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How good are the internal conversion coefficients now?

S. Raman,* C. W. Nestor, Jr., A. Ichihara,† and M. B. Trzhaskovskaya‡

Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831
~Received 30 May 2002; published 29 October 2002!

To fully utilize experimental internal conversion coefficients, one needs a reliable calculation of theoretical
values. We have assembled a set of 100 experimental conversion coefficients, 45aK and 55aT values,
measured with an accuracy of better than 5%, and generated the corresponding theoretical values using two
methods, relativistic Hartree-Fock-Slater~RHFS! and relativistic Dirac-Fock~DF!. Extensive comparisons of
the experimental values with the two sets of theoretical values show that the DF method is clearly superior to
the RHFS method in the overall reproduction of the experimental internal conversion coefficients. We discuss
in some detail the differences between various versions of these two theoretical approaches, with a view to
understanding which of these differences are most critical to obtaining agreement with experiment.
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I. INTRODUCTION

The internal conversion process~ICP! is used extensively
in solving many problems of nuclear physics. Through co
parison of experimental internal conversion coefficie
~ICCs! @measured for different atomic shells (aK ,aL1

, . . . )

or for all shells combined (aT)] with the corresponding the
oretical values, multipolarities and mixing ratios of nucle
transitions are determined. These are used for~i! assignment
of spins and parities for nuclear levels,~ii ! elaboration of
level schemes and nuclear decay schemes, and~iii ! checking
the balance of transition intensities—that is, in the end,
test and refine various nuclear structure models. Moreo
ICP data have applications in interdisciplinary investigatio
such as Mo¨ssbauer experiments, studies of the electro
structure of condensed matter, etc.

For an analysis of experiments involving ICC measu
ments, theoretical ICCs are required. The more accurate
the ICC calculations, the more reliable will be the conc
sions about nuclear properties. Deviation of an experime
ICC value from the theoretical value is expected only in
special case that a nuclear transition under consideratio
strongly hindered.

There is a long history of generation and improvements
theoretical ICCs. Currently the most widely used ICC tab
are those by Hager and Seltzer~HS! @1#, Rösel, Fries, Alder,
and Pauli~RFAP! @2#, and Band and Trzhaskovskaya~BT!
@3#, all based on calculations using the relativistic Hartre
Fock-Slater~RHFS! method.

Uncertainties in the theoretical ICCs can arise from~i!
details of the physical assumptions,~ii ! inadequate knowl-
edge of some quantities involved in the computations,
~iii ! approximations made in the code. These sources of
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certainties have been discussed by several authors inclu
most recently by Rysˇavý and Dragoun@4#. The combined
effect of these uncertainties is not known at the present t
and can only be estimated by resorting to experiment.

During the 1965 Nashville Conference on ICPs@5#— the
first major international conference devoted to this subjec
comparison between theoretical and experimental ICCs
a recurring theme. At that time, experimenters had acces
ICCs computed by Rose@6# and by Sliv and Band@7#. The
available experimentalaK and aT values carried uncertain
ties in the 5–10 % range. There was a convergence of
dence that theory and experiment agreed within this un
tainty range and that the theory was good enough for
‘‘classical’’ use of ICC for determination of multipolaritie
and, hence, of spins and parities. SomeL subshell ratios~for
E2 transitions! differed from theory by up to 20%, but fur
ther work has removed this discrepancy.

In 1973, Ramanet al. @8# measured the total ICC (aT) for
the 156.0-keVM4 transition in 117Sn to an accuracy o
0.5%. Even after three decades, this measurement rem
the most accurate and well-documented benchmark meas
ment. The measured value,aT546.4060.25, is;3% lower
than the HS value of 47.8. This discrepancy prompted th
authors to examine the literature for allE3 andM4 transi-
tions whose ICCs (aK or aT) had been experimentally de
termined to better than 5% accuracy. They found five su
E3 and ten suchM4 transitions for which a total of 19 ICC
~14 aK and 5aT values! were available. On the one han
Ramanet al. @8# found that experimental ICCs as small
aK(E3)50.0472 in 75As and as large asaT(M4)51076 in
123Te were correctly predicted by theory; on the other, t
agreement between theory and experiment could be con
ered satisfactory were it not for the fact that the HS theo
ical values for these high-multipolarity transitions weresys-
tematically2–3 % larger than measured values~see Fig. 1!.
The clear implication was that whatever problems existed
the calculations were potentially traceable and fixable.
example, Campbell and Martin@9# were able to reduce the
discrepancy, on average, to;1% ~for oneE3 and nineM4
transitions! by using the Rosen-Lindgren exchange instead
the Kohn exchange used by Hager and Seltzer@1#.
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The systematic discrepancy problem raised by Ram
et al. @8# was not taken seriously by most theorists who w
then engaged in ICC calculations. Band and Listenga
@10# insisted that the discrepancies, if they existed at
were not systematic and could be explained in most case
nuclear structure effects. After carrying out some prec
ICC measurements and comparing the results with the
Dragoun et al. @11# endorsed this same viewpoint. A fe
years later, in the course of generating new tables of IC
using the RHFS method, neither Ro¨sel et al. @2# nor Band
and Trzhaskovskaya@3# made any attempt to compare the
ICCs with experimental values.

Another, albeit more indirect, method of obtaining expe
mental ICCs is to compare experimentalB(E2;01

1→21
1)

@abbreviated asB(E2)↑] measurements with independent

FIG. 1. Original observation made by Ramanet al. @8# that the
precisely measuredE3 andM4 conversion coefficients are system
atically lower than the theoretical Hager and Seltzer~HS! values.
See Eq.~21! for the definition ofD ICC . The average difference i
(22.1260.23)% for these 19 data points.
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obtained half-life (T1/2) measurements. Using this metho
Ramanet al. @12# found it necessary to reduce the HS valu
of aT for E2 transitions by 1.5% in order to reconcile th
B(E2)↑ andT1/2 values~see Fig. 1 of Ref.@12# and Sec. III!.
In a series of papers@13–15#, Németh and co-workers~i!
expanded the list of accurately measured ICCs (E3, M3,
E4, andM4) to 64,~ii ! confirmed that the HS values wer
indeed 2–3 % larger than experiment as found earlier by
man et al. @8#, and ~iii ! showed that the RFAP values we
similarly ;2.5% larger than experiment. Moreover, Ban
et al. @16–18# began comparing the BT values with expe
ment. They concluded that the BT values were also;3%
larger than experiment.

