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Extended-soft-coreNN potentials in momentum space. I. Pseudoscalar-pseudoscalar
exchange potentials
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A momentum-space representation is derived for the Nijmegen extended-soft-core interactions. The partial
wave projection of this representation is carried through, in principle for two-meson exchange in general.
Explicit results for the momentum-space partial waveNN potentials from PS-PS exchange are given.
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I. INTRODUCTION

For nucleon-nucleon@1–4# and hyperon-nucleon@7# scat-
tering we have shown that the extended-soft-core~ESC!
models for baryon-baryon interactions give an excellent
scription of theNN andYN data. So far, applications of th
ESC model have been in configuration space. In two pap
we give a momentum space representation of the ESC
tentials. Also, we describe a fit to thepp andnp data for 0
<Tlab<350 MeV, havingx2/Ndata51.15. Here, we used 20
physical parameters, being coupling constants and cu
masses.

In synopsis, an account of a modern theoretical basis
the soft-core interactions has been given in@1#. Starting from
the so-called standard model and integrating out the he
quarks one arrives at an effective QCD for theu,d,s quarks.
The generally accepted scenario is now that the Q
vacuum becomes unstable for momentum transfers for w
Q2<LxSB

2 '1 GeV2 @5#, causing spontaneous chira
symmetry breaking (xSB). The vacuum goes through
phase transition, generating constituent quark masses

^0uc̄cu0&Þ0 and reducing the gluon couplingas . Viewing
the pseudoscalar mesonsp, etc., as the Nambu-Goldston
bosons originating from spontaneousxSB, makes it natura
to assume a quark dressing by pseudoscalar mesons an
other types of mesons in general. In this context, bary
baryon interactions are described naturally by meson
change using form factors at the meson-baryon vertices.
working hypothesis, we restrict ourselves for low ener
scattering to a treatment of the hadronic phase. Integra
out the heavy mesons and baryons using a renormaliza
procedure in the manner of Wilson@6#, we restrict ourselves
to mesons withM<1 GeV/c2, arriving at a so-calledeffec-
tive field theoryas the proper arena to describe low ene
hadron scattering. This is the general physical basis for
Nijmegen soft-core models.

In this paper, hereafter referred to as I, a representatio
the ESC interactions in momentum space is presented, w

*Present address: Kyushu International University, Fukuoka 8
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is very elegant and useful for applications in momentu
space computations.

We solve basically the problem of finding a suitable re
resentation of the two-meson-exchange (TME) potential
momentum space in general and, in particular, with Gau
ian form factors. As is apparent from the configuration-spa
representation, given in [2,3,12], we have to evaluate for
like

2

pE0

`

dl F̃~D2,l!G̃„~D2k!2,l…,

which at first sight means an extra numerical integral, b
sides the usual convolutive integration over theD momen-

tum. Here, F̃ and G̃ contain the couplings, Gaussian form
factors, and momentum space Yukawa functions for the
exchanged mesons. Fortunately, the integrations over thl
parameter can be carried through analytically, as we sh
show in the sequel. The representations obtained in this
per contain only two parameters, henceforth called t and,
to be integrated over numerically. Moreover, the(t,u) inte-
gration region is effectively over a finite domain, this in vie
of the exponentialsexp(2m1

2t) and exp(2m2
2u) in the inte-

grands. Also, the strong Gaussian-like falloff in the off-sh
region, typical for soft-core interactions, is easily realize
To realize the latter property of the momentum-space po
tials is problematic when these potentials have to be gen
ated numerically from configuration space via Fourier tran
formation.

The partial wave projection formulas on theLSJ partial
wave basis are developed for the TME potentials in mom
tum space. As for the one-boson-exchange~OBE! potentials
in @8#, we expand the momentum-space potentials in
Pauli-spinor invariants. The partial wave basis is chosen
cording to the convention of@9#. Explicit formulas are
worked out for general pseudoscalar-pseudoscalar~PS-PS!
exchange.

In paper II @10#, the momentum-space representation
the ESC meson-pair-exchange~MPE! potentials is described
Here, we moreover present a fit to theNN data for 0<Tlab
<350 MeV. Included in this ESC model are the contrib
tions from OBE, PS-PS exchange, and MPE.
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The contents of this paper are as follows. In Sec. II
review the definition of the ESC potentials in the context
the relativistic two-body, Thompson, and Lippman
Schwinger equations. Here, we exploit the Macke-Klein@11#
framework in field theory. For the Lippmann-Schwing
equation we introduce the usual potential forms in Pa
spinor space. We include here the central (C), the spin-spin
(s), the tensor (T), the spin-orbit~SO!, the quadratic spin-
orbit (Q12), and the antisymmetric spin-orbit~ASO! poten-
tials. For TME, in the approximations made in@2,3# only the
central, spin-spin, tensor, and spin-orbit potentials occur
Sec. III the special representation for the ESC interaction
momentum space is developed and illustrated using s
basic examples. In Sec. IV the general PS-PS exchang
presented. In Sec. V the projection on the plane wave sp
invariants is carried through for general PS-PS exchan
The adiabatic terms, nonadiabatic, pseudovector vertex,
off-shell 1/M corrections are given explicitly. In Sec. VI th
partial wave analysis is performed. Finally in Sec. VII t
partial wave contributions from the adiabatic terms and
mentioned 1/M corrections are given.

Appendix A contains some basic integrals which are e
ployed in the paper. In Appendix B a dictionary is given
containing the results of the convolutive integrations for
operators that occur in PS-PS exchange. Appendix C c
tains theLSJ partial wave matrix elements of several impo
tant operators. In Appendix D the Fourier connection b
tween coordinate and momentum space is illustrated
particular for the PS-PS exchange tensor potential.

II. TWO-BODY INTEGRAL EQUATIONS
IN MOMENTUM SPACE

A. Relativistic two-body equations

We consider the nucleon-nucleon reactions

N~pa ,sa!1N~pb ,sb!→N~pa8 ,sa8!1N~pb8 ,sb8!,
~2.1!

with the total and relative four-momenta for the initial an
final states,

P5pa1pb , P85pa81pb8 ,

p5 1
2 ~pa2pb!, p85 1

2 ~pa82pb8!, ~2.2!

which become in the center-of-mass system~c.m.s.! for a
andb on mass shell

P5~W,0!, p5~0,p!, p85~0,p8!. ~2.3!

In general, the particles are off mass shell in the Green fu
tions. Further on in this section, the on-mass-shell mome
for the initial and final states are denoted, respectively, bypi

and pf . So pa
05Ea(pi)5Api

21Ma
2 and pa8

0
5Ea8(pf)

5Apf
21Ma8

2 , and similarly forb andb8. Because of trans
lation invariance, P5P8 and W5W85Ea(pi)1Eb(pi)
5Ea8(pf)1Eb8(pf). The two-particle states we normalize
the following way:
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^p18 ,p28up1 ,p2&5~2p!32E~p1!d3~p182p1!

3~2p!32E~p2!d3~p282p2!. ~2.4!

The relativistic two-body scattering equation reads@13–
15#

c~p,P!5c0~p,P!1G~p;P!E d4p8I ~p,p8!c~p8,P!,

~2.5!

wherec(p,P) is a 434 matrix in Dirac space. The contri
butions to the kernelI (p,p8) come from the two-nucleon
irreducible Feynman diagrams. In writing Eq.~2.5! we have
taken out an overalld4(P82P) function and the total four-
momentum conservation is implicitly understood hencefor

The two-particle Green functionG(p;P) in Eq. ~2.5! is
simply the product of the free propagators for the baryons
lines ~a! and ~b!. For the nucleon and more general for a
baryon the Feynman propagators are given by the w
known formula

G$m%,$n%
(s) ~p!5E d4x^0uT„c$m%

(s) ~x!c̄$n%
(s) ~0!…u0&eip•x

5
Ps~p!

p22M21 id
, ~2.6!

where c$m%
(s) is the free Rarita-Schwinger field which de

scribes the nucleon (s5 1
2 ), the D33 resonance (s5 3

2 ), etc.
~see, for example,@16#!. For the nucleon, the only case co
sidered in this paper,$m%5B and for, e.g., theD resonance,
$m%5m. For the rest of this paper we deal only with nucl
ons.

In terms of these one-particle Green functions the tw
particle Green function in Eq.~2.5! is

G~p;P!5
i

~2p!4F P (sa)S 1

2
P1pD

S 1

2
P1pD 2

2Ma
21 id

G (a)

3F P (sb)S 1

2
P2pD

S 1

2
P2pD 2

2Mb
21 id

G (b)

. ~2.7!

