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A momentum-space representation is derived for the Nijmegen extended-soft-core interactions. The partial
wave projection of this representation is carried through, in principle for two-meson exchange in general.
Explicit results for the momentum-space partial wN potentials from PS-PS exchange are given.
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[. INTRODUCTION is very elegant and useful for applications in momentum-
For nucleon-nucleofil—4] and hyperon-nucleof¥] scat-  space computations.
tering we have shown that the extended-soft-cE&Q We solve basically the problem of finding a suitable rep-

models for baryon-baryon interactions give an excellent deresentation of the two-meson-exchange (TME) potentials in
scription of theNN andY N data. So far, applications of the momentum space in general and, in particular, with Gauss-
ESC model have been in configuration space. In two paper@n form factors. As is apparent from the configuration-space
we give a momentum space representation of the ESC p(5.epresentat|on, given in [2,3,12], we have to evaluate forms
tentials. Also, we describe a fit to thEp andnp data for 0 ke
<T,ap=2350 MeV, havingy?/Ngaa=1.15. Here, we used 20
physical parameters, being coupling constants and cutoff Efwdkﬁ(Az,)\)é((A—k)z,)\),
masses. mJo

In synopsis, an account of a modern theoretical basis for
the soft-core interactions has been givefilih Starting from  which at first sight means an extra numerical integral, be-
the so-called standard model and integrating out the heawides the usual convolutive integration over themomen-
quarks one arrives at an effective QCD for thel,s quarks.  tum. Here F and ‘G contain the couplings, Gaussian form
The generally accepted scenario is now that the QCDactors, and momentum space Yukawa functions for the two
vacuum becomes unstable for momentum transfers for whicbxchanged mesons. Fortunately, the integrations oveithe
Q2SA§SB~1 Ge\? [5], causing spontaneous chiral- parameter can be carried through analytically, as we shall
symmetry breaking ¥SB). The vacuum goes through a show in the sequel. The representations obtained in this pa-
phase transition, generating constituent quark masses VRer contain only two parameters, henceforth called t and u

<O|E¢|O)¢O and reducing the gluon coupling,. Viewing to be integrated over numerically. Moreover, tfteu) inte-
the pseudoscalar mesons etc., as the Nambu-Goldstone gration region is effectively over a finite domain, this in view
bosons originating from spontaneoySB, makes it natural of the exponentlalsaxp(—mft) and exp(—mﬁu) in the inte-

o assume e resing by pscuoscalrmesons and oI A, 1 <10 Cavesir-te alo 1 e o e
other types of mesons in general. In this context, baryon: gion, typ ' y '

baryon interactions are described naturally by meson e To realize the latter property of the momentum-space poten-
h Y g f tact tth b y by i Axtials is problematic when these potentials have to be gener-
change using form factors at In€ meson-baryon vertices. AS g numerically from configuration space via Fourier trans-
working hypothesis, we restrict ourselves for low energys oo

scattering to a treatment of the hadron_ic phase. Integrati_ng The partial wave projection formulas on théJ partial

out the heavy mesons and baryons using a renormalizatiqfaye pasis are developed for the TME potentials in momen-

procedure in the manner of Wils¢6], we restrict ourselves ,m space. As for the one-boson-exchaf@8E) potentials

to mesons wittM<1 GeV/c?, arriving at a so-calle@ffec- i [8], we expand the momentum-space potentials in the

tive field theoryas the proper arena to describe low energypauli-spinor invariants. The partial wave basis is chosen ac-

hadron scattering. This is the general physical basis for thgording to the convention of9]. Explicit formulas are

Nijmegen soft-core models. worked out for general pseudoscalar-pseudosc@&-P3

In this paper, hereafter referred to as |, a representation afxchange.

the ESC interactions in momentum space is presented, which In paper 11[10], the momentum-space representation for
the ESC meson-pair-exchan@@PE) potentials is described.
Here, we moreover present a fit to thNeN data for O<T,,

*Present address: Kyushu International University, Fukuoka 805=350 MeV. Included in this ESC model are the contribu-
8512, Japan. tions from OBE, PS-PS exchange, and MPE.
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The contents of this paper are as follows. In Sec. Il we (py,P5P1.P2) = (27)32E(py) 8%(p;—p1)
review the definition of the ESC potentials in the context of
the relativistic two-body, Thompson, and Lippmann- X(27)32E(p,) 83(py—po). (2.4

Schwinger equations. Here, we exploit the Macke-K|[dif]
framework in field theory. For the Lippmann-Schwinger The relativistic two-body scattering equation re4di8—
equation we introduce the usual potential forms in Paulijs]

spinor space. We include here the cent@),(the spin-spin

(o), the tensor T), the spin-orbit(SO), the quadratic spin-

orbit (Q4,), and the antisymmetric spin-orkiASO) poten- P(p,P)= wo(p,P)+G(p;P)f d*p’I(p,p")e(p’,P),
tials. For TME, in the approximations made[i& 3] only the (2.5
central, spin-spin, tensor, and spin-orbit potentials occur. In '
Sec. lll the special representation for the ESC interactions in

momentum space is developed and illustrated using so ;
b b 9 utions to the kernel(p,p’) come from the two-nucleon

basic examples. In Sec. IV the general PS-PS exchangedFreducible Feynman diagrams. In writing E@.5 we have
N .V th jecti he pl i : . ’
presented. In Sec. V the projection on the plane wave spin aken out an overalb*(P’ — P) function and the total four-

invariants is carried through for general PS-PS exchange:; SRR
The adiabatic terms, nonadiabatic, pseudovector vertex, arfgomentum conservation is implicitly understood henceforth.

off-shell 1M corrections are given explicitly. In Sec. VI the . The two-particle Green functio®(p;P) in Eq. (2.5 is
partial wave analysis is performed. Finally in Sec. VII the simply the product of the free propagators for the baryons of

partial wave contributions from the adiabatic terms and th ines (a) and (b). For the nucleon and more general for any

mentioned 1 corrections are given aryon the Feynman propagators are given by the well-

Appendix A contains some basic integrals which are em—knOWn formula

ployed in the paper. In AppendiB a dictionary is given
containing the results of the convolutive integrations for the
operators that occur in PS-PS exchange. Appendix C con-
tains thel SJ partial wave matrix elements of several impor-
tant operators. In Appendix D the Fourier connection be- _ 11%(p)
tween coordinate and momentum space is illustrated, in _p2—M2+i5’
particular for the PS-PS exchange tensor potential.

here (p,P) is a 4<4 matrix in Dirac space. The contri-

G m(P)= f d*x(0| T(y{(x) {3)(0))|0)eP >
2.6

where zpfff} is the free Rarita-Schwinger field which de-
scribes the nucleonsE 3), the A,; resonanceg=3), etc.
(see, for exampld,16]). For the nucleon, the only case con-

Il. TWO-BODY INTEGRAL EQUATIONS
IN MOMENTUM SPACE

A. Relativistic two-body equations sidered in this papefu}= and for, e.g., thé\ resonance,
. . {u}= . For the rest of this paper we deal only with nucle-
We consider the nucleon-nucleon reactions ons
N(Pa,Sa)+N(PpSs)—N(Par 1521) + N(Ppr 1Sp/), In terms of these one-particle Green functions the two-

(2.2) particle Green function in Eq2.5) is

with the total and relative four-momenta for the initial and (50 1 (@)
final states, - 1% §P+D
G(p;P)= 2
P=patPp, P '=patpp, (2m* %PHO —M§+i5
P=2(Pa=Pb), P’ =2(Par—Po), (2.2 1 (b)
H(Sb)(_P_ p
which become in the center-of-mass systéamim.s) for a 2

