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How good are the internal conversion coefficients now?
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To fully utilize experimental internal conversion coefficients, one needs a reliable calculation of theoretical
values. We have assembled a set of 100 experimental conversion coefficientg, @3 55« values,
measured with an accuracy of better than 5%, and generated the corresponding theoretical values using two
methods, relativistic Hartree-Fock-Slat@HFS and relativistic Dirac-FockDF). Extensive comparisons of
the experimental values with the two sets of theoretical values show that the DF method is clearly superior to
the RHFS method in the overall reproduction of the experimental internal conversion coefficients. We discuss
in some detail the differences between various versions of these two theoretical approaches, with a view to
understanding which of these differences are most critical to obtaining agreement with experiment.
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[. INTRODUCTION certainties have been discussed by several authors including
most recently by Rysvy and Dragoun4]. The combined
The internal conversion procef€P) is used extensively effect of these uncertainties is not known at the present time
in solving many problems of nuclear physics. Through com-and can only be estimated by resorting to experiment.
parison of experimental internal conversion coefficients During the 1965 Nashville Conference on ICB$— the
(ICC9 [measured for different atomic shelle .. .) first major international conference devoted to this subject—
comparison between theoretical and experimental ICCs was
a recurring theme. At that time, experimenters had access to
ICCs computed by Rogs] and by Sliv and Bandl7]. The

of spins and parities for nuclear levelii) elaboration of available experimentakk and a1 values carried uncertain-
P P ' ties in the 5-10 % range. There was a convergence of evi-

level schemes and nuclear decay schemes(ian@hecking  jonce that theory and experiment agreed within this uncer-
the balance_ of transition intensities—that is, in the end, totainty range and that the theory was good enough for the
test and refine various nuclear structure models. Moreover|assical” use of ICC for determination of multipolarities
ICP data h_ave applications in interdisciplinary investigationsand. hence, of spins and parities. Somsubshell ratiogfor
such as Mssbauer experiments, studies of the electronig=2 transitions differed from theory by up to 20%, but fur-
structure of condensed matter, etc. ther work has removed this discrepancy.

For an analysis of experiments involving ICC measure- |n 1973, Ramaret al.[8] measured the total ICC;) for
ments, theoretical ICCs are required. The more accurate afge 156.0-keVM4 transition in 1’Sn to an accuracy of
the ICC calculations, the more reliable will be the conclu-0.5%. Even after three decades, this measurement remains
sions about nuclear properties. Deviation of an experimentahe most accurate and well-documented benchmark measure-
ICC value from the theoretical value is expected only in thement. The measured value;=46.40+ 0.25, is~3% lower
special case that a nuclear transition under consideration than the HS value of 47.8. This discrepancy prompted these
strongly hindered. authors to examine the literature for &B andM4 transi-

There is a long history of generation and improvements otions whose ICCs ¢k or at) had been experimentally de-
theoretical ICCs. Currently the most widely used ICC tabledermined to better than 5% accuracy. They found five such
are those by Hager and SeltZ&fS) [1], Rosel, Fries, Alder, E3 and ten suciM4 transitions for which a total of 19 ICCs
and Pauli(RFAP) [2], and Band and Trzhaskovskay&aT) (14 ax and 5a7 values were available. On the one hand,
[3], all based on calculations using the relativistic Hartree-Ramanet al. [8] found that experimental ICCs as small as
Fock-SlatefRHFS method. ax(E3)=0.0472 in "®As and as large as+(M4)=1076 in

Uncertainties in the theoretical ICCs can arise frin  12°Te were correctly predicted by theory; on the other, the
details of the physical assumptiond, inadequate knowl- agreement between theory and experiment could be consid-
edge of some quantities involved in the computations, an@red satisfactory were it not for the fact that the HS theoret-
(iii ) approximations made in the code. These sources of urieal values for these high-multipolarity transitions weses-

tematically2—3 % larger than measured valusse Fig. 1
The clear implication was that whatever problems existed in

or for all shells combinedd+)] with the corresponding the-
oretical values, multipolarities and mixing ratios of nuclear
transitions are determined. These are usedijassignment

*Email address: raman@mail.phy.ornl.gov the calculations were potentially traceable and fixable. For
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obtained half-life T1,) measurements. Using this method,
Ramanet al.[12] found it necessary to reduce the HS values
of a7 for E2 transitions by 1.5% in order to reconcile the
B(E2)1 andT,,, values(see Fig. 1 of Ref.12] and Sec. II).
In a series of papergl3—15, Nemeth and co-workersi)
expanded the list of accurately measured ICES, (M3,
E4, andM4) to 64,(ii) confirmed that the HS values were
indeed 2—3 % larger than experiment as found earlier by Ra-
man et al. [8], and (iii) showed that the RFAP values were
similarly ~2.5% larger than experiment. Moreover, Band
et al.[16—18 began comparing the BT values with experi-
ment. They concluded that the BT values were als®%
larger than experiment.

A new ICC table has been generated recently by Band,
Trzhaskovskaya, Nestor, Tikkanen, and Ram@TNTR)
[19] using a slightly modified version of tieaINE computer
code[20-22. The calculations in this case are based on the
relativistic Dirac-Fock(DF) method in which the exchange
interactions between bound electrons and between these
electrons and the free electron receding to infinity during the
conversion process are treated exactly. The exchange inter-
action was treated approximately in the RFHS method. There
are preliminary indicationg16—-18,23-2% that the DF
method gives results that are closer to the experimental data
than those obtained with the RHFS method. A more detailed
analysis with complete documentation of the experimental
data is presented in this paper. The adopted ICCs for transi-
tions occurring throughout the periodic table have also been
compared with all available theoretical values. We have also
examined the physical assumptions underlying these calcula-
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tions and the magnitudes of the associated influences.

II. ABBREVIATIONS

We have assembled in one place the abbreviations used in

this paper.

FIG. 1. Original observation made by Rametnal. [8] that the
precisely measureB3 andM4 conversion coefficients are system-
atically lower than the theoretical Hager and Selt4¢8) values.
See Eq.(21) for the definition ofA\cc. The average difference is
(—2.12+0.23)% for these 19 data points.

The systematic discrepancy problem raised by Raman
et al.[8] was not taken seriously by most theorists who were
then engaged in ICC calculations. Band and Listengarten
[10] insisted that the discrepancies, if they existed at all,
were not systematic and could be explained in most cases by
nuclear structure effects. After carrying out some precise
ICC measurements and comparing the results with theory,
Dragounet al. [11] endorsed this same viewpoint. A few
years later, in the course of generating new tables of ICCs
using the RHFS method, neither s et al. [2] nor Band
and Trzhaskovskayg3] made any attempt to compare their
ICCs with experimental values.

Another, albeit more indirect, method of obtaining experi-
mental ICCs is to compare experimen®(E2;0; —2)
[abbreviated a8(E2)1] measurements with independently
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BT—Band and Trzhaskovskaya talji&],
BTNTR—Band, Trzhaskovskaya, Nestor, Tikkanen, and
Raman tablg19],

DF—Dirac-Fock method,

HS—Hager and Seltzer tabjé],

|CC—internal conversion coefficient,

ICP—internal conversion process,
NP—no-penetration model of Ro§8],

RFAP—RGel, Fries, Alder, and Pauli tabjé],
RHFS—relativistic Hartree—Fock—Slater method,
RHFS1—RHFS withC=1 in Eq.(17),

RHFS 2—RHFS withC=2 in Eq. (17),

RNIT—this work; Raman, Nestor, Ichihara, and
Trzhaskovskaya table,

RNIT(1)—this work; self-consistent calculatidsee Sec.
IV B 2),

RNIT(2)—this work; frozen orbital calculatiofsee Sec.
IV B 2),

SC—surface-current model of SIj27],
SCF—self-consistent field.
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[ll. ACCURATE EXPERIMENTAL ICC VALUES to this papef32]), we have used Edl) to extracte values

for 29 pureE?2 transitions. All of thesevt values except that
for Dy (with an uncertainty of 14%have been carried

“The test of all knowledge is experiment,” expressed SUC-gyer to Table B of Ref[32] where the
. y are supplemented by
cintly by Feynmaret al.[28]. We have assembled a database, directly measured ICC&4 ay and 7 @) bringing the