Using now a complete set of on-mass-shell spin-s states
in the first line of Eq.~2.6! one finds that the Feynma
propagator of a spin-s baryon off mass shell can be writte
as @17#

P (s)~p!

p22M21 id
5

M

E~p!
F L1

(s)~p!

p02E~p!1 id
2

L2
(s)~2p!

p01E~p!2 idG ,
~2.8!
8-2



-
ve

.

in
r

ter

ve,

EXTENDED-SOFT-CORENN . . . I. . . . PHYSICAL REVIEW C 66, 044008 ~2002!
for s5 1
2 , 3

2 , . . . . Here,L1
(s)(p) andL2

(s)(p) are the on-mass
shell projection operators on the positive- and negati
energy states. For the nucleon they are

L1~p!5 (
s521/2

11/2

u~p,s! ^ ū~p,s!,

L2~p!52 (
s521/2

11/2

v~p,s! ^ v̄~p,s!, ~2.9!

whereu(p,s) and v(p,s) are the Dirac spinors for spin-1
2

particles, andE(p)5Ap21M2 with M the nucleon mass
Then, in the c.m.s. whereP50 andP05W, the Green func-
tion can be written as

G~p;W!5
i

~2p!4 S Ma

Ea~p! D F L
1

(sa)
~p!

1

2
W1p02Ea~p!1 id

2
L

2

(sa)
~2p!

1

2
W1p01Ea~p!2 idG S Mb

Eb~p! D

3F L
1

(sb)
~2p!

1

2
W2p02Eb~p!1 id

2
L

2

(sb)
~p!

1

2
W2p01Eb~p!2 idG . ~2.10!

Multiplying out Eq. ~2.10! we write the ensuing terms in
shorthand notation

G~p;W!5G11~p;W!1G12~p;W!1G21~p;W!

1G22~p;W!, ~2.11!

whereG11 , etc., corresponds to the term withL
1

saL
1

sb , etc.
Introducing the wave functions~see@18#!

c rs~p8!5L r
saLs

sbc~p8! ~r ,s51,2 !, ~2.12!

the two-body equation~2.5! can be written for, e.g.,c11 as

c11~p!5c11
0 ~p!

1G11~p;W!E d4p8(
r ,s

I ~p,p8!11,rsc rs~p8!,

~2.13!

and similar equations forc12 , c21 , andc22 .
Invoking ‘‘dynamical pair suppression,’’ as discussed

@12#, we reduce Eq.~2.13! to a four-dimensional equation fo
c11 , i.e.,
04400
-
c11~p8!5c11

0 ~p8!

1G11~p8;W!E d4p I~p8,p!11,11c11~p!,

~2.14!

with the Green function

G11~p;W!5
i

~2p!4 F MaMb

Ea~p!Eb~p!GL1

(sa)
~p!L1

(sb)
~2p!

3F1

2
W1p02Ea~p!1 idG21

3F1

2
W2p02Eb~p!1 idG21

. ~2.15!

B. Three-dimensional equation

Following the same procedures as in@12# we introduce
the three-dimensional wave function according to Salpe
@18# by

f~p!5AEa~p!Eb~p!

MaMb
E

2`

`

c~pm!dp0 . ~2.16!

Next, we use for the right inverse of the*dp0 operation the
ansatz proposed by Klein@11#,

c~pm8 !5A MaMb

Ea~p8!Eb~p8!
AW~pm8 !f~p8!, ~2.17!

where the right inverse is given by

AW~pm8 !52
1

2p i

W2W~p8!

FW
(a)~p8,p08!FW

(b)~2p8,2p08!
~2.18!

with the frequently used notation

FW~p,p0!5p02E~p!1
1

2
W1 id,

W~p!5Ea~p!1Eb~p!. ~2.19!

Applying now thep0 integration to Eq.~2.14! and perform-
ing the p08 integration, made possible by the ansatz abo
one arrives at the Thompson equation@19#

f11~p8!5f11
(0) ~p8!

1E2
(1)~p8;W!E d3p

~2p!3
Kirr ~p8,puW!f11~p!,

~2.20!

where the Green function is

E2
(1)~p8;W!5

1

~2p!3

L1
a ~p8!L1

b ~2p8!

~W2W~p8!1 id!
~2.21!
8-3
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and the kernel is given by

Kirr ~p8,puW!

52
1

~2p!2
A MaMb

Ea~p8!Eb~p8!
A MaMb

Ea~p!Eb~p!

3@W2W~p8!#@W2W~p!#

3E
2`

1`

dp08E
2`

1`

dp0@$FW
(a)~p8,p08!

3FW
(b)~2p8,2p08!%21@ I ~p08 ,p8;p0 ,p!#11,11

3$FW
(a)~p,p0!FW

(b)~2p,2p0!%21#. ~2.22!

The M /E factors in Eq.~2.22! are due to the difference
between the relativistic and nonrelativistic normalizations
the two-particle states. In the following we simply p
M /E(p)51 in the kernelKirr , Eq. ~2.22!. The corrections to
this approximation would give (1/M )2 corrections to the po-
tentials, which we neglect in this paper. In the same appr
mation there is no difference between the Thompson eq
tion ~2.20! and the Lippmann-Schwinger equation when t
connection between these equations is made using mul
cation factors. Henceforth, we will not distinguish betwe
the two.

The contributions to the two-particle irreducible kern
Kirr up to second order in the meson exchange are give
detail in @2#. For the definition of the TME potential in th
Lippmann-Schwinger equation we shall need the comp
fourth-order kernel for the Thompson equation~2.20!. In op-
erator notation, we have, from Eq.~2.20!,

f115f11
(0) 1E2

(1)Kirr f11

5f11
(0) 1E2

(1)~Kirr 1Kirr E2
(1)Kirr 1••• !f11

(0)

[~11E2
(1)M !f11

(0) , ~2.23!

which implies for the complete kernelM the integral equa-
tion

M ~p8,puW!5Kirr ~p8,puW!1E d3p9

~2p!3
Kirr

3~p8,p9uW!.E2
(1)~p9;W!M ~p9,puW!.

~2.24!

C. Lippmann-Schwinger Equation

The transformation of Eq.~2.24! to the Lippmann-
Schwinger equation can be effected by defining

T~p8,p!5N~p8!M ~p8,p;W!N~p!,

V~p8,p!5N~p8!Kirr ~p8,p;W!N~p!, ~2.25!

where the transformation function is
04400
f

i-
a-
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l
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N~p!5A pi
22p2

2MN@E~pi !2E~p!#
. ~2.26!

Application of this transformation, yields the Lippmann
Schwinger equation

T~p8,p!5V~p8,p!1E d3p9

~2p!3
V~p8,p9!g~p9;W!T~p9,p!,

~2.27!

with the standard Green function

g~p;W!5
1

~2p!3
L1

a ~p!L1
b ~2p!

MN

pi
22p21 id

. ~2.28!

The corrections to the approximationE2
(1)'g(p;W) are of

order 1/M2, which we neglect henceforth.
The transition from Dirac spinors to Pauli spinors is giv

in Appendix C of @12#, where we write, for the the
Lippmann-Schwinger equation in the four-dimension
Pauli-spinor space,

T~p8,p!5V~p8,p!1E d3p9

~2p!3
V~p8,p9!g̃~p9;W!T~p9,p!.

~2.29!

The T operator in Pauli-spinor space is defined by

xsa

(a)†xsb

(b)†T~p8,p!xs
a8

(a)
xs

b8
(b)

5ūa~p,sa!ūb~2p,sb!T~p,p9!ua~p9,sa8!ub~2p9,sb8!

~2.30!

and similarly for theV operator. Like in the derivation of the
OBE potentials@20,21# we make off shell and on shell th
approximation E(p)5M1p2/2M and W52Api

21M2

52M1pi
2/M everywhere in the interaction kernels, whic

of course, is fully justified for low energies only. In contra
to these kinds of approximations, of course the fullk2 de-
pendence of the form factors is kept throughout the deri
tion of the TME. Notice that the Gaussian form factors su
press the high momentum transfers strongly. This means
the contribution to the potentials from intermediate sta
which are far off energy shell cannot be very large.

Because of rotational invariance and parity conservati
the T matrix, which is a 434 matrix in Pauli-spinor space
can be expanded into the following set of in general ei
spinor invariants; see, for example,@22,23#. Introducing@24#

q5
1

2
~pf1pi !, k5pf2pi , n5pi3pf , ~2.31!

with, of course,n5q3k, we choose, for the operatorsPj in
spin space,

P151,

P25s1•s2 ,

P35~s1•k!~s2•k!2
1

3
~s1•s2!k2,
8-4



-

en
h
so
th

in
o

r
d
wo

me
hs

EXTENDED-SOFT-CORENN . . . I. . . . PHYSICAL REVIEW C 66, 044008 ~2002!
P45
i

2
~s11s2!•n,

P55~s1•n!~s2•n!,

P65
i

2
~s12s2!•n,

P75~s1•q!~s2•k!1~s1•k!~s2•q!,

P85~s1•q!~s2•k!2~s1•k!~s2•q!. ~2.32!