A new ICC table has been generated recently by Ba
Trzhaskovskaya, Nestor, Tikkanen, and Raman~BTNTR!
@19# using a slightly modified version of theRAINE computer
code@20–22#. The calculations in this case are based on
relativistic Dirac-Fock~DF! method in which the exchang
interactions between bound electrons and between th
electrons and the free electron receding to infinity during
conversion process are treated exactly. The exchange i
action was treated approximately in the RFHS method. Th
are preliminary indications@16–18,23–26# that the DF
method gives results that are closer to the experimental
than those obtained with the RHFS method. A more deta
analysis with complete documentation of the experimen
data is presented in this paper. The adopted ICCs for tra
tions occurring throughout the periodic table have also b
compared with all available theoretical values. We have a
examined the physical assumptions underlying these calc
tions and the magnitudes of the associated influences.

II. ABBREVIATIONS

We have assembled in one place the abbreviations use
this paper.

BT—Band and Trzhaskovskaya table@3#,
BTNTR—Band, Trzhaskovskaya, Nestor, Tikkanen, and
Raman table@19#,
DF—Dirac-Fock method,
HS—Hager and Seltzer table@1#,
ICC—internal conversion coefficient,
ICP—internal conversion process,
NP—no-penetration model of Rose@6#,
RFAP—Rösel, Fries, Alder, and Pauli table@2#,
RHFS—relativistic Hartree–Fock–Slater method,
RHFS1—RHFS withC51 in Eq. ~17!,
RHFS 2

3 —RHFS withC5
2
3 in Eq. ~17!,

RNIT—this work; Raman, Nestor, Ichihara, and
Trzhaskovskaya table,
RNIT~1!—this work; self-consistent calculation~see Sec.
IV B 2!,
RNIT~2!—this work; frozen orbital calculation~see Sec.
IV B 2!,
SC—surface-current model of Sliv@27#,
SCF—self-consistent field.
2-2
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FIG. 2. Strengths ofg-ray
transitions classified according t
character (E or M, multipolarity!.
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III. ACCURATE EXPERIMENTAL ICC VALUES

To test the theoretical ICCs, we resort to the philosop
‘‘The test of all knowledge is experiment,’’ expressed su
cintly by Feynmanet al. @28#. We have assembled a databa
of all ICCs (aK andaT) known to better than 5% accurac
The experimental methods for measuring ICCs have b
reviewed by Hamilton@29#. We did not consider dipole tran
sitions becauseE1 transitions are, as a rule, hindere
strongly, andM1 transitions often appear as mixedM1
1E2 transitions with uncertain mixing ratios. We evaluat
all measurements critically. In a few cases, we have
creased the uncertainty values quoted by the authors bec
we concluded that they had been underestimated. If a
ticular quantity has been measured more than once, we
the adopted value based on our evaluations. Even thoug
have examined the unweighted and weighted~inversely pro-
portional to the quoted uncertainty and to the square of
quoted uncertainty! average values, we have not adhered
ligiously to such procedures in arriving at our adopted v
ues. Moreover, the uncertainty assigned to the adopted v
is equal to or larger than the smallest uncertainty assigne
the measured values. In addition, we have listed all meas
values~and references! that went into our evaluations.

It is known @30,31# that aT for a 21
1→01

1 , E2 transition
in an even-even nucleus can be extracted from theB(E2)↑
value from Coulomb excitation~with detection of inelasi-
cally scattered particles! and the half-life (T1/2) value from
lifetime measurements. The connecting expression@12# is

T1/2~11aT!52.82931011E25@B~E2!↑/e2b2#21, ~1!

where the energy of the 21
1 stateE is in keV, B(E2)↑ is in

e2b2, andt is in ns. In Table A~see the electronic addendu
04431
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to this paper@32#!, we have used Eq.~1! to extractaT values
for 29 pureE2 transitions. All of theseaT values except tha
for 156Dy ~with an uncertainty of 14%! have been carried
over to Table B of Ref.@32# where they are supplemented b
21 directly measured ICCs~14 aK and 7aT) bringing the
total number ofE2 cases to 49.

In Table B@32# we have also presented the available d
for 51 more cases. The breakdown is as follows: 3M3, 10
E3, 34M4, 2E4, and 2E5 transitions. We thus have a tota
of 100 ICCs~45 aK and 55aT values for 77 transitions!,
measured with an accuracy of<5%, which can be used fo
testing theory.

The transitions deexciting the states listed in Table A@32#
are pureE2 because they represent 21

1→01
1 transitions. Ra-

diation with two~rarely three! values ofL of the same parity
can be present in mixed multipolarity transitions~that is,
mixtures ofE21M3, M31E4, E31M4, M41E5, etc.,
are possible! if such transitions are permitted by the selecti
rules. Based on the scarcity of counterexamples, it is
lieved that wheneverDJ>2 ~whereDJ is the spin difference
between the initial and final states! an appreciable part of the
g transition proceeds by the lowest possible multipole ord
Higher multipoles occur only when the transition is ‘‘highly
hindered. We show in Fig. 2 the transition probabilities f
those transitions that can be, in principle, mixed. Ev
though a few transitions~particularlyE3) appear to be hin-
dered, we initially treat all transitions listed in this work a
pure transitions. This is because one of the major argum
used to invoke the presence of a higher-multipolarity co
ponent in a particular transition is the departure of the
perimental ICC from the theoretical value. Therefore, t
overall level of agreement between theory and experim
needs to be examined first and settled. We will return to
hindered transitions in Sec. V.
2-3