of all ICCs (ax and at) known to better than 5% accuracy. ioial number ofE2 cases to 49.
The experimental methods for measuring ICCs have been |n Taple B[32] we have also presented the available data
reviewed by Hamiltorj29]. We did not consider dipole tran- for 51 more cases. The breakdown is as followsv3, 10
sitions becauseEl transitions are, as a rule, hindered g3, 34M4, 2E4, and 2E5 transitions. We thus have a total
strongly, andM1 transitions often appear as mixédl  of 100 ICCs(45 ayx and 55« values for 77 transitions
+ E2 transitions with uncertain mixing ratios. We evaluatedmeasured with an accuracy &f5%, which can be used for
all measurements critically. In a few cases, we have intesting theory.
creased the uncertainty values quoted by the authors becauseThe transitions deexciting the states listed in Tab[82
we concluded that they had been underestimated. If a pakare pureE2 because they represenf-2 0; transitions. Ra-
ticular quantity has been measured more than once, we ligfiation with two(rarely threg values ofL of the same parity
the adopted value based on our evaluations. Even though Wein be present in mixed multipolarity transitiofthat is,
have examined the unweighted and weightiedersely pro-  mixtures of E2+ M3, M3+E4, E3+ M4, M4+E5, etc.,
portional to the quoted uncertainty and to the square of th@re possiblgif such transitions are permitted by the selection
quoted uncertainjyaverage values, we have not adhered reryles. Based on the scarcity of counterexamples, it is be-
ligiously to such procedures in arriving at our adopted val-ieved that whenevekJ=2 (whereAJ is the spin difference
ues. Moreover, the uncertainty assigned to the adopted valygetween the initial and final stajesn appreciable part of the
is equal to or larger than the smallest uncertainty assigned t9 transition proceeds by the lowest possible multipole order.
the measured values. In addition, we have listed all measuregigher multipoles occur only when the transition is “highly”
values(and referenceshat went into our evaluations. hindered. We show in Fig. 2 the transition probabilities for
It is known[30,31 that at for a 2/ —0; , E2 transition  those transitions that can be, in principle, mixed. Even
in an even-even nucleus can be extracted fromB{E2)T  though a few transitiongarticularly E3) appear to be hin-
value from Coulomb excitatiorfwith detection of inelasi- dered, we initially treat all transitions listed in this work as
cally scattered particl¢sand the half-life ;) value from  pure transitions. This is because one of the major arguments
lifetime measurements. The connecting expresgidt is used to invoke the presence of a higher-multipolarity com-
ponent in a particular transition is the departure of the ex-
Ti(1+a7)=2.829<10"E"°[B(E2)1/e’b?] %, (1)  perimental ICC from the theoretical value. Therefore, the
overall level of agreement between theory and experiment
where the energy of the;2stateE is in keV, B(E2)1 isin  needs to be examined first and settled. We will return to the
e’b?, andris in ns. In Table Asee the electronic addendum hindered transitions in Sec. V.

To test the theoretical ICCs, we resort to the philosophy
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TABLE |. Underlying assumptions in the calculations leading to various ICC tables.

Band, Trzhaskovskaya, Nestor,

Hager and Seltzer Rosel, Fries, Alder, and Pauli  Band and Trzhaskovskaya Tikkanen, and Raman
(HS) {1] (RFAP) [2] (BT) [3] (BTNTR) [19]
Relativistic Relativistic Relativistic Relativistic
Hartree-Fock-Slater (RHFS) Hartree-Fock-Slater (RHFS)  Hartree-Fock-Slater (RHFS) Dirac-Fock (DF)
A. Atomic Field model
Self-consistent field Used self-consistent potential Self-consistent field Self-consistent field
calculated in the course of from Ref. [38]. calculated in the course of calculated in the course of
ICC computations. ICC computations. ICC computations.
RHFS method with C = % RHFS method with C=1 RHFS method with C =1 Relativistic DF method with
in the exchange term. in the exchange term. in the exchange term. exact treatment of exchange.

B. Consideration of the hole

Taken into account Not taken into account Taken into account Not taken into account

C. Nuclear model

Fermi nuclear charge Potential of a homogeneous- Potential of a homogeneous- Potential of a homogeneous-
distribution. ly charged sphere with a ly charged sphere with a ly charged sphere with a
radius Ry =1.24"3 fm. radius R, =1.24"3 fm. radius Ry =1.24"3 fm.
Dynamic effect not taken Dynamic effect not taken Dynamic effect taken into Dynamic effect taken into
into account, NP model. into account, NP model. account, SC model. account, SC model.

D. Experimental elctron binding energies
Taken from Ref. [34] Taken from Ref. [34] Taken from Refs. [35-37] Taken from Refs. [35-37]

E. Higher-order effects

Vacuum polarization and Not taken into account Not taken into account Not taken into account
electron correlation correc-
tions taken into account

approximately
F. Range of atomic numbers
30Z<103 30725104 10£Z2<104 10Z<126
G. Atomic shells
K, L, and M All shells K, L, and M All shells
H. Range of gamma-ray energies (in keV)
g +1<E, <1500-1650 € +2< E, <3000 -5000 g +1<E, <6000 g +1< E, <2000
fori=K. fori=K. for i= K. for i = K.
g +1<E <1000-1550 g +2<E, <1500 g +1<E, <2000 g, +1<E, <2000
for i=L. fori=L. for i=L. for i= L.
g +1<E, <150-510 g +2<E, <£500~-1500 g +1<E, <450 g, +1<E, <2000
for i=M. for i=M, N, O, P,and Q. fori=M. for i=M,N,O, P,Q,and R.
ICCs for different shells not ~ ICCs for different shells are  ICCs for different shells are  ICCs for different shells are
given for the same set of  given for the same set of -ray  given for the same set of given for the same set of
yray energies for each Z. energies for each Z. yray energies for each Z. y-ray energies for each Z.
"Resonance" regions seldom  "Resonance" regions often "Resonance" regions often "Resonance” regions often
expanded. expanded. expanded. expanded.
I. Range of multipolarities
IsL<4 1£L<4 ISL<L5S 1<L<5S
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TABLE II. The quantitiesA,cc (RHFS:BTNTR) [see Eq(21)] andAp; (RHFS:BTNTR [see Eq(22)] for selected

low-multipolarity transitions.

HZBijp0 238.6-keV, M1 transition

lgg Ergg 80.6-keV, E2 transition

RHFS1:BTNTR RHFS% :BTNTR RHFS1:BTNTR RHFS% :BTNTR
Shell Are A, Ae A, Are A, A A,
K 13 04 0.3 01 2.9 03 2.0 0.0
L 2.6 2.6 038 1.0 2.7 2.6 1.0 08
L 14 17 02 0.2 22 2.0 0.6 03
M, 15 1.8 02 02 22 2.0 -02 -05
M, 35 45 0.5 1.0 43 5.1 0.6 0.8
N 42 33 2.5 17 6.4 44 55 3.0
Ny 5.2 5.1 2.7 2.6 6.5 6.5 42 4.1
Ng 9.3 10.8 11 20 15.1 17.0 0.5 12
04 11.8 11.1 8.9 8.2 18.1 15.9 15.0 123
04 1.2 11.6 6.8 69 18.4 182 10.9 10.6
P, 23.6 234 102 10.1 50.5 493 8.0 6.6

. ——

IV. THEORETICAL ICC VALUES
A. Basic formulas for ICC calculations

The relativistic expressions for the IC&™ on theith

atomic shell obtained in the framework of the first nonvan-

For magnetic transitions, the corresponding expressions are

LO

Bil\fL: ( _ l)jf+l/2+ LC|i0|_fO

W(lijilis;5L)

(2)i+1)(21+1)(2j+ 1) (21 +1) |

ishing order of pertubation theory and one-electron approxi- | ko
mation is[6,19,33 L(L+1)(2L+1)
L Lp7L|2 (6)
aft =2 |BRI% 2
“ and
where 7L is the nuclear transition multipolaritgelectric 7 WL
=E or magneticr=M) and indicesi and f refer, respec- Rit = (kit k) (Rpa=L+Roa=1)- (7)

tively, to the initial (bound and final (continuum states of
the electron. The relativistic quantum numbeis given by

k=(1—j)(2j+1), wherej and| are the quantum numbers W
of the electron total angular momentum and orbital angular

momentum, respectively. The summation in E). extends
over all final states with quantum numbets that are al-
lowed by the selection rules:

IL—jil<issL+ii, (33

Ll even for EL transitions -
+1i+

(+hi+L) S 1 ogd for ML transitions. )

For electric transitions, the angular pﬁit}L and the radial
part R’ are given by

B =(— 1)) V2 LG oWl 5L)

(2j;+1)(21,+1)(2j;+1)(2l;+1)]Y?
x|k L(LrD)2L+1)

(4)
and
Rif-=(ki— &) (Rya=L -1+ Roa=1 1)

+L(Rya=-1=Ria=1 -1t R3a=1)- 5

In Eq. (4, Cigo is a Clebsch-Gordan coefficient,
(lililsis:3L) is a Racah coefficienk is the y-ray energy,
and a=e?/Ac is the fine structure constant. In E@), the

symbols C-2—  W(l,jil;j;5L), k, and @ have similar

1,010’

meanings; in addition| =2j—1. The radial parts, Eq¥5)
and(7), contain three kinds of radial integrals:

Rl,A:fo GiF X, (kr)dr, (8a)
RZ,A:J'O FiGiXa(kr)dr, (8b)
Ra,Asz (GiGt+FiFp) X (kr)dr, (80

whereG(r)=rg(r) andF(r)=rf(r). The large and small
components of the relativistic radial electron wave function
are represented ly(r) andf(r), respectively. In any calcu-
lation, if G;(F;) and G¢(F;) are generated in theame
atomic field, they are orthogonal.

The radial part of the transition potenti#l, (kr) is writ-
ten in the surface-curret8C) model of Sliv[27] as
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TABLE IIl. The quantitiesA,cc (RFHS1:BTNTR [see Eg.(21)] and Api (RHFS1:BTNTR [see Eq.(22)] for high-multipolarity
transitions.

