=(N2)azP(72), (49 VI. RAPIDITY DEPENDENCE OF FLUCTUATIONS
(M ) =(NarPo (74,7 )+((NZNL )y AND DETECTOR ACCEPTANCE
H(N)an)Po(7)P_(7-), (46) Measuring the dependenceRf,; and vqy, on the rapid-

ity window A # can yield information on the rapidity range

where the notatiofO),,, represents an average taken overof correlations, as well as their magnitude. Information on
41 acceptance. In the absence of dynamical correlations, arf#€ rapidity dependence &, is also needed to compare

by virtue of charge conservation, one has data from experiments with different geometric acceptance.
The microscopic correlations themselves can and indeed
(N%) 4 —(N_)a =(N_)4., must be determined from balance function and similar mea-
(47) surement$17]; such experiments have different practical is-
(NCN g =(N_)2 +(N_)s,—(N_)4.Q. sues. We relater,, and balance function measurements in
the following section.
The correlation functiorC, (7, ,7-) can then be calcu-  To exhibit the rapidity dependence &5, we assume
lated and written as that p; are 7 independent and tha€ = C,(0)exp—(m
—)%120%}. ISR and FNAL dat419,20 show that charged-
p+—(m4,m-) ; ; ; ; P
C, (94, p)=———"""""— particle correlation are functions of the relative rapidity
p+(m:)p-(7-) — 7, with only a weak dependence on the average rapidity
1 P. (7.,7.) of the pair. Data can be roughly characterized as Gaussian

(48)  near midrapidity. Using Eq(13) we find

" (NDan Pr(n)P_ ()

This result is fairly generic and includes the possibility of R~ Caﬁ(o){\/;x erf(x)— (1— efxz)}, (51)
dynamical spatialor rapidity) correlations between the par- x?
ticles of a created pair. Neglecting such a correlation how-
ever, and for the purpose of evaluating the role of chargavherex=+2A 7/a. The functionR 4 is shown as a function
conservation alone, one sd®s._=P_,P_. One then finds of A»in Fig. 1. ISR and FNAL data suggest that the rapidity

that charge conservation implies range of correlations is roughly from one to two rapidity
units.
1 2 Both R and the microscopic correlat@ depend on the

Co—(m+.m-)=~ (NDaw  (N)ay' 49 yae C.p(0) at ,=17, and the rapidity range of correla-
tions, o. Equation (51) carries the same value—and
where(N),,. stands for the meatotal number of charged- caveats—as does the Gaussian parametrization of HBT cor-
particles produced in the event. Obviously, at large multi-relations. The ranger depends on the dynamics and may

plicities one can neglect the difference betwégnandN/2.  vary with centrality, as well as target and projectile mass.

The correlatorR, _ is obtained by integratiofisee, Eq. One must account for this rapidity dependence when com-
(12)] of C,_(#%.,n_) over the experimental acceptance. paring experiments of different geometrical acceptance. We
Given thatC, (%, ,n_) is actually independent of;.., estimate, for instance, that the difference between of the fluc-
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S ' N(b,A7y;a,An,)
\\\\\\\ D(b,Ar]2|a,A7]1)— N(a,Aﬂl) (54)
= T~._0=2
91 05t T~ The bins need not overlap. Experimentally, evaluations of the
% balance function can be restricted to a determination of the
w c=1 correlation of particlea andb as a function of their relative
0 ‘ ‘ . rapidity A ». In this case, particla can be anywhere within
0 2 4 6 an the full detector acceptancé and particleb is at a rapidity
FIG. 1. Rapidity dependence of the robust covariaR¢e as- fAﬂ rglatéV(aAto 3(' thfs. Ieglds 1o a one-dimensional halance
suming a Gaussian correlation function of width unction B( 77| ) defined as
tuations measured by the STAR7{<1.5A¢=27) and B(An|Y)=E{D(—,An|+,Y)—D(+,An|+,Y)
PHENIX (] 7|<0.35A ¢=w/2) experiments to be roughly 2
~10% foro~1—2. While this is a rather small correction, +D(+,Ap|—,Y)—D(—,Aq|-,Y)}.
we emphasize that the experiments should measure the ra-
pidity dependence. In general can differ frompp to AA (59

collisions and, moreover, is expected to depend on centralityro understand this expression better, observe that for a suf-