2.7)

andb on mass shell

2
%P—p) —MZ+is
P=(W,0), p=(0,p), p'=(0,p). 2.3

In general, the particles are off mass shell in the Green func- USINg now a complete set of on-mass-shell spistates
tions. Further on in this section, the on-mass-shell momentl the first line of Eq.(2.6) one finds that the Feynman
for the initial and final states are denoted, respectivelyppy Propagator of a spis-baryon off mass shell can be written

and p;. So pl=E.(p)=Vp?+M2 and p>,=E.(p;) as[17]

= \/IO?+ Maz,, and similarly forb andb’. Because of trans- © A NE

lation invariance, P=P’ and W=W'=E4(p;)+Ep(p;) ¥p) M [ 2 (p) A (—IO)-

=E. (ps) +Ep (ps). The two-particle states we normalize in -~ p?—M?+is E(P)[Po~E(p)+i6 potE(p)—id]’

the following way: (2.8

044008-2
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fors=1.2, ... . Here A®(p) andA®(p) are the on-mass-
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P (pH)=9¢5%.(p")

shell projection operators on the positive- and negative-

energy states. For the nucleon they are

+1/2

A (p)= 21,2

o=—

u(p,o)®u(p,o),

+1/2

A_(p)=— Ellzv(p,o)@)v_(p,(r),

o= —

(2.9

whereu(p,o) andv(p,o) are the Dirac spinors for spifi-
particles, andE(p)=p?>+M? with M the nucleon mass.
Then, in the c.m.s. wheile=0 andPy,=W, the Green func-
tion can be written as

G(p;W) = — (Ma> A
" P S po-Ey(py i
. A%p ( M, )
%W+p0+Ea(p)—i5 EulP)
A (—p)
X

1 .
> W=Po—En(p) Fid
A (p)
1 . (2.10
EW_DO+ Ep(p)—id

Multiplying out Eq.(2.10 we write the ensuing terms in
shorthand notation

G(pW) =G, (W) +G, _(p;W)+G_ . (p;W)
+G__(p;W), (2.1

whereG. , , etc., corresponds to the term withi*A, etc.
Introducing the wave functionsee[18])

Uis(P)=APALY(P') (rs=+,-), (212
the two-body equatio2.5) can be written for, e.g4, , as

¢++(p):l/f9r+(p)

+G++(p;W)f d“p'% 1(P.P") 4 rstrs(P'),

(2.13

and similar equations fog, _, ¢_,, andy_ _.

Invoking “dynamical pair suppression,” as discussed in
[12], we reduce Eq¢(2.13 to a four-dimensional equation for

by, e,

+G++(p’;W)J d*p (P P) s+ 1+ +(P),
(2.149

with the Green function
i
(2m)*

MaMb
Ea(p)Ep(p)

G, (pW)= A (p) A (—p)

-1

1
X |5 W+po—Eq(p) +i5

-1

1 .
SW—=po—Ep(p)+ié

X
2

(2.195

B. Three-dimensional equation

Following the same procedures as[it2] we introduce
the three-dimensional wave function according to Salpeter

[18] by
E.(p)E oo
¢(p):\/(h;’Tb§mfx¢,(p#)de_ (216

Next, we use for the right inverse of thfelp, operation the
ansatz proposed by Kleiji1],

o ’)—\/&A (PP, (217
P N EpHEs(p) WPH P S

where the right inverse is given by

Aw(p}) =~ zi o V(ffp’) — (218
™ Fw'(P",Po)Fw’ (=P’ Po)
with the frequently used notation
Fw(p,Po) =po—E(p)+ %W"' i9,
W(p)=Ea(p) +Ep(p). (2.19

Applying now thep, integration to Eq(2.14) and perform-
ing the py integration, made possible by the ansatz above,
one arrives at the Thompson equat{d9]

b (p)=¢%.(p)
dp
(2m)®

e W) [ 2K oW (),
(2.20

where the Green function is

1 A%(pHAS(—p)
ECI)(p ;W) = 2.2
P T P
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and the kernel is given by pZ—p2
N(p)= \/ (2.26

Kirr(pr,p|W) ZMN[E(pI)_E(p)]
Application of this transformation, yields the Lippmann-

_ 1 [ MM, [ MaMy Schwinger equation
(2m)% NV Ea(p')Ep(p’) Y Ea(P)En(P) e

X [W— (") [TW=M(p)] T(p’,p)=V(p’.p)+f (zw)sv(p’,p”)g(p”;W)T(p”,p),
A ' i @n" N (227)
X le dpoffw dpol{FW’(P";Po) with the standard Green function
XFW(=p".=Po)} {1 (Po.P':Po.P) ]+ + + W)= —— A2 (DA (— )N (2 0g
’ 37t + 2_ 2.0 T
X{FF (p.po) F{(—p,—po)} 1. (2.22 (2m) pi—pT+io

The corrections to the approximatidt,”) ~g(p;W) are of
The M/E factors in Eq.(2.22 are due to the difference order 1M?, which we neglect henceforth.

between the relativistic and nonrelativistic normalizations of = The transition from Dirac spinors to Pauli spinors is given
the two-particle states. In the following we simply putin Appendix C of [12], where we write, for the the
M/E(p)=1 in the kerneK'", Eq.(2.22. The corrections to  Lippmann-Schwinger equation in the four-dimensional
this approximation would give (M)? corrections to the po- Pauli-spinor space,
tentials, which we neglect in this paper. In the same approxi- 3
mation there is no difference between the Thompson equa’ﬂp’,p)zV(p’,p)Jrf

n

AP’ P 9P W) T(P",p).

tion (2.20 and the Lippmann-Schwinger equation when the )

connection between these equations is made using multipli- (2.29
cation factors. Henceforth, we will not distinguish between _ - . ,

the tWo. The 7 operator in Pauli-spinor space is defined by

The contributions to the two-particle irreducible kernel  (a)t Ot p) (@) (0)
irr . . . Xa' Xo'b p ’p XO',X(T’

K'"" up to second order in the meson exchange are given in" "2 a

detail in[2]. For the definition of the TME potential in the — Yo — V(PP U(p" o) up(— P ol

Lippmann-Schwinger equation we shall need the complete = UalP:0a)Up( =P, o) TP P)Ua(P™, 00 U =P, 0%

fourth-order kernel for the Thompson equati@20. In op- (2.30

rator notation, we have, from E®.2 - o o
erator notation, we have, from (.20, and similarly for the) operator. Like in the derivation of the

OBE potential§20,21] we make off shell and on shell the

— +(0) (+H)eirr
Pt =P tEIK by approximation E(p)=M+p%2M and W=2pZ+M?
=) +ELI(KIM+KITESDKIT + ... ) O, =2M +pi2/M everywhere in the interaction kernels, which,
of course, is fully justified for low energies only. In contrast
=(1+ E‘{”M)&f)+ , (2.23 to these kinds of approximations, of course the ffll de-

pendence of the form factors is kept throughout the deriva-
which implies for the complete kern@l the integral equa- tion of the TME. Notice that the Gaussian form factors sup-
tion press the high momentum transfers strongly. This means that
the contribution to the potentials from intermediate states
d3p” which are far off energy shell cannot be very large.

K''" Because of rotational invariance and parity conservation,
(2m)® the T matrix, which is a 4<4 matrix in Pauli-spinor space,
can be expanded into the following set of in general eight
spinor invariants; see, for examp[@2,23. Introducing[24]

M(p’.pIW)=K‘”(p’,pIW)+f

X(p',p"|W).EST (p"; WM (p”,p|W).