A« (RHFS1:BTNTR) Ap, (RHFS1:BTNTR)
Ey (keV) E3 E4 ES M3 M4 M5
Niobium (Z = 41) X shell Z=41, Kshell
50 2.3 2.8 3.2 29 34 39 0.5
100 1.6 1.9 2.1 22 2.6 29 0.5
200 1.2 1.4 1.6 1.7 2.0 22 0.5
300 1.0 1.2 1.3 14 1.7 1.9 0.5
Niobium (Z =41) L shell Z =41, L, shell
50 2.6 33 4.3 3.6 4.0 4.6 0.7
100 1.6 1.8 2.0 29 32 35 0.7
200 1.2 1.4 1.5 1.5 1.8 2.8 0.7
300 1.1 1.3 1.4 1.2 1.5 2.5 0.7
Niobium (Z = 41) L5 shell Z =41, L, shell
50 39 4,3 4.7 5.0 5.8 6.3 31
100 3.6 39 4.1 45 52 54 31
200 34 37 38 35 4.0 48 3.1
300 33 34 3.7 3.6 4.0 4.5 3.1
Thorium (Z = 90) K shell Z =90, K shell
50 3.2 42 49 2.7 4.0 47 0.4
100 2.5 32 3.7 2.1 3.2 36 0.4
200 1.8 2.3 2.7 1.7 2.6 2.8 0.4
300 1.5 1.8 2.0 1.5 1.8 2.1 0.4
Thorium (Z = 90) L, shell Z =90, L; shell
50 31 4.0 4.7 34 4.1 5.1 0.8
100 2.7 32 39 2.8 33 4.1 0.8
200 2.5 2.7 33 2.3 2.7 33 0.8
300 2.2 25 29 2.2 2.4 30 0.8
hy(k E.=E.,—¢;, 12
ja(kr) ———=— A((kgg)) for r<R, k™ =y ®i (12)
Xp(kr)= Ia ©) whereE,, is the y-ray energy k=E,, in relativistic unitg
ha(kr) for r>Ry, and ; is the binding energy for theth atomic shell. The
i . binding energies are taken from experimg34 —37] if avail-
and in the no-penetratiofNP) model of Rosd6] as able. 9 9 P E%-37

The electron wave functions(r) andF(r) are solutions

Xalkn=hy(kr). 10 ot the system of Dirac equations
The spherical Bessel and Hankel functions are defined by 4G p
—=——G+[E+1-V(n)]F, (139
. ™ T dr r
JV(X) = EJIH-]./Z(X) and hv(x): gHer 1/2(X)’
(11) aF o r_re—1-
g =+ F-[E-1-V(n]G, (13b)

whereJ, , 1> is a Bessel function an’bkf,ljl,z(x) is a Hankel

function of the first kind. All expressions make use of rela-whereE is the total electron energy including the electron
tivistic units where the electron Compton wavelengthrest mass E<1 for the bound electron state ald>1 for
(h/mgyc) serves as a unit of length and the electron rest masthe continuum stajeand V(r) is the potential energy of an
(moc?) as a unit of energy. In calculating the continuum electron in the field of a nucleus and other atomic electrons.
wave functions, the conversion electron enekgyis deter-  The potentialV(r) consists of three partsi) V,.(r), the
mined by interaction of the electron with the nucleys) V¢q,(r), the
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TABLE IV. The quantitiesA ¢ (RHFS:BTNTR [see Eq(21)] and Ap‘ (RHFS:BTNTR [see Eq(22)] for very low-energy transitions
and outer shells in selected nuclei.

RHFS1:BTNTR RHFS2:BTNTR
Nucleus Ey(keV) TL Shell Ac A, Ace A,
19Ag4; 1.280 M3 M, 12 1 6 0
M, 23 4 13 0
M, 11 3 6 0
M 14 8 6 0
M 31 15 23 11
0, 59 46 12 7
183 W09 0.545 El A -13 5 0 3
N -62 4 -47 1
Ny 273 7 209 2
Ns 166 7 131 2
0, -34 14 -30 10
0, 41 19 -39 12
0; -15 14 13 7
04 144 24 102 -1
P, -19 38 -33 9
BUins 0.075 E3 P, 28 14 17 7
P, 39 16 30 7
P, 46 23 -1 -18
0O 50 27 23 2
0 68 36 : 23 3

TABLE V. The quantityApK (RHFS:BTNTR [see Eq.(23)] for the free electron corresponding to different values of the relativistic
quantum numbek.

E, =0.1keV Ep =05 keV E, =5.0keV E, =50.0 keV
A, (RHFS:BTNTR) A, (RHFS:BTNTR) A, (RHFS:BTNTR) A, (RHFS:BTNTR)
K RHFS! RHFS% RHFS1 RHFS% RHFS1 RHFS% RHFS! RHFS%
Niobium (Z = 41)
-1 73 74 3.6 3.6 11 11 04 0.3
+1 8.9 8.5 43 3.6 1.7 11 0.8 0.5
+2 13 11 55 33 32 2.1 13 0.9
+3 35 23 13 8.1 47 32 15 1.1
+4 71 56 22 16 59 43 17 12
+5 79 65 25 20 6.7 5.1 19 14
Thorium (Z = 90)
-1 7.0 6.9 33 32 14 12 0.6 0.5
+1 8.4 7.9 4.1 3.7 19 1.4 1.1 0.7
+2 10 9.4 53 42 22 12 15 1.0
+3 10 8.0 6.2 3.8 3.8 23 19 1.3
+4 68 45 14 7.6 5.6 3.6 2.3 1.6
+5 89 64 27 18 73 52 2.5 18
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TABLE VI. The quantityA,cc (hole : no hol¢ [see Eq.21)] calculated with and without the hole resulting from the ejection of the
conversion electron. The calculations were performed by the DF methat=éR.

E; (keV) M1 E2 M3 E4 E5 M1 E2 M3 E4 ES
K shell L, shell
0.05 0.0 7.7 8.3 208 173 0.0 35 54 211 174
0.5 04 52 5.9 18 22 0.2 1.2 3.1 17 22
1.0 04 53 59 13 15 0.2 13 3.1 12 15
10.0 0.5 42 4.8 6.1 6.0 0.2 0.6 23 4.6 5.0
100.0 0.4 1.9 2.5 2.6 2.8 0.1 0.6 0.8 1.2 1.5
200.0 0.2 1.2 1.9 2.0 2.1 0.0 0.5 0.6 0.7 0.9
500.0 0.1 0.5 1.2 1.3 1.5 0.0 0.2 0.3 04 0.6
L, shell M, shell
0.05 1.2 25 9.3 7.9 214 0.0 3.9 3.1 221 174
0.5 04 0.2 8.4 8.7 17 0.3 1.4 0.9 16 21
1.0 04 0.2 7.7 7.9 13 0.2 1.5 1.0 11 13
10.0 04 0.1 42 44 52 0.1 0.6 0.7 35 44
100.0 0.1 0.1 12 1.3 1.6 0.0 0.1 0.3 0.5 0.6
200.0 0.1 0.1 0.7 0.8 1.0 0.0 0.1 0.2 0.3 04
500.0 0.0 0.0 0.3 04 0.5 0.0 0.1 0.1 0.1 0.2
Coulomb interaction between all electrons, diid V,(r),  Where p(r) is the spherical-averaged total radial electron
the electron exchange interaction. That is, density, which is defined as
2 2
V() =Vue() 4+ Veoul(r) + Ve (r). 14 Ga(r)+Fa(r)
( ) nucl( ) coul( ) ex( ) ( ) p(r):; QA A r2A . (18)
K

Inside the nucleus, the potential of a homogeneously charged
sphere with radiu®,=1.2A"® fm (A is the mass numbgis  The constanC is discussed in Sec. IV B 1. The DF method
usually assumed. The nuclear part of the potential has thgeats exchangexactly As a consequence, the expressions
form for the exchange terms turn out to be more complicésee
Eq. (40) of Ref.[19]) than Eq.(17). The self-interaction of

—(aZI2Ry)[3—(r/Ry)?] for r<R, an electron is eliminated from the DF equations whereas it is
—aZlr for r>Ry. allowed to remain'in the RHFS method. .

(15) The wave function&(r) andF(r) are boynded at origin
and at infinity. The bound wave function is normalized so
that

Vnucl( r= [

The Coulomb part of the potential may be written as

Vcoul(r): ? ; Qa fO(GiJr Fi)dl’ fw(Gz-i- Fz)dl’Zl. (19
0

=]
+rf f(G,Zﬁ— Fi)dr , (16) TABLE VII. Comparison of experimental ICC values for se-
rf lectedM4 transitions with theoretical values calculated within the

NP and SC models using the DF method with a H&&IT(1)].

where the indeXA denotes the set of quantum numbai$

(n is the principal quantum numbeand Q, is the occupa- Calculations

tion number for an atomic shell. In the RHFS method, theNucleus E,(keV) 1CC NP SC Exp.

exchange interaction between atomic electrons is taken int

accountapproximatelyon the basis of the statistical model 50Sne¢7 1560 oy  47.08  46.80 46.40+0.25

for a free electron gas. In this approximation, 137Bag, 6616 ax 00922 0.0914  0.0902+0.0008
. s BTHg; 1650 ax 7529 7379 73.9+0.08

207
Vo (r)=—ClalZp(n)| , 17) $2Pbips 10637  ax  0.0964 0.0942  0.0945+0.0022

a

044312-8



HOW GOOD ARE THE INTERNAL CONVERSION . .. PHYSICAL REVIEW @6, 044312 (2002

TABLE VIIl. Comparison between experimental and theoretical internal conversion coefficients.

