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Systematic study of Bh isotopes in a relativistic mean field formalism
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The binding energy, charge radius, and quadrupole deformation parameter for the isotopic chain of the
superheavy element bohrium (107Bh), from proton to neutron drip line, are calculated by using an axially
deformed relativistic mean field model. The potential energy surfaces for some of the selected nuclei are
plotted and the various possible shapes are investigated. The rms radii, density distributions, and two-neutron
separation energies are also evaluated and the single-particle energies for some illustrative cases are analyzed
to see the magic structures. Furthermore, thea-decay rates are calculated and compared with the available
experimental data for the recently observed new isotopes266,267Bh.
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I. INTRODUCTION

The bohrium nucleus (Z5107, Bh! was first identified as
the isotope262Bh, produced in209Bi( 54Cr,n) reaction @1#.
Untill recently, experimentally the decay properties of on
the 261,262,264Bh isotopes were known. ForZ,107 nuclei, the
electronic configurations are well studied due to the lon
lifetimes ~.1 s! of these nuclei@2#. However, the chemistry
of elementsZ5107 andZ5108 were unknown and the pros
pects of the chemical studies for these next transactinide
ements did not look promising. Nevertheless, gas ph
chemistry with the lighter homologs Re and Os has b
known for quite some time@3–7# and the search for the
long-lived isotopes of elementZ5107 was based on thes
methods@5,6#. Recently, Wilket al. @8# have identified the
neutron-rich 266,267Bh isotopes and estimated their half-li
times ;1 s and 1726

114 s, respectively. Thus, the relativel
longer lifetime of 267Bh makes possible to study now th
electronic structure of the Bh nucleus and test the availa
theoretical methods for calculating their structure and de
properties. We do this here for the first time for the relat
istic mean field~RMF! method by considering a comple
isotopic chain of Bh~115 cases! from proton to neutron drip
lines. The RMF calculations for some superheavy eleme
have been made earlier@9,10# but then only a few even-eve
isotopes were considered. In the present calculation for
we include not only a large number of isotopes of Bh b
also both the odd- and even-A isotopes are considered.

Since we are considering here a larger set of Bh nu
between the proton and neutron drip lines, i.e., both v
neutron-deficient and very neutron-rich isotopes of Bh, t
study is expected to throw some light on the magicity
neutron numbers beyondN5126 in the superheavy region
In other words, in our analysis of Bh nuclei withN
5144–258, we are likely to pass through some spherica
deformed neutron magic numbers, which in recent ye
have been predicted to be different for different model c
culations@9–12#. More than 30 years ago@13#, it was pre-
dicted that the next doubly magic nucleus beyondZ582,
N5126, 208Pb is 184

298114 and that nuclei in its vicinity, on an
0556-2813/2002/66~4!/044317~11!/$20.00 66 0443
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island of superheavy nuclei, have half-lives of of the order
109 years@14#. The same result is supported by some rec
calculations@15#. Also, theZ5114 nucleus is now synthe
sized but for only a lighter isotope175

289114 @16# whose
a-decay chain is observed and thea-decay energies orQa

values are explained on a RMF calculation@10#. More re-
cently, the calculations for superheavy elements have ge
ated quite an excitement where new magic numbers are
dicted for both protons and neutrons. In a spheri
relativistic mean field calculation, using the various para
eter sets, Rutzet al. @11# studied a wide range of nuclei in th
superheavy region and predictedZ5120 andN5172 as the
next spherical magic shells. In the other, rather comple
deformed relativistic mean field calculation, we@9,17# pre-
dictedZ5120 andN5184 as the next possible magic num
bers in the superheavy region for use of various param
sets. The role of shell effects in the stability of nuclei atZ
5120 was first pointed out by one of us and others@17#,
predicting 94Sr1208Pb as the best cold fusion reaction f
producing 182

302120 nucleus. Note that94Sr is a deformed
nucleus and the use of spherical38

88Sr50 for a lighter isotope
of Z5120 will be of further advantage in a cold fusion r
action @18#. Also, Z5126 andN5184 as the proton and
neutron magic numbers are predicted for use of both
Skyrme-Hartree-Fock method with a density-independ
contact pairing interaction and the macro-microscopic mo
with monopole pairing interaction@12#. Furthermore, a maxi-
mum stabilization against spontaneous fission is expe
both empirically and theoretically for the deformed108Hs
nucleus withN5162 @19,20#. Also, a spherical shell magic
ity is noted empirically atN5152 @19#. The deformed
magicity for 108

270Hs is of more relevance to our study he
since the Bh nucleus has only one proton less than the
nucleus.

The deformed relativistic mean field~DRMF! calculations
are known to give an excellent description of nuclei both
the region of proton and neutron drip lines. Also, it repr
duces very well the possiblebreaking of known spherical
shell closures@21#. For the superheavy elements, our rece
work @9,10# shows that the DRMF model predicts their bin
©2002 The American Physical Society17-1
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ing energies~the only measured quantity so far for the s
perheavy nuclei! best for the NL3 force parameter set@22#. It
may be noted that the RMF parameter sets are determine
fitting nuclear matter properties, neutron-proton asymme
energies, root-mean-square~rms! radii and the binding ener
gies of some spherical nuclei, and then no further adjustm
is to be made in these parameters of the Lagrangian.
predictive power of the relativistic mean field parametriz
tions is well known and some examples can be found, e.g
Refs.@9,23# and the references quoted therein.