(2.29

1
q=5(Petp), k=pi=pi, n=pixp;, (23D
C. Lippmann-Schwinger Equation

The transformation of Eq(2.24 to the Lippmann- With, of coursen=qxk, we choose, for the operatofs in
Schwinger equation can be effected by defining Spin space,

T(p",p)=N(p" )M (p’,p;W)N(p),
P,=0- 037,

V(p’,p)=N(p" )K" (p’,p; W)N(p), (2.29

1
(o K= = (e 2
where the transformation function is P3=(01-K)(a2-K) 3(0l o2)K%,
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[ P -p p -p
P4:§(0'1+ 0,)-N,
k2 ///’ _pu ,/ -p”’
Ps=(oy-N)(05: 1), 27 o]
i 2t Lt
P5=§(a'l—a'2)-n, ,///%/, ,/’//A//
»” - k1 p”
PA_- ,’k1
P7=(01-0)(03-K)+(01-k)(02-0), [’ (
P -p P -
Pg=(01-0) (02 K)— (1K) (02-0). (2.32
(a) (b)
Here we follow[23], where, in contrast t¢20], we have , ' ' .
chosenP; to be a purely “tensor-force” operator. The ex- P P P P
pansion in spinor invariants reads
// N ~ N k2
8 , V\
Tps,pi) =2, Ti(p?.p7.pr-P)Pj(Pr.P). (2.3 -2 J’ P N
=1 \_‘,‘\ p” R
o - - pu , ~< g Mo
Similarly to Eq. (2.33 we expand the potentialg. Again / z°
following [23], we neglect the potential formB, and Pg, ,,'k1 Lk
and also the dependence of the potentialk o Then, the (
expansion(2.33 reads for the potentials as follows: p -p p -p
4 . (c) (d)
V=2, Vi(k5,g°)P;(k,q). 2.3
121 (k%a9P;(k.a) (2.34 FIG. 1. BW two-meson-exchange grapke: planar andb)—(d)

crossed box. The dashed line with momentkrefers to the pion
We develop in the following subsections a new represenand the dashed line with momentuky refers to one of the other
tation of the TME potentials. Included are the BW graphs(vector, scalar, or pseudoscalanesons. To these we have to add
shown in Fig. 1 and the TMO graphs shown in Fig. 2. Alsothe “mirror” graphs and the graphs where we interchange the two
the notation employed for the momenta is indicated in themeson lines.
figures. N ) )
Exploiting the identity

. MOMENTUM-SPACE REPRESENTATION TME

POTENTIALS exd —k2/A2?] _emZ/Asz Eexp[ K+ mz)t
In this section we give an outline of the procedures in k?+m? 1 A? A?
making the partial wave analysis of TME potentials in mo- (3.3
mentum space.
one can write Eq(3.1) as
A. TPS central potentials
. . . p! _ps p! _py
Consider the basic integral
. %k, A%k, o 2 -7 Lk
szff—ak—k—k F(k3)G(K3 L& =~
(k) (2m)° ( 1~ k2)F(k7)G(k3) - o -
p!! _p!!
dc*A Lo ) p
=f F(42).G((k-4)Y), (3.2)
(2m) & T
|- |-~k
with A=k, and whereF(k,) and G(k,) have the generic ) )
soft-core forms L P

(a) (b)

- FIG. 2. Planar-box TMO two-meson-exchange graphs. Same
K2+ ms notation as in Fig. 1. To these we have to add the “mirror” graphs
(3.2 and the graphs where we interchange the two meson lines.

exd —k2/A2 - exd —k2/ A2
o] 1 &(k?) = o 2]

F(k?)= :
k?+m?
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~ 2,2 2 = dt (>du
V(k :eml/Alemz/A f - — e
(k) 1 A2 1A2

d3A t u
xf exg —| —+ —|A?
(2m)° AT A3

u
+(2k-A—k?)—
AZ

(mi/ADtg— (m5/AS)u

(3.9

TheA integral in Eq.(3.4) has been evaluated abdeee Eq.

(D12)] and is

tu/A2A2 2]

Aa) exg - —————
(4ma) F{ (t/A2+ulA3)
with

t u

a=—+—.
AT AS

Redefining the variables—t/A2 andu—u/A3, we rewrite
Eq. (3.4 in the form

'\7( k) — (4,”_) - 3/2€mi/Aiem§/A§

(e exd —(mit+mau
Xf dtf du [ —(m3 5U) ]
to Ju

(t+u)3?
y tu
o0t

kz} (to=1/A% ug=1/A3).

(3.5

PHYSICAL REVIEW (56, 044008 (2002

whereA ,=(A),, andA,=(A),. Repeating the steps taken
in the previous subsection, one arrives at the analog of Eq.
(3.9):

~ 2,2 2.2 (* dt
an(k)=eml’Ale”‘Z’AZJl v
1
3
f _e (mllAl)te (mZIAZ)uf d°A
1A (2m)3

t
xXexp —| —+—
%(Ai Ag

A%+ (2k-A— kz)—l
2

(3.8
Using the integral
dA 5
j 2 )SAmAnexp{—aA +2bk-A]
o
11 b? b?
2(4773)73/25 §5mn+gkmkn exr{+gk2 )

one obtains, again after the redefinitions:t/A% and u
—u/A2, for Vp,, the expression

mn(k) (477_) 3/2 mllAlemZ/A2

fto fl]
u

5m“+ (t+u) ™ Kmkn

exp[ (m2t+mau)]
(t+u)®?

of-

tu
t+u

2

2
(3.9

This form we consider as the basic representation of the

soft-core TME potentials in momentum space

B. TPS tensor and spin-spin potentials

In this subsection we apply the same technique as used in

It is clear that in Eq(3.6) only the §,,,, term contributes. The
result is

~ 1 ~
V(k)= _[(Ul'k)(ﬂ'z' K)— §(0'1' Uz)kz}H(kz)

the previous one to the more complicated case involving the

tensor interaction. For PS-PS in momentum space we have

o[ dgdi -
V(k)—JJ W5(k—k1—k2)F(k1)

d3A
(2m)3

XB) Loy kXl okl = |

X[oy- AXK][ 05 AXK]F(A?)-G((k—A)?),
(3.6)

which leads to the basic integral to be evaluated:

- eA ,
Vb= | oA F () B(-aP, @7

2 271 /1,2
+§(0'1~0'2)k H(k?), (3.10
with
(kz)__(4 ) =372 oM/ AZ ama/AS ocdt
to
2 2
© exd —(mjt+msu tu
><J' du AL~ (s z )]exp{— —)k"}.
up (t+u)>? t+u
(3.11

From E@s.(3.10—-(3.11) one can read off immediately the
projection of Eq.(3.6) onto the spinor invariant&2.33. In
Appendix D the same result is derived in an alternative way
starting from the configuration-space potentials.
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IV. GENERAL PS-PS EXCHANGE POTENTIALS Going through the same steps as between E88) and

In [2] the derivation of the PS-PS exchange potentials in(3.5), we get for the second part between the square brackets,

both momentum and configuration space is given. In thaf'" extrak -dependent factor
reference the configuration-space potentials are worked out S ZAY - (AR - 22(t+)
fully. The topic of this paper is to do the same for the € € —€ ’

momentum-space descriptipn. In particular, the _partial WaVeyhere we applied again the same variable redefinition as
analysis is performed leading to a representation which

: , i 'Before, i.e.t—t/A2 andu—u/A2. Then, the needenl in-
very suitable for numerical evaluation.