Experiment Theoretical conversion coefficients®
Transition Ref. [1} Ref. [2] Ref. [3] Ref. [19] This workd
Energy? Multi-  Meas- ’ RHFS RHFS RHFS DF DF DF

Nucleus  (keV) polarity ured  Valueb HS RFAP BT BTNTR RNIT(1) RNIT(2)
0 Tiy, 889.2863 E2  ary  0.0001607 0.0001639  0.0001626 0.0001625 0.0001625
HTiyy 11205604 E2 oy  0.000095 4 0.0000932  0.0000925 0.0000924 0.0000924
34Cry 8348553 E2  ag  0.000224 10 0.0002233  0.0002220 0.0002218 0.0002218
34Cryy 8348553 E2  ap  0.000251 71 0.0002472  0.0002453 0.0002452 0.0002452
¥Fes, 81076415 E2  ax  0.00030 1 0.0003012  0.0002996 0.0002995 0.0002994
¥Fes, 81076415 E2  op  0.00034 1 0.0003346  0.0003324 0.0003322 0.0003322
®Nis, 11732514 E2  ag 00001506 0.0001508  0.0001502 0.0001500 0.0001500
$QNij, 11732514 E2 oy 0000168 7 0.0001679  0.0001670 0.0001669 0.0001668
$QNis, 13325165 E2  ax  0.0001156 0.0001142  0.0001138 0.0001137 0.0001137
ONij, 13325165 E2 ap  0.000128 4 0.0001271  0.0001266 0.0001265 0.0001264
10l Rus; 32482 E2  ag 001608 0.01781  0.0179  0.01786 001761  0.01767  0.01768
10Ndyy 130218 E2 o 0835 0.8655 0.863 0.8710 0.8469  0.8555  0.8570
2Smgy 1217821 E2 oy 0.669 8 0.6848 0.676 0.6862 0.6646 0.6761 0.6781
2Smgy 1217821 E2 o 1.14 2 1.167 1.17 1.175 1.141 1.152 1.155
smg, 8197618 E2  ar 4.83 11 4.931 493 4978 4.803 4.856 4.865
12Gdgy 3442822 E2 oy 002868 003111  0.0311  0.03123 003081  0.03100  0.03102
RGdgy 1230712 E2  ax 063416 0.6623 0653  0.6637 06421  0.6536  0.6557
3Gdgy 1230712 E2 oy 1202 1.200 1.20 1.209 1.173 1.185 1.187
¥Gdg, 889672 E2  of 4.09 13 3.933 392 3.967 3.831 3.870 3.878
18Gdg, 795102 E2  op 6.04 18 6.019 6.00 6.078 5.861 5.921 5.932
10Gdgg 75261 E2 op 7.4121 7.435 7.42 7513 7.242 7.314 7.328
Dy, 989182 E2  op 2.8118 2.859 2.85 2.887 2.791 2.819 2.824
Dyss 867881 E2  ag. 1536 1.585 1.55 1.592 1.513 1.556 1.565
9Dyy, 867881 E2  ar 4.6111 4.686 4.68 4737 4.574 4.618 4.627
%Dy 806602 E2 oy 6.03 14 6.219 6.21 6.288 6.067 6.123 6.136
WDy 733925 E2 o 8.92 19 9.020 9.01 9.121 8.798 8.873 8.891
164 Erog 91402 E2  ar 43221 4.198 421 4242 4.099 4.136 4.144
196 Erog 805777 E2  ag 1675 1.706 1.65 1.704 1.606 1.659 1.671
16 Erog 805777 E2  ar 6.77 14 6.881 6.90 6.95 6.713 6.768 6.780
18 Ene 798041 E2 g 7.02 19 7.143 7.16 7.222 6.975 7.032 7.044
WErne 7859122 E2  of 7.5520 7.592 7.62 7.677 7.414 7.474 7.487
T Ybigy 842551 E2 oy 1.40 4 1.437 1.39 1.434 1.352 1.396 1.406
T2Ybyg, 787431 E2 o 8.3925 8.365 8.41 8.465 8.183 8.241 8.253
T Yboe 764711 E2  oap 9.08 35 9.425 9.48 9.543 9.225 9.289 9.303
W Ybis 82132 E2 oy 6.9526 7.058 7.08 7.135 6.898 6.949 6.959
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TABLE VIII. (Continued)

Experiment Theoretical conversion coefficients®
Transition Ref.[1]  Ref.[2]  Ref.[3] Ref. [19] This workd
Energy? Multi-  Meas- RHFS RHFS RHFS DF DF DF

Nucleus  (keV) polarity ured  Valueab HS RFAP BT BINTR  RNIT(1) RNIT(2)
8Hf,ps  93.1801 E2  af 4.56 13 4.736 474 4.775 4.620 4.654 4.661
%Hfps 933262 E2  ap 4486 4707 471 4.746 4.591 4.625 4.632
B Wis 1001061 E2  ap 3.76 10 3.953 3.96 3.984 3.856 3.883 3.889
W, 1112084 E2  ar 2458 2.610 2.61 2.631 2.548 2.567 2.571
85wy, 122337 E2  of 1.68 11 1810 1.81 1.824 1.767 1.781 1.784
B8Hg ;3 4118052 E2  ag 0.0298 3 003014 00302  0.03017 0.02974  0.02995  0.02997
MW Hgo 36794410 E2 oy 0.0397 8 003913 00391  0.03912 0.03848  0.03880  0.03883
XPbys 5697032 E2  ag 0.0157 5 001590 00160 001592 0.01575  0.01582  0.01583
WThyy 53202 E2 ap 2297 233 233 2342 227.6 22738 2279
2Thy, 493699 E2  ar 303 14 334 335 336.5 326.9 327.2 327.3
BV 434981 E2 o 660 19 727 731 733.4 7119 7127 712.9
Uy 452423 E2 ap 548 16 602 604 605.6 588.0 588.6 588.8
B8Puy,, 44083 E2 756 22 803 807 810.0 785.7 786.7 786.9
MO0Puyg 428248 E2 ar 904 30 925 928 932.3 904.0 905.2 905.5
BCoy, 2488921 M3 oy 2030 90 1894 1753 1821 1839
$9Coy3 58591 M3 oy 41218 40.16 38.41 39.18 39.33
%iNbs; 4090272 M3 ag 750 37 783.8 781 786.5 730.7 758.7 765.8
BAsy, 3039252 E3 ag  0.047223 0.04701  0.0471  0.04730 0.04663  0.04689  0.04694
8 Kryr 321472 E3 oy 454 15 495.9 477 494.9 458.1 4771 483.1
%Rhsg 397566 E3 oy 136 6 139.4 133 138.8 1273 133.1 135.1
WRhsg 397566 E3  ap 1510 30 1462 1450 1459 1387 1398 1402
YRhsy 775482 E3  ap 391 44.19 443 44.80 42.95 43.43 43.57
10 Ageo 93132  E3 oy 924 9.391 9.23 9.397 9.034 9.227 9.273
19Ags, 88.0342 E3 g 1133 11.56 113 1157 11.10 11.35 11.41
19%Ags,  88.0342 E3 oy 2545 26.68 26.8 27.04 25.97 26.25 26.33
llicdg; 15082417 E3  ar 21211 2.301 2.31 2.326 2.256 2.278 2.283
13Cs 1275023 E3 oy 2.604 2771 2.73 2.775 2.677 2.730 2741
$£Krgg 30487120 M4 ay 0.432 20 0.4365 0.438 0.4390 04293 04331 04337
$Krgg 30487120 M4  ap 0.509 24 0.5244 0518 05191 05068 05108 05114
AT 3885323 M4  ay 0.175 6 0.1824 0.183  0.1833 0.1796  0.1810  0.1813
LT 3885323 M4 ar 02122 02178 0216 02160 02113 02128 02130
e 479505 M4 oy  0.085629 0.08288 00834  0.08335 0.08186  0.08240  0.08249
Y5 479505 M4 o 0.100 4 0.09835  0.0976  0.09763 0.09573  0.09629  0.09639
WRhse 157324 M4 g 21210 21.38 21.3 21.51 20.67 21.05 21.13
BIng, 3916918 M4 oy 0.438 7 0.4484 0.449 0.4505 04384 04430  0.4437
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TABLE VIII. (Continued)

Experiment Theoretical conversion coefficients®
Transition Ref. [1] Ref. [2] Ref. [3] Ref. [19] This work9
Energy? Multi- Meas- RHFS RHFS RHFS DF DF DF