Here we follow @23#, where, in contrast to@20#, we have
chosenP3 to be a purely ‘‘tensor-force’’ operator. The ex
pansion in spinor invariants reads

T~pf ,pi !5(
j 51

8

T̃j~pf
2 ,pi

2 ,pf•pi !Pj~pf ,pi !. ~2.33!

Similarly to Eq. ~2.33! we expand the potentialsV. Again
following @23#, we neglect the potential formsP7 and P8,
and also the dependence of the potentials onk•q. Then, the
expansion~2.33! reads for the potentials as follows:

V5(
j 51

4

Ṽj~k 2,q2!Pj~k,q!. ~2.34!

We develop in the following subsections a new repres
tation of the TME potentials. Included are the BW grap
shown in Fig. 1 and the TMO graphs shown in Fig. 2. Al
the notation employed for the momenta is indicated in
figures.

III. MOMENTUM-SPACE REPRESENTATION TME
POTENTIALS

In this section we give an outline of the procedures
making the partial wave analysis of TME potentials in m
mentum space.

A. TPS central potentials

Consider the basic integral

Ṽ~k!5E E d3k1d3k2

~2p!3
d~k2k12k2!F̃~k1

2!G̃~k2
2!

5E d3D

~2p!3
F̃~D2!•G̃„~k2D!2

…, ~3.1!

with D5k1 and whereF̃(k1) and G̃(k2) have the generic
soft-core forms

F̃~k2!5
exp@2k2/L1

2#

k21m1
2

, G̃~k2!5
exp@2k2/L2

2#

k21m2
2

.

~3.2!
04400
-
s

e

-

Exploiting the identity

exp@2k2/L2#

k21m2
5em2/L2E

1

` dt

L2
expF2S k21m2

L2 D tG ,

~3.3!

one can write Eq.~3.1! as

FIG. 1. BW two-meson-exchange graphs:~a! planar and~b!–~d!
crossed box. The dashed line with momentumk1 refers to the pion
and the dashed line with momentumk2 refers to one of the othe
~vector, scalar, or pseudoscalar! mesons. To these we have to ad
the ‘‘mirror’’ graphs and the graphs where we interchange the t
meson lines.

FIG. 2. Planar-box TMO two-meson-exchange graphs. Sa
notation as in Fig. 1. To these we have to add the ‘‘mirror’’ grap
and the graphs where we interchange the two meson lines.
8-5
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Ṽ~k!5em1
2/L1

2
em2

2/L2
2E

1

` dt

L1
2E1

`du

L2
2

e2~m1
2/L1

2
!te2(m2

2/L2
2)u

3E d3D

~2p!3
expF2S t

L1
2

1
u

L2
2D D2

1~2k•D2k2!
u

L2
2G . ~3.4!

TheD integral in Eq.~3.4! has been evaluated above@see Eq.
~D12!# and is

~4pa!23/2expF2
tu/L1

2L2
2

~ t/L1
21u/L2

2!
k2G ,

with

a5
t

L1
2

1
u

L2
2

.

Redefining the variablest→t/L1
2 andu→u/L2

2, we rewrite
Eq. ~3.4! in the form

Ṽ~k!5~4p!23/2em1
2/L1

2
em2

2/L2
2

3E
t0

`

dtE
u0

`

du
exp@2~m1

2t1m2
2u!#

~ t1u!3/2

3expF2S tu

t1uD k2G ~ t051/L1
2 ,u051/L2

2!.

~3.5!

This form we consider as the basic representation of
soft-core TME potentials in momentum space.

B. TPS tensor and spin-spin potentials

In this subsection we apply the same technique as use
the previous one to the more complicated case involving
tensor interaction. For PS-PS in momentum space we h

Ṽ~k!5E E d3k1d3k2

~2p!3
d~kÀk1Àk2!F̃~k1

2!

3G̃~k2
2!•@s1•k13k2#@s2•k13k2#5E d3D

~2p!3

3@s1•D3k#@s2•D3k#F̃~D2!•G̃„~k2D!2
…,

~3.6!

which leads to the basic integral to be evaluated:

Ṽmn~k!5E d3D

~2p!3
DmDnF̃~D2!•G̃„~k2D!2

…, ~3.7!
04400
e

in
e
e

whereDm5(D)m andDn5(D)n . Repeating the steps take
in the previous subsection, one arrives at the analog of
~3.4!:

Ṽmn~k!5em1
2/L1

2
em2

2/L2
2E

1

` dt

L1
2

3E
1

`du

L2
2

e2(m1
2/L1

2)te2(m2
2/L2

2)uE d3D

~2p!3
DmDn

3expF2S t

L1
2

1
u

L2
2D D21~2k•D2k2!

u

L2
2G .

~3.8!

Using the integral

E d3D

~2p!3
DmDnexp@2aD212bk•D#

5~4pa!23/2
1

a F1

2
dmn1

b2

a
kmknGexpF1

b2

a
k2G ,

one obtains, again after the redefinitionst→t/L1
2 and u

→u/L2
2, for Ṽmn the expression

Ṽmn~k!5~4p!23/2em1
2/L1

2
em2

2/L2
2

3E
t0

`

dtE
u0

`

du
exp@2~m1

2t1m2
2u!#

~ t1u!5/2

3F1

2
dmn1

u2

~ t1u!
kmknGexpF2S tu

t1uD k2G .
~3.9!

It is clear that in Eq.~3.6! only thedmn term contributes. The
result is

Ṽ~k!52F ~s1•k!~s2•k!2
1

3
~s1•s2!k2GH̃~k2!

1
2

3
~s1•s2!k2H̃~k2!, ~3.10!

with

H̃~k2!5
1

2
~4p!23/2em1

2/L1
2
em2

2/L2
2E

t0

`

dt

3E
u0

`

du
exp@2~m1

2t1m2
2u!#

~ t1u!5/2
expF2S tu

t1uD k2G .
~3.11!

From Eqs.~3.10!–~3.11! one can read off immediately th
projection of Eq.~3.6! onto the spinor invariants~2.33!. In
Appendix D the same result is derived in an alternative w
starting from the configuration-space potentials.
8-6
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IV. GENERAL PS-PS EXCHANGE POTENTIALS

In @2# the derivation of the PS-PS exchange potentials
both momentum and configuration space is given. In t
reference the configuration-space potentials are worked
fully. The topic of this paper is to do the same for th
momentum-space description. In particular, the partial w
analysis is performed leading to a representation which
very suitable for numerical evaluation.

From @2# it appears that the momentum-space TME p
tential can be represented in general in the form

Ṽab~k!5
2

pE0

`

dl(
i 51

N

wi~l!E d3D

~2p!3

3Õab~k,D!F̃a
( i )~D2,l!F̃b

( i )
„~k2D!2,l….

~4.1!

Here,( i stands for the number of different types ofl func-
tions, andwi(l) are the corresponding weights. The ope
tors Õab are, for example, in the case of PS-PS excha
given by ~see@2#, Table II!

Õab
i ~k,D!52@D•~k2D!#222@s1•D3k#@s2•D3k#,

Õab
X ~k,D!52@D•~k2D#212@s1•D3k#@s2•D3k#.

~4.2!

In @25# we remind the reader of the precise contents of th
operators. As an example for the( i we give explicitly the
case ofph exchange, the planar BW and TMO graphs, a
the BW-crossed graphs. These can be written as@2#

Ṽph
i ,3~k!56

2

pE0

`dl

l2E d3D

~2p!3
Õph

i ,3~k,D!@ F̃p~D2,mp!

3F̃h„~k2D!2,mh…2F̃p~D2,Amp
2 1l2!

3F̃h„~k2D!2,Amh
21l2

…e2l2/Lp
2
e2l2/Lh

2
#.

~4.3!

Here the (1) sign refers to the parallel graphs (i) and the
(2) sign to the crossed (3) graphs.

Integration over the l parameter

Since due to the use of Eq.~3.3! and Gaussian form fac
tors all integrations overl become Gaussian, they can b
performed analytically. Consider, for example, the type
integral appearing in Eq.~4.3!. We write

Ṽab~k!5
2

pE0

`dl

l2E d3D

~2p!3
@ F̃a~D2,m1!F̃b„~k2D!2,m2…

2F̃a~D2,Am1
21l2!