From [2] it appears that the momentum-space TME po_tegral in Eq.(4.4) is

tential can be represented in general in the form

2 (= d\ 2 2
—| —[1-e t"WM\]=—t+u. 4.
- 2 (> N d3A 7)o N2l ] Jr 9
vaﬂ(k):;f d >, wi(x)f 5
o i=l (27) Therefore Eq(4.4) becomegcompare with Eq93.1)—(3.5)]

X 0,5k, A)FD (A2 MED((k—A)ZN). B o o
g g V(k)=(27-r)*2emi“‘§em§m§f dtf du
to 0

4.0 u
Here,=; stands for the number of different typesloffunc- ex —(mit+m3u)] tu ),
tions, andw;(\) are the corresponding weights. The opera- X (t+u) “\t¥u
tors (~Jaﬁ are, for example, in the case of PS-PS exchange
given by (see[2], Table 1) (to=1/A2,up=1/A3). (4.6
6[rﬁ(k,A)=2[A-(k—A)]Z—Z[al-AX K[ - AXK], Similarly, all N integrations can be performed explicitly.

V. PROJECTION PS-PS EXCHANGE ON SPINOR

=X _ —_ A2 . .
O} 4(k,8)=2[A-(k—Al*+2[ oy - AXK][ 0- AXK]. INVARIANTS

4.2
The different contributions, such as adiabatic, nonadia-
In [25] we remind the reader of the precise contents of thesgatic, pseudovector-vertex corrections, and off-shell poten-
operators. As an example for thg we give explicitly the  tjals, are in direct correspondence with their configuration
case ofr 7 exchange, the planar BW and TMO graphs, andspace analogs, given [&].
the BW-crossed graphs. These can be writtefRas

A. Adiabatic PS-PS exchange potentials

o 3
Q‘/L\;X(k):iz d_)‘ d’A éﬂ;x(k,A)["lf,,(Az,m,,) We now have prepared all the necessary ingredients for
K mloN2) (2m)® 7 putting things together and to list the projection of PS-PS
~ ~ exchange onto the potentials. We write
XF ,(k—=A)%,m,)—F (A%, ymZ+\?) g P A%
Xﬁ,]((k—A)Z, /m%—l—)\z)e*?\zmie’)\zmi]_ vj(k):(47T)f3lzemf//\iem§//\§ft dtfu du
0 0

4.3

exd — (m2t+mau)]
Here the @) sign refers to the parallel graph§) (and the X (t+u)3?2
(=) sign to the crossedX) graphs.

u
. xex;{—(— kz}ﬂj(kz;t,u), (5.1
Integration over the N parameter t+u
Since due to the use of E(3.3) and Gaussian form fac- \here
tors all integrations ovek become Gaussian, they can be
performed analytically. Consider, for example, the type of H 2 frana | 2 Frun | 2
integral appearing in Eq4.3). We write Wk2:t uy=—c® ki U
e oo Zoi e
V,.5(K) szd)‘ d° [F.(AZm))F z((k—A)Z,m,) 15 1/t?>—8ut+u?
o = — _ « ,m — ,m —olu u
T mloar) @mTr e T 2 Azl e

—F (A2, ymZ+22)

XF pl(k—A)% JmZ+x2)e M hieMN), (4.4)

044008-7
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TABLE I. CoefficientsY;  for the planar () adiabatic PS-PS TABLE IlI. Coefficients Y| for the crossed X) adiabatic

contributions. PS-PS contributions.

Yo([) (t,u) Y([)(t,u) Yao([l) (t,u) Yo(X)(t,u) Y (X)(t,u) Yo(X)(t,u)
of 15 fru  1(P-8utHu?) Jt+u 22 Jitu ap) 15 f+u _}(tz—BuHu2 Vt+u 22 Jitu

5 (t+uw)2 2\ U J(t+w)? (110)? (t+u)? 4 (w2 20 U J(+w? T (11 u)? (t+u)?
ol _ _1yttu _ Q) _ _1yttu _

3 (t+u) 3(t+u)
Q(3\|) +1 Jt+u o _ ng) +1 Jt+u - _
2 (t+u) 2 (t+u)

APt = — 2 [ 1) [ T L o VU 00Kz L= — 2o [ fawr) [ Ty L oVt
2 [Rg] \/; NN, m,n— m77- 3 (t+u)’ 2 14 \/; NN, X qu mﬂ- 3 (t—i—u)’
Q(H)(kz.t u):ic(l) fane |2 LN 2} Vt+u (K2t u)=ic(') (fNNw)Z(fNNn)ZE [_t+u.

3 (K5, I NN “m m, ) 2 (t+u)’ 3 L I NN | Ty m_ | 2 (trw)
(5.2 (5.3

It is convenient to introduce the expansions

fNNﬂ')Z( fNNr])2

whereCyy, (1) denotes the isospin factor.
Expressions similar to Eq$5.2) hold for the contribution
of the crossed BW graphs<() and are given below. Note the

difference in theO operators in Eq(4.2) and D (w1 ,w,)

2
QJ(H,X)(kz;t,u)= \/—;C“?\I(H:X)

mﬂ' m‘IT
= _Du(wl,wz)-
K
> RCITARE PR i CINICO LY
QP U == —=CQuu| | |
\/; ' m7T m7T

The functionsY; \(t,u) are given in Tables | and II.

" 15 1/t>—8ut+ uz) 5
4 2 t+u B. Nonadiabatic corrections
242 Jivu The denominator® ) (w, ,w,) for the nonadiabatic cor-
) 4 , rections are given in Reff2], Table IIl. In appendix B of12]
(t+u)? (t+u)? it is explained how 1* has to be treated. It follows that

TABLE lII. Coefficients Y %) for the planar {) nonadiabatic PS-PS contributions.

Y§A() () YD) (t,u) YED()(t,u) YE () (t,u)
Q(lla'H) 105 1 75) (t25ut+u2 § t?—5ut+ Uz) t3u3
8 (t+u)? 41 (! 2\ (t+up (t+u)®
agal _ 5 1 1w _
6 (t+u)? 3 (t+u)®
g 5 1 1 tu — —
4 (t+u)? 2 (t+u)®
agah 1 2tu _ _
(t+u)? (t+u)d

044008-8
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D ) o 1. 49 1)1
w Iw 2__ 5T T 5 i 1
PR om2 A2 om2 A2) wPe?

(5.9

and one finds from Eq$3.4) and(5.5) that the contributions
to the V(") can be written in the form

V,nga)(k):(4w)73/29m§/Aiem§/A§ f dt f du
to Up

><exp[—(miH—m%u)] 1
(t+u)¥? 2

X ex;{ - ( t_u) kz}ﬂl(la)(kz;t,u). (5.6)

+u)

t+u

The Q' are given by

Q{ahk2:t,uy=c{} P | faung | % 1
1 L NNJ| " m_ M

| 105 15( t2—5ut+ uz)
k2

+__
8 4 t+u

+ - tu
2 (t+u)?
3,,3

. t3u ol 1
(t+u)d (t+u)®

f 2[f 2(1\2
(1alycye2. ——cM NNm NN7 ‘L2
Q= CNN'”( m'n') ( m ) (M)sk

X

5 1
27 2%+

0§D (k% tu)= -

1
(t+u)?’

5 1 tu )
4 2t+u

(1al) 2 ) [T INE:
QP (kStu)=—Cyy m M

o m77 M
tu 1
5—2——k? .
[ t+u - J(t+u)?

Again, similar expressions hold for the contribution of the
crossed BW graphsX) and are given belovsee for the

differences in th®) operatorg2] Egs.(5.3 and(5.4), and
D{(w1, ;)= —2D{M(w;,w,), conform, Table I of(2]]:

(5.7

PHYSICAL REVIEW C 66, 044008 (2002
" fNN7T 2 fNNn 2 i
M

(1la,X) /2. —
Q&) (k2 t,u)=—2C{ « )
X[ 105 15(t2—5ut+u2

2

8 T4\ t+u

t2—5ut+u2>
- k4

+3'[
~tu
2 (t+u)?

t3u®
(t+u)®

fNN7T 2
Q&“’X)<k2;t,u>=—2<:‘N"N,x( - )

6 1
(t+u)®’

faung |2 1) 2
m,| \M/3

1
(t+u)?’

il

(5.9

tu
t+u

2

x k2

5,1
472

m (fNNﬂT

2/t
0§20 =~ 200 | (N“”

mﬂ'

1
(t+u)?’