ficiently narrow binA » we can write
VIl. RELATION BETWEEN THE BALANCE A v
FONCTION AR vy D(bA7fa )~ 5[ dnapalme ). (56
The balance function was proposed by Basal.[17] as (Na) J—vi2
a}t_eqhnique to study t.h? dynamic; of h.adronization in.r.elaWhere<N )y is the number in the full domain-Y/2<7y
tivistic heavy 'on coII|§|ons. The idea is that t.h? rapidity <Y/2. Fo?a boost invariant system the pair correlation func-
range of correlations is changed when a collisions form§ion C is a function only of the rapidity difference, so that

quark-gluon _plasma. Specifica!ly, <_:harged h"?‘drof’s form Iat‘?his integral is essentiallf averaged over the system vol-
in the reaction, after hadronization, resulting in shorter—ume, plus a constant term that cancels in &8).

ranged correlations in rapidity space for charge/anticharge The integral of this function over the entire acceptahce

pairs than expected in the absence of plasma. . . .
The balance function as defined by Baatsal. [17] is is notedB(Y]Y). By virtue of Eq.(54), it amounts to

written (here again focusing, without loss of generality on

Y
the rapidity dependenge B(Y|Y)=J dA 7B(An|Y)
0
B(A72|A ) _1[<N+N_>y (N.N_)y (NL(NL 1))y
1 21 (Nyo)y (N_)y (Ni)y
={D(—,An|+,A
5{D(=,Ana|+, A1) (N_(N_— 1)),
XN [ (57)
—D(+,Am[+,A7) +D(+,A 75| =, A7) (N-)v
—D(—,An,|—,An)}, (520  The four terms of this equation are part of the expression of
the correlatorR,,, given in Egs.(8) and (11). The integral
where B(Y|Y) can thus be rewritten as
1
D(b,A7;|a,A7,) B(Y|Y)=5{Ry -(N_)+ R, _(N)
n1tAn/2 o+ Anyl2
[ oot ) “RL(NJ-R (N} (89
_ n1—Anq/2 J pp—Anyl2
np+A7y/2 ' which establishes a relationships between the integral
J d7ap1(7a) B(Y|Y) of the balance function, and the correlatéts . ,
nemSmiz R__, andR
., Y.
(53 At RHIC, one observes thafN_)~(N )=(N)/2 near

central rapidities in Ag-Au collisions[28]. The above ex-
The ratioD (b,A 7,|a,A ;) is essentially a conditional prob- pression simplifies
ability for finding a number of particles of typk in the

phase space bia 7, of centroid %, given the presence of _ @ B B _ (l)
particles of typea in the phase space bixin, of centroid;, B(YY)= 4 {2R,-—R.4—R__}= 4 Vdyn-
ie., (59
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The integralB(Y|Y) of the balance functioB(Ay|Y) is  whereP(N|M) is the probability ‘N” particles are produced

thus indeed proportional to the varianeg,, and the total at a given centrality M.” The measured distribution

multiplicity (N) when(N_)~(N,). P(n|m) can be expressed as a function of the intrinsic dis-
tribution as follows:

VIIl. FINITE RECONSTRUCTION EFFICIENCY EFFECTS

P(n|m)= Po(n|N)P(N|M)Pp(M|m), 63
We consider the effect of finite reconstruction efficiency (nlm) r\%n o(NIN)P(N[M)Po(Mm) 63

on measurements of fluctuations studied as a function of col-
lision centrality. We assume the centrality is experimentallywith the sum extending over all relevant produced multiplici-
determined based on the total multiplicity of charged-tiesN andM. The factorPp(M|m) corresponds to the prob-
particles detected in a reference acceptafige whereas the ability of having a produced multiplicityyl given the mea-
multiplicity fluctuations of interest are measured in a fiducialsured valuem. It is evaluated using Bayes rule
acceptance). We account for the finite detection effi-

ciency, in a given acceptanc®,, , by introducing a detector Po(M|m)= Po(m[M)P(M)

response functioiPp(n,|N,) expressing the probability of P(m) ’
detecting a multiplicityn, given a produced multiplicity , o
N, . In generalPp(n,|N,) shall account for finite efficiency WhereP(M) andP(m) are, respectively, the probability of
effects as well as measurements of ghost tracks. We shdff® Producedv and measuredn multiplicities. The mea-
calculate, quite generally, momerit, , and factorial mo-  Sured probability distribution is thus

mentsF,,, of the particle multiplicity distribution defined,

(64)