Nucleus  (keV) polarity ured  Valuedb HS RFAP BT BINTR  RNIT(I) RNIT(2)
WIng, 3916918 M4 ay 0.540 6 0.5568 0.559  0.5600 0.5452 05499 05507
W Ingg 336243 M4 ok 0.843 12 0.8659 0865  0.8698 0.8445 08544  0.8560
U Ingg 336243 M4 op 1.073 14 1.094 1.10 1.100 1.068 1.079 1.081
Wiingg 31530212 M4 o 1.414 25 1.464 1.47 1.471 1.428 1.442 1.444
Wsng, 156023 M4 oy 30215 31.63 314 31.78 30.40 31.01 31.12
Hlsng, 156.023 M4  ar 46.40 25 41.79 478 48.10 46.14 46.80 46.94
38y 65661 M4 oy 1700 80 1661 1620 1668 1543 1602 1618
1B Teq, 88463 M4 ar 1050 40 1152 1150 1159 1099 1116 1121
DTe;; 109276 15 M4 oy 1677 188.6 186 189.7 179.4 184.1 185.1
BTe,; 109276 15 M4 o 355 11 363.6 364 366.1 348.5 354.0 355.4
120 Te s 88268 M4 g 484 23 4972 487 4989 467.6 482.0 4853
12Tep; 105505 M4 oy 213 10 221.8 219 223.0 210.5 216.2 217.4
1BXess 196563 M4 o 13.61 67 13.92 13.8 13.94 13.37 13.61 13.66
3Xe;; 1639318 M4 oy 31310 32.13 31.9 3228 30.81 31.45 31.57
BBa,, 26821920 M4 oy 3.8813 3.848 3.84 3.867 3726 3.784 3.793
BBa,, 26821920 M4 o 54211 5.395 5.41 5.427 5.234 5.296 5.307
3TBag, 6616603 M4 oy 0.0902 8 0.09261 00929  0.09289 0.09067  0.09138  0.09148
37Bag; 6616603 M4 g 0.1108 7 0.1148 0.114  0.1143 0.1115  0.1123  0.1124
116 80222 M4 ag 104 3 110.3 103 107.9 91.93 99.47 103.2
B 116 80222 M4 oy 21300700 22020 22200 22050 20920 21070 21150
YPte 34652 M4 oy 4028 4.401 438 4.344 4.187 4.261 4272
197Pt 19 34652 M4 o 774 7.714 7.74 7.643 7.385 7.468 7.483
Hg,; 164977 M4 oy 7398 77.05 76.0 76.08 71.69 73.79 74.26
BTHg; 164977 M4 o 340 5 348.1 350 347.1 331.4 334.8 335.8
XTPbyys  1063.6624 M4 o 0.094522 0.09695  0.0977  0.09491 0.09338  0.09417  0.09427
XTPbys 10636624 M4 o 0.126 3 0.1295 0.130  0.1271 0.1248 01256  0.1257
Mo,  263.0625 E4 o 0.690 17 0.7193 0.704  0.7084 0.6905 06962  0.6976
W Ings 190293 E4 oy 2505 2.584 2.55 2.589 2514 2.553 2.561
WiPby 786996 ES oy 0.088 4 0.08263 0.08064  0.08155  0.08167
MPb, 911787 E5 oy 0.0548 20 0.05501 005378  0.05432  0.05439

aAccording to our notation, 889.286 3 =889.286+0.003, 0.000160 7 = 0.000160+0.000007, etc.

bAdopted ICC values from Table B of Ref. [32].

CSee also Table 1.

dThe hole after conversion is taken into account in the current work. To obtain the RNIT(1) results, the continuum wave
functions were computed in the SCF potential for the positive ion. To obtain the RNIT(2) results, the continuum wave
functions were computed in the "frozen orbital” approximation.
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LN AR LR LN REAREE RARRE RERAN AR RN RRE RN AR RAREE RN RRLRE IR
Ti-46 ag E2889.3 Co-60 g M358.6
Ti-d6 arp E21120.6 Nb-94qp H— ! M3409
Cr-54ag E28349 As-T5ak ; i E33039
Cr-S4ap E28349 —e— Kr-830g E332.1
Fe-58 ay E28108 Rh-103ay | | E339.8
Fe-58 ar E2810.8 Rh-103 ay —e— E339.8
Ni-60 ez E21173.3 —e—i Rh-104 oy E377.5
Ni-60 oty E21173.3 Ag-107 ag —to— E393.1
Ni-60 g E213325 Ag-109 oy F—o— E388.0
Ni-60 ap E213325 Ag-109ar —o— E388.0
— Ru-10log E232438 3 Cd-111 ey E3150.8
Nd-150 = i { ar E2130.2 Cs-13d ag —e— E31275
Sm-152 oy ree- E2121.8 Kr-85ag F *——1 M4304.9
Sm-152 oy o E2121.8 Kr-85ar ' - M4304.9
Sm-154 org —e—i E2820 Sr-87 oy —et— M4388.5
—e—i Gd-152 o E2344.3 Sr-87 ar K M4388.5
Gd-154 ag e E2123.1 Y-900g —e—i M4 479.5
Gd-154 —— E2123.1 Y-90ar ———i M4 4795
Gd-156 ar —— E289.0 Rh-101ag + - | M41573
Gd-158ar d E279.5 In-113ag e M4391.7
Gd-160 ory { E2753 In-113ar HH M4391.7
Dy-15807 * ) E2989 In-115 ag T M4 336.2 FIG. 3. Comparison between
Dy-160ax : Ez808 lo-11307 - M4 3362 measured conversion coefficients
Dy-160 ) o onrer R M and theoretical Hager and Seltzer
Dy-162 oy —— E2807 Sn-117ay ———ed— M4156.0 g
Dy-164 ar o E2734 Sn-117 ap i M4156.0 (HS) .v.alues. See Eq2)) for the
Er-164 ap ——— E291.4 Sn-119 ey ——— M465.7 definiton of A,cc. The data
Er-166 oy —3o—r E280.6 —— Te-123 oy M488.5 points and error bars are based on
Er-166 ar e E2806 e Te—125 ax M4109.3 the values given in Table VIII.
Er-168ar e E2798 Te-125 oy : ’ M4109.3 The average difference is3.01
Er-170az E2786 Te-127a, ’ M488.3 +0.24)% for these 86 data points.
Yb-170 oy L | E2843 Te-129ag + . { M4105.5
Yb-172 07 — E2787 Xe-129 oy I * | M4196.6
Yb-174ap , E276.5 Xe-13lag - = M41639
Yb-176 a7 —i——i E282.1 Ba-135ag —— M4268.2
Hf-178 oty —e— E293.2 Ba-135ar e M4268.2
Hf-180 oty e E2933 Ba-137atx o M4661.6
W-182 ap —e— E2100.1 Ba-137 ey 8 M4 661.6
W-184cp e E2111.2 Ir-193ax o M480.2
————— W-186 oy E2122.3 Ir-193ar t M4802
Hg-198 ax re E24118 —o—t Pt-197 oy M4346.5
Hg-200 oy H—e— E23679 Pt-197 ar — J M4346.5
Pb-207 g *+—— E2569.7 Hg-197 ag e M4165.0
Th-230 oy o—— E2532 Hg-197 ar +io— M4165.0
—— Th-232a; E2494 Pb-207 g ' } M41063.7
—e— U-234 ay E2435 Pb-207 oty ' | M41063.7
—e— U-236 ay E245.2 Mo-93 ar —e E4263.1
Pu-2380a; e E2 44.1 In-114 g e E4190.3
Pu-240 ' 4 E242.8 Pb-202 ag E5787.0
Co-58 g M3249 Pb-204 atg E5911.8
AT T A R P ST SR N I P T DR ST R P

20 15 -10 -5 O 5 10 15 20-20 -5 -10 -5 0 5 10 15 20
A .H
|cc(eXp S)

The continuum wave function is normalized per unit energykel and Bessel functions involved in the computation can be
range to give obtained through well-known recursion relations. Substitut-
ing the wave functions and the radial part of the transition
potential into Eq(8), one may calculate the radial integrals,
+1 2} 1 [E+1 and finally the ICC.

= | Ry s e (20)
= .

lim 1 #VE-1

r—ow

B. Comparison of various ICC calculations

Sections 3.1 and 3.2 of Refl19] describe how the wave To understand the differences in the theoretical ICC val-
functions are computed numerically in the DF metiiede ues, we need to examine more closely the physical assump-
especially Fig. 1 of Ref[19]). Similar techniques are em- tions underlying different widely used calculations. We list
ployed in the computations by the RHFS method. The Hanfirst the assumptions that are common to all calculations.
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RN BN UL UL UL LU I L LN LA ILLRLLN IR UL RN UL I
Ti-46 ar E2889.3 Co-60ag M358.6
Ti-46 oy E211206 Nb-Yay +H— | M3409
Cr-54ay E28349 As-T5ag ' 4 E3303.9
Cr-S40r E28349 Kr-83ay o E332.1
Fe-58 ax E2810.8 Rh-103ax ——e—— E339.8
Fe-58 ar E2810.8 Rh-103 a7 e E339.8
Ni-60 ag E21173.3 —e—i Rh-104 oty E377.5
Ni-60 oy E211733 Ag-107 ag - 1 E393.1
Ni-60 ag E21332.5 Ag-109 g E388.0
Ni-60 ay E21332.5 Ag-109ap —o—i; E388.0
——e—— Ru-101 ot E2324.8 ' * Cd-111 o7 E3150.8
Nd-150 ! > ! ar E2130.2 Cs-134 g e E312715
Sm-152 ag ad E21218 Kr-850¢ —ger— M43049
Sm-152 oty b E21218 Kr-850r ' o~ M4304.9
Sm-154 a7 b ' E2820 Sc-87 oty g M4 3885
—e—i Gd-152 gy E23443 St-87ar - MA4388.5
Gd-154 oy ! E2123.1 Y-90ag H——i M44795
Gd-154ap 9 E2123.1 Y-90ar —e— M4479.5
Gd-156 ar —a— E289.0 Rh-101atx — 1 M41573
Gd-158 *—i E279.5 In-113ag - M43917
Gd-160 ! E275.3 In-113ar Fe M43917 i
Dy_158a; — . i E298.9 In-115a) i MA4336.2 FIG. 4. Compa_rlson bet_w_een
Dy-160 ot L E28638 In-115a; - M4336.2 measured conversion coefficients
Dy-160 ar Fre E286.8 In-117ap e M43153 and theoretical Reel, Fries, Alder,
Dy-162 ay —— E280.7 Sn-117 g . 1 M4156.0 and Pauli(RFAP) values. See Eq.
Dy-164 ar T E2734 Sn-117ar b M41360 (21 for the definition of Acc.
Er-164 ar — E2914 Sn-119ax M4657 — The data points and error bars are
Er-166 oy T E2806 - Te-123 oy M488.5 based on the values given in Table
Er-166 o e E280.6 —— Te—125 ax M4109.3 vill. Th diff ;
\ . , , . The average difference is
Er-168 ay —go— E279.8 Te-125ar —$— M4109.3 71t 0.2M0% ; 86
Er-170 a7 H—e— E2786 Te-127 ag o— M488.3 (-2 =0. )% for these
Yb-170 g E:H E2843 Te-1290ax  + = M4105.5 data points.
Yb-172 a7 — E278.7 Xe-129 ag * i M4196.6
Yb-174 ar } * { E276.5 Xe-131ag —go— M4163.9
Yb-176 ooy g E282.1 Ba-135ayx *— M4268.2
Hf-178 af a5 E2932 Ba-1350ar —— M4268.2
Hf-180 arp lngl E2933 Ba-137ax & M4661.6
Ww-182ar t—— E2100.1 Ba-137ay e M4661.6
W-184a, E21112 Ir-193 g —ro— M480.2
———— W-186 ay E2122.3 Ir-193 oy e M4802
Hg-198 oy ad E24118 Pt-197 oty ‘o M4346.5
Hg-200 g t—e—i E2367.9 Pt-197 ay ' — M4346.5
Pb-207 g *—— E2569.7 Hg-197 oy HH M4165.0
Th-230 atp e E2532 Hg-197 a7 -4 M4165.0
——— Th-232 ay E249.4 Pb-207 atx e M41063.7
—e— U-234 af E2435 Pb-207 oty —e— M41063.7,
—e—i U-236 ap E2452 Mo-93 oy ' E4263.1
Pu-238a; FH—o— E244.1 In-114 oy <o— E4190.3
Pu-240 oty L i E2428 Pb-202 o E5787.0
Co-58cty M3249 Pb-204 ot E5911.8
T PR AN TR FRETE PR F RS AR RN RN ERWE PR FEEE P Tl PR TS SEETE RS FT
20 -15 -10 5 0 5 10 15 20-2 -5 -10 -5 0 5 10 15 20
Alcc(exp.:RFAP)