3F̃b„~k2D!2,Am2
21l2

…e2l2/L1
2
e2l2/L2

2
#. ~4.4!
04400
n
t
ut

e
is

-

-
e

e

d

f

Going through the same steps as between Eqs.~3.3! and
~3.5!, we get for the second part between the square brack
an extral-dependent factor

e2(l2/L1
2)te2(l2/L2

2)u→e2l2(t1u),

where we applied again the same variable redefinition
before, i.e.,t→t/L1

2 and u→u/L2
2. Then, the neededl in-

tegral in Eq.~4.4! is

2

pE0

` dl

l2
@12e2(t1u)l2

#5
2

Ap
At1u. ~4.5!

Therefore Eq.~4.4! becomes@compare with Eqs.~3.1!–~3.5!#

Ṽ~k!5~2p!22em1
2/L1

2
em2

2/L2
2E

t0

`

dtE
u0

`

du

3
exp@2~m1

2t1m2
2u!#

~ t1u!
expF2S tu

t1uD k2G
~ t051/L1

2 ,u051/L2
2!. ~4.6!

Similarly, all l integrations can be performed explicitly.

V. PROJECTION PS-PS EXCHANGE ON SPINOR
INVARIANTS

The different contributions, such as adiabatic, nonad
batic, pseudovector-vertex corrections, and off-shell pot
tials, are in direct correspondence with their configurat
space analogs, given in@2#.

A. Adiabatic PS-PS exchange potentials

We now have prepared all the necessary ingredients
putting things together and to list the projection of PS-
exchange onto the potentialsVj . We write

Ṽj~k!5~4p!23/2em1
2/L1

2
em2

2/L2
2E

t0

`

dtE
u0

`

du

3
exp@2~m1

2t1m2
2u!#

~ t1u!3/2

3expF2S tu

t1uD k2GV j~k2;t,u!, ~5.1!

where

V1
(i)~k2;t,u!5

2

Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2

3H 15

4
1

1

2 S t228ut1u2

t1u D k2

1S t2u2

~ t1u!2D k4J At1u

~ t1u!2
,

8-7
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V2
(i)~k2;t,u!52

2

Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 21

3
k2

At1u

~ t1u!
,

V3
(i)~k2;t,u!5

2

Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 21

2

At1u

~ t1u!
,

~5.2!

whereCNN,i(I ) denotes the isospin factor.
Expressions similar to Eqs.~5.2! hold for the contribution

of the crossed BW graphs (3) and are given below. Note th
difference in theÕ operators in Eq.~4.2! and D3(v1 ,v2)
52D i(v1 ,v2).

V1
(3)~k2;t,u!52

2

Ap
CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 2

3H 15

4
1

1

2 S t228ut1u2

t1u D k2

1S t2u2

~ t1u!2D k4J At1u

~ t1u!2
,

TABLE I. CoefficientsY j ,k for the planar (i) adiabatic PS-PS
contributions.

Y0(i)(t,u) Y1(i)(t,u) Y2(i)(t,u)

V1
(i) 15

5

At1u

(t1u)2

1

2 St228ut1u2

t1u D At1u

~ t1u!2
t2u2

(t1u)2

At1u

(t1u)2

V2
(i) — 2

1
3

At1u

(t1u)
—

V3
(i)

1
1
2

At1u

(t1u)
— —
04400
V2
(3)~k2;t,u!52

2

Ap
CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 21

3
k2

At1u

~ t1u!
,

V3
(3)~k2;t,u!5

2

Ap
CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 21

2

At1u

~ t1u!
.

~5.3!

It is convenient to introduce the expansions

V j
(i ,3)~k2;t,u!5

2

Ap
CNN

(I ) ~ i ,3 !S f NNp

mp
D 2S f NNh

mp
D 2

3 (
k50

K

Y j ,k
1a,1b,1c~ t,u!~k2!k. ~5.4!

The functionsY j ,k(t,u) are given in Tables I and II.

B. Nonadiabatic corrections

The denominatorsD (1)(v1 ,v2) for the nonadiabatic cor-
rections are given in Ref.@2#, Table III. In appendix B of@12#
it is explained how 1/v4 has to be treated. It follows that

TABLE II. Coefficients Y j ,k for the crossed (3) adiabatic
PS-PS contributions.

Y0(3)(t,u) Y1(3)(t,u) Y2(3)(t,u)

V1
(3)

2
15
4

At1u

(t1u)2
2

1

2 St228ut1u2

t1u D At1u

~ t1u!2 2
t2u2

(t1u)2

At1u

(t1u)2

V2
(3) — 2

1
3

At1u

(t1u)
—

V3
(3)

1
1
2

At1u

(t1u)
— —
TABLE III. CoefficientsY j ,k
(1a) for the planar (i) nonadiabatic PS-PS contributions.

Y0
(1a)(i)(t,u) Y1

(1a)(i)(t,u) Y2
(1a)(i)(t,u) Y3

(1a)(i)(t,u)

V1
(1a,i)

2
105

8
1

(t1u)3
2

15

4 St225ut1u2

~t1u!4 D 3

2 St225ut1u2

~t1u!5 D t3u3

(t1u)6

V2
(1a,i — 5

6
1

(t1u)2
2

1
3

tu

(t1u)3
—

V3
(1a,i)

2
5
4

1

(t1u)2

1
2

tu

(t1u)3
— —

V4
(1a,i)

2
1

(t1u)2

2tu

(t1u)3
— —
8-8
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D i
(1)~v1 ,v2!⇒2

1

2 S ]

]m1
2

2
1

L1
2

1
]

]m2
2

2
1

L2
2D 1

v1
2v2

2
,

~5.5!

and one finds from Eqs.~3.4! and~5.5! that the contributions
to the Ṽj

(1) can be written in the form

Ṽj
(1a)~k!5~4p!23/2em1

2/L1
2
em2

2/L2
2E

t0

`

dtE
u0

`

du

3
exp@2~m1

2t1m2
2u!#

~ t1u!3/2

1

2
~ t1u!

3expF2S tu

t1uD k2GV j
(1a)~k2;t,u!. ~5.6!

The V j
(1a) are given by

V1
(1a,i)~k2;t,u!5CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
3H 2

105

8
12

15

4 S t225ut1u2

t1u D k2

1
3

2
tuS t225ut1u2

~ t1u!2 D k4

1S t3u3

~ t1u!3D k6J 1

~ t1u!3
,

V2
(1a,i)~k2;t,u!52CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D 2

3
k2

3H 2
5

4
1

1

2

tu

t1u
k2J 1

~ t1u!2
,

V3
(1a,i)~k2;t,u!52CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
H 5

4
2

1

2

tu

t1u
k2J 1

~ t1u!2
,

V4
(1a,i)~k2;t,u!52CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
H 522

tu

t1u
k2J 1

~ t1u!2
. ~5.7!

Again, similar expressions hold for the contribution of t
crossed BW graphs (3) and are given below@see for the
differences in theÕ(1) operators@2# Eqs.~5.3! and~5.4!, and
DX

(1)(v1 ,v2)522D i
(1)(v1 ,v2), conform, Table III of@2##:
04400
V1
(1a,3)~k2;t,u!522CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
3H 2

105

8
12

15

4 S t225ut1u2

t1u D k2

1
3

2
tuS t225ut1u2

~ t1u!2 D k4

1S t3u3

~ t1u!3D k6J 1

~ t1u!3
,

V2
(1a,3)~k2;t,u!522CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D 2

3

3k2H 2
5

4
1

1

2

tu

t1u
k2J 1

~ t1u!2
,

V3
(1a,3)~k2;t,u!522CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
H 5

4
2

1

2

tu

t1u
k2J 1

~ t1u!2
. ~5.8!

C. Pseudovector-vertex corrections

Here, only the crossed BW graphs contribute@2#. From
the denominators D (1)(v1 ,v2)51/v1

2v2
2 for the

pseudovector-vertex corrections@2# one finds that the contri-
butions to theṼj

(1) can be written in the form

Ṽj
(1b)~k!5~4p!23/2em1

2/L1
2
em2

2/L2
2E

t0

`

dtE
u0

`

du

3
exp@2~m1

2t1m2
2u!#

~ t1u!3/2

3expF2S tu

t1uD k2GV j
(1b)~k2;t,u!, ~5.9!

where

V1
(1b,3)~k2;t,u!5CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
3H 2

15

2
12

5

2 S t222tu1u2

t1u D k2

1tuS t21u2

~ t1u!2D k4J 1

~ t1u!2
,

V4
(1b,3)~k2;t,u!5CNN,3

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
3H 2112S tu

t1uD k2J 1

t1u
. ~5.10!
8-9
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TABLE IV. CoefficientsY j ,k
(1a) for the crossed (3) nonadiabatic PS-PS contributions.