. 1
respectively, as P(njm)= B > P(n|N)P(N|M)P(m|M)P(M).
(65
My = (NK)= L > NK
K, @'~ N, ar Measured moments can be calculated as function of the
intrinsic (produced moment by inserting the above expres-
_ B B sion in Eqg.(62). Introducing for convenience the functions
Fiia=(Na(Ne= D) (Na = k) hy(N) andgy(M) defined as follows:
! > NL(N,—1 N,—k 60
_Neu a( @ )( a )1 ( ) hS(N):E nSP(n|N), (66)
n

where N, is the number of events studied. The mean is

Ke=Mi, and the variancey=(N2)=M,,—M? . Here gs(M)=>, hy(N)P(N|M). (67)

we will restrict our calculation to these lowest moments, but N

the calculation can easily be generalized to higher moment
We shall use lower case lettée.g.,my ,) to distinguish

measured moments from the intrinsic or actual moment of 1

the produced particle.e., that one wishes to inferepre- (m)= By 2 P(MM)P(M)gy(M). (68)

sented with capital letter@.g.,M, ). (m) “w
We assume that moments of the multiplicity distributions

are measured as a function of the collision centrality esti

mated based on the total multiplicity measured in the ref-

erence acceptance. The moments can then be expressed

Bne finds a general expression for the moments as follows:

AssumingP(n|N) can be appropriately approximated by a
binomial distribution, the above expressions can be readily
simplified. The momentbg(N) yield

glecting for simplicity the particle type label) as hy(N)=¢N,
(69)
* hy(N)=e?N?+¢(1—¢)N,
me= >, n“P(n|m), (61)

whereeg,, is the detection efficiency achieved in the measure-
ment of “n.” Substituting these quantities in E¢G7) leads
where the sum is taken over all relevant multiplicities, andto

P(n|m) is the probability to measuren” given the central-

ity estimator “m.” We emphasize that bothri” and “ m” are g1(M)=en(N),

influenced by the finite efficiency of the detector. We in fact i (70
seek to extract the intrinsic moments of the particle produc- 92(M)=e(N) +eq(1—en)(N).

tion

The first and second moments, are thus in general

o0

1
Mk=NZO N¥P(N[M), (62 WZW% Po(m|M)P(M)s(N),
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1 of the total particle production. We consider cases where the
<n2>:m > Po(mIM)P(M)(£3(N?) fluctuation measures are evaluated over kinematic ranges
M that might be identicalcaseA) or smaller(caseB) than the
+e,(1—ep)(N)), (71) kinematic range used to calculate the tdetarge particle
production.
with the moments(N®) evaluated at a fixed value d¥l. The probability to produce speciesvith multiplicities N;

Clearly, the measured moments are determined by the intriris evaluated with a multinomial distribution. In general, one
sic moments smeared over the response function of the muhas
tiplicity, M. Assuming the efficiency of the total multiplicity

detection process is near unity, one can approximate the re- 1 K 2“’
sponse functiorP,(m|M) with a delta functions,, y, and P(N1,Na, ... NyM)= LR (74
the above expressions simplifies as follows: “
In ne shall haveM=3N, and=f_ =1, wher in
(ny=en(N), caseA, one shall havé/ . and>f_ =1, whereas

caseB, M=3XN,, and>f _<1.
The multiplicity moments, and variance are calculated at
fixed total multiplicity M assumed to be representative of the
We show in Appendix the above results holds for finite COlliSion impact parameter
efficiency, as long asr” has a linear dependence on the

2\ _ . 2/N2 _ (72
(n*)=e (N +e,(1—¢e,)(N).

total multiplicity “m” over the range of the response func- (Noym=fM,
tion Pp(m|M).
We now proceed to use these for the calculation of the (N m=f M+ FIM(M~1),
various fluctuation measures introduced in Sec. IV. We use
subindices %+,”* —,"* Q,” and “ CH" to denote positively (N Ngm=M(M—1)f fg, (75)
and negatively charged particles, net charge, and total charge
particle multiplicity, respectively. We use overlined symbols (No(No=1))y=F2M(M 1),

to represent the intrinsic measures. We find using E®,

(32), and(41) V,=Mf(1—f,).