They have been carried o(j in the first nonvanishing order whereas HS, BT, and BTNTR calculate a relevant potential
of the perturbation theoryii) using the one-electron ap- in the course of ICC computations. In addition, we give in

proximation, (ii ) for a free neutral atom(iv) taking into  Table | the atomic numbet, atomic shell,y-ray energyE.,,
account the screening of an electric field of a nucleus byand multipolarityL ranges covered by the listed tables. The
atomic electrons(v) for a spherically symmetric atomic po- tabulated values are for a particular combinatio ¢$tated

tential, (vi) using relativistic electron wave function&yii) and A (usually unstatedvalues. The theoretical ICCs are
taking into consideration the static effect of the nuclear finiteusually obtained by spline interpolation of the tabulated val-
size, (viii) for a sperically symmetric nucleus, afid) using  ues except in those rare cases when the user has access to the
experimental values of the electron binding enesgyn Eq.  original code used to generate the table.

(12) if available. We then present Table I, which summarizes The HS table gives ICCs only for th€, L, andM shells.
differences in the underlying assumptions. For instanceThe higherN, O, P, Q, andR shells become occupied when
RFAP take the self-consistent atomic potential from Res] the atomic numbeZ exceeds 18, 36, 54, 86, and 118, respec-
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Alcc(exp.:BT)

tively. To obtainay for transitions in 3&cZ=<103 nuclei, it  with a code for the actual energy of theray transition and
is customary to supplement the HS values with the valueactual mass number.

given by Dragouret al.[39,4Q for outer-shell contributions. In this paper we useé\ ¢ to denote the differences be-
This procedure is followed, for instance, by the evaluatorgween ICCs. We define

who prepare th&luclear Data Sheet§ he RFAP table gives
not only the ICCs for all relevant shells but also the
values at selected energies. The published BT table is similar
to the HS table, in that ICCs are given only for tkel, and

M shells. In this case, we have access to the original codd.he set of values can be from experiment or theory and the
The BT values given in this paper are those calculated withndexi can beK or T.

this code and not derived from the spline interpolation of the The existing ICC calculations differ in their treatment of
values given in Ref{3]. The DF values are also generated three major effects(i) exchange interactiortji) presence of

aj(setl) — o;(set?

A cc(setl:set2= (se2)
1

x100. (21
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FIG. 6. Comparison between
measured conversion coefficients
and theoretical Band, Trzhask-
ovskaya, Nestor, Tikkanen, and
Raman(BTNTR) values. See Eq.
(21) for the definition of Acc.
The data points and error bars are
based on the values given in Table
VIIl. The average difference is
(+0.19+0.26)% for these 100
data points.
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the hole as a result of electron emission, diiid finite size
of the nucleus. We discuss the influence of these effectd
also of some other less important effgatext.

1.

trons is taken into account by E(L7). There was no coef-

Alcc(exp.:BTNTR)

Exchange interaction

ficient C in the original paper by Slatga1]; that is,C=1.

Thereafter, Kohn and Shaf#2] suggestedC=3%. Values

20

between? and unity have also appeared in the literature. The
HS calculations us€=%; the RFAP and BT calculations
useC=1.

In the DF methodused for the BTNTR table and in this
work (RNIT)], the exchange terms of DF equations are in-
cluded exactly, both for the interaction between bound elec-

In the HS, RFAP, and BT tables, following a suggestiontrons and for the interaction between bound and free elec-
by Slater{41], the exchange interaction between atomic electrons. Consequently, the uncertainty in the choiceCofs

eliminated.

Differences in the

044312-15

treatment of exchange may have a sig-
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gies. To make quantitative estimates of the corresponding/, ., term [see Eq.(15)] in the potential is very strong at

Aicc, we have performed calculations with the RHF@8th  small r. Therefore, the ratio of the electron wave functions

both C=1 (RHFS) andC=% (RHFS3) in Eq. (17)] and  obtained in different fields changes very little within the

DF methods. All results were obtained with the SC model@tomic region near the nucleus. The square of this ratio is

and the hole was not taken into account. The(izFhole proportional to the ratio of the electron densities near the

values are the same as the BTNTR values. origin generated in the respective fields. We define two quan-
Atomic fields calculated by taking screening into accounttities A, andA, [compare with Eq(21)] as

in alternate ways may be considerably different at large dis-

tances from the center of an atom. However, these fields are A (setl:setd= pi(setl) — p;i(set?

closely related to each other at small distances because the Pi ' pi(set?

%100, (22
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wherep;=lim__ p;i(r) is the electron density near the origin different atomic fieldsA cc, should be associated with the

for a boundelectron in theith atomic shell, and changes in electron densitias, andA, , the latter for that
value of k which makes a main contribution to ICC in Eq.
p(seth) —p(setd 2).

A ,,K(setl set2= X100, (23

p.(setd In Table 1l we present thé\ .- and Api results for the

_ . . ~ 238.6-keVM1 transition in 33%Bi;,e and the 80.6-keVE2
wherep, =lim _ p,(r) is the electron density near the ori- yansition in18%Ere,. (We chose these specific transitions; we
gin for afree electron having a relativistic quantum number could have selected transitions with generic energies just as
k. If the radius of the formation region of IC[@3] is small  well.) The A ¢ values are small for the inner shells, increas-
and if we take into account the structure of E@.and(8), ing to ~50% for the outelP, shell. Table Il also shows that

it can be concluded that the changes in ICC calculated ithe RHFS values witlC =3 are closer to the DF values than
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FIG. 9. Behavior of the theoreticaly values forM4 transitions
in %33Ir116 as a function ofy-ray energy. The experimental values
are for the 80.22-keW 4 transition(see Table B of Ref32]). The
quoted uncertainty in the Kiev value is no bigger than the size o

the symbol.

those withC=1. Moreover,A, tracks A\ closely. This
I
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electrons and outer shells. The values listed there show that
the Acc(RHFS:BTNTR) differences are large for low-
energy transitiondThis statement is exemplified in Table IV
for E1, E3, and M3 transitions; it also applies to low-
energy transitions of all multipolarities.There are also
major differences between the\ c(RHFS1:BTNTR)

and Acc(RHFS;:BTNTR) values. Moreover, the
A\ cc(RHFS:BTNTR) values are uncorrelated with tlﬁ(,gi

values, suggesting that at Id# the changes in the ICCs for
the outer shells result appreciably from changes in the con-
tinuum wave functions. The latter changes may be estimated
from the APK(RHFS:BTNTR) values given in Table V for

several quantum numbeks and selected energies. The dif-
ferences are large whdw|=3. According to the selection

rules[see Eq(3)], it is these values ok; that appear in Eq.

(2) for high-multipolarity transitions.

As is evident from Tables II-1V, the exact consideration
of the exchange interaction in the calculations of both the
discrete and continuum wave functions results itearease
in the ICCs most of the time. The excepti@ee the negative
values in Table 1Y is whenE, is very close to the relevant
threshold.

2. Inclusion of the hole

The relationship between the time scale for filling the hole
produced in an atomic shell as a result of the emission of a
conversion electron and the time it takes for this conversion
electron to escape the atom is important in ICC calculations.
Most authors make either of two extreme assumptidhs:
the hole is filled instantly andii) the hole remains unfilled
throughout the period of the removal of the electron.