Y0
(1a)(3)(t,u) Y1

(1a)(3)(t,u) Y2
(1a)(3)(t,u) Y3

(1a)(3)(t,u)

V1
(1a,3)

1
105

4
1

(t1u)3
1

15

2 St225ut1u2

~t1u!4 D 23St225ut1u2

~t1u!5 D 22
t3u3

(t1u)6

V2
(1a,3 — 5

3
1

(t1u)2
2

2
3

tu

(t1u)3
—

V3
(1a,i)

2
5
2

1

(t1u)2

tu

(t1u)3
— —
te
in

,

D. Off-shell corrections in TMO diagrams

Also in this case the denominators areD (1)(v1 ,v2)
51/v1

2v2
2 @2#, and one finds that the contributions to theṼj

(1)

can be written as

Ṽj
(1c)~k!5~4p!23/2em1

2/L1
2
em2

2/L2
2E

t0

`

dtE
u0

`

du

3
exp@2~m1

2t1m2
2u!#

~ t1u!3/2

3expF2S tu

t1uD k2GV j
(1c)~k2;t,u!. ~5.11!

The potentials are very similar to the pseudovector-ver
corrections given above; see@2#, Sec. V C. We have

V1
(1c,i)~k2;t,u!5CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

2M D
3H 2

15

2
12

5

2 S t222tu1u2

t1u D k2

1tuS t21u2

~ t1u!2D k4J 1

~ t1u!2
,

V4
(1c,i)~k2;t,u!5CNN,//

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

2M D
3H 2512S tu

t1uD k2J 1

t1u
. ~5.12!
04400
x

Similarly to Eq. ~5.4! it is convenient to introduce the
expansion

V j
(1a,1b,1c)~k2;t,u!5CNN,1a,1b,1c

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S 1

M D
3 (

k50

K

Y j ,k
1a,1b,1c~ t,u!~k2!k. ~5.13!

The functionsY j ,k(t,u) are given in Tables III–VI.

VI. PARTIAL WAVE ANALYSIS

A. General structure

We write the potentials listed in the previous section
the general form

Ṽj~k!5E
t0

`

dtE
u0

`

du w~ t,u!expF2S tu

t1uD k2G
3V j

(type)~k2;t,u!, ~6.1a!

where for the adiabatic, 1/M PV, and off-shell corrections
the weight functionw(t,u)5w0(t,u) with

w0~ t,u!5~4p!23/2em1
2/L1

2
em2

2/L2
2 exp@2~m1

2t1m2
2u!#

~ t1u!3/2
,

~6.1b!

and for the nonadiabatic corrections@see Eq.~5.6!#,
TABLE V. CoefficientsY j ,k
(1b) for the pseudovector-vertex correction PS-PS contributions.

Y0
(1b)(t,u) Y1

(1b)(t,u) Y2
(1b)(t,u)

V1
(1b,3)

2
15
2

1

(t1u)2
2

5

2 St222ut1u2

t1u D 1

~t1u!2
t21u2

(t1u)2

tu

(t1u)2

V4
(1b,3)

2
1

t1u

2tu

(t1u)
—
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TABLE VI. CoefficientsY j ,k
(1c) for the off-shell correction TMO graphs PS-PS contributions.

Y0
(1c)(t,u) Y1

(1c)(t,u) Y2
(1c)(t,u)

V1
(1c,TMO)

2
15
4

1

(t1u)2
2

5

4 St222ut1u2

t1u D 1

~t1u!2
1
2

t21u2

(t1u)2

tu

(t1u)2

V4
(1c,TMO)

2
5
2

1
t1u

tu

(t1u)
—

r

n

e

re

be
tial
wna~ t,u!5S L1
21L2

2

L1
2L2

2
2~ t1u!D w0~ t,u!. ~6.1c!

From k25pf
21pi

222pfpiz, where z5cosu, and theV j ’s
one readily sees that the potential contributions can be w
ten in the form

Ṽj~k!5E
t0

`

dtE
u0

`

du w~ t,u!@Xj~ t,u!1zYj~ t,u!

1z2Zj~ t,u!#expF2S tu

t1uD k2G , ~6.2!

where

Xj~ t,u!5G j@Y j ,0~ t,u!1~pf
21pi

2!Y j ,1~ t,u!1~pf
2

1pi
2!2Y j ,2#, ~6.3a!

Yj~ t,u!52G j@2pfpiY j ,1~ t,u!14pfpi~pf
21pi

2!Y j ,2#,
~6.3b!

Zj~ t,u!5G j@4pf
2pi

2Y j ,2#. ~6.3c!

Here G j is a combination of isospin and coupling consta
factors.

B. Partial wave projection

The partial wave projection of Eq.~D13! can be done
easily. Using formula 10.2.36 of Ref.@26# one derives that

e2gk2
5 (

L50

`

~2L11! f L~2gpfpi !PL~z!e2g(pf2pi )
2
,

g[
tu

t1u
. ~6.4!

Here the functionf L(z) is defined as

f L~2gpfpi ![A p

4gpfpi
I L11/2~2gpfpi !e

22gpf pi.

~6.5!

We note that in the form~6.4!, the Gaussian damping in th
off-shell momentum region is manifest.
04400
it-

t

From Eq.~6.4! and the recurrence relations for Legend
polynomials, one readily obtains, e.g.,

ze2gk2
5 (

L50

`

~2L11!S L

2L11
f L211

L11

2L11
f L11D

3~2gpfpi !PL~z!e2g(pf2pi )
2
,

z2e2gk2
5 (

L50

`

~2L11!S L~L21!

~2L11!~2L21!
f L22

1
4L316L221

~2L21!~2L11!~2L13!
f L

1
~L11!~L12!

~2L11!~2L13!
f L12D

3~2gpfpi !PL~z!e2g(pf2pi )
2
. ~6.6!

Using these results the partial wave contributions can
worked out in a straightforward manner. The basic par
wave projections needed are

UL~ t,u!5
1

2E21

11

dz PL~z!exp~2gk2!,

RL~ t,u!5
1

2E21

11

dz z PL~z!exp~2gk2!,

SL~ t,u!5
1

2E21

11

dz z2PL~z!exp~2gk2!, ~6.7!

where g5tu/(t1u), and the functionsUL ,RL ,SL can be
read off from Eqs.~6.4!–~6.6!. Writing

V~pf ,pi !5(
j 51

4

Ṽj~pf ,pi !~pf uPj upi !, ~6.8!

the partial wave expansion of theVj functions reads

Vj~pf ,pi !5 (
L50

`

~2L11!ṼL
( j )~x!PL~cosu!. ~6.9!
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Using Eqs.~6.4!–~6.6! the partial wavesVL
( j )(x) for the TME

potentials can be written as

ṼL
( j )~pf ,pi !5E

t0

`

dtE
u0

`

du w~ t,u!@Xj~ t,u!UL~ t,u!

1Yj~ t,u!RL~ t,u!1Zj~ t,u!SL~ t,u!#

[SL@Xj•UL1Yj•RL1Zj•SL#. ~6.10!

C. Partial wave projection spinor invariants

Distinguishing between the partial waves with parityP
5(2)J and P52(2)J, we write the potential matrix ele
ments on the LSJ basis in the following way~see, e.g.,@22#,
Sec. VII!:

~i! P5(2)J:

~pf ;L8S8J8M 8uVupi ;LSJM!

54pVJ,1~S8,S!dJ8JdM8MdL8L . ~6.11!

~ii ! P52(2)J:

~pf ;L8S8J8M 8uVupi ;LSJM!

54pdJ8JdM8MdS8SVJ,2~L8,L !. ~6.12!

For notational convenience we will use as an index the pa
factor h, which is defined by writingP5h(2)J. The P
5(2)J states contain the spin-singlet- and -triplet-uncoup
states (h51), and theP52(2)J states contain the spin
triplet-coupled states (h52).

In nucleon-nucleon, since the proton neutron mass dif
enceM p2Mn is small, except for very special studies, t
spin-singlet-triplet transitions can be neglected. Actually,
the TME potentials we takeM p5Mn5MN . As a conse-
quence there are no antisymmetric spin-orbit potentials
V650. Also, since we restrict ourselves to terms of order
to and including 1/MN , there are no contributions to th
quadratic-spin-orbit potentials, i.e.,V550. Also, in nucleon-
nucleon transitions one can neglect terms withP7 and P8
@22#. Therefore, we can restrict the partial wave projection
the spinor invariants to the casesP1 , P2 , P3, andP4.