4 2t+u

C. Pseudovector-vertex corrections

Here, only the crossed BW graphs contrib{i2é. From

the denominators DW(w;,w,)=1/wiws for the

pseudovector-vertex correctiof| one finds that the contri-
butions to theV{") can be written in the form

-\vllglb)(k):(47T)—3lzem§/Aiem§/A§j°°dtJocdu
t Ug

0

exd — (m3t+mau)]
(t+u)3?

xex;{—

2
Q) k2ot 0y = ) faung | [ Fung 1
1 [l NN, X m, m M

m

tu
—)kz Q®(k%tu), (5.9

t+u

where

2

+
2 2

" 15 5/t?—2tu+u?
t+u

t24u? . 1
(t+u)? (t+u)?’
fNNﬂ' 2 fNN’/) 2 1
m,. m,. M

+tu

QP (k2;t,u)=C{A «

tu K2 1 51
t+u t+u’ (519

X{—=1+2

044008-9
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TABLE IV. CoefficientsY{}2 for the crossed X) nonadiabatic PS-PS contributions.

Y§(x)(t,u)

Y (<) (t,u)

Y89 (<) (t,u) Y (x)(t,u)

o) L1051 15 2= 5ut+u? - t2—5ut+u2) —Zi
4 (t+u)? 2\ (t+u? (t+uy? (t+u)b
age - 5 1 N -
3 (t+u)? 3 (t+u)®
agan s 1 W - -
2 (t+u)? (t+u)?

D. Off-shell corrections in TMO diagrams

Also in this case the denominators aB(w;,w,)

=1/ w3 [2], and one finds that the contributions to Vg
can be written as

vlglc)(k):(477)73/29mf/1\§em§/1\§f dtf du
to 0

u

><exr{—(m§t+m§u)]
(t+u)¥?

tu

Xexpg —| ——

€ t+u

k?| QM9 (k% tu). (5.11)

The potentials are very similar to the pseudovector-vertex

corrections given above; s¢2], Sec. V C. We have

2 2
Q(lc,”)(kZ.t u):C(l) fNN7T fNN77 i
1 A Z] NN, || m,, m, 2M

2

) t+u

t2+ u2) 1

k4 ,
(t+u)? (t+u)?
fNN‘IT 2 fNN77 2 1
m,| \m,. | |2M

1

t+u’

[ 15 5(t2—2tu+u2
X JR— —

+tu

QP t,u)=cl

tu

k2
t+u

X{—5+2

(5.12

Similarly to Eq. (5.4) it is convenient to introduce the

expansion

2 2
Q1.1 (2. 1) — () Funa | Fung | 5[ 1
j 4 NNatb1o| T | | T | |

K
kaO YiRPELukdE (513

The functionsY; \(t,u) are given in Tables llI-VI.

VI. PARTIAL WAVE ANALYSIS

A. General structure
the general form

Vi(k)= ft:dtfu:du w(t,u)ex;{ —

x Q{YPI(k%t,u),

tu
2
t+u)k
(6.1a

where for the adiabatic, W PV, and off-shell corrections,
the weight functionw(t,u) =wg(t,u) with

2 2

2, 2 2, 2exXd —(mit+msu)]
Wo(t,U)=(4’77)_3/28m1/Alem2/A2 1 / 2
(t+u)®?

(6.1b

and for the nonadiabatic correctiofsee Eq(5.6)],

TABLE V. CoefficientsY {}’ for the pseudovector-vertex correction PS-PS contributions.

Y (t,u) Y{"(t,u) Y§(t,u)
leb,x) 15 1 t2_2Ut+U2 1 t2+U2 tu
2 (t+u)? tru (t+u)? (t+u)? (t+u)?
Qe 1 2tu _
t+u (t+u)

044008-10
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TABLE VI. Coefficients Y} for the off-shell correction TMO graphs PS-PS contributions.

Yglc)(t,u) Y(llc)(t,u) Y(zlc)(t,u)
Q(llc,TMO) 15 1 _§ t?—2ut+u?| 1 112402 tu
4 (t+u)? 4l tru (ttu)? 2 (t+u)? (t+u)?
QeTMO) 51 tu _
2t+u (t+u)
%JFAS From Eg.(6.4) and the recurrence relations for Legendre
Wa(t,u)= 212 —(t+u) |wy(t,u). (6.19 polynomials, one readily obtains, e.g.,
122

From k?=p?+p?—2p;p;z, wherez=cosé, and the(;’s

one readily sees that the potential contributions can be writ-

ten in the form

Vi(k)= ft:dtJ:du W(t,U)[X;(t,u)+2Y,(t,u)

+2221(t,u)]exp{— —y 2 (6.2
where
Xj(t,u) =T [ Y, o(t,u)+ (pZ+p) Y| 1(t,u) + (p?
+p?)2Y 2], (6.33
Y;(t,u)=—T[2pip; Y 2(t,u) +4pspi(pZ+pD)Y | 2,
(6.3b
Z;(t,u)=T[4p?p?Y; 2. (6.30

HereI'; is a combination of isospin and coupling constant

factors.

B. Partial wave projection

The partial wave projection of EqD13) can be done
easily. Using formula 10.2.36 of R€i26] one derives that

e—7k2=L§O (2L+1)f(2ypip) PL(2)e” PP,

w 6.4
Y itru (6.4
Here the functiorf (z) is defined as
fL(2 D=\ —l 2 e~ 2Pibi,
L(2ypspi) 4yp D, L+12A2YPipi)e
(6.9

We note that in the forn(6.4), the Gaussian damping in the

off-shell momentum region is manifest.

’k—Z 2L+1 L —f L+1f
e ( ) 2L+1 m L+1
X(27pfpi)PL(Z)e*V(Pf*pi)Z,
S L(L—1)
20— k2 _ L=
2%e LE:‘,O L+l Lo 2
418+6L2— f
TeL-DeLrDeLY) ¢t

(L+1)(L+2) )
TLFD)2L+3) L2

X(2ypip)PL(2)e” 7P =P)’, (6.6
Using these results the partial wave contributions can be
worked out in a straightforward manner. The basic partial
wave projections needed are

1 (+1
U (t,u)= EJ,l dz P (z)exp(— yk?),
1(+1
RL(t,U)=§ffldzzPL(Z)exp(—ykz),

1(+1
S,_(t,u)zzf 1o|z 2P (2)exp(— yk?), (6.7

where y=tu/(t+u), and the functiondJ, ,R,_,S, can be
read off from Eqs(6.4)—(6.6). Writing

IN

VPt P =2, Vi(pr.p)(PiIPlpy). (6.8
the partial wave expansion of thg functions reads
V;(ps ,pi)=LZO (2L+1)VI(x)P (cosh). (6.9

044008-11
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Using Eqs(6.4)—(6.6) the partial wave¥!")(x) for the TME
potentials can be written as

V0(p,p0= | at “duwtwixwu e
to Up
Y, (L WRL(,U) + Z; (6, 1) S, (L)

C. Partial wave projection spinor invariants

Distinguishing between the partial waves with parRy

with

PHYSICAL REVIEW (56, 044008 (2002

F27(L'S',LS)= 6,/ 05 2S(S+1)— 3]V (x).