TABLE I. Underlying assumptions in the calculations leading to various ICC tables.
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TABLE II. The quantitiesD ICC ~RHFS:BTNTR! @see Eq.~21!# andDr i ~RHFS:BTNTR! @see Eq.~22!# for selected
low-multipolarity transitions.
n
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IV. THEORETICAL ICC VALUES

A. Basic formulas for ICC calculations

The relativistic expressions for the ICCa i
tL on the i th

atomic shell obtained in the framework of the first nonva
ishing order of pertubation theory and one-electron appro
mation is@6,19,33#

a i
tL5(

k f

uBi f
tLRi f

tLu2, ~2!

where tL is the nuclear transition multipolarity~electric t
5E or magnetict5M ) and indicesi and f refer, respec-
tively, to the initial ~bound! and final~continuum! states of
the electron. The relativistic quantum numberk is given by
k5( l 2 j )(2 j 11), wherej and l are the quantum number
of the electron total angular momentum and orbital angu
momentum, respectively. The summation in Eq.~2! extends
over all final states with quantum numbersk f that are al-
lowed by the selection rules:

uL2 j i u< j f<L1 j i , ~3a!

~ l f1 l i1L ! is H even for EL transitions

odd for ML transitions.
~3b!

For electric transitions, the angular partBi f
tL and the radial

part Ri f
tL are given by

Bi f
EL5~21! j f11/21LCl i0l f0

L0 W~ l i j i l f j f ; 1
2 L !

3Fpka
~2 j i11!~2l i11!~2 j f11!~2l f11!

L~L11!~2L11! G1/2

~4!

and

Ri f
EL5~k i2k f !~R1,L5L211R2,L5L21!

1L~R2,L5L212R1,L5L211R3,L5L!. ~5!
04431
-
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For magnetic transitions, the corresponding expressions

Bi f
ML5~21! j f11/21LCl i0 l̄ f0

L0
W~ l i j i l̄ f j f ; 1

2 L !

3Fpka
~2 j i11!~2l i11!~2 j f11!~2 l̄ f11!

L~L11!~2L11!
G1/2

~6!

and

Ri f
ML5~k i1k f !~R1,L5L1R2,L5L!. ~7!

In Eq. ~4!, Cl i0l f0
L0 is a Clebsch-Gordan coefficien

W( l i j i l f j f ; 1
2 L) is a Racah coefficient,k is theg-ray energy,

and a5e2/\c is the fine structure constant. In Eq.~6!, the

symbols Cl i0 l̄ f0
L0 , W( l i j i l̄ f j f ; 1

2 L), k, and a have similar

meanings; in addition,l̄ 52 j 2 l . The radial parts, Eqs.~5!
and ~7!, contain three kinds of radial integrals:

R1,L5E
0

`

GiF fXL~kr !dr, ~8a!

R2,L5E
0

`

FiGfXL~kr !dr, ~8b!

R3,L5E
0

`

~GiGf1FiF f !XL~kr !dr, ~8c!

whereG(r )5rg(r ) and F(r )5r f (r ). The large and smal
components of the relativistic radial electron wave functi
are represented byg(r ) and f (r ), respectively. In any calcu
lation, if Gi(Fi) and Gf(F f) are generated in thesame
atomic field, they are orthogonal.

The radial part of the transition potentialXL(kr) is writ-
ten in the surface-current~SC! model of Sliv @27# as
2-5
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TABLE III. The quantitiesD ICC ~RFHS1:BTNTR! @see Eq.~21!# and Dr i
~RHFS1:BTNTR! @see Eq.~22!# for high-multipolarity

transitions.
y

la
th
a
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ns.
XL~kr !5H j L~kr !
hL~kR0!

j L~kR0!
for r<R0

hL~kr ! for r .R0 ,

~9!

and in the no-penetration~NP! model of Rose@6# as

XL~kr !5hL~kr !. ~10!

The spherical Bessel and Hankel functions are defined b

j n~x!5Ap

2x
Jn11/2~x! and hn~x!5Ap

2x
Hn11/2

(1) ~x!,

~11!

whereJn11/2 is a Bessel function andHn11/2
(1) (x) is a Hankel

function of the first kind. All expressions make use of re
tivistic units where the electron Compton waveleng
(\/m0c) serves as a unit of length and the electron rest m
(m0c2) as a unit of energy. In calculating the continuu
wave functions, the conversion electron energyEk is deter-
mined by
04431
-

ss

Ek5Eg2« i , ~12!

where Eg is the g-ray energy (k5Eg in relativistic units!
and « i is the binding energy for thei th atomic shell. The
binding energies are taken from experiment@34–37# if avail-
able.

The electron wave functionsG(r ) andF(r ) are solutions
of the system of Dirac equations

dG

dr
52

k

r
G1@E112V~r !#F, ~13a!

dF

dr
51

k

r
F2@E212V~r !#G, ~13b!

whereE is the total electron energy including the electr
rest mass (E,1 for the bound electron state andE.1 for
the continuum state! and V(r ) is the potential energy of an
electron in the field of a nucleus and other atomic electro
The potentialV(r ) consists of three parts:~i! Vnucl(r ), the
interaction of the electron with the nucleus,~ii ! Vcoul(r ), the
2-6
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TABLE IV. The quantitiesD ICC ~RHFS:BTNTR! @see Eq.~21!# andDr i
~RHFS:BTNTR! @see Eq.~22!# for very low-energy transitions

and outer shells in selected nuclei.

TABLE V. The quantityDrk
~RHFS:BTNTR! @see Eq.~23!# for the free electron corresponding to different values of the relativis

quantum numberk.
044312-7
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TABLE VI. The quantityD ICC ~hole : no hole! @see Eq.~21!# calculated with and without the hole resulting from the ejection of t
conversion electron. The calculations were performed by the DF method forZ592.
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Coulomb interaction between all electrons, and~iii ! Vex(r ),
the electron exchange interaction. That is,

V~r !5Vnucl~r !1Vcoul~r !1Vex~r !. ~14!