Consider now the specific case of net-charge fluctuations

_ — with the indexa taking values+ and —. One has in case
wg=l—-e.te.0q, “B”

B (73
wcy=1—¢.+e-wcy, Vo=M[f +f_—(f.—f_)2],
2%

_ (fo—f)?
O= O -1~ 7
€ wo=1 fo+f_ 7’

The above fluctuation measures display an explicit depen- wen=1—(f, —f ) (76)
dence on the charged-particle detection efficienciesr the ch oo
total efficiencye. The @ observable, in particular, has a
nontrivial dependence on the detection efficiencies of posi- —_*
tively and negatively charged particles. This dependence, Mf, f_
however, simplifies to a single facterif the positive, nega-
tive, and global efficiencies are equak.,e . =¢_=¢). By vayn=0,
contrast, one finds that the dynamic variamgg,= vqy, i.€.,
it is independent of the detection efficiencies, and is thus, in ®=0.
that sense, a robust observable. Note that this conclusion

remains strictly correct as long as the Gaussian approximagaseA is easily calculated from the above by settihg
tion is valid. See, the Appendix for a discussion of the—f =1,

Gaussian approximation. The coefficients . can be experimentally determined. It
is thus straightforward to determine the normalized variances
IX. SIMPLE PRODUCTION MODELS expected for particle independent production and compare

with measured values to seek for the presence of sub- or
super-Poissonian fluctuations. Note additionally that both the
We first consider a multiparticle production model where vy, , and® variables have null expectation values irrespec-
no correlation are involved. Specifically, we assume that onive of the fraction of the fraction§.. . They thus constitute
average, particle speciésare produced in fixed fractions  a more reliable measure of the dynamic fluctuations.

A. Poissonian particle production

044904-9
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B. Simple resonance production model One finds that the variance,,, increases with the frac-

Two-particle correlations are determined by a host of phelion of resonancesps produced in the final state. One also
nomena such as collectivéiow) effects, production of reso- finds it to scale inversely to the number of particles produced
nances, jet production, Fermi/Bose statistics, as well as inn the initial state. Note that in the limfi;=0, v4y, vanishes
trinsic phenomena related to the underlying collisionby our assumption of independent production. The simple
dynamics. Here we examine the role of resonance decayigeatment done here does not account for finite acceptance
(e.g., p°, A°) on measurements of the net-charge fluctua-effects on the decay of resonances. Obviously, if too small a
tions. We show that the production of neutral resonances thaiapidity region is integrated, one of the decay partners may
decay into pairs of positively and negatively charged-on average be missed, ahel,,| shall be increased accord-
particles produce an effective dynamical correlation. ingly.

We formulate a simple toy model, where we include only  |n AA collisions, one does not expect resonance produc-
three types of particless”, =, andp®. The p°® shall be fion to be the sole cause of correlation, i, ,<0, but it is
viewed as a generic neutral resonance, which decaysriito yet to be determined what fraction of the observed fluctua-
andw . Obviously, this is an oversimplification of the prob- tjons may be attributed to resonance production or to truly

lem and a fuller treatment shall account for other species, aljynamic correlations. In that respect, it shall be interesting to

relevant resonances, and the finite acceptance of the dew&}nsider fluctuations of specific particle species sofin
tion apparatus. P P P Soigh

We consider ther*, 7, andp® to be produced indepen- conEast tor™ or K* given no known resonance decay into
dently (neglecting Bose effectat freeze out in relative frac- P+p Whereas many resonances exist that decay into
tionsf,, f,, andf, respectively, and model the multiplicity +7~ or K™ +K"™.
production according to a multinomial distributidas in the
previous section The probability of producingy, =", n,

7, andns p° is expressed X. SUMMARY AND CONCLUSIONS
_ N! Ny eNpen We introduced the net-charge fluctuation measyg on
P(n1,nz,Nn3:N)= nining &2 fg. (77) " the basis of two-particle correlation functions. We showed

that for heavy ion collisions involving independent-nucleon
Given our assumption that gi° decay into a pairr™ and  collision and negligible rescattering of secondariegy,
7, the probability of measuring, positive n_ negative scales as the multiplicative inverse of the produced charged-

particles respectively can be written as particle multiplicity. We also showed tha,, is simply re-
_ lated to other observables used or proposed for fluctuation
P(n,,n_;N) measurement by various authors. We found, however, that

the different fluctuation measures have different dependence
= > P(y,n,naN)S, nendn nan. (78 ONthe experimental acceptance, detector efficiency, and col-
n1.Nz.n3 s s lision centrality. We showed thaty,, has a weak depen-
. ) ) dence on the rapidity range used experimentally to measure
One then writes the moment generating function of the probg,e fi,ctyations provided the rapidity range is of the order or
ability P(n.,n_;N) as smaller than the two-particle correlator width, whereas ob-
(79) servables such a® have basically a linear dependence on
the size of the acceptance. We found also thgf, is, by

which one uses to computes the moments of the pion multiconstruction, independent, to first order, of the detection ef-