Below we list the partial wave matrix elements forh5
6 for the differentVj Pj ( j 51,2,3). Here we restrict our
selves to the matrix elementsÞ0.

~i! Central P151:

~pf ;L8S8J8M 8uV(1)P1upi ;LSJM!

54pdJ8JdM8MF1
J,h~L8S8,LS!, ~6.13!

with

F1
J,h~L8S8,LS!5dL8LdS8SVL

(1)~x!.

~ii ! Spin-spin P25s1•s2:

~pf ;L8S8J8M 8uV(2)P2upi ;LSJM!

54pdJ8JdM8MF2
J,h~L8S8,LS!, ~6.14!
04400
ty

d

r-

o
p

f

with

F2
J,h~L8S8,LS!5dL8LdS8S@2S~S11!23#VL

(2)~x!.

~iii ! Tensor P35(s1•k)(s2•k)2
1
3

(s1•s2)k2:

~pf ;L8S8J8M 8uV(3)P3upi ;LSJM!

5
8p

3
~pf

21pi
2!dJ8JdM8MF3

J,h~ i , j !, ~6.15!

where i 5S8 and j 5S for h51, and i 5L8 and j 5L for
h52.

~a! Triplet uncoupled:L5L85J, S5S851,

F3
J,1~1,1!5FVJ

(3)2
1

2
sin 2cS 2J13

2J11
VJ21

(3) 1
2J21

2J11
VJ11

(3) D G .
~6.16!

~b! Triplet coupled:L5J61, L85J61, S5S851,

F3
J,2~J21,J21!5

J21

2J11 F2VJ21
(3) 1

1

2
sin 2c

3H 2J23

2J21
VJ

(3)1
2J11

2J21
VJ22

(3) J G ,
~6.17a!

F3
J,2~J21,J11!523

AJ~J11!

2J11
@2sin 2cVJ

(3)

1~cos2cVJ21
(3) 1sin2cVJ11

(3) !#,

~6.17b!

F3
J,2~J11,J21!523

AJ~J11!

2J11
@2sin 2cVJ

(3)

1~sin2cVJ21
(3) 1cos2cVJ11

(3) !#,

~6.17c!

F3
J,2~J11,J11!5

J12

2J11 F2VJ11
(3) 1

1

2
sin 2c

3H 2J15

2J13
VJ

(3)1
2J11

2J13
VJ12

(3) J G ,
~6.17d!

where we introduced

cosc5
pi

Apf
21pi

2
, sinc5

pf

Apf
21pi

2
. ~6.18!

~iv! Spin-orbit P45 i /2(s11s2)•n:
8-12
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~pf ;L8S8J8M 8uV(4)P4upi ;LSJM!

54ppfpidJ8JdM8MF4
J,h~ i , j !. ~6.19!

~a! Triplet uncoupled:L5L85J, S5S851,

F4
J,1~1,1!52~VJ21

(4) 2VJ11
(4) !/~2J11!. ~6.20!

~b! Triplet coupled:L5J61, L85J61, S5S851,

F4
J,2~J21,J21!5

~J21!

~2J21!
~VJ22

(4) 2VJ
(4)!,

F4
J,2~J11,J11!52

~J12!

~2J13!
~VJ

(4)2VJ12
(4) !. ~6.21!

With the matrix elements of this section, the partial wav
for the potentials can be readily derived. Henceforth, we w
use the following shorthand notation@27# for the potentials:

~i! P5(2)J:

V0,0
J 5VJ,1~0,0!, V0,2

J 5VJ,1~0,1!,

V2,0
J 5VJ,1~1,0!, V2,2

J 5VJ,1~1,1!. ~6.22!

~ii ! P52(2)J:

V1,1
J 5VJ,2~J21,J21!, V1,3

J 5VJ,2~J21,J11!,

V3,1
J 5VJ,2~J11,J21!, V3,3

J 5VJ,2~J11,J11!,
~6.23!

where it is always understood that the final and initial st
momenta are, respectively,pf and pi . So V0,0

J

5V0,0
J (pf ,pi), etc. Since

V2,0
J ~pf ,pi !5V0,2

J ~pi ,pf !, V3,1
J ~pf ,pi !5V1,3

J ~pi ,pf !,
~6.24!

we will give in the case of the off-diagonal terms only th
explicit expressions forV0,2

J (pf ,pi) andV1,3
J (pf ,pi).

D. Partial wave projection potentials

The momentum-space partial wave central (C), spin-spin
(s), tensor (T), and spin-orbit ~SO! potentials VL

(C)

5VL
(1)(pf ,pi), etc., lead to the following partial wave poten

tials Þ0:

V0,0
J 54p~VJ

(C)23VJ
(s)!, ~6.25a!

V2,2
J 54pF ~VJ

(C)1VJ
(s)!1

2

3
~pf

21pi
2!

3H VJ
(T)2

1

2
sin 2cS 2J13

2J11
VJ21

(T) 1
2J21

2J11
VJ11

(T) D J
2pfpi~VJ21

(SO)2VJ11
(SO)!/~2J11!G , ~6.25b!
04400
s
ll

e

V1,1
J 54pF ~VJ21

(C) 1VJ21
(s) !1

2

3
~pf

21pi
2!

J21

2J11

3H 2VJ21
(T) 1

1

2
sin 2cS 2J23

2J21
VJ

(T)1
2J11

2J21
VJ22

(T) D J
1pfpi~J21!~VJ22

(SO)2VJ
(SO)!/~2J21!G , ~6.25c!

V1,3
J 54pF2~pf

21pi
2!

AJ~J11!

2J11
$sin 2cVJ

(T)2~cos2cVJ21
(T)

1sin2cVJ11
(T) !%G , ~6.25d!

V3,3
J 54pF ~VJ11

(C) 1VJ11
(s) !1

2

3
~pf

21pi
2!

J12

2J11

3H 2VJ11
(T) 1

1

2
sin 2cS 2J15

2J13
VJ

(T)1
2J11

2J13
VJ12

(T) D J
2pfpi~J12!~VJ

(SO)2VJ12
(SO)!/~2J13!G . ~6.25e!

Notice thatV0,2
J 5V2,0

J 50 becauseVL
(ASO)50. Furthermore,

V3,1
J 5V1,3

J .

VII. ADIABATIC PS-PS POTENTIALS

A. Adiabatic PS-PS coefficients

Defining the shorthandA(pf ,pi) andB(pf ,pi) by

k25~pf
21pi

2!22pfpiz[A2Bz, k4[A222ABz1B2z2,
~7.1!

one obtains the following from Eqs.~5.2! for the coefficients
X,Y,ZÞ0:

~i! Central:

X1
(i)~ t,u!51

2

Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2

3
1

4 H 1512S t228ut1u2

t1u DA~pf ,pi !

14S t2u2

~ t1u!2D A2~pf ,pi !J At1u

~ t1u!2
,

Y1
(i)~ t,u!52

1

Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2

3H S t228ut1u2

t1u DB~pf ,pi !

14S t2u2

~ t1u!2D A~pf ,pi !B~pf ,pi !J At1u

~ t1u!2
,

8-13
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Z1
(i)~ t,u!51

2

Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2S t2u2

~ t1u!2D
3B2~pf ,pi !

At1u

~ t1u!2
. ~7.2!

~ii ! Spin-spin:

X2
(i)~ t,u!52

2

3Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2

A~pf ,pi !
At1u

~ t1u!
,

Y2
(i)~ t,u!51

2

3Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2

B~pf ,pi !
At1u

~ t1u!
.

~7.3!

~iii ! Tensor:

X3
(i)~ t,u!51

1

Ap
CNN,i

(I ) S f NNp

mp
D 2S f NNh

mp
D 2At1u

~ t1u!
. ~7.4!

For the3 diagram contributions one has

X1
(3)52X1

(i) , Y1
(3)52Y1

(i) ,

Z1
(3)52Z1

(i) ,

X2
(3)51X2

(i) , Y2
(3)51Y2

(i) ,

X3
(3)51X3

(i) . ~7.5!

B. Adiabatic PS-PS partial wave potentials

The central, spin-spin, and tensor partial wave contri
tions are now

VL
(C)~pf ,pi !5SL@X1•UL1Y1•RL1Z1•SL#[SL@XC•UL#,

VL
(s)~pf ,pi !5SL@X2•UL1Y2•RL1Z2•SL#[SL@Xs•UL#,

VL
(T)~pf ,pi !5SL@X3•UL#, ~7.6!

where

XC~ t,u!5X1
(i)1X1

(3) ,

Xs~ t,u!5X2
(i)1X2

(3) ,

XT~ t,u!5X3
(i)1X3

(3) , ~7.7!

and similar formulas forYC,s,T andZC,s,T .
The momentum space partial wave central, spin-spin,

tensor potentialsVL
(C)(pf ,pi), etc., lead to the adiabatic~ad!

contributions:

V0,0
J ~ad!54p~VJ

(C)23VJ
(s)!, ~7.8a!
04400
-

d

V2,2
J ~ad!54pF ~VJ

(C)1VJ
(s)!1

2

3
~pf

21pi
2!H VJ

(T)

2
1

2
sin 2cS 2J13

2J11
VJ21

(T) 1
2J21

2J11
VJ11

(T) D J G ,
~7.8b!