Inside the nucleus, the potential of a homogeneously cha
sphere with radiusR051.2A1/3 fm (A is the mass number! is
usually assumed. The nuclear part of the potential has
form

Vnucl~r !5H 2~aZ/2R0!@32~r /R0!2# for r<R0

2aZ/r for r .R0 .
~15!

The Coulomb part of the potential may be written as

Vcoul~r !5
a

r (
A

QAF E
0

r

~GA
21FA

2 !dr

1r E
r

`1

r
~GA

21FA
2 !drG , ~16!

where the indexA denotes the set of quantum numbersnl j
(n is the principal quantum number! andQA is the occupa-
tion number for an atomic shell. In the RHFS method,
exchange interaction between atomic electrons is taken
accountapproximatelyon the basis of the statistical mod
for a free electron gas. In this approximation,

Vex~r !52C 3
2 aF 3

p
r~r !G1/3

, ~17!
04431
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where r(r ) is the spherical-averaged total radial electr
density, which is defined as

r~r !5(
A

QA

GA
2~r !1FA

2~r !

4pr 2
. ~18!

The constantC is discussed in Sec. IV B 1. The DF metho
treats exchangeexactly. As a consequence, the expressio
for the exchange terms turn out to be more complicated~see
Eq. ~40! of Ref. @19#! than Eq.~17!. The self-interaction of
an electron is eliminated from the DF equations whereas
allowed to remain in the RHFS method.

The wave functionsG(r ) andF(r ) are bounded at origin
and at infinity. The bound wave function is normalized
that

E
0

`

~G21F2!dr51. ~19!

TABLE VII. Comparison of experimental ICC values for se
lectedM4 transitions with theoretical values calculated within th
NP and SC models using the DF method with a hole@RNIT~1!#.
2-8
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FIG. 3. Comparison between
measured conversion coefficien
and theoretical Hager and Seltze
~HS! values. See Eq.~21! for the
definition of D ICC . The data
points and error bars are based o
the values given in Table VIII.
The average difference is (23.01
60.24)% for these 86 data points
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The continuum wave function is normalized per unit ene
range to give

lim
r→`

FG21
E11

E21
F2G5

1

p
AE11

E21
. ~20!

Sections 3.1 and 3.2 of Ref.@19# describe how the wave
functions are computed numerically in the DF method~see
especially Fig. 1 of Ref.@19#!. Similar techniques are em
ployed in the computations by the RHFS method. The H
04431
y
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kel and Bessel functions involved in the computation can
obtained through well-known recursion relations. Substit
ing the wave functions and the radial part of the transit
potential into Eq.~8!, one may calculate the radial integral
and finally the ICC.

B. Comparison of various ICC calculations

To understand the differences in the theoretical ICC v
ues, we need to examine more closely the physical assu
tions underlying different widely used calculations. We l
first the assumptions that are common to all calculatio
2-12
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FIG. 4. Comparison between
measured conversion coefficien
and theoretical Ro¨sel, Fries, Alder,
and Pauli~RFAP! values. See Eq.
~21! for the definition of D ICC .
The data points and error bars a
based on the values given in Tab
VIII. The average difference is
(22.7160.24)% for these 86
data points.
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They have been carried out~i! in the first nonvanishing orde
of the perturbation theory,~ii ! using the one-electron ap
proximation, ~iii ! for a free neutral atom,~iv! taking into
account the screening of an electric field of a nucleus
atomic electrons,~v! for a spherically symmetric atomic po
tential, ~vi! using relativistic electron wave functions,~vii !
taking into consideration the static effect of the nuclear fin
size,~viii ! for a sperically symmetric nucleus, and~ix! using
experimental values of the electron binding energy« i in Eq.
~12! if available. We then present Table I, which summariz
differences in the underlying assumptions. For instan
RFAP take the self-consistent atomic potential from Ref.@38#
04431
y

e

s
e,

whereas HS, BT, and BTNTR calculate a relevant poten
in the course of ICC computations. In addition, we give
Table I the atomic numberZ, atomic shell,g-ray energyEg ,
and multipolarityL ranges covered by the listed tables. T
tabulated values are for a particular combination ofZ ~stated!
and A ~usually unstated! values. The theoretical ICCs ar
usually obtained by spline interpolation of the tabulated v
ues except in those rare cases when the user has access
original code used to generate the table.

The HS table gives ICCs only for theK, L, andM shells.
The higherN, O, P, Q, andR shells become occupied whe
the atomic numberZ exceeds 18, 36, 54, 86, and 118, resp
2-13
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FIG. 5. Comparison between
measured conversion coefficien
and theoretical Band and Trzhask
ovskaya~BT! values. See Eq.~21!
for the definition of D ICC . The
data points and error bars ar
based on the values given in Tab
VIII. The average difference is
(23.0460.24)% for these 100
data points.
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of
tively. To obtainaT for transitions in 30<Z<103 nuclei, it
is customary to supplement the HS values with the val
given by Dragounet al. @39,40# for outer-shell contributions
This procedure is followed, for instance, by the evaluat
who prepare theNuclear Data Sheets. The RFAP table gives
not only the ICCs for all relevant shells but also theaT
values at selected energies. The published BT table is sim
to the HS table, in that ICCs are given only for theK, L, and
M shells. In this case, we have access to the original co
The BT values given in this paper are those calculated w
this code and not derived from the spline interpolation of
values given in Ref.@3#. The DF values are also generat
04431
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with a code for the actual energy of theg-ray transition and
actual mass number.

In this paper we useD ICC to denote the differences be
tween ICCs. We define

D ICC~set1:set2!5
a i~set1!2a i~set2!

a i~set2!
3100. ~21!

The set of values can be from experiment or theory and
index i can beK or T.