The paper is organized as follows: In Sec. II we outli
the essential formalism for the relativistic mean field meth
and its Lagrangian. The results of our calculations for
isotopes are discussed in Sec. III. The calculations are m
for the binding energies, rms radii, quadrupole moments,
two neutron separation energies, and the single-particle
ergies. The last two quantities allow us to predict the poss
neutron and proton magic numbers in the superheavy va
Also, the potential energy surfaces, density distributions,
Qa values are calculated. Finally a summary of our resu
and conclusions are given in Sec. IV.

II. THE FORMALISM

The relativistic mean field approach is well known and,
theory being well documented, we skip all the details wh
can be found in Refs.@24–30#. Here, we start with the rela
tivistic Lagrangian density for a nucleon-meson many-bo
system,

L5c̄ i$ ig
m]m2M %c i1

1
2 ]ms]ms2 1

2 ms
2s22 1

3 g2s3

2 1
4 g3s42gsc̄ ic is2 1

4 VmnVmn1 1
2 mw

2 VmVm

1 1
4 c3~VmVm!22gwc̄ ig

mc iVm2 1
4 BW mn

•BW mn

1 1
2 mr

2RW m
•RW m2grc̄ ig

mtWc i•RW m2 1
4 FmnFmn

2ec̄ ig
m

~12t3i !

2
c iAm . ~1!

The field for thes meson is denoted bys, that for thev

meson byVm , and for the isovectorr meson byRW m . Am

denotes the electromagnetic field. Thec i are the Dirac
spinors for the nucleons whose third component of isospi
denoted byt3i . Heregs , gw , gr , ande2/4p5 1

137 are the
coupling constants fors, v, r, mesons, and photon, respe
tively. Theg2 , g3, andc3 are the parameters for the nonlin
ear terms ofs andv mesons.M is the mass of the nucleo
and ms , mv , and mr are the masses of thes, v, and r

mesons, respectively.Vmn, BW mn, andFmn are the field ten-
sors for theVm, RW m, and the photon fields, respectively@25#.

From the relativistic Lagrangian we get the field equatio
for the nucleons and mesons. These equations are solve
expanding the upper and lower components of the D
spinors and the Boson fields in a deformed harmonic os
lator basis with an initial deformation. The set of coupl
equations is solved numerically by a self-consistent itera
method. The center-of-mass motion is estimated by the u
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harmonic oscillator formulaEc.m.5
3
4 (41A21/3). The quadru-

pole deformation parameterb2 is evaluated from the result
ing quadrupole moment@25#. The total binding energy and
the other observables are also obtained by using the stan
relations in, e.g., Refs.@9,25#. The Boson and Fermion wav
functions are evaluated withNF5NB520 major harmonic
oscillator shells, which is a reasonably large space for
presently considered superheavy region. The prolate and
late solutions are evaluated starting with an initial deform
tion b250.2 and b2520.2, respectively. The successf
NL3 set@22# is used and the parameter values are taken fr
Ref. @31#.

For our application of the above axially deformed relat
istic mean field approach to the ground-state properties of
isotopes, we have chosen the NL3 force parameters beca
to our knowledge, it has the best predictive power amon
all the RMF parametrizations for finite nuclei@10#. The cal-
culated binding energies also allow us to extract theQa val-
ues for thea-decay chains of these nuclei and we pres
here the results of our calculations for the two know
a-decay chains of266,267Bh nuclei. We have also calculate
the potential energy surfaces~PES! of Bh nuclei in a con-
strained calculation@32–35#, i.e., instead of minimizing the
H0, we have minimizedH85H02lQ2, with l as a
Lagrange multiplier andQ2, the quadrupole moment.H0 is
the Dirac mean field Hamiltonian~the notations are standar
and its form can be seen in Refs.@25,33,35#!. In other words,
instead of evaluating the free solution of a local minimu
we estimate the constrained binding energyEc , i.e., the
binding energy of a solution at a given quadrupole deform
tion. The role of decreasing or increasing the neutron num
on the PES is also analyzed.

The calculation of odd-even and odd-odd nuclei in
axially deformed basis is a tough task in the RMF model.
take care of the lone odd nucleon, one has to violate
time-reversal symmetry in the mean field and only the tim
like components of theV0 , b0, and A0 of the v, r, and
photon fields are retained. The space components of th
fields ~which are odd under time reversal and parity! are
neglected. They are important in the determination of pr
erties such as magnetic moments@36#, but have very small
effect on the bulk properties, such as the binding energ
and quadrupole deformations, and can be neglected to a g
approximation@37#. However, in our calculations for the od
nuclei we employ the blocking approximation, which r
stores the time-reversal symmetry. In this approach one
of conjugate states6m is taken out of the pairing scheme
The odd particle stays in one of these states and its co
sponding conjugate state remains empty. In general one
to block in turn the different states around the Fermi level
find the one that gives the lowest energy configuration of
odd nucleus. In odd-odd nuclei, we have blocked both
odd proton and the odd neutron. In the evaluation of
potential energy surfaces, instead of the blocking approa
we have adopted a simple averagem scheme.