V1,1
J ~ad!54pF ~VJ21

(C) 1VJ21
(s) !1

2

3
~pf

21pi
2!

J21

2J11 H 2VJ21
(T)

1
1

2
sin 2cS 2J23

2J21
VJ

(T)1
2J11

2J21
VJ22

(T) D J G ,
~7.8c!

V1,3
J ~ad!54pF2~pf

21pi
2!

AJ~J11!

2J11
$sin 2cVJ

(T)

2~cos2cVJ21
(T) 1sin2cVJ11

(T) !%G , ~7.8d!

V3,3
J ~ad!54pF ~VJ11

(C) 1VJ11
(s) !1

2

3
~pf

21pi
2!

J12

2J11 H 2VJ11
(T)

1
1

2
sin 2cS 2J15

2J13
VJ

(T)1
2J11

2J13
VJ12

(T) D J G .
~7.8e!

APPENDIX A: MISCELLANEOUS INTEGRALS

In this appendix we list a number of useful integrals.
~i! Consider the integrals withp components of theD

vector in the integrand: Gaussian integral

I m, . . . ,n
(p) ~k!5E d3D

~2p!3
Dm•••Dnexp@2aD212bk•D#

5~4pa!23/2~2b!2p¹̃m•••¹̃lexpF1
b2

a
k2G

[~4pa!23/2Pm•••n
(p) ~k2!expF1

b2

a
k2G . ~A1!

The first tensorsPm•••n
(p) are found to be

P (0)51, Pm
(1)5

b

a
km , Pmn

(2)5
1

a H 1

2
dmn1

b2

a
kmknJ ,

Pmnk
(3) 5

b

a2 H 1

2
@dmnkk1dmkkn1dnkkm#1

b2

a
kmknkkJ ,
8-14
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Pmnkl
(4) 5

1

a2 H 1

4
@dmndkl1dmkdnl1dnkdml#1

1

2

b2

a
@dmnkkkl

1dmkknkl1dnkkmkl1dklkmkn1dmlkkkn1dnlkkkm#

1S b2

a D 2

kmknkkkl J . ~A2!

~ii ! Consider the integrals withp factorsD2 in the inte-
grand:

J (p)~k!5E d3D

~2p!3
~D2!pexp@2aD212bk•D#

5S 2
]

]aD p

•~4pa!23/2expF1
b2

a
k2G

[~4pa!23/2G (p)~k2!expF1
b2

a
k2G . ~A3!

The first tensorsGm•••n
(p) are

G (0)51, G (1)5
1

2a F312aS b

aD 2

k2G ,
G (2)5

1

4a2 F15120aS b

aD 2

k214a2S b

aD 4

k4G ,
G (3)5

1

8a3 F1051210aS b

aD 2

k2184a2S b

aD 4

k418a3S b

aD 6

k6G .
~A4!

~iii ! Consider the integrals withp factorsD•k in the inte-
grand:

K (p)~k!5E d3D

~2p!3
~D•k!pexp@2aD212bk•D#

5~4pa!23/2S 1

2

]

]bD p

expF1
b2

a
k2G

[~4pa!23/2S (p)~k2!expF1
b2

a
k2G . ~A5!

The first coefficientsS (p) are

S (0)51, S (1)5
b

a
k2,

S (2)5
1

2a F112aS b

aD 2

k2Gk2,

S (3)5
b

2a2 F312aS b

aD 2

k2Gk4. ~A6!

~iv! Consider finally the more general integrals withp
factorsD2 andq factorsD•k in the integrand:
04400
J (p,q)~k!5E d3D

~2p!3
~D2!p~D•k!qexp@2aD212bk•D#

5S 2
]

]aD pS 1

2

]

]bD q

•~4pa!23/2expF1
b2

a
k2G

[~4pa!23/2G (p,q)~k2!expF1
b2

a
k2G . ~A7!

The first tensorsGm•••n
(p,q) , with p,qÞ0, are

G (1,1)5
1

2a S b

aD F512aS b

aD 2

k2Gk2,

G (1,2)5
1

4a2 F5116aS b

aD 2

k214a2S b

aD 4

k4Gk2,

G (2,1)5
1

4a2 S b

aD F35128aS b

aD 2

k214a2S b

aD 4

k4Gk2.

~A8!

APPENDIX B: INTEGRATION DICTIONARY

In this appendix we give a dictionary for the evaluation
the momentum integrals that occur in the matrix elements
the TME potentials. The results of thed3D integration are
given apart from a factor (4pa)23/2, (a5t1u) common to
all integrals. Using the results given in Appendix A one o
tains

~a! ~k1•k2!25~D•k2D2!2

⇒ 1

4 H 1512S t228ut1u2

t1u D k2

14S t2u2

~ t1u!2D k4
1

~ t1u!2
, ~B1!

~b! @s1•k13k2#@s2•k13k2#

5@s1•D3k#@s2•D3k#

⇒ 1

2 H 2

3
~s1•s2!k22F ~s1•k!~s2•k!

2
1

3
~s1•s2!k2G J 1

t1u
, ~B2!

~c! @~s11s2!•k13k2#q~k12k2!

5@~s11s2!D3k#q•~2D2k!

⇒@~s11s2!q3k#
1

t1u
, ~B3!
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~d! ~k1•k2!~k1
21k2

2!

522~D•k2D2!21~D•k2D2!k2

⇒2
1

2 H 1515S t222tu1u2

t1u D k2

22tuS t21u2

~ t1u!2D k4J 1

~ t1u!2
, ~B4!

~e! ~k1•k2!5D•k2D2⇒1

2 H 2312S tu

t1uD k2J 1

t1u
.

~B5!

~ f! ~k1•k2!35~D•k2D2!3

⇒2
1

8 H 105130S t225ut1u2

t1u D k2

212tuS t225ut1u2

~ t1u!2 D k4

28S t3u3

~ t1u!3D k6J 1

~ t1u!3
, ~B6!

~g! ~k1•k2!@s1•k13k2#@s2•k13k2#

5~D•k2D2!@s1•D3k#@s2•D3k#

⇒2
1

2
$~s1•s2!k22~s1•k!~s2•k!%•F5

2

2
tu

t1u
k2G 1

~ t1u!2
, ~B7!

~h! ~k1•k2!@~s11s2!•k13k2#q•~k12k2!

5~D•k2D2!@~s11s2!•D3k#q•~2D2k!

⇒2
1

2
@~s11s2!•q3k#•F522

tu

t1u
k2G

3
1

~ t1u!2
. ~B8!

APPENDIX C: THE LSJ REPRESENTATION OPERATORS

The spherical wave functions in momentum space w
quantum numbersJ, L, and S, are, in the Stapp-Ypsilantis
Metropolis ~SYM! convention@9#,

Y JLS
M ~ p̂!5 i L CMmm

JLS Ym
L ~ p̂!xm

S, ~C1!

wherex is the two-nucleon spin wave function@28#. Then
04400
h

~S•p̂!Y JLS
M ~ p̂!52A6i ~2 !LHA L

2L21F L S J

1 1 0

L21 S J
G

3YJL21S
M ~ p̂!

1A L11

2L13F L S J

1 1 0

L11 S J
GYJL11S

M ~ p̂!J ,

~C2!

where the 9j symbols differ from@29#, formula (6.4.4), in
the replacement of the 3j symbols by the Clebsch-Gorda
coefficients and by leaving out them33 summation~see@30#!.
Working this out explicitly, we find

~S•p̂!YJ,J21,1
M ~ p̂!52 iaJY JJ1

M ~ p̂!,

~S•p̂!YJ,J11,1
M ~ p̂!5 ibJY JJ1

M ~ p̂!,

~S•p̂!Y JJ1
M ~ p̂!5 iaJYJ,J21,1

M ~ p̂!2 ibJYJ,J11,1
M ~ p̂!, ~C3!

where

aJ52A J11

2J11
, bJ52A J

2J11
. ~C4!

Ordering the states according toL5J21,L5J,L5J11, we
can write in matrix form

S L5J21

J

J11

iS•p̂i

L5J21

J

J11
D

5S 0 iaJ 0

2 iaJ 0 ibJ

0 2 ibJ 0
D . ~C5!