The existing ICC calculations differ in their treatment
three major effects:~i! exchange interaction,~ii ! presence of
2-14
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FIG. 6. Comparison between
measured conversion coefficien
and theoretical Band, Trzhask
ovskaya, Nestor, Tikkanen, an
Raman~BTNTR! values. See Eq.
~21! for the definition of D ICC .
The data points and error bars a
based on the values given in Tab
VIII. The average difference is
(10.1960.26)% for these 100
data points.
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the hole as a result of electron emission, and~iii ! finite size
of the nucleus. We discuss the influence of these effects~and
also of some other less important effects! next.

1. Exchange interaction

In the HS, RFAP, and BT tables, following a suggesti
by Slater@41#, the exchange interaction between atomic el
trons is taken into account by Eq.~17!. There was no coef-
ficient C in the original paper by Slater@41#; that is,C51.
Thereafter, Kohn and Sham@42# suggestedC5 2

3 . Values
04431
-

between2
3 and unity have also appeared in the literature. T

HS calculations useC5 2
3 ; the RFAP and BT calculations

useC51.
In the DF method@used for the BTNTR table and in thi

work ~RNIT!#, the exchange terms of DF equations are
cluded exactly, both for the interaction between bound el
trons and for the interaction between bound and free e
trons. Consequently, the uncertainty in the choice ofC is
eliminated.

Differences in the treatment of exchange may have a
nificant influence on the ICCs~and electron binding ener
2-15
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FIG. 7. Comparison between
measured conversion coefficien
and theoretical Raman, Nesto
Ichihara, and Trzhaskovskay
~this work! @RNIT~1!# values. See
Eq. ~21! for the definition of
D ICC . The data points and erro
bars are based on the values giv
in Table VIII. The average differ-
ence is (20.9460.24)% for these
100 data points.
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gies!. To make quantitative estimates of the correspond
D ICC , we have performed calculations with the RHFS@with

both C51 ~RHFS1! and C5 2
3 (RHFS2

3 ) in Eq. ~17!# and
DF methods. All results were obtained with the SC mo
and the hole was not taken into account. The DF~no-hole!
values are the same as the BTNTR values.

Atomic fields calculated by taking screening into accou
in alternate ways may be considerably different at large
tances from the center of an atom. However, these fields
closely related to each other at small distances because
04431
g
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Vnucl term @see Eq.~15!# in the potential is very strong a
small r. Therefore, the ratio of the electron wave functio
obtained in different fields changes very little withr in the
atomic region near the nucleus. The square of this ratio
proportional to the ratio of the electron densities near
origin generated in the respective fields. We define two qu
tities Dr i

andDrk
@compare with Eq.~21!# as

Dr i
~set1:set2!5

r i~set1!2r i~set2!

r i~set2!
3100, ~22!
2-16
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FIG. 8. Comparison between
measured conversion coefficien
and theoretical Raman, Nesto
Ichihara, and Trzhaskovskay
~this work! @RNIT~2!# values. See
Eq. ~21! for the definition of
D ICC . The data points and erro
bars are based on the values giv
in Table VIII. The average differ-
ence is (21.1860.24)% for these
100 data points.
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wherer i5 lim
r→0

r i(r ) is the electron density near the orig

for a boundelectron in thei th atomic shell, and

Drk
~set1:set2!5

rk~set1!2rk~set2!

rk~set2!
3100, ~23!

whererk5 lim
r→0

rk(r ) is the electron density near the or

gin for a free electron having a relativistic quantum numb
k. If the radius of the formation region of ICC@43# is small
and if we take into account the structure of Eqs.~2! and~8!,
it can be concluded that the changes in ICC calculated
04431
in

different atomic fields,D ICC , should be associated with th
changes in electron densitiesDr i

andDrk
, the latter for that

value of k which makes a main contribution to ICC in Eq
~2!.

In Table II we present theD ICC and Dr i
results for the

238.6-keVM1 transition in 83
212Bi129 and the 80.6-keVE2

transition in68
166Er98. ~We chose these specific transitions; w

could have selected transitions with generic energies jus
well.! TheD ICC values are small for the inner shells, increa
ing to ;50% for the outerP1 shell. Table II also shows tha
the RHFS values withC5 2

3 are closer to the DF values tha
2-17
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those withC51. Moreover,Dr i
tracks D ICC closely. This

observation implies that differences in ICC for low
multipolarity (L<2) and rather high-energy~that is, Ek
.20 keV) transitions result mainly from different treatmen
of the bound electron wave functions.

In Table III we tackle higher-multipolarity (L>3) transi-
tions in niobium (Z541) and thorium (Z590). Even for the
innermost shells, theD ICC(RHFS1:BTNTR) values are now
quite appreciable; they are as high as;6% atEk550 keV
with a slight decrease with increasing energyEk . The Dr i

values~independent of the energy! are no longer close to th
D ICC values, suggesting that differences in ICC are a resu
different treatments of both the bound and continuum w
functions.

Table IV is concerned with very low-energy conversi

FIG. 9. Behavior of the theoreticalaK values forM4 transitions
in 77

193Ir116 as a function ofg-ray energy. The experimental value
are for the 80.22-keVM4 transition~see Table B of Ref.@32#!. The
quoted uncertainty in the Kiev value is no bigger than the size
the symbol.
04431
of
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electrons and outer shells. The values listed there show
the D ICC(RHFS:BTNTR) differences are large for low
energy transitions.~This statement is exemplified in Table IV
for E1, E3, and M3 transitions; it also applies to low
energy transitions of all multipolarities.! There are also
major differences between theD ICC(RHFS1:BTNTR)

and D ICC(RHFS2
3 :BTNTR) values. Moreover, the

D ICC(RHFS:BTNTR) values are uncorrelated with theDr i

values, suggesting that at lowEk the changes in the ICCs fo
the outer shells result appreciably from changes in the c
tinuum wave functions. The latter changes may be estima
from the Drk

(RHFS:BTNTR) values given in Table V fo

several quantum numbersk and selected energies. The di
ferences are large whenuku>3. According to the selection
rules@see Eq.~3!#, it is these values ofk f that appear in Eq.
~2! for high-multipolarity transitions.