For known nuclei, close to or not too far from the stabili
line, the BCS approach provides a reasonably good desc
tion of the pairing properties. However, in going to nuclei
the vicinity of the drip lines or to the superheavy region t
7-2
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SYSTEMATIC STUDY OF Bh ISOTOPES IN A . . . PHYSICAL REVIEW C66, 044317 ~2002!
coupling to the continuum becomes important. It has b
shown that the self-consistent treatment of the BCS appr
mation breaks down when coupling between bound st
and states in the continuum takes place@38#. For most of the
nuclei in our study, odd-even mass differences are not m
sured and little~almost nothing! is known about the precis
effect of the pairing interaction. It is expected that for od
even and odd-odd nuclei the effects of pairing are consid
ably decreased@39#. Therefore, in the present investigatio
we have chosen to use the BCS formalism with a small c
stant pairing strength, namely,nn5np50.5 MeV. This
value of gaps contributes very little to the total binding e
ergy of the nucleus. The results remain unchanged unles
pairing gap is increased considerably. This type of presc
tion has already been adopted in the past@9,10,17,40,41#.

III. RESULTS AND DISCUSSIONS

For properties, such as the radii of light halo nuclei, th
sensitively depend on the spatial extensions of nucleon d
sities, a more proper treatment of the continuum could c
tainly be crucial, e.g., by means of the relativistic Hartre
plus-Bogoliubov ~RHB! approach @42–44#. In the RHB
model, the wave functions of the occupied quasiparti
states have the correct asymptotic behavior. Results of R
and RMF-BCS calculations are compared in Ref.@44# for
neutron-rich nuclei in the deformedN528 region. The two
models predict almost identical binding energies and sim
quadrupole deformations, although they differ significan
in their calculated rms radii~larger in the RMF-BCS model!.
Also, for the deformed odd-Z proton emitters in the 53<Z
<69 region, this study@44#, for use of the NL3 paramete
set, shows that for the isotopes107I, 108I, and 109I, the odd
valence proton occupies a@422#3/21 Nilsson orbital and the
ground-state quadrupole deformations areb250.15, 0.16,
and 0.16, respectively. For comparisons, we have also
formed these calculations@45# with the presently used
DRMF model and found the same@422#3/21 orbital for the
three I isotopes, with the corresponding quadrupole defor
tion parametersb250.17, 0.18, and 0.19, respectively, in
rather good agreement with the more sophisticated RHB
culation mentioned above. This result further strengthens
faith in applying the DRMF model to Bh nuclei.

A. Binding energies

We have first calculated the binding energies of the p
late and oblate solutions of Bh isotopes from the proton d
line nucleusA5251 to the neutron drip line nucleusA
5365. Note that the maximum binding energy solution is
ground state and all other solutions are the excited intrin
states. Our calculated total binding energies~BE! for prolate
and oblate solutions are compared in Fig. 1, with the mic
macroscopic finite range droplet model~FRDM! results@41#.
From Fig. 1, we notice that the binding energies obtained
the prolate solutions match better with the FRDM results
the lighter mass region. For the heavier mass nuclei,
binding energies of the oblate solutions are closer to
FRDM calculations. This means that a shape change f
04431
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prolate to oblate occurs while going from lighter to heav
isotopes in the Bh series. This is also evident from Tabl
where all the calculated data are presented.

In Fig. 2, we have shown the difference between the R
ground-state solutions and the FRDM binding energies, co
pared with the difference of RMF oblate and prolate so
tions. Apparently, the difference between the two calcu
tions is within ;1 MeV for Bh nuclei in the mass rangeA
5277 toA5301. This difference increases while going t
ward the lighter as well as heavier mass regions. The m
mum difference is rather large,;20 MeV for 339Bh.

The calculated binding energy per particle (BE/A) for
both the prolate and oblate solutions is given in Fig. 3, co
pared with the results of the FRDM@41#. We notice that the
DRMF calculations slightly overestimate the BE/A for some
of the isotopes. Also, we find that the isotopes262Bh and
263Bh have the maximum BE/A. This suggests that thes
two isotopes are stabler than their neighboring nuclei@9#.
However, a recent experiment@8# shows that the half-lives o
266Bh and267Bh are;1 s and 1726

114 s, respectively, wherea
the half-life of 262Bh is only 102 ms. The isotope263Bh is
yet to be observed@46#. However, the extra stability of267Bh
could be easily understood on the single-particle shell mo
picture, discussed below.

B. Single-particle energy spectra

It is now well accepted that in the RMF theor
@9,10,23,47#, the predicted sequence of magic numbers
exotic systems is very much different from that for the no
mal nuclei. This result seems to be supported by the rec
experimental results@48# for light exotic nuclei. Also, the
shell closures in the valley of the superheavy island are p
dicted to be completely different than the traditional on
@9,10,23#. The sequence of magic numbers in the superhe
region is obtained as 80, 92, 120, and 138 for protons~see,
e.g., Fig. 4 of Ref.@9#!. For N.138, the shell gaps appear
N5164, 172, 184, 198, 228, 258, irrespective of the para
eter set used. The large gap atN;164 is found to occur for
all the superheavy nuclei withZ5104 to Z5126 @10#. The

FIG. 1. The calculated total binding energies of the RMF obl
and prolate solutions, compared with the FRDM results.
7-3
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TABLE I. The ground- and excited-state~e.s.! DRMF results, using NL3 force, for the bulk properties of Bh isotopes. The BE is in M
and r c in femtoseconds.