In the RFAP and BTNTR calculations, the hole is disre-
garded; that is, the electron wave functions for the initial
(bound and final (continuun states are both calculated in
the self-consistent fieldSCH of a neutral atom. In the HS
and BT calculations and in the calculations presented in this
work under RNIT1), the hole is taken into account; that is,
the bound wave function is calculated in the SCF of the
neutral atom but the continuum wave function is calculated

Iin the SCF of the ion with a vacancy in the shell from which

the conversion electron is emittg¢HS do not explicitly state

that they include the hole. The fact that they did so emerged

subsequently while comparing the HS and BT vali#4.)
There exists a second way of taking the hole into account.

observation implies that differences in ICC for low- |, the so-called frozen orbital approximation, the continuum

multipolarity (L<2) and rather high-energythat is, E,

wave functions are still calculated in the ion field but this

>20 keV) transitions result mainly from different treatments ig|q js not the SCF. Instead, it is constructed using the bound
of the bound electron wave functions.

In Table Il we tackle higher-multipolarityl(=3) transi-
tions in niobium Z=41) and thorium Z=90). Even for the
innermost shells, tha ,.c(RHFS1:BTNTR) values are now
quite appreciable; they are as high-a6% atE,=50 keV
with a slight decrease with increasing eneifgy. The Api

values(independent of the energgire no longer close to the

wave functions of theneutral atom. The assumption is that
there is insufficient time for a rearrangement of the atomic
orbitals. We refer to this method as RNE2Jy and ICCs cal-
culated with this method are also presented in this paper. As
a general rule, inclusion of the hole by either method in-
creases the ICC values.

On the one hand, from physical considerations, one would

A\cc values, suggesting that differences in ICC are a result ofirgue that the hole should be taken into accounteAt 1
different treatments of both the bound and continuum waveéeV, the average time required to fill the hole is significantly

functions.

longer than the time it takes for an electron of the same

Table 1V is concerned with very low-energy conversion energy to escape from an atom. This statement applies to all
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TABLE IX. Averaged differencesin %) between experimental and theoretical conversion coefficients for selected sets of data.

Type @; Data N*  A(exp.:HS)) A(exp.:BT) A (exp.:RNIT(1))

A (exp.: RFAP)(N) A(exp.: BTNTR) A(exp.: RNIT(2))
E2  ag Al 14 -21%£07(10) -15+08(10) -2.1%06  +02£07  -1.0+07  -12107
E2 o All 35  —2.8%05(29) -29+05(29) -33+05 0305  -1.0£05  -1.1%05
E2  og,or All 49  -26t05(39) -24+05(39) 28104  -01+04  -1.0x04  -11+04
E2 ag,or 6<25% 11 -19%05 -1.7£06 -24+06  +03+06 0705  -08+05
E2 oag,ar 6>25% 38  -3.6+07(28) -33+07(28) -34+06  -06%06  -13+06  -1.5%06
E3 ag.or All 10 -46%15 -3.6%1.6 -5.1%16  -09+18  -26%18  -3.0%18
M4 ag All 19 -33105 -2.940.5 -3.1£05  +0.7£07 0905  -13+05
M4 or All 15 -29+03 -2.8403 ~3.0£03  +02%04 08103  -1.0%03
M4 ay,or All 34 -3.02+026  -2.79%0.26 ~3.01£0.26 +0.38+0.33 -0.83+026 -1.07+0.26
M4 ag,or 5<25% 15 -3.03+029  -2.87+027 -3.02£027 +0.21£034 -092%029 -1.12+028
M4 ag,ap 6>25% 19  -29%09 ~1.9%09 -3.0£09  +22f12  +0.1#09  -05%09
Al ag All 45 -3.11204(37) -24104(37) 28104  +405%05  -1.0£04  -14104
Al ag E<100keV 19  -40105(017) -21+06(17)  -34+06  +1.7£09  -09:07  -16%07
Al ax E,>100keV 26  -25106(20) -2.6+05(20) -24+05 0205  -1.1£05  -12%05
Al ap All 55 -3.0104(49) -29+04(49) -32£04  +0.0+03  -09:03  -1.1%03
Al ar E,<100keV 28 -32%07 -33408 —4.1£0.7  -06+08  -13+08  -15+038
Al op E,>100keV 27  -29+03(21) -27+03(21) -28%03  +02%03  -07+03  -09+03
Al ag,ar All 100 -3.01+024(86) —2.71+024(86) -3.04+024 +0.194026 —094+024 -1.18+0.24
Al ag,ar §<25% 31 -282+028  -2.59+027 ~293+028 4021030 -090%029 -1.11%0.29
All ag,ar §>25% 69  -38+05(55 -32%0.6(55) -34+05 401406  -1.1£05 = -14%05
Unh. ag,ar All 88  -2.89+022(75) -2.65£023(75) ~-292+022 +025+024 0841021 -1.06%021

aNumber of data points. In most cases, we can calculate Ajcc (exp. : theory) for the entire set of data points. However, in the case of the HS

and RFAP calculations, the averages are, in certain cases, for smaller N values because some of the data points are for nuclei not covered by

the Z and L ranges of these calculations.

bUnhindered transitions (see also Fig. 2).

elements and all atomic she[5]. On the other hand, if the 3. Finite size of the nucleus

hole is taken into account, the electron wave functions com- - . e

puted in different fields for the initial and final states are no The _f_lmte size of the nuc_leus leads to a nonyanlshlng
probability for the penetration of an electron into the

longer orthogonal. Nevertheless, ICC calculations can prot

ceed with these wave functions, provided one overlooks thE'UCk:TUS' The transiFiop potential aqting on the.electron takes
fact that orthogonality is assumed in deriving the ICC ex-O" different forms inside and outside the region where the

pressions. nuclear transition charges and currents responsible for the
Presented in Table VI are the differencesPotential are localized. This difference is referred to as the
A,cc(hole:no hole) in ICCs calculated by the DF method forPenetratior(or dynamig effect of the finite nuclear size. This
Z=92 [the “no-hole” case corresponds to BTNTR and the effect is neglected in some calculations. The HS and RFAP
“hole” case to RNIT(1)]. We consider the inner shells, which tables, for example, are based on the NP model of iRéke
show the greatest effect. One can see that Wheis near in which the electron is supposed to be always localized

threshold, the differences can be as much-290% forE4 outside the region of nuclear charges and currents. The BT
and E5 transitions. AtE,=1 keV, the differences drop to and BTNTR tables, on the other hand, are based on the SC

~15% for E5 transitions. Finally atE,=100 keV and model of Sliv[27] in which the penetration effect is taken
higher, the differences do not exceed 3% even in the wordnhto account approximately but consistently for all nuclei and
cases. all transitions.
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The penetration effect is important if the transition is
highly hindered. For unhindered transitions, this effect is not
significant for electric transitions but it may be for magnetic
transitions—especially foM 1 transitions converted in the
ns;» shells K,L,,M4, ...) (more significantand thenp,,
shells L,,M,, ...) (less significant The ICQSQ) values _
are always smaller than the IQQ@P) values. Consider, for
example, theay value for an M1 transition with Ey
=100 keV. The quantityA,.c(NP:SC), calculated with 47 [~
RNIT(1), increases witlz; it is <1% for Z=50, increases
to ~5% for Z=90, and reaches-16% for the superheavy

I

48 |-

‘I Hole ;I

|

Hole ;I

Z=120 element. s | g
For selectedM4 transitions, we have compared the =

ICC(NP) and ICGSQO) values with experiment in Table VII. 6 F = o

The ICQSCO) values are favored. Even though the HS & &

and RFAF 2] tables list the ICCNP) values, it is possible to §° gﬂ éﬂ

correct these values for the penetration effect through the use L 5 G 5

of additional table$46—4§. = K i Nuclear +

Coulomb
RHFS RHFS DF

4, Other effects 45. =

When the transition energy is very close to an ionization FIG. 10. Decomposition of the calculated ICC into contributions
threshold, a small difference in the electron binding energyrom (i) interaction of the electron with the nucleds Coulomb
e; [see Eq.(12)] has a profound influence on the relevantinteraction between electron(@,) the electron exchange interaction,
ICC. For example, a-2.5% difference in theL; binding  and(iii) the influence of the hole resulting from the ejection of the
energy found for fermiumZ = 100) between the HS and BT conversion electron. The calculations are for the 156.02-keA/
tables translates to-a21% change in the; ICC for anE4  transition in 55'Sn;. The experimental value is from R¢B].
transition atE,=1 keV. For superheavy elements, the ICCs ) ) )
from the DF calculation§19] and the recent Rgs’y and ~ resonance. It could become a problem if the ICC is obtained
Dragoun[49] RHFS calculations differ at oV, not only through !nterpolatlon of pupllshed values and if the latter are
because the methods of treating exchange are different bt detailed enough to delineate the resonance. _
also because the eigenvaluesed in lieu of the experimen-  FOr magnetic transitions in heavy elements, there are dif-
tal binding energiesare different. If the energg, is not too  ferences between ICCs given in the HS and BT tables and
low (greater than several tens of KeVariations ine; lead to ~ those given in the RFAP table—differences that cannot be
insignificant effects €0.5%) on ICCs. In this work, we €xplained by differing physical assumptions. Réd. transi-
need to be concerned only in the case of the 80.224ely  tions, these differences can reaetB0% for thel, shell
transition in 13r. For theK shell, theE, value is 4.1 keV in  [91]. Moreover, the analysis carried out by Dragoun and
this case. Fortunately, thi-shell binding energy, 76.110 RYSavy [52] shows that serious erroi@s opposed to ex-
keV, for iridium used in the BT, BTNTR, and RNIT calcu- pected differencgsexist in the RFAP total ICCs for low-

lations is virtually the same as 76.111 keV used in the H<energy transitions. However, these errors do not significantly
and RFEAP calculations. affect the global comparisons made in this work.