As is evident from Tables II–IV, the exact consideratio
of the exchange interaction in the calculations of both
discrete and continuum wave functions results in adecrease
in the ICCs most of the time. The exception~see the negative
values in Table IV! is whenEg is very close to the relevan
threshold.

2. Inclusion of the hole

The relationship between the time scale for filling the ho
produced in an atomic shell as a result of the emission o
conversion electron and the time it takes for this convers
electron to escape the atom is important in ICC calculatio
Most authors make either of two extreme assumptions:~i!
the hole is filled instantly and~ii ! the hole remains unfilled
throughout the period of the removal of the electron.

In the RFAP and BTNTR calculations, the hole is disr
garded; that is, the electron wave functions for the init
~bound! and final ~continuum! states are both calculated i
the self-consistent field~SCF! of a neutral atom. In the HS
and BT calculations and in the calculations presented in
work under RNIT~1!, the hole is taken into account; that i
the bound wave function is calculated in the SCF of t
neutral atom but the continuum wave function is calcula
in the SCF of the ion with a vacancy in the shell from whi
the conversion electron is emitted.~HS do not explicitly state
that they include the hole. The fact that they did so emer
subsequently while comparing the HS and BT values@44#.!

There exists a second way of taking the hole into accou
In the so-called frozen orbital approximation, the continuu
wave functions are still calculated in the ion field but th
field is not the SCF. Instead, it is constructed using the bo
wave functions of theneutral atom. The assumption is tha
there is insufficient time for a rearrangement of the atom
orbitals. We refer to this method as RNIT~2! and ICCs cal-
culated with this method are also presented in this paper
a general rule, inclusion of the hole by either method
creases the ICC values.

On the one hand, from physical considerations, one wo
argue that the hole should be taken into account. AtEk.1
keV, the average time required to fill the hole is significan
longer than the time it takes for an electron of the sa
energy to escape from an atom. This statement applies t

f

2-18
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elements and all atomic shells@45#. On the other hand, if the
hole is taken into account, the electron wave functions co
puted in different fields for the initial and final states are
longer orthogonal. Nevertheless, ICC calculations can p
ceed with these wave functions, provided one overlooks
fact that orthogonality is assumed in deriving the ICC e
pressions.

Presented in Table VI are the differenc
D ICC(hole:no hole) in ICCs calculated by the DF method
Z592 @the ‘‘no-hole’’ case corresponds to BTNTR and th
‘‘hole’’ case to RNIT~1!#. We consider the inner shells, whic
show the greatest effect. One can see that whenEk is near
threshold, the differences can be as much as;200% forE4
and E5 transitions. AtEk51 keV, the differences drop to
;15% for E5 transitions. Finally atEk5100 keV and
higher, the differences do not exceed 3% even in the w
cases.
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3. Finite size of the nucleus

The finite size of the nucleus leads to a nonvanish
probability for the penetration of an electron into th
nucleus. The transition potential acting on the electron ta
on different forms inside and outside the region where
nuclear transition charges and currents responsible for
potential are localized. This difference is referred to as
penetration~or dynamic! effect of the finite nuclear size. Thi
effect is neglected in some calculations. The HS and RF
tables, for example, are based on the NP model of Rose@6#
in which the electron is supposed to be always localiz
outside the region of nuclear charges and currents. The
and BTNTR tables, on the other hand, are based on the
model of Sliv @27# in which the penetration effect is take
into account approximately but consistently for all nuclei a
all transitions.
2-19
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The penetration effect is important if the transition
highly hindered. For unhindered transitions, this effect is
significant for electric transitions but it may be for magne
transitions—especially forM1 transitions converted in th
ns1/2 shells (K,L1 ,M1 , . . . ) ~more significant! and thenp1/2
shells (L2 ,M2 , . . . ) ~less significant!. The ICC~SC! values
are always smaller than the ICC~NP! values. Consider, for
example, theaK value for an M1 transition with Ek
5100 keV. The quantityD ICC(NP:SC), calculated with
RNIT~1!, increases withZ; it is ,1% for Z550, increases
to ;5% for Z590, and reaches;16% for the superheavy
Z5120 element.

For selectedM4 transitions, we have compared th
ICC~NP! and ICC~SC! values with experiment in Table VII
The ICC~SC! values are favored. Even though the HS@1#
and RFAP@2# tables list the ICC~NP! values, it is possible to
correct these values for the penetration effect through the
of additional tables@46–48#.

4. Other effects

When the transition energy is very close to an ionizat
threshold, a small difference in the electron binding ene
« i @see Eq.~12!# has a profound influence on the releva
ICC. For example, a;2.5% difference in theL3 binding
energy found for fermium (Z5100) between the HS and B
tables translates to a;21% change in theL3 ICC for anE4
transition atEk51 keV. For superheavy elements, the IC
from the DF calculations@19# and the recent Rysˇavý and
Dragoun@49# RHFS calculations differ at lowEk not only
because the methods of treating exchange are differen
also because the eigenvalues~used in lieu of the experimen
tal binding energies! are different. If the energyEk is not too
low ~greater than several tens of keV!, variations in« i lead to
insignificant effects (<0.5%) on ICCs. In this work, we
need to be concerned only in the case of the 80.22-keVM4
transition in 77

193Ir. For theK shell, theEk value is 4.1 keV in
this case. Fortunately, theK-shell binding energy, 76.110
keV, for iridium used in the BT, BTNTR, and RNIT calcu
lations is virtually the same as 76.111 keV used in the
and RFAP calculations.