(iii ) Tensor B= (oK) (0,- k)—% (o1 o)k

(ps;L'S' I'M'[VEP;|p; ;LSIM)

8m , ST
:?(pf+pi)5J'J5M'MF3'W(|,J)1 (6.19

=(—)? andP=—(—)’, we write the potential matrix ele- \yherei=s' andj=S for »=+, andi=L’ andj=L for

ments on the LSJ basis in the following wesee, e.g.[22],

Sec. VI T
ec. VI ] (a) Triplet uncoupledi=L'=J, S=S'=1,
(i) P=(-)"
TRV . 1 2J+3 2J-1
(p;;L'S'I'M'|V|p; ;LSIM) J+ _ @) _ Ta (3) (3)
o i F37(1,)=|Vj 23|n2¢// 2J+1VJ,1+2J+1 Yl
=47V~ (S 'S)(SJ’.]gM’M5L’L . (61]) (61@
i _ J.
(i) P=—(=)= (b) Triplet coupled:iL=J=1,L'=J*1, S=5' =1,
(p;L'S'I'M'|V|p;;LSIM) I L
J- _ 3 ;
=478y36mmOssVI T (L',L).  (6.12 Fam =1=1)= 2J+1 AR SN2y
For notational convenience we will use as an index the parity 2J-3 3) 2J+1 3)
factor », which is defined by writingP=7(—)’. The P Xog— g Vit o3 Vaze( s
=(—)’ states contain the spin-singlet- and -triplet-uncoupled
states fy=+), and theP=—(—)’ states contain the spin- (6.173
triplet-coupled statesz(= —).
In nucleon-nucleon, since the proton neutron mass differ- 3 VJI(J+1) ) 3)
F37(J-1J3+1)=—=3—F——[—sin2yV;

enceM,—M, is small, except for very special studies, the
spin-singlet-triplet transitions can be neglected. Actually, in
the TME potentials we takél,=M,=My. As a conse-
guence there are no antisymmetric spin-orbit potentials, so
Ve=0. Also, since we restrict ourselves to terms of order up
to and including MMy, there are no contributions to the
guadratic-spin-orbit potentials, i.&/g=0. Also, in nucleon-
nucleon transitions one can neglect terms weth and Pg
[22]. Therefore, we can restrict the partial wave projection of
the spinor invariants to the casBs, P,, P3, andPy,.

2J+1
+(coSyVE +sirtyVv® )1,
6.17h

NATRESD)

S g (3)
5371 [—sin 24V}

F3 (J+1J-1)=-3

+(siPyV®  + cogyVP )1,

Below we list the partial wave matrix elements fgre= (6.170
= for the differentV;P; (j=1,2,3). Here we restrict our-
selves to the matrix elements0. I+ 1
H _1. J,— _ 3 H
(i) Central P,=1: F3 (I+1J+1)= 557 -Vv@® + 5sin 2y
e e ’ 1 .
(ps;L’'S' I'M'|VOP,|p;;LSIM) y 2J+5v<3>+ 2J+1v<3)
=478y,360F17(L'S'LS), (6.13 2J+3 79 1 23+3 792 |
with (6.170
FI(L'S',LS)= 8, 8ssVI(x). where we introduced
(i) Spin-spin B= o - 0: cosy— p; siny= D (6.18
2, 2’ T 2.2 :
(ps;L'S'I'M'|VPIP,|p; ;LSIM) Pt + P VP§+p;
=478y,0mmFy"(L'SLS), (6.14 (iv) Spin-orbit P,=i/2(o;+ o) - n:

044008-12
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(ps;L'S'I'M'|VHP,|p;;LSIM)

=4mPP; 8y 38mmF3 (). (6.19
(a) Triplet uncoupledL=L"=J, S=S'=1,
Far(L)=—(v¥-ViP)i23+1). (620
(b) Triplet coupled:.L=J+1,L'=J*1, S=S"=1,
_ J-1)
J, —11—-1)= (4)_ (4)
Fr (3-1J-1)= 23- 1)(V Vi),
N (J+2)
J, - _ (4) _ /(4
Fr (3+1J+1) (2J+3)(VJ vil,). (6.2

With the matrix elements of this section, the partial waves Véy3:477

for the potentials can be readily derived. Henceforth, we will
use the following shorthand notati¢@7] for the potentials:

(i) P=(-)*

V3,=V7(0,0, V3,=V>(0,1),

VIEVIH(L0, VI=VIR(LD.  (6.22

(i) P=—(—)™:
Vi =ViT(3-13-1), Vig=V» (I-1J+1),

V3=V (3+13-1), V3=V2 T (3+10+1),

(6.23

where it is always understood that the final and initial statek2=

momenta are, respectively,p;
—Vg,o(pf ,pi), etc. Since

and p;. So VO’O

V31(Pr.P)=V14Pi,Pr),
(6.24

we will give in the case of the off- diagonal terms only the
explicit expressions fov APs.pi) andV1 APs.Pi)-

V%,O(pf Pi) :Vé,z( Pi P1),

D. Partial wave projection potentials

The momentum-space partial wave centi@) ( spin-spin
(o), tensor {), and spin-orbit (SO) potentials V{©)
=V8(p¢,pi), etc., lead to the following partial wave poten-
tials #0:

Vg o= 4m(VED—3v{7), (6.253
2
Vo= 47 (V9 + Vi) + 2 (pi+pf)
1 2J+3 2J
(M) _ i (T (T)
V3 23'”2"”(23+1 2J+1VJ+1)]
—pipi(VED-VED(23+1) |, (6.25D

Notice thatV ,=
J __\/J
V3J_\/L3

PHYSICAL REVIEW C 66, 044008 (2002

2 J-1
Vi =47 (VL +VED) + §(p$+pi2)2J+l
1 2J—-3 2J+1
—_yM (T (T
Vi + 23|n2¢( 1VJ 2J—1VJ‘2)]
+pfpi<J—1><VSS?—VSS°>>/<2J—1>}, (6.250
A +
Vi£::4ﬂ'2(p$+‘pl) 284_1 {S 2¢AATL_(CO§¢AAT)
+sin?yV D)}, (6.259
J+2
(VSE)1+V(U)1)+ (pf pi )23+1
1 2J+5 2J+1
—_v(D 1 Zqj (T) (T
Vidat 2stIﬂ 27+3 2J+3VJ+2)]
—pipi(I+2)(VEO-VED(23+3) . (6.250

V3,=0 because/{**9=0. Furthermore,

VII. ADIABATIC PS-PS POTENTIALS
A. Adiabatic PS-PS coefficients
Defining the shorthand(p;,p;) andB(ps,p;) by

(Pf+p7)—2pipiz=A—Bz, k'=A’-2ABz+B’Z,
(7.1
one obtains the following from Eq¢5.2) for the coefficients
X,Y,Z#0:
(i) Central:
2 fNN7r 2 fNN 2
X(lH)(t,u) CF\H\I”( - ) m:
1 1 2 —8ut+u? A
v St T i+u (Ps.Pi)
tu? | Jt+u
+4 5 | A%(pe.p) [ ———,
(t+u) (t+u)
1 fNNﬂ— 2 fNN 2
= ol )
t?2—8ut+u? 5
X t*‘u (pf-pJ
t?u? Jt+u
+4 5 A ! 1
(t+u)2 (P, Pi)B(Ps P)}(H_ 2
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2 fana| 2( fang |2 202
zﬁ’(t,u)=+ﬁcﬂh< mw) ( m:) (t+u)?
yt+u
B2(p;,pi)——. 7.2
XBAP P o (7.2
(i) Spin-spin:
2 f f Jt+u
W _ 0 NN NN#
XV (t,u)= 3J¥CNN'< mw) ( ) Alpr. ')(t+u)'
2 fane ) 2 vt
Y(z)(t,u)=+3\/;Cﬁ)N,( :11) ( mﬂ) B(pr, p')(t+u)
(7.3
(iii) Tensor:

1 f 2/t 2Jt+u
ah _ A~ NN NN»
X3H (t,u)=+ \/;CNN,H( mﬂ) ( mﬂ) (EmE (7.9

For the X diagram contributions one has

X(l><): _X(1||), Y(1><): _Y(1\|),
7= _z(
X(2><): +X(”), v = +Y(”),
X{)=+x{. (7.5)

B. Adiabatic PS-PS partial wave potentials

The central, spin-spin, and tensor partial wave contribu-

tions are now

V(LC)(pf P)=SU[X U +Y- R +Z1-S =8 [ XU,

V(LU)(pf PD)=SU[X- U +Y2- R +Z5-S =8 [ X, U],

PHYSICAL REVIEW @56, 044008 (2002

2
Vadad)=4a| (VIO + Vi) + 2 (pf+pf){ viD
1 2J+3 2J-1
— i M Q)
PSIN2Y| 5331 Vot 2J+1VJ+1)] !
(7.80
J (©) (o) 2 2, (M
Vi(ad)=4m (V371 + Vi) + 3 (pit )2J+1 —Via1
1 2J-3 2J+1
Zsin2ul 22 ym M
+ 23|n2¢// 2J_lVJ + 2J_1VJZ)H,
(7.89
VIa+1
Vidad)=4m 2(pF+ P51 {S|n2¢V(T)
—(coSyV (D, +sirtyVviD )}, (7.80)
2 J+2
Vidad)=4a| (Vi + VD) + 2 (pf+p)) oy 1| — Vi
1 2J+5 2J+1
i M M
TN Z‘ﬂ( 2313V * 2J+3VJ+2>]
(7.8

APPENDIX A: MISCELLANEOUS INTEGRALS

In this appendix we list a number of useful integrals.
(i) Consider the integrals witlp components of theA
vector in the integrand: Gaussian integral

® d°A 2
I, . nlk)= sAm- - Apexid —aA?+2bk-A]
(27)

VED(pr.pi) =8 [Xs U], (7.6 i b2
=(4ma)” 3 (2b)~P V|ex +Ek
where
b2
X (t,u)=XP+ X9, =(4ma) A1) An(kz)ex;{ - gkzy (A1)
X (t,u)=XP+ X5,
The first tensordI{?). . are found to be
Xr(t,u)=XP+ x5, 7.7
- b 11 b?
and similar formulas folY¢ , r andZc , 1. m®=1, HS&)Z—km, Hﬁﬁ%z —{ =8t —KmKknt
The momentum space partial wave central, spin-spin, and a al2 a
tensor potential¥’{“)(p¢,p;), etc., lead to the adiabatiad)
contributions:
b2
(3) —
V‘c]),o(ad) _ 417(V5C) _ 3VSU))1 (7.83 1_[mnk a2 [5mnkk+ Omiknt Snikm] + — kmknkk] )
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b2

1 1
H( ) ( [5mn5kl+5mk5nl+5nk5ml]+ [5mnkkkl

mnkl™
a
+ 5mkknkl + 5nkkmkl + é\klkmkn"_ 5mlkkkn+ 5nlkkkm]

2\ 2

(A2)

kmknkkk|] .

(i) Consider the integrals witp factorsA? in the inte-
grand:

)Pex —aA?+ 2bk-A]

(2m)3
p
Ja

b2
(4ma)” 3’ZeXp[ + ;kz}

b2
z(4wa)3’2r<m(k2)ex;{ + Ekz}. (A3)
The first tensord™?) _ are
1 b\?2
r®=1, rW=_—|3+2al—| k?|,
2a a
1 b 2 4
r®=—"_|15+20a —) k2+4a? k4},
4a° a
1 b\? b\4 b 6
r®=_—"_|105+210a| —| k®+84a%| —| k*+8al kS|.
8a3 a a
(A4)

(iii) Consider the integrals with factorsA- k in the inte-
grand:

3

K(p)(k):J (d 5 (A-K)Pexf —aA?+2bk- A]

2)

14\° b2
=(4ma)” 3’2(2%) p[+—k2

b2
E(4wa)-3/22<9>(k2)ex;{ + gkz}. (A5)
The first coefficientS, (P are
30=1, 2(1):Ek2
a
1 b\?
2<2>—2 1+2al — kz}k
b b\?
3®=— 3+2a| _ k2| k2. (A6)
2a?

(iv) Consider finally the more general integrals with
factorsA? andq factorsA-k in the integrand:
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3

d3A
jqu)(k):f 2 )S(Az)p(A-k)qexp:—aA2+2bk-A]
o
Pl1 g \d b?
| . =3l L2
=\ -2 ”b) (4ma) ZEX[{-F ak}
b2
E(4wa)—3/2r<pw(k2)exp{ + §k2}. (A7)
The first tensord”"?_ | with p,q#0, are
1(b b)?2
r(1v1>=2a( 5+2a| - k?|k?,
) 1 b 2 4
re ):F 5+16a| - k?+4a2| —| k*[k?,
a
) 1 b 2 4
I leP ]| 35+28a| < k2+4a2| = | k*|k2,
a
(A8)

APPENDIX B: INTEGRATION DICTIONARY

In this appendix we give a dictionary for the evaluation of
the momentum integrals that occur in the matrix elements of

the TME potentials. The results of tiA integration are
given apart from a factor (#a) %2, (a=t-+u) common to

all integrals. Using the results given in Appendix A one ob-

tains
(@ (ki kp)?=(A-k—A%?

—8ut+u?
t+u

2

L1512
~a

t?u?
+4

(B1)

)

=[o71-AXK][ 05- AXK]

1(2 )
= 51301 02k~ | (01-K)(0-K)

t+u’ (B2

5(0'1' ay)k?

(¢) [(o1+07)-kiXky]a(k;—Kp)

=[(o,+ 05)AXK]q- (2A—Kk)

1
=[(o1+0p)aqXk]——,

t+u (B3)
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(d)  (Ky-Ko)(KZ+K3)

—2(A-k—A2%)2+ (A-k—A?)k?

t>—2tu+u?
t+u

:

—3+2

- 2

15+ 5(

1
(t+u)?’

t24u?
(t+u)?

—2tu (B4)

1
2
K t+u’
(B5)

tu

t+u

1
(e) (klkz):Ak_Az:E

(k1-k2)®=(A-k—A%)?°

1
—1Zu(
t3us

(t+u)d

(f)

t?—5ut+u?
t+u

2

t2—5ut+u?
(t+u)?

.

(ki-ko)[o1- ki XKz ][ 02 k1 XKs]

4

1
(t+u)®’

(B6)

(9)

=(A-k—A?)[o;- AXK][05- AXK]

1 5 5
== 5{(0'1' 0,)k*—(01-K)(02-K)}- P

1
(t+u)?’

tu

t+u

2 (B7)

(h)  (ky-kp)[(o1+ 07) Ky XK;1qg- (kg —ky)

=(A-k—A?)[(0,+ 0,)- AXK]g-(2A—K)

! k]-|5—-2 w k?
= - 5l(or+oy)-axk]-| 5=2—
X ! (B8)
(t+u)?’

APPENDIX C: THE LSJ REPRESENTATION OPERATORS
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- -~ L
(S PV =—V6i(—) 5=

Xyg/lL—ls(E))
L S J

[L+1 -
+ 2L+3 1 10 WL-%—lS(p) ’

LL+1 S J

[ .