There is a resonance effect that might influence the ICCs
in some special cases. In the cases of thecurves for V. COMPARISON BETWEEN EXPERIMENT AND THEORY
E2-E5 transitions in light and medium elements, there are
pronounced resonancelike structures below 100 (s&¥¢, for
example, Fig. 2 of Ref.2] or Fig. 1 of Ref.[19]). They are
a result of cancellations suffered by the leading matrix ele
ment. The positions of the resonance minima are given by

We are now in a position to make detailed comparisons
between the experimental and theoretical ICCs. In Table
VIIl, we have listed the adopted experimental ICCs carried
over from Table B of Ref[32]. There are some gaps in the
HS and RFAP columns because the relevant ICCs lie outside
theZ or L ranges of these calculatiofsee Table)l We have
(24) also listed in Table VIl the corresponding theoretical values
from six different calculations. The quantities
A cc(expt:theory) for each of these six calculations are plot-
corresponding to the energies at which the conversion ted in Figs. 3—8. In general, we are not interested in pursuing
goes to zero in a nonrelativistic calculations in a Coulombthe comparison between the experimental and theoretical
field [50]. This resonance-type behavior occurs also for thdCCs on a case-by-case basis. Instead, we are interested in
higher s, shells and affects thé1,,N;, ... ICCs. This obtaining a “global” or “averaged” view of the level of
effect is not a problem if the ICC is calculated for a specificagreement.
energy(with a computer code corresponding to a particular If X;* Xy, Xo*= Xy, ...Xp*OX, are n independent
method or if the transition energy is far removed from a measurementsgx; being the uncertainty irx;, then the

(L-1)Z?

Ey(kEV)% W,
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weighted averagéweighted by the inverse square of the un-divide the database into various subgroups and study their

certainty is given byx= ox, where average behaviors, as we have done in Table IX. This study
confirms our basic conclusion that, on average, the RHFS

_ " (HS, RFAP, and BTvalues are~3% larger than experiment

X=W; Xi /(8%)2, (258  while the DF[BTNTR, RNIT(1), and RNIT2)] values are

only 0—1% larger than experiment. The subgroupagf,
n E,=<100 keV (see row 13 of Table IXis most sensitive to
W= 1/2 (6%) 2, (25b) phygical assumptions made in the theory. This set of ;9 val-
T ues is reproduced best by RNIJ except that the theoretical
. values are, on average,1% larger than experiment.
and ox is the larger of There are ten data points in tB& subgrougsee row 6 of
Table IX). The theoretical ICCs for these transitions are, on
(W)12 (268 average, about 1-5 % larger than experiment. We know from
" F_ig. 2 and earl_ier_discussion in_Sec. III_ that we need_tp con-
WE (Ax)~2(x— x-)2/(n—1)} (26D sider the possibility 0N4 admixtures in these transitions.
T i i : However, anyM4 admixtures would serve to only further
widen the discrepancy between theory and experiment.

The shaded lines in Figs. 3—8 are the weighted average valherefore, at least for the purposes of the current work, it is
ues given by these expressions. appropriate to treat these transitions as pEf2 Alterna-

The average\ c(expt:theory) values for the HS, RFAP, tively, had we omitted the hindered transitiofsee Fig. 2
and BT calculations(see Figs. 3, 4, and)5are (—3.01 altogether from our considerations, our main conclusions

+0.24)%, (—2.71+0.24)%, and { 3.04+0.24)%, respec- would not be affected significantlgee last row of Table IX
tively. These three calculations are based on the RHFS To understand which effect is responsible for the 2-3 %

method and there can be no doubt that they overpredict thggduction of the DF values from the RHFS values, we show
ICCs in our database by 3%. in Fig. 10 an analysis of the theoretical values for the

156.02-keVM4 transition in 1*’Sn. The influence of the
hole is similar in the RHFS and DF calculations. It is the
influence of the exchange term that is markedly different and
g . inly r nsible for the r ion in the ICC. Th nch-
+0.24)%, respectively. These three calculations are basﬁ;grkyexisee?m;?t; \?aIL@%] ec(ijuit‘l%. 40't\,;thcg conesebr\e/a(-:
lon the hDF n;]ethod. The IDF vallfjeshare,fon ayerager,] i_?’ tively estimated uncertainty of-0.25, lies approximately
ower than t € RHFS'va ues and, therefore, in muc etter[nidway between the theoretical values of 46(BANTR)
agreement with experiment. and 46.80RNIT(1)]

Even though the best overall agreement between experi- ' '
ment and theoryA cc(expt:theory) (+0.19+0.26) %, was
found with the BTNTR (no-hole values, we believe on VI. CONCLUSIONS

physical grounds that the “correct” theory should take the During the 1960s, it was generally believed that the the-
hole into account. The two methods of accomplishing thisoretical ICCs were accurate at the 5—10% level. In 1973
purpose[RNIT(1) and RNIT(2)] result in thepretical values Ramanet al. [8] showed that the HERHFS ICCs were '
that are, on average; 1% larger than experiment. _.._more accurate than generally believed except that they were
Differences between various theoretical ICCs are S'gn'f"systematically 2-3% larger than experiment. During the
cant when the transition energy is close to the binding €N1980s, it became cledl3—19 that this systematic discrep-
ergy. Of all the transitions studied in this work, thg values ancy was a common problem that afflicted all RHFS calcu-
for the 80.22-keVM4 transition in **3r show the largest |5tions
spread in the theoretical values. This transition energy is p C(.)mputer codg20-27 became available in the late
close to the iridium £=77) K-shell binding energy of 76.11 1930’5 in which significant improvements were made in the
keV. The lowest valueq,=91.93, is given by BTNTR; the  yreatment of the exchange interaction. Calculations made
highest valuea=110.3 by HS(see Table VII). In F'% 9, with this code show that the use of the Slater exchange term
we show the behavior of the theoretica} values for**Ir  j; the RHFS method results in an overestimation of ICCs
as a function of they-ray energy. At 80.22 keV, the BINTR, eyen after the influence of this term is reduced to
RNIT(1), and RNIT(2) values are, respectively, 91.93, 99.47,  pyring the past five decades, a large number of measure-
and 103.2. Here is a case where a reliablemeasurement ments have been carried out for 77 transitions throughout the
would have provided definite theoretical clues. Unfortu-periodic table from which one can select 100 ICCs that have
nately, the two reported experimentak values, 1043  experimental uncertaintiess5%. The DF calculations are
(Livermore [53] and 92.6-0.9 (Kiev) [54], differ by  aple to reproduce the experimental values, on average, at the
~10%. The Livermore value favors the RNHDle) value  0_1 94 level. This ability is proof of a significant improve-
while the Kiev value is close to the BTNTRo-hole value.  ment of ICC theory.
__Inadditon to the obtaining global average  Fyrther progress in this field requires additional measure-
A cc(expt:theory) values for-100 ICCs, it is possible to ments carried out with better than 1% accuracy. Currently

n

and

The average?lcc(expt:theory) values for the BTNTR,
RNIT(1), and RNIT2) calculations(see Figs. 6, 7, and)8
are (+0.19+0.26)%, (—0.94+-0.24)%, and ¢1.18
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there are only five ICCs knowfsee Table B of Ref.32]) to  lations, vacuum polarization, eichat are neglected in the
better than 1% accuracyrf in *Ba and**®g, anday in calculations. While taking the hole into account, it is also
87Sr, 117Sn, and'®'Ba). The theoretical ICCs become very desirable to orthogonalize the wave functions at each step of
sensitive to physical assumptions when the transition energihe self-consistent field calculations. This procedure is cur-

is very close to the binding energy. Suppose we want tgently not followed in the ICC calculations discussed in this
study the influence of the hole by means of a new experimengaper.

designed to measure ICC with an uncertaintyz02%. In
the current databas@ee Table VII), there are only three
transitions E3 in 8Kr and °Rh andM4 in °3r) for
which the BTNTR(no-hole and RNIT(1) (hole) ak values
differ by more than twice this uncertainty. The two measured This work was sponsored partly by the Office of High
values for the most promising cas€{r) differ by ~10%.  Energy and Nuclear Physics, U.S. Department of Energy un-
We plan to remeasure this value. der Contract No. DE-AC05-000R22725 with UT-Battelle,

Accurate experimental subshell ratios are more numerousLC and partly by the Russian Foundation for Basic Re-
than accurate experimental and at values. We are in the search under Grant No. 02-02-17117 with the Petersburg
process of examining how well the subshell ratios are reproNuclear Physics Institute. One of (81.B.T.) is grateful to
duced by the theoretical calculations. the Joint Institute for Heavy-lon Research for arranging her

There may exist a residual 1% discrepancy between the assignments to Oak Ridge and to ORNL for its hospitality.
experimental and theoreticéRNIT) ICC values. The latter We thank I. M. Band for making available the DF code for
are slight overestimates. This systematic difference may base at Oak Ridge and M. J. Martin for critically reading this
associated with higher-order effe¢such as electron corre- paper.
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