G(t+ !t— ,N)=(plet++ pzet*-i- p3et++t’)N'

plicity distributions. One finds ficiency whereas measures suchd®s wg have a explicit
dependence on the detection efficiency. We also found that
(N{)=N(fy+f3), charge conservation has a finite, and actually sizable effect

on the charge fluctuation measurg,,, determined by the

(N_)=N(fy+f3), total charge-particle multiplicitfover 47 and independent

of the detector acceptance used to measure the net-charge
fluctuations. We further showed, as also pointed out by
) Mrowczynski[10] , that the® measure shall be independent
(N_(N_=1))=N(N=1)(f,+f3)%, of the collision centrality provided the collision dynamic is
also independent of the collision centrality. Note, however,
(NLN)=N(N=1)(f;+f5)(fa+f3)+Nfs. (80 that because the detection efficiency may be a subtle function
i ) . of the detector occupancy, and hence the collision centrality,
The variancevyy,, in the presence of resonances, is thusca tion has to be exercised when interpreting uncorrected
simply measurement ofb vs collision centrality. Finally, we pre-
) sented, as an example, a simple particle production model
Ps ) (81  that can be used to account for the production of resonances,
N(p1+pP3)(P2+Pa) as well as charge conservation.

(N4 (N1 —1))=N(N=1)(f;+f3)?,

Vdyn=—
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APPENDIX: FINITE EFFICIENCY EFFECTS (nd)=[ea(oi—D+e(M)m+etua(M)m,  (A4)
ON THE MEASUREMENT OF »qy, and

A range of collision impact parameters is selected in ex-

— 2\ _ 2
periments using a measured multiplicity (or a similar ob- (nano) =eaebrarn((M5)m=(M)m) + eaebéar(M)m.

servablé. This introduces additional fluctuations because a (AS)
singlem corresponds to a range of impact parameters. In thighe correlator®R,, andR,,, are therefore,
appendix we estimate the effect of centrality selection. We
use these results in Secs. Il and VIII. o2—uy 1 (M?)—(M)2,

We assume, in the Gaussian approximation, that the mo- Raa=—— ™) > (AB)
ments scale with the true multiplicityl as HMa m (M)&

<Na> = Iu‘aM 1 and
2\ _ 2
(N2)= p2M2+ o2M, Rupm ban 1 (M)~ (M) A7)

T2 My

<NaNb>:MaMbM2+§abMy (A1)
The variancevyyn=Raa+ Rpp— 2R,, measured at a givem
where u, and u, are average branching fractions for the js then

production of species “a” and “b,” respectively, Whl|6’

andé,;, are their variance and covariance. These relat|ons are Vo
strictly true in the independent-collision model or the Vayn(M) = (M)’ (A8)
wounded-nucleon model, where bdthandN, are, respec-
tively, proportional to the number of subcollisions or the where
number or strings. The first momeftl) is then 5
Oa~Ma Op~ M
Vo=t 2 =2 fab_ (A9)
(n2)= 5y 2 Po(MIM)P(M)eauaM Ha po  Mat
1 This expression amounts to the value gf,,, evaluated at
M=(M),. One finds that the correlatoR,;, exhibit a con-
MPp(m|M) =g M)m, m b
“allap(m) G 2 MPo(m ata{Mom tribution from the variancéM?),,— (M )2 whose magnitude

(A2) depends on the detector response function width. The vari-
ancevgy,, however, does not have such a contribution and
where we have introduced the expectation valueMbfat — as such is also independent of the detection efficiency for

fixed m defined as measuring\l.
Note that the above result implies that, , is robust, i.e.,

independent of detection efficiencies, in the Gaussian ap-
(M)m= P(m) E MPo(m[M)P(M). (A3) proximation (Al). An explicit dependence on efficiencies
would arise if the Gaussian approximation is not valid, e.g.,
The factore, is the probability that a particle of type “a” is if the detector response functions differ markedly from Bi-
detected. One gets similarly for the second moment andomial or Gaussian functions, or if the efficiencies exhibit
cross term: very large variations with detector occupency.
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