S
1
S

o O o

L-1

(C2
where the 9 symbols differ from[29], formula (6.4.4), in
the replacement of thej3symbols by the Clebsch-Gordan
coefficients and by leaving out time;; summation(see[30]).
Working this out explicitly, we find

(S l5)37§’,'3_1,1(f))= _iaJygAJl(fJ)a
(S P+ 14(P)=ib, Y5 (P),

(S PYY(p)=iadyy 11(p)—ib V.1 4(p), (C3)

N EE - 3
=" NVNogr1r 2" Nairr

Ordering the states accordinglte=J—1,L=J,L=J+1, we
can write in matrix form

where

(C4

L=J-1 L=J-1
I Ispl 3
J+1 J+1
0 ia; 0
=| —ia; 0 by (C5)
0 —ib; O

Similarly, using for—i(p;xp;)-S for spherical components
the formula

~ A 4 A N
~i(ByxB)n=— 5 VZCHNAPOYHB),  (CO)

one can work out the partial wave matrix elements involving

this operator.
From the results above one can derive the following use-
ful partial wave projections for the spin triplet states:

The spherical wave functions in momentum space with

guantum numberd, L, andS are, in the Stapp-Ypsilantis-
Metropolis (SYM) convention[9],

VAP =it Com, Ym(P) X, (e30)

wherey is the two-nucleon spin wave functig@8]. Then

(L' 1IIV(K?)(S p)?[L1J)

a3Vy 0 —ajhbyV;,
=4 0 V; 0 , (C79
—ab;Vyer O b3Vyi1
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(L"13|(S pp)?V(K?)|L1J)

ajVy_1 0 —aybyVyiy
Sy 0 V; 0 , (C7b
—a;bVy-y O b3Vyi1
(L' 1I[(S P V(K (S-p)[L 1)
agv‘] 0 _anJVJ
=44 0 aﬁVJ_l+b§VJ+1 0 ,
—ash,V; 0 b3V,
(C79
and
(L' 13| i(prxpy) - SV(K?)|L1I)
(J-1)(Vy_,—V,), L=L'=J-1,
4 ,
Zm = (V31— Vi11), L=L"=J,
_(J+2)(VJ_VJ+2), L=L,=J+1
(&)
Using the identity
(01-8) (0 8)=2(S a)*— &, (C9)

the tensor operator can be written as

Ps=(o1-K)(02-K)— (0'1 Uz)k

1 -~ N
=31P’S1APi) + PSP 1 - 4(Spr)(S py)

4
+2i(psxpy)- St §(pf'pi)52a (C10

where the momentum space tensor operdigiis defined as

S1Ap)=3(a1 p)(02-p)— (01 0). (C1)
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APPENDIX D: FOURIER TRANSFORMATION
COORDINATE TO MOMENTUM SPACE

In this appendix we give an outline of how the potentials
in the coordinate representation can be translated to their
momentum-space counterparts in a direct way. Of course, we
utilize the same techniques as described in this paper. We
treat the more complicated case of the tensor potential. In
this case the coordinate-space potentials are complicated.
Nevertheless, we show explicitly how they are connected
with our momentum-space representation.

1. TPS tensor and spin-spin potentials |

To appreciate this method in the case of TME potentials,
we consider as a typical example the potential

V(r)=f

X[ oy (kX ko) JF (kD) G(K3).

d3k d3k, .
lf <_29'(k1+k2)"[01-(k1><k2>]

2m)3) (2m)?3
(DY)

This potential, in terms of the Fourier transfori¢r) and
G(r), has been given if12] and reads

—F'(r)G'(r)+ %F'(I’)G"(I’)"‘ %F”(r)G’(r)

2
V(r)= §

2 1
X(o1-05)+ § r—zF’(r)G’(r)— ?F,(T)G”(r)

1
_FF"(")G'(r) Si2, (D2)

whereF'(r)=dF(r)/dr, etc.
In seeking the projection on the spinor invariants, we wish
to write for the momentum space counterpart of E2fl) as

d3k, d%k,
j f S(k—ky—
(2m )3

X[ o (K1 XKo) [0 (K1 XK3) ]

ko) F (k) G(K)

=V,(k)(ay- a2)+ V1K)

From the formulas given in this appendix the partial wave

projections of the several potential forms, as given in Secs.

VI A and VII, can be derived in a straightforward manner. In
the case of an extra factopy- p;), as occurs, for example, in
the second line of EqC10), we simply use the expansion

x| (1K) (k)= 5 (a1 )2 (D3)

It is now our task to fincT/l,,T(k). To proceed, we naotice that

o)

(ps- pi)V<k2>=pfpi§0 (2L+1)V,(x)P_(cosb),
(C12

where

(L+1)V 1 +LV 4] (C13

VL= 2|_+1[

one can easily see that E@2) can be written in the form

V(r)=g5 Ho(r)(o'z o)+ 5 HT(r)812a

1 d
H'(r), HT(r):<F—a)H’(F),
(D4)

_+_
r dr
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where the functiorH(r) satisfies the equation

1d

_1 d 1
rart0=rgFOrgem. 09

To solve the problem posed in this section, it is necessary to
find the Fourier transforrﬁi(kz). To solve this problem we

exploit the following lemma.
Lemma 1If two functionsh(r) andH(r) are related by

h(r)=(1/r)dH/dr, then their Fourier transforms (k?) and
H(k?) satisfy

1d dh(k?) 1.
h(f)—FaH(f)Hw—z (k%). (D6)
Introducing the “little” functionsh(r),f(r),g(r) by
1d 1d 1d
h(r)=+g/HO, f(O=-5.F0), gn=, 5.6,

and from Eq.(D5) these satisfy the relatiom(r)="f(r)
-9(r).

Next we assume the following generic soft-core forms for

F andG:

exd —k%/A%]
d 1] &Kk

_ex - k?/A2]
k?+m? - '

.
PO k?+m3

(D7)

The solution forf(k?) and g(k?), using the differential
equations for the Fourier transforms as given in @§6), is
discussed i8], Appendix C, and reads

~ 1
f(k?)=— —exp(mllAl)El[(szr m3)/A 2],

g(k?)=- 1'3Xp(mg//\z)El[(szr m3)/A3],  (D8)

whereE; is the exponential integrgR6]. Then, the Fourier
transform ofh(r)=1f(r)g(r) as follows from Eq.(D5) is
given by the convolution

3

e d*A
h(k)=f*g(k)=f (2m)

S[(A%)g((k—4)?). (D9

With Eg. (D8) we obtain

- 1 A
h(k) = = emi/ATamaIAS d
4 (2m)°

XE{[(k—A)?+m3]/A3}.

Ei[(A%+m)/AT]

(D10)

Now, the A-integral can be performed as follows:
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f d3A - (A%+m?) c [(k—A)2+m3]
(2m® 1\ AZ )T A3
_f quf d3A (A2+m§)t
N (271')3 A?
p[ ((k—A)2+m3)
X ex ——zu
AZ

wdu m3 m3
f __Zt ex L
1 A7 A5
t

Xexp —
A

=2t _2
1 2

f (2?)3

A%+ (2k-A— kZ)A—l. (D11)

2

The A integral in the last line of Eq(D11) has a standard
Gaussian form and is given by

d3a tu/A2A3
f exd - - ]=(4ma) Yexg — —— k|,
(2m)® (t/A2+u/A2)
(D12)
with
t N u
a=—+—.
AT A3

In this form, the derivative with respect ¢ can be taken
easily, and we finally obtain fof the solution

~ 1
H(k?)=— E(47_r)—3/2em§//\§em2m j

1 A2 1A2
t ou)| mt ms
X| —+— exp — —t|ex ——u
A A3 A2 A3
tu/A2A2
xexg — 2—122 k2|. (D13
t/A2+u/A2

Redefining the variables—t/A2 andu—u/A3, one can re-
write Eq.(D13) in the form

r_](kZ) (471_) 3/2 mllA m2/A f dtJ’ du(t
+ u)—5/26—(m§t+ m%u)ex'{ _ tu k2
t+u

(to=1/A%,ug=1/A3). (D14)

Notice that this is the same result as obtained in Bdll),
as it should.
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