Nucleus Case BE b2 BE/A rc Nucleus Case BE b2 BE/A rc
6

2

0

7

6

5

0

5

0

5

0

7

2

1

4

3

9

4

8

3

7

2

9

3

7

0

3

6

6

9

0

4

7

1

4

7

0

3

6

7

7

8

7

5

7

251Bh g.s. 1833.7 0.253 7.306 6.04
e.s. 1825.3 20.211 7.272 6.051

252Bh g.s. 1842.6 0.257 7.312 6.05
e.s. 1833.5 20.211 7.276 6.057

253Bh g.s. 1851.7 0.263 7.319 6.06
e.s. 1842.3 20.220 7.282 6.067

254Bh g.s. 1860.3 0.267 7.324 6.06
e.s. 1850.2 20.225 7.284 6.076

255Bh g.s. 1869.1 0.275 7.330 6.07
e.s. 1858.5 20.236 7.288 6.087

256Bh g.s. 1877.1 0.284 7.332 6.08
e.s. 1868.1 20.352 7.297 6.178

257Bh g.s. 1885.6 0.283 7.337 6.09
e.s. 1876.1 20.356 7.300 6.189

258Bh g.s. 1893.5 0.281 7.339 6.09
e.s. 1882.9 20.300 7.298 6.148

259Bh g.s. 1901.8 0.280 7.343 6.10
e.s. 1891.0 20.301 7.301 6.153

260Bh g.s. 1909.3 0.275 7.343 6.10
e.s. 1898.4 20.301 7.302 6.158

261Bh g.s. 1917.1 0.270 7.345 6.11
e.s. 1906.2 20.302 7.303 6.164

262Bh g.s. 1924.0 0.269 7.344 6.11
e.s. 1913.1 20.302 7.302 6.170

263Bh g.s. 1931.4 0.267 7.344 6.12
e.s. 1920.7 20.309 7.303 6.183

264Bh g.s. 1937.9 0.275 7.341 6.13
e.s. 1926.0 20.208 7.295 6.110

265Bh g.s. 1945.4 0.265 7.341 6.13
e.s. 1933.2 20.206 7.295 6.114

266Bh g.s. 1951.9 0.272 7.338 6.14
e.s. 1939.8 20.199 7.292 6.118

267Bh g.s. 1959.1 0.273 7.337 6.14
e.s. 1946.8 20.196 7.291 6.123

268Bh g.s. 1965.4 0.270 7.334 6.15
e.s. 1953.0 20.190 7.287 6.126

269Bh g.s. 1971.8 0.266 7.330 6.15
e.s. 1960.0 20.184 7.286 6.131

270Bh g.s. 1976.8 0.262 7.321 6.16
e.s. 1966.4 20.179 7.283 6.135

271Bh g.s. 1982.4 0.258 7.315 6.16
e.s. 1973.2 20.160 7.281 6.138

272Bh g.s. 1987.6 0.226 7.307 6.16
e.s. 1979.5 20.157 7.278 6.142

273Bh g.s. 1993.4 0.200 7.302 6.15
e.s. 1986.3 20.145 7.276 6.146

274Bh g.s. 1998.6 0.194 7.294 6.16
e.s. 1992.5 20.143 7.272 6.151

275Bh g.s. 2004.1 0.188 7.288 6.16
e.s. 1999.0 20.142 7.269 6.156

276Bh g.s. 2009.0 0.183 7.279 6.17
04431
e.s. 2004.9 20.143 7.264 6.161
277Bh g.s. 2014.4 0.175 7.272 6.17