Similarly, using for2 i (p̂f3p̂i)•S for spherical components
the formula

2 i ~ p̂f3p̂i !n52
4p

3
A2Ckln

111Yk
1~ p̂f !Yl

1~ p̂i !, ~C6!

one can work out the partial wave matrix elements involvi
this operator.

From the results above one can derive the following u
ful partial wave projections for the spin triplet states:

„L81JuV~k2!~S•p̂i !
2uL1J…

54pS aJ
2VJ21 0 2aJbJVJ21

0 VJ 0

2aJbJVJ11 0 bJ
2VJ11

D , ~C7a!
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„L81Ju~S•p̂f !
2V~k2!uL1J…

54pS aJ
2VJ21 0 2aJbJVJ11

0 VJ 0

2aJbJVJ21 0 bJ
2VJ11

D , ~C7b!

„L81Ju~S•p̂f !V~k2!~S•p̂i !uL1J…

54pS aJ
2VJ 0 2aJbJVJ

0 aJ
2VJ211bJ

2VJ11 0

2aJbJVJ 0 bJ
2VJ

D ,

~C7c!

and

„L81Ju2 i ~ p̂f3p̂i !•SV~k2!uL1J…

5
4p

2J11 H ~J21!~VJ222VJ!, L5L85J21,

2~VJ212VJ11!, L5L85J,

2~J12!~VJ2VJ12!, L5L85J11.

~C8!

Using the identity

~s1•a!~s2•a!52~S•a!22a2, ~C9!

the tensor operator can be written as

P35~s1•k!~s2•k!2
1

3
~s1•s2!k2

5
1

3
@pi

2S12~ p̂i !1pf
2S12~ p̂f !#24~S•pf !~S•pi !

12i ~pf3pi !•S1
4

3
~pf•pi !S

2, ~C10!

where the momentum space tensor operatorS12 is defined as

S12~ p̂!53~s1•p̂!~s2•p̂!2~s1•s2!. ~C11!

From the formulas given in this appendix the partial wa
projections of the several potential forms, as given in Se
VI A and VII, can be derived in a straightforward manner.
the case of an extra factor (pf•pi), as occurs, for example, in
the second line of Eq.~C10!, we simply use the expansion

~pf•pi !V~k2!5pfpi (
L50

`

~2L11!ṼL~x!PL~cosu!,

~C12!

where

ṼL5
1

2L11
@~L11!VL111LVL21#. ~C13!
04400
s.

APPENDIX D: FOURIER TRANSFORMATION
COORDINATE TO MOMENTUM SPACE

In this appendix we give an outline of how the potentia
in the coordinate representation can be translated to t
momentum-space counterparts in a direct way. Of course
utilize the same techniques as described in this paper.
treat the more complicated case of the tensor potential
this case the coordinate-space potentials are complica
Nevertheless, we show explicitly how they are connec
with our momentum-space representation.

1. TPS tensor and spin-spin potentials I

To appreciate this method in the case of TME potentia
we consider as a typical example the potential

V~r !5E d3k1

~2p!3E d3k2

~2p!3
ei (k1¿k2)•r@s1•~k13k2!#

3@s2•~k13k2!#F̃~k1
2!G̃~k2

2!. ~D1!

This potential, in terms of the Fourier transformsF(r ) and
G(r ), has been given in@12# and reads

V~r !5
2

3 F 1

r 2
F8~r !G8~r !1

1

r
F8~r !G9~r !1

1

r
F9~r !G8~r !G

3~s1•s2!1
1

3 F 2

r 2
F8~r !G8~r !2

1

r
F8~r !G9~r !

2
1

r
F9~r !G8~r !GS12, ~D2!

whereF8(r )[dF(r )/dr, etc.
In seeking the projection on the spinor invariants, we w

to write for the momentum space counterpart of Eq.~D1! as

Ṽ~k!5E E d3k1d3k2

~2p!3
d~kÀk1Àk2!F̃~k1

2!G̃~k2
2!

3@s1•~k13k2!#@s2•~k13k2!#

[Ṽs~k!~s1•s2!1ṼTk)

3F ~s1•k!~s2•k!2
1

3
~s1•s2!k2G . ~D3!

It is now our task to findṼs,T(k). To proceed, we notice tha
one can easily see that Eq.~D2! can be written in the form

V~r ![
2

3
Hs~r !~s2•s2!1

1

3
HT~r !S12,

with

Hs~r !5S 2

r
1

d

dr DH8~r !, HT~r !5S 1

r
2

d

dr DH8~r !,

~D4!
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where the functionH(r ) satisfies the equation

1

r

d

dr
H~r !5

1

r

d

dr
F~r !

1

r

d

dr
G~r !. ~D5!

To solve the problem posed in this section, it is necessar
find the Fourier transformH̃(k2). To solve this problem we
exploit the following lemma.

Lemma 1. If two functionsh(r ) andH(r ) are related by
h(r )5(1/r )dH/dr, then their Fourier transforms h˜ (k2) and

H̃(k2) satisfy

h~r !5
1

r

d

dr
H~r !↔dh̃~k2!

dk2
5

1

2
H̃~k2!. ~D6!

Introducing the ‘‘little’’ functionsh(r ), f (r ),g(r ) by

h~r ![
1

r

d

dr
H~r !, f ~r ![

1

r

d

dr
F~r !, g~r ![

1

r

d

dr
G~r !,

and from Eq. ~D5! these satisfy the relationh(r )5 f (r )
•g(r ).

Next we assume the following generic soft-core forms
F̃ andG̃:

F̃~k2!5
exp@2k2/L1

2#

k21m1
2

, G̃~k2!5
exp@2k2/L2

2#

k21m2
2

.

~D7!

The solution for f̃ (k2) and g̃(k2), using the differential
equations for the Fourier transforms as given in Eq.~D6!, is
discussed in@8#, Appendix C, and reads

f̃ ~k2!52
1

2
exp~m1

2/L1
2!E1@~k21m1

2!/L1
2#,

g̃~k2!52
1

2
exp~m2

2/L2
2!E1@~k21m2

2!/L2
2#, ~D8!

whereE1 is the exponential integral@26#. Then, the Fourier
transform ofh(r )5 f (r )g(r ) as follows from Eq.~D5! is
given by the convolution

h̃~k!5 f̃ !g̃~k!5E d3D

~2p!3
f̃ ~D2!g̃„~k2D!2

…. ~D9!

With Eq. ~D8! we obtain

h̃~k!5
1

4
em1

2/L1
2
em2

2/L2
2E d3D

~2p!3
E1@~D21m1

2!/L1
2#

3E1$@~k2D!21m2
2#/L2

2%. ~D10!

Now, theD-integral can be performed as follows:
04400
to

r

E d3D

~2p!3
E1S ~D21m1

2!

L1
2 D E1S @~k2D!21m2

2#

L2
2 D

5E
1

`dt

t E1

`du

u E d3D

~2p!3
expF2

~D21m1
2!

L1
2

tG
3expF2

~~k2D!21m2
2!

L2
2

uG
5E

1

`dt

t E1

`du

u
expS 2

m1
2

L1
2

t D expS 2
m2

2

L2
2

uD E d3D

~2p!3

3expF2S t

L1
2

1
u

L2
2D D21~2k•D2k2!

u

L2
2G . ~D11!

The D integral in the last line of Eq.~D11! has a standard
Gaussian form and is given by

E d3D

~2p!3
exp@•••#5~4pa!23/2expF2

tu/L1
2L2

2

~ t/L1
21u/L2

2!
k2G ,

~D12!

with

a5
t

L1
2

1
u

L2
2

.

In this form, the derivative with respect tok2 can be taken
easily, and we finally obtain forH̃ the solution

H̃~k2!52
1

2
~4p!23/2em1

2/L1
2
em2

2/L2
2E

1

` dt

L1
2E1

`du

L2
2

3S t

L1
1

u

L2
2D 25/2

expS 2
m1

2

L1
2

t D expS 2
m2

2

L2
2

uD
3expF2S tu/L1

2L2
2

t/L1
21u/L2

2D k2G . ~D13!

Redefining the variablest→t/L1
2 andu→u/L2

2, one can re-
write Eq. ~D13! in the form

H̃~k2!52
1

2
~4p!23/2em1

2/L1
2
em2

2/L2
2E

t0

`

dtE
u0

`

du~ t

1u!25/2e2(m1
2t1m2

2u)expF2S tu

t1uD k2G
(t051/L1

2 ,u051/L2
2). ~D14!

Notice that this is the same result as obtained in Eq.~3.11!,
as it should.
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