There is a resonance effect that might influence the IC
in some special cases. In the cases of theL1 curves for
E2-E5 transitions in light and medium elements, there
pronounced resonancelike structures below 100 keV~see, for
example, Fig. 2 of Ref.@2# or Fig. 1 of Ref.@19#!. They are
a result of cancellations suffered by the leading matrix e
ment. The positions of the resonance minima are given

Eg~keV!'
~L21!Z2

200
, ~24!

corresponding to the energies at which theL1 conversion
goes to zero in a nonrelativistic calculations in a Coulo
field @50#. This resonance-type behavior occurs also for
higher s1/2 shells and affects theM1 ,N1 , . . . ICCs. This
effect is not a problem if the ICC is calculated for a spec
energy~with a computer code corresponding to a particu
method! or if the transition energy is far removed from
04431
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resonance. It could become a problem if the ICC is obtain
through interpolation of published values and if the latter
not detailed enough to delineate the resonance.

For magnetic transitions in heavy elements, there are
ferences between ICCs given in the HS and BT tables
those given in the RFAP table—differences that cannot
explained by differing physical assumptions. ForM1 transi-
tions, these differences can reach;30% for theL2 shell
@51#. Moreover, the analysis carried out by Dragoun a
Rys̆avý @52# shows that serious errors~as opposed to ex
pected differences! exist in the RFAP total ICCs for low-
energy transitions. However, these errors do not significa
affect the global comparisons made in this work.

V. COMPARISON BETWEEN EXPERIMENT AND THEORY

We are now in a position to make detailed compariso
between the experimental and theoretical ICCs. In Ta
VIII, we have listed the adopted experimental ICCs carr
over from Table B of Ref.@32#. There are some gaps in th
HS and RFAP columns because the relevant ICCs lie out
theZ or L ranges of these calculations~see Table I!. We have
also listed in Table VIII the corresponding theoretical valu
from six different calculations. The quantitie
D ICC(expt:theory) for each of these six calculations are pl
ted in Figs. 3–8. In general, we are not interested in pursu
the comparison between the experimental and theore
ICCs on a case-by-case basis. Instead, we are interest
obtaining a ‘‘global’’ or ‘‘averaged’’ view of the level of
agreement.

If x16dx1 , x26dx2 , . . .xn6dxn are n independent
measurements,dxi being the uncertainty inxi , then the

FIG. 10. Decomposition of the calculated ICC into contributio
from ~i! interaction of the electron with the nucleus1 Coulomb
interaction between electrons,~ii ! the electron exchange interaction
and~iii ! the influence of the hole resulting from the ejection of t
conversion electron. The calculations are for the 156.02-keVM4
transition in 50

117Sn67. The experimental value is from Ref.@8#.
2-20
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weighted average~weighted by the inverse square of the u
certainty! is given byx̄6d x̄, where

x̄5W(
1

n

xi /~dxi !
2, ~25a!

W51Y(
1

n

~dxi !
22, ~25b!

andd x̄ is the larger of

~W!1/2 ~26a!

and FW(
1

n

~Dxi !
22~ x̄2xi !

2/~n21!G1/2

. ~26b!

The shaded lines in Figs. 3–8 are the weighted average
ues given by these expressions.

The averageD̄ ICC(expt:theory) values for the HS, RFAP
and BT calculations~see Figs. 3, 4, and 5! are (23.01
60.24)%, (22.7160.24)%, and (23.0460.24)%, respec-
tively. These three calculations are based on the RH
method and there can be no doubt that they overpredict
ICCs in our database by;3%.

The averageD̄ ICC(expt:theory) values for the BTNTR
RNIT~1!, and RNIT~2! calculations~see Figs. 6, 7, and 8!
are (10.1960.26)%, (20.9460.24)%, and (21.18
60.24)%, respectively. These three calculations are ba
on the DF method. The DF values are, on average, 2–
lower than the RHFS values and, therefore, in much be
agreement with experiment.

Even though the best overall agreement between exp
ment and theory,D̄ ICC(expt:theory)5(10.1960.26)%, was
found with the BTNTR ~no-hole! values, we believe on
physical grounds that the ‘‘correct’’ theory should take t
hole into account. The two methods of accomplishing t
purpose@RNIT~1! and RNIT~2!# result in theoretical values
that are, on average,;1% larger than experiment.

Differences between various theoretical ICCs are sign
cant when the transition energy is close to the binding
ergy. Of all the transitions studied in this work, theaK values
for the 80.22-keVM4 transition in 193Ir show the largest
spread in the theoretical values. This transition energy
close to the iridium (Z577) K-shell binding energy of 76.11
keV. The lowest value,aK591.93, is given by BTNTR; the
highest value,aK5110.3 by HS~see Table VIII!. In Fig. 9,
we show the behavior of the theoreticalaK values for 193Ir
as a function of theg-ray energy. At 80.22 keV, the BTNTR
RNIT~1!, and RNIT~2! values are, respectively, 91.93, 99.4
and 103.2. Here is a case where a reliableaK measuremen
would have provided definite theoretical clues. Unfor
nately, the two reported experimentalaK values, 10463
~Livermore! @53# and 92.660.9 ~Kiev! @54#, differ by
;10%. The Livermore value favors the RNIT~hole! value
while the Kiev value is close to the BTNTR~no-hole! value.

In addition to the obtaining global averag
D̄ ICC(expt:theory) values for;100 ICCs, it is possible to
04431
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divide the database into various subgroups and study t
average behaviors, as we have done in Table IX. This st
confirms our basic conclusion that, on average, the RH
~HS, RFAP, and BT! values are;3% larger than experimen
while the DF @BTNTR, RNIT~1!, and RNIT~2!# values are
only 0–1 % larger than experiment. The subgroup ofaK ,
Ek<100 keV ~see row 13 of Table IX! is most sensitive to
physical assumptions made in the theory. This set of 19
ues is reproduced best by RNIT~1! except that the theoretica
values are, on average,;1% larger than experiment.