e.s. 2011.3 20.144 7.261 6.166
278Bh g.s. 2019.2 0.167 7.263 6.17

e.s. 2017.0 20.143 7.255 6.171
279Bh g.s. 2024.6 0.153 7.257 6.17

e.s. 2023.1 20.146 7.251 6.176
280Bh g.s. 2029.4 0.143 7.248 6.17

e.s. 2028.2 20.136 7.243 6.179
281Bh g.s. 2034.8 0.129 7.241 6.18

e.s. 2033.8 20.176 7.238 6.200
282Bh g.s. 2039.6 0.113 7.233 6.18

e.s. 2038.5 20.161 7.229 6.200
283Bh g.s. 2044.9 0.107 7.226 6.18

e.s. 2044.2 20.114 7.223 6.188
284Bh g.s. 2049.4 0.099 7.216 6.19

e.s. 2049.0 20.112 7.215 6.193
285Bh g.s. 2054.4 0.086 7.208 6.19

e.s. 2054.4 20.107 7.208 6.196
286Bh g.s. 2058.6 0.074 7.198 6.19

e.s. 2058.8 20.120 7.198 6.208
287Bh g.s. 2063.2 0.065 7.189 6.20

e.s. 2063.6 20.131 7.190 6.220
288Bh g.s. 2067.6 20.140 7.179 6.233

289Bh g.s. 2071.9 20.135 7.169 6.237

290Bh g.s. 2076.2 20.022 7.159 6.209

291Bh g.s. 2080.8 20.007 7.150 6.212

292Bh g.s. 2083.7 20.024 7.136 6.224
e.s. 2082.5 20.149 7.132 6.263

293Bh g.s. 2087.4 20.014 7.124 6.230
e.s. 2086.5 20.182 7.121 6.284

294Bh g.s. 2090.7 0.063 7.111 6.24
e.s. 2089.7 20.191 7.108 6.295

295Bh g.s. 2094.8 0.082 7.101 6.25
e.s. 2093.5 20.201 7.097 6.308

296Bh g.s. 2098.3 0.091 7.089 6.26
e.s. 2096.8 20.209 7.084 6.320

297Bh g.s. 2102.2 0.098 7.078 6.27
e.s. 2100.5 20.218 7.072 6.333

298Bh g.s. 2105.5 0.103 7.065 6.28
e.s. 2103.6 20.225 7.059 6.347

299Bh g.s. 2109.0 0.108 7.054 6.29
e.s. 2107.5 20.283 7.049 6.401

300Bh g.s. 2111.9 0.136 7.040 6.30
e.s. 2110.8 20.289 7.036 6.409

301Bh g.s. 2115.7 0.164 7.029 6.31
e.s. 2114.5 20.286 7.025 6.416
7-4
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TABLE I. ~Continued.!

Nucleus Case BE b2 BE/A rc Nucleus Case BE b2 BE/A rc
3

8

8

4

8

2

8

4

4

7

3

1

7

3

9

5

4

1

8

5

1

2

7

3

9

5

1

6

6

1

6

2

7

1

6

1

5

1

3

9

2

5

5

9

1

4

7

0

3

7

1

3

302Bh g.s. 2120.0 0.278 7.020 6.38
e.s. 2117.6 20.287 7.012 6.420

303Bh g.s. 2124.0 0.276 7.010 6.38
e.s. 2121.2 20.291 7.001 6.429

304Bh g.s. 2127.3 0.264 6.998 6.38
e.s. 2124.2 20.295 6.987 6.438

305Bh g.s. 2131.1 0.266 6.987 6.39
e.s. 2127.5 20.298 6.976 6.444

306Bh g.s. 2134.5 0.263 6.975 6.39
e.s. 2130.3 20.302 6.962 6.452

307Bh g.s. 2138.2 0.261 6.965 6.40
e.s. 2133.6 20.306 6.950 6.459

308Bh g.s. 2141.5 0.261 6.953 6.40
e.s. 2136.4 20.310 6.936 6.466

309Bh g.s. 2145.1 0.261 6.942 6.41
e.s. 2139.6 20.314 6.924 6.473

310Bh g.s. 2148.0 0.268 6.929 6.42
e.s. 2142.3 20.316 6.911 6.479

311Bh g.s. 2151.7 0.265 6.919 6.42
e.s. 2145.5 20.321 6.899 6.486

312Bh g.s. 2154.6 0.266 6.906 6.43
e.s. 2148.1 20.323 6.885 6.493

313Bh g.s. 2157.9 0.270 6.894 6.44
e.s. 2151.1 20.324 6.873 6.500

314Bh g.s. 2160.5 0.271 6.881 6.44
e.s. 2153.6 20.326 6.859 6.506

315Bh g.s. 2163.5 0.273 6.868 6.45
e.s. 2156.5 20.327 6.846 6.513

316Bh g.s. 2165.6 0.270 6.853 6.45
e.s. 2158.7 20.329 6.831 6.519

317Bh g.s. 2168.3 0.274 6.840 6.46
e.s. 2161.5 20.330 6.819 6.526

318Bh g.s. 2170.4 0.269 6.825 6.46
e.s. 2163.6 20.331 6.804 6.532

319Bh g.s. 2173.0 0.269 6.812 6.47
e.s. 2166.2 20.331 6.791 6.539

320Bh g.s. 2175.1 0.271 6.797 6.47
e.s. 2168.2 20.332 6.776 6.546

321Bh g.s. 2177.7 0.273 6.784 6.48
e.s. 2170.8 20.333 6.762 6.553

322Bh g.s. 2179.7 0.274 6.769 6.49
e.s. 2172.5 20.334 6.747 6.562

323Bh g.s. 2182.4 0.270 6.757 6.49
e.s. 2172.8 20.333 6.727 6.563

324Bh g.s. 2184.3 0.270 6.742 6.49
e.s. 2176.7 20.337 6.718 6.581

325Bh g.s. 2186.7 0.270 6.728 6.50
e.s. 2179.0 20.340 6.705 6.591

326Bh g.s. 2188.4 0.270 6.713 6.50
e.s. 2180.7 20.341 6.689 6.600

327Bh g.s. 2190.5 0.270 6.699 6.51
e.s. 2182.9 20.342 6.675 6.609
04431
328Bh g.s. 2191.7 0.269 6.682 6.52

e.s. 2184.2 20.340 6.659 6.613
329Bh g.s. 2193.6 0.266 6.668 6.52

e.s. 2186.0 20.341 6.644 6.621
330Bh g.s. 2195.0 0.272 6.651 6.53

e.s. 2187.2 20.339 6.628 6.625
331Bh g.s. 2196.7 0.269 6.637 6.54

e.s. 2188.9 20.334 6.613 6.627
332Bh g.s. 2197.9 0.266 6.620 6.54

e.s. 2190.1 20.315 6.597 6.617
333Bh g.s. 2199.6 0.263 6.605 6.55

e.s. 2192.0 20.306 6.583 6.617
334Bh g.s. 2200.9 0.260 6.589 6.55

e.s. 2193.3 20.304 6.567 6.621
335Bh g.s. 2202.5 0.257 6.575 6.56

e.s. 2195.1 20.301 6.553 6.625
336Bh g.s. 2203.6 0.254 6.558 6.56

e.s. 2196.3 20.300 6.537 6.629
337Bh g.s. 2205.1 0.251 6.544 6.57

e.s. 2198.0 20.299 6.522 6.634
338Bh g.s. 2206.1 0.248 6.527 6.57

e.s. 2199.0 20.298 6.506 6.640
339Bh g.s. 2207.6 0.245 6.512 6.58

e.s. 2200.5 20.298 6.491 6.645
340Bh g.s. 2207.9 0.240 6.494 6.58

e.s. 2199.7 20.208 6.470 6.576
341Bh g.s. 2209.0 0.238 6.478 6.58

e.s. 2201.2 20.206 6.455 6.582
342Bh g.s. 2209.3 0.234 6.460 6.59

e.s. 2202.2 20.200 6.439 6.585
343Bh g.s. 2210.0 0.230 6.443 6.59

e.s. 2203.6 20.194 6.425 6.589
344Bh g.s. 2210.5 0.196 6.426 6.59

e.s. 2204.6 20.189 6.409 6.593
345Bh g.s. 2211.5 0.190 6.410 6.59

e.s. 2206.1 20.180 6.394 6.595
346Bh g.s. 2211.9 0.182 6.393 6.60

e.s. 2207.1 20.174 6.379 6.598
347Bh g.s. 2212.9 0.177 6.377 6.60

e.s. 2208.7 20.167 6.365 6.602
348Bh g.s. 2213.4 0.172 6.360 6.60

e.s. 2209.8 20.157 6.350 6.608
349Bh g.s. 2214.4 0.164 6.345 6.61

e.s. 2211.4 20.152 6.336 6.612
350Bh g.s. 2214.9 0.158 6.328 6.61

e.s. 2212.5 20.147 6.321 6.617
351Bh g.s. 2216.0 0.144 6.313 6.61

e.s. 2214.1 20.142 6.308 6.620
352Bh g.s. 2216.6 0.136 6.297 6.62

e.s. 2214.9 20.136 6.292 6.625
353Bh g.s. 2217.7 0.131 6.282 6.62

e.s. 2216.4 20.131 6.279 6.628
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TABLE I. ~Continued.!

Nucleus Case BE b2 BE/A rc Nucleus Case BE b2 BE/A rc
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354Bh g.s. 2217.9 0.120 6.265 6.62
e.s. 2217.1 20.122 6.263 6.630

355Bh g.s. 2218.7 0.113 6.250 6.62
e.s. 2218.2 20.113 6.249 6.633

356Bh g.s. 2219.0 0.103 6.233 6.63
e.s. 2219.0 20.101 6.233 6.637

357Bh g.s. 2220.2 20.092 6.219 6.640

358Bh g.s. 2220.9 20.081 6.204 6.643

359Bh g.s. 2222.0 20.071 6.189 6.645

nonrelativistic model calculations also predict thatN5162 is
the next possible magic shell@49#. As already mentioned in
the Introduction, this is empirically found to be the case
Z5108, N5162, 270Hs nucleus and hence could be taken
the possible reason forZ5107, N5160, 267Bh to have a
longer half-life time than the262Bh nucleus, owing to its
approaching theN5162 or 164 closed shell.

For Bh isotopes, the single-particle energy spectra are
lustrated in Fig. 4 for some specific nuclei, th
261,271,291,365Bh. This means considering prolate, oblate a
spherical systems~see Table I!. We find reasonably large
shell gaps atN52, 8, 18, 34, 50, 58, 92, 120, 138, 164, 18
198, and 258 and atZ52, 8, 18, 34, 50, 58, 92, 120, and 13
for 271,291,365Bh. The same for261Bh are rather weake
~smaller shell gaps! as well as different, though the ground
state deformation for261Bh is found to be nearly the sam
(;0.27) as for271Bh. The known magic numbers atN ~or
Z)520, 28, and 82 are not obtained for any of the nuc
studied here. Note that the shell gaps atZ5120 and 138 are
very prominent for271,291,365Bh nuclei. We also notice a rea
sonable gap atZ5114, predicted earlier in some other RM
calculation@50#.

FIG. 2. The difference between the RMF ground-state solu
and the FRDM binding energy, compared with that of the RM
prolate and oblate ground-state solutions.
04431
360Bh g.s. 2222.7 20.041 6.174 6.651

361Bh g.s. 2223.9 20.030 6.160 6.652

362Bh g.s. 2224.6 20.017 6.145 6.653

363Bh g.s. 2225.8 0.006 6.132 6.65

364Bh g.s. 2226.1 0.003 6.116 6.65

365Bh g.s. 2227.2 0.003 6.102 6.65

r
s

il-

d

,

i

It is relevant to note here that for identifying the mag
numbers, it is not sufficient to simply draw the singl
particle level scheme and look for gaps. In fact, the le
scheme can be quite complicated and the high degre
degeneracy weighs the levels quite unequally. Also, the s
consistency causes a strong coupling of the proton and
tron shell structures. This implies that the proton magic nu
bers can vary, depending on the number of neutrons pre
and vice versa. Thus, it is not possible to calculate the ene
spectra for one (N,Z) system as a representative for th
whole region of nuclei, rather each nucleus needs a sepa
evaluation in order to identify the proper combination
magic neutrons for a particular number of protons and v
versa@51#. Hence, in the absence of the Strutinsky type
shell corrections, theS2n values give a better insight into th
shell closure effects of the deformed nuclei@23,39#, rather
than their deformed single-particle level schemes.