There are ten data points in theE3 subgroup~see row 6 of
Table IX!. The theoretical ICCs for these transitions are,
average, about 1–5 % larger than experiment. We know fr
Fig. 2 and earlier discussion in Sec. III that we need to c
sider the possibility ofM4 admixtures in these transitions
However, anyM4 admixtures would serve to only furthe
widen the discrepancy between theory and experim
Therefore, at least for the purposes of the current work, i
appropriate to treat these transitions as pureE3. Alterna-
tively, had we omitted the hindered transitions~see Fig. 2!
altogether from our considerations, our main conclusio
would not be affected significantly~see last row of Table IX!.

To understand which effect is responsible for the 2–3
reduction of the DF values from the RHFS values, we sh
in Fig. 10 an analysis of the theoreticalaT values for the
156.02-keVM4 transition in 117Sn. The influence of the
hole is similar in the RHFS and DF calculations. It is th
influence of the exchange term that is markedly different a
mainly responsible for the reduction in the ICC. The benc
mark experimental value@8# aT546.40, with a conserva
tively estimated uncertainty of60.25, lies approximately
midway between the theoretical values of 46.14~BTNTR!
and 46.80@RNIT~1!#.

VI. CONCLUSIONS

During the 1960s, it was generally believed that the th
oretical ICCs were accurate at the 5–10 % level. In 19
Ramanet al. @8# showed that the HS~RHFS! ICCs were
more accurate than generally believed except that they w
systematically 2–3 % larger than experiment. During t
1980s, it became clear@13–18# that this systematic discrep
ancy was a common problem that afflicted all RHFS cal
lations.

A computer code@20–22# became available in the lat
1980’s in which significant improvements were made in t
treatment of the exchange interaction. Calculations m
with this code show that the use of the Slater exchange t
in the RHFS method results in an overestimation of IC
even after the influence of this term is reduced to2

3 .
During the past five decades, a large number of meas

ments have been carried out for 77 transitions throughout
periodic table from which one can select 100 ICCs that h
experimental uncertainties<5%. The DF calculations are
able to reproduce the experimental values, on average, a
0–1 % level. This ability is proof of a significant improve
ment of ICC theory.

Further progress in this field requires additional measu
ments carried out with better than 1% accuracy. Curren
2-21
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there are only five ICCs known~see Table B of Ref.@32#! to
better than 1% accuracy (aK in 137Ba and198Hg, andaT in
87Sr, 117Sn, and137Ba). The theoretical ICCs become ve
sensitive to physical assumptions when the transition ene
is very close to the binding energy. Suppose we wan
study the influence of the hole by means of a new experim
designed to measure ICC with an uncertainty of62%. In
the current database~see Table VIII!, there are only three
transitions (E3 in 83Kr and 103Rh and M4 in 193Ir) for
which the BTNTR~no-hole! and RNIT~1! ~hole! aK values
differ by more than twice this uncertainty. The two measu
values for the most promising case (193Ir) differ by ;10%.
We plan to remeasure this value.

Accurate experimental subshell ratios are more numer
than accurate experimentalaK andaT values. We are in the
process of examining how well the subshell ratios are rep
duced by the theoretical calculations.

There may exist a residual;1% discrepancy between th
experimental and theoretical~RNIT! ICC values. The latter
are slight overestimates. This systematic difference may
associated with higher-order effects~such as electron corre
l.
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lations, vacuum polarization, etc.! that are neglected in the
calculations. While taking the hole into account, it is al
desirable to orthogonalize the wave functions at each ste
the self-consistent field calculations. This procedure is c
rently not followed in the ICC calculations discussed in th
paper.
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@4# M. Ryšavý and O. Dragoun, J. Phys. G26, 1859~2000!.
@5# Proceedings of the International Conference on the Inter

Conversion Process, Nashville, Tennessee, 1965, edited by J.H.
Hamilton ~Academic, New York, 1966!.

@6# M.E. Rose, inBeta- and Gamma-Ray Spectroscopy, edited by
K. Siegbahn~North-Holland, Amsterdam, 1955!, p. 905;Inter-
nal Conversion Coefficients~North-Holland, Amsterdam,
1958!; in Proceedings of the International Conference on t
Internal Conversion Process~Ref. @5#!, p. 15.

@7# L.A. Sliv and I.M. Band,Tables of Gamma-Ray Internal Con
version Coefficients, Part I: K Shell~Academy of Sciences
USSR, Leningrad, 1956!; Tables of Gamma-Ray Internal Con
version Coefficients, Part II: L Shell~Academy of Sciences
USSR, Leningrad, 1958!; see also inGamma Rays, edited by
L.A. Sliv ~Academy of Sciences USSR, Leningrad, 1961!, p.
318 ~in Russian!; see also inAlpha-, Beta-, and Gamma-Ra
Spectroscopy, edited by K. Siegbahn~North-Holland, Amster-
dam, 1965!, p. 1639.

@8# S. Raman, T.A. Walkiewicz, R. Gunnink, and B. Martin, Phy
Rev. C7, 2531~1973!.

@9# J.L. Campbell and B. Martin, Z. Phys. A274, 9 ~1975!.
@10# I.M. Band and M.A. Listengarten, Izv. Akad. Nauk SSSR, S

Fiz. 38, 1588~1974! @Bull. Acad. Sci. USSR, Phys. Ser.~Engl.
Transl.! 38, 24 ~1974!#.

@11# O. Dragoun, V. Brabec, M. Rysˇavý, J. Plch, and J. Zderadic˘ka,
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@49# M. Ryšavý and O. Dragoun, At. Data Nucl. Data Tables78,

129 ~2001!.
@50# E.L. Church and J.E. Monahan, Phys. Rev.98, 718 ~1955!.
@51# I.M. Band and M.B. Trzhaskovskaya, Izv. Akad. Nauk SSS

Ser. Fiz.56, 1745 ~1992! @Bull. Acad. Sci. USSR, Phys. Ser
~Engl. Transl.! 56, 1745~1992!#.

@52# O. Dragoun and M. Rys˘avý, J. Phys. G18, 1991~1992!.
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