C. Two-neutron separation energiesS2n

In order to get a further insight into shell closure effec
we have plotted in Figs. 5 the two-neutron separation ene
S2n for all the Bh isotopes studied here. Figure 5~a! is for

n
FIG. 3. The binding energy per particle obtained for the prol

and oblate solutions, compared with the FRDM data.
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FIG. 4. The RMF ground-state single-partic
energy spectra for both protons and neutrons
261,271,291,365Bh nuclei.
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even-A and Fig. 5~b! for odd-A isotopes. The two-neutron
separation energyS2n is evaluated from the binding energie
of the two neighboring isotopes withN andN22 neutrons:
S2n(N,Z)5BE(N,Z)2BE(N22,Z). Interestingly, the
variation of S2n with N ~or A) shows a sudden decrease
S2n at N5152, 162~or 164!, 184, 232, and 258 for odd-A
series andN5151, 161~or 163!, 183, 231, and 257 for even
A series. This clearly favors the magicity of nuclei at t
neutron numbersN5152, 162~or 164!, and 184, in agree
ment with the predictions of the nonrelativistic model calc
lations @20,49,52# and experimental systematics@19#. Note
that these predictions agree reasonably with the sphe
relativistic mean field predictions noted above@10#. Since we
are dealing here with deformed nuclei, in a self-consist
calculation, the shell gaps may change by one or two u
due to the rearrangement effect. This is in addition to ot
effects of the self-consistency etc., mentioned earlier.

D. Potential energy surfaces

We know from the calculated microscopic energies@20#
that the superheavy nuclei are unstable with respect to s
taneous fission. This means that the magnitude of shell
ergy governs their half-life times. Also, the microscopic e
ergies do not favor spherical shapes for nuclei in theZ
5107 region, contrary to the situation for the lighter a
heavy Z elements@10#. In fact, the deformed shell effect
play very important role in the description of the superhea
elements. Practically, any deformed gap around the Fe
surface can give rise a local minimum in the PES.

The PES for 262,263,266,267,270Bh and 280Bh isotopes are
shown in Fig. 6. We find a clear single deep minimum
each nucleus. Also, all the isotopes in the Bh series con
ered here in Fig. 6 are prolate shaped in the ground s
This can also be seen from Table I where all the calcula
bulk properties of Bh nuclei are given. The excited~oblate!
shape in each of these Bh nuclei is not clearly defined s
the other minimum in the potential energy surface is rat
very shallow. The oblate minima are found at relative
04431
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FIG. 5. The RMF results of two-neutron separation energ
S2n , compared with the results of FRDM calculations,~a! is for
even-A and ~b! for odd-A nuclei.
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FIG. 6. Potential energy ob
tained by RMF calculations as
function of the quadrupole defor
mation parameterb2 for some Bh
nuclei.
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higher quadrupole deformations (b2;20.3) and are
;10–12 MeV higher than the ground-state prolate mini
for most of the Bh isotopes, a situation most unlikely for t
formation of an excited state~e.s.!. However, this type of an
excited state is possible when a superheavy nucleus dire
undergoesa decay, without first going to the ground-sta
configuration. The same pattern is observed in almost all
PES, except for280Bh where the oblate minimum is only 1.
MeV above the ground state, a case almost of shape
existence observed in many nuclei@23,53#. In some Bh nu-
clei, the excited-state solution is not at all observed~see
Table I for cases of missing e.s. solution!.

E. Quadrupole deformations

The calculated ground-state quadrupole deformation
rameterb2 for all Bh isotopes studied here is plotted in Fi
7 ~solid lines with open circles!. We notice that the ground
state shape of Bh isotopes changes from prolate to oblate
again from oblate to prolate. Thus, there is a sign chang
b2 from positive to negative atA5285 (N5178) and again
from negative to positive atA5294 (N5187). For further
increase in mass number of Bh isotopes, we again fin
change in sign of the ground-state deformation at m
numberA5356 ~N5249!. Also, it can be seen that the ma
nitude of the ground-state deformation decreases w
mass number and there are a bunch of weakly deformed
isotopes atA;280–300 andA;351–365. In other words
we get the nearly spherical Bh nuclei forN5173–193 and
N5244–258. Note that the midshell of these regions
sphericity lie atN5184 and 252. We have also plotted in Fi
7 theb2 values obtained from the FRDM calculations@41#.
We find in general, reasonable agreement between the
results.
04431
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F. Root-mean-square radii

At present it does not seem feasible to measure exp
mentally the rms charge radiir c for the studied Bh nuclei.
However, the relatively longer half-life time for267Bh raises
the hope for the determination of the size of this nucle
in the near future. Also, the estimation of neutron, proto
and matter distribution radii are quite useful from the stru
ture point of view. Therefore, in Fig. 8 we have present
the ground-state neutronr n , proton r p , charge r ch , and
matter r m distribution radii. The interesting result is tha
the variation of ground-state charge radius with neut
number shows a transition from increase to decrease
then increase atN5164. The decrease in rms radii occurs

FIG. 7. The RMF ground-state quadrupole deformation para
eter as a function of the mass number of Bh nuclei, compared w
the FRDM results.
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the regions ofN5164–182, 183–194, andN5237–258.
This could be taken to mean that the shrinkage in rms r
makes these nuclei spherical and gives the appearanc
islands of superheavy nuclei. A similar result is observed
light nuclei @54#.

G. Densities distributions

The density distributions of protons and neutrons
shown in Fig. 9 for261,271,291,365Bh nuclei as the representa
tive cases of the Bh series. For such density distribution
is clear that the shape of the nuclear potential is more lik
modified square well potential. There is a sudden fall in d

FIG. 8. The ground neutronr n , protonr p , charger c , and total
massr m radii for Bh series. The charge radii are evaluated tak
into account the finite size of the proton, using the relation,r c

5Ar p
210.64 fm.
04431
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sity beyond;5.5 fm in each case~with rather small skin
thicknesses!, which could be a possible explanation for th
change in magic number sequence. We know that 58, 80,
92 are the magic numbers for a square well potential, as
also observed in single-particle energy spectra in Fig. 4.

H. Qa values

Finally, theQa values fora decays of each of the recentl
observed266Bh and 267Bh nuclei are calculated by using th
relation BE(Z,N)5BE(Z22,N22)1BE(2,2)1Qa . Here
BE(Z,N) is the binding energy of the parent nucleu
BE(Z22,N22) of the daughter nucleus, andBE(2,2) ~28.4
MeV!, the experimental binding energy of thea particle. The
calculated results are presented in Table II, along with
recent experimental data@8# and the results of the macro
microscopic FRDM@41# for comparisons. We find that ou
RMF results are in very good agreement with both the d
and the FRDM calculations.

IV. SUMMARY AND CONCLUSIONS

In summary, we have calculated the binding energies,
single-particle energy spectra, the rms radii, the neutron
proton density distributions and the quadrupole deformat
parameters for Bh isotopes from proton to neutron drip lin
using the axially deformed relativistic mean field approa
The potential energy surfaces are also plotted as a functio
the deformation parameterb2.

The shape of the ground-state configuration changes f
prolate to oblate and again from oblate to prolate with
increase of mass number of Bh nucleus. The excited sta
most of the cases is found to lie very high. The maximu
difference between prolate and oblate solutions is;12 MeV
for A5268. Also, a spherical~or near spherical! island of Bh
nuclei is noticed aroundN5184 and 252.

g

n

FIG. 9. The density distribu-

tions of protons and neutrons i
261,271,291,365Bh nuclei.
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TABLE II. The RMF~NL3! calculatedQa energy for each of266Bh and 267Bh nuclei, compared with the
experimental data@8# and the FRDM calculation@41#. All energies are in MeV.

Nucleus Qa ~RMF! Qa ~Expt.! Qa ~FRDM! Nucleus Qa ~RMF! Qa ~Expt.! Qa ~FRDM!

266Bh 9.175 9.29 8.82 267Bh 8.843 8.83 7.52
262Db 8.233 8.45 8.81 263Db 7.823 8.35 8.28
258Lr 7.702 8.60 7.34 259Lr 7.400 8.45 6.94
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The magic number sequence is found changed from
standard one, and this sequence in our calculations iN
52, 8, 18, 34, 50, 58, 92, 120, 138, 164, 184, 198, and
and Z52, 8, 18, 34, 50, 58, 92, 120, and 138. This mea
that the known magic numbers atZ520, 28, and 82 are no
obtained and some new magic numbers appear. The
gaps atZ5120 andZ5138 are rather prominent for th
271,291,365Bh nuclei. We also notice a reasonable shell gap
Z5114. The obtained magic number sequence is more
that for the square-well potential which is mostly due to t
square-well-like shape of the calculated density distributio
The calculated two-neutron separation energies also con
the above shell gaps obtained in the single-particle ene
spectra. The interesting result is that almost all the calcula
quantities point to a shell gap at aboutN5162 or 164, which
means that, in agreement with the empirical trends,269Bh or
271Bh is a most stable nucleus in the chain of Bh-nuc
studied here.

The calculatedQa energies, compared with the recent
observed data for266Bh and 267Bh isotopes and the FRDM
calculations, are found to be somewhat closer to experim
than to the FRDM results.

Finally, it may be noted here that in the present calcu
tions, made in the relativistic mean field approximation, s
eral important factors have been neglected, e.g., we h
taken a very rough value of the pairing gaps for both
protons and neutrons in the BCS calculations used for tak
the pairing correlations into account. It is also known that
simple BCS approximation breaks down near the drip lin
At present it is quite unknown about the definite pairing ga
or
ys

na

v,

,

.
.
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for protons and neutrons in the superheavy region. This c
for the use of an improved treatment of the pairing, beyon
simple BCS, for this region of nuclei. Another approximatio
is the zero contribution of pions in the present calculatio
In the original Walecka model, at the level of RMF approx
mation, the contribution of pions is taken as zero due to
assumption of spherical shapes of nuclei and also assum
the spin-isospin saturation. The contribution of pions, ho
ever, is nonzero in the higher-order approximations~i.e., be-
yond RMF, as for the inclusion of exchange contributio!
@24,55#. Although the pion contribution is non-negligible fo
the present cases due to the highly assymmetric isoto
here we have neglected this contribution. Of course, one
readjust the parameters of the Lagrangian to reproduce
experimental observables. In any case, in order to get a q
tative result the above points need to be included in future
these calculations, as is advocated by Tokiet al. @56#. Work
in this direction is in progress and will be published som
where else.
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