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Excitation of triple giant resonances in heavy-ion reactions
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We calculate the cross-section for the excitation and subsequent decay of triple giant resonances~TGR’s! in
several nuclei excited with heavy ions. The recently developed coherent plus incoherent theory for the exci-
tation in conjunction with the hybrid decay model of Dias, Hussein, and Adhikari are used for the purpose. It
is emphasized that the direct decay of the TGR is expected to deviate appreciably from the harmonic limit
especially at low bombarding energies, owing to the incoherent contribution.
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The study of double giant dipole resonance~DGDR! in
nuclei has received a considerable amount of attention o
the last 15 years@1#. Both the pion double charge exchan
and relativistic heavy-ion Coulomb excitation reactions ha
been used to probe this large amplitude collective motion
many fermion systems. The quest for the similar double p
mon resonance in metallic clusters is underway@2#. Plans are
also in progress to search for the triple giant dipole resona
~TGDR! in nuclei @3#. It is clearly of importance to supply
theoretical estimates of the cross section as well as the
ferent decay branching ratios of these exotic collect
modes. This is the purpose of the present paper. We use
recently developed coherent plus incoherent excita
theory of Ref. @4# in conjunction with the hybrid decay
model of Dias, Hussein, and Adhikari~DHA! of Ref. @5#.

The existing models for the calculation of the excitati
cross section of DGDR can be grouped into four categor
a microscopic structure model in conjunction with seco
order Coulomb excitation perturbation theory@6#; a macro-
scopic, oscillator model in the Weisa¨cker-Williams approxi-
mation @7# coupled channels Coulomb excitation theory@8#,
and finally the recently developed average plus fluctua
model@4,9#. In this latter model the average cross section
calculated according to the theory developed in Ref.@10#,
where the simple, double, etc. giant resonances are con
ered as doorway states belonging to the spectrum o
damped harmonic oscillator. The fluctuation contribution
calculated using the Brink-Axel mechanism and added in
herently with the average~coherent! contribution. The recen
work of Gu and Weidenmu¨ller @11#, based on random matri
theory, lends full support to our model@4,9#.

A fully microscopic structure calculation of the excitatio
cross section of the TGDR is prohibitively difficult. A hug
number of three particle–three hole configurations has to
dealt with in a coupled channel context. A detailed acco
of the spreading of the TGDR would require the inclusion
the calculation of at least the four particle–four hole su
space. Not having available such a detailed description
opt for using our coherent1 fluctuation model@9#. The
TGDR excitation cross section is found to have the form

s (3)5sc
(3)1s f l

(3)~2!1s f l
(3)~1!, ~1!
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(3) is the average cross section for the coherent

citation of the three phonons which proceeds through
one- and two-phonon states in a typical three-step desc
tion. This cross section is identical to the one obtained fr
the coupled channel Coulomb excitation model. This mo
contains explicit reference to flux loss from the excited sta
owing to their spreading into more complex configuration
The cross sections f l

(3)(2) corresponds to a fluctuation con
tribution arising from the decay of an intermediate collecti
giant-resonance~GR! phonon into the complicated back
ground followed by the excitation of two other collectiv
phonons on the background states~the Brink-Axel phonons!.
The final states involved in this cross section contains t
collective phonons in contrast tosc

(3) . Finally s f l
(3)(1) con-

tains contributions that lead to only one phonon in the fi
state. In terms of the time sequence of events,sc

(3) , a three-
step process, is the fastest, followed by the four-step pro
accounted for bys f l

(3)(2) ~this is a four-step process sinc
besides the three excitation steps one has one internal m
step! and finally the five-step process contained ins f l

(3)(1).
The DGDR cross section many be similarly decomposed
s (2)5sc

(2)1s f l
(2)(1).

In Ref. @9# we obtained the following estimates fo
s f l

(3)( i ):

s f l
(3)~2!5S 2

3DG1
↓tc

\
sc

(3) , ~2!

s f l
(3)~1!5S 1

3D S G1
↓tc

\ D 2

sc
(3) , ~3!

where G1
↓ is the spreading width of the single-phonon G

andtc is the average collision time given bybo /gv, with bo
the grazing impact parameter,v the asymptotic relative ve
locity, andg the Lorentz factor,g5@12(v/c)2#21/2.

The above fluctuation contribution becomes insignifica
at very high energies where the systems proceeds
quickly through the sequence: ground state→GDR
→DGDR→TGDR. When the bombarding energy is low
ered, the fluctuation effects may become appreciable@9#.
Similar conclusions were reached by Gu and Weidenmu¨ller
@11#. The estimates above were found to be quite reason
©2002 The American Physical Society15-1
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when compared to the more elaborate model of Ref.@4# at
relatively high bombarding energies. At lower energi
clearly, for the evaluation of the different contributions to t
total excitation cross section, Eq.~1!, one should rely on the
latter, more precise model. In order to discuss the deca
the final states into the open channels, we need to know
values of the different contributions tos (2) ands (3).

We have calculated the excitation cross sectionss (1) s (2),
ands (3) for various nuclei incident on208Pb at several bom
barding energies, using a three-dimensional~3D! generaliza-
tion of the model of Ref.@4#. The 3D time evolution equation
used to describe the excitation and decay of the G
phonons possesses the same form as the one-dimens
equation of Ref.@4#. However, the collective and statistic
excited states of the 3D model take into account all poss
combinations of the~two! transverse and~one! longitudinal
degrees of freedom, which yield three coherent one-pho
states, six coherent two-phonon states and ten coherent t
phonon states, as well as a multitude of states containin
mixture of coherent and statistical excitations. Decays of
three types of phonons to the statistical background are
sumed to occur independently but obey the Bose-Eins
statistics.

The Coulomb interaction matrix elements used to
scribe the transverse modes of the GDR excitation in the
model are the physically appropriate ones, as given in R
@10#. The longitudinal Coulomb interaction matrix elemen
however, is modified from the form given there. It is reduc
to a term proportional to the longitudinal component of t
electric field, in analogy to the transverse terms, but wh
differs from the expression given in Ref.@10# by a total time
derivative. The latter term can be extracted from the eq
tions and discarded when only the coherent excitation is
cluded. This is no longer the case when decay to the st
tical states is taken into account. Nevertheless, we h
neglected its contribution here. We emphasize that our the
contains the effect of the adiabaticity to all orders. If w
neglect the width of the GDR and use perturbation theo
we fully recover the model of Baur and Bertulani@7#.

As in Ref.@4#, the coupled equations of motion are solv
as a function of impact parameter to yield asymptotic oc
pation probabilities. Effective asymptotic occupation pro
abilities are defined, for states that decay, as the sum ove
probability that decays out of each state during the time e
lution. Cross sections are obtained by integrating each p
03461
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ability times differential area over impact parameter a
summing over polarizations.

The various contributions to the cross sections are ea
extracted from the theoretical calculations. In Table I,
present the coherent and fluctuation contributions to
DGDR cross sectionsc

(2) ands f l
(2)(1) for various nuclei in-

cident on208Pb at several energies. We use a global syste
atic for the GDR energies and widths:EGDR
543.4A20.215 MeV and GGDR50.3EGDR @4#. The energies
of the DGDR and TGDR resonances were taken to be
and three times those of the GDR, respectively, since an
monic effects are small@12#. The widths of the DGDR and
triple TGDR were taken to beA2 andA3 times those of the
GDR widths, respectively, as sum rule arguments sugg
@13#. However, other values of these widths cannot be
cluded on the basis of the present study.

In Table II, we present the contributions to the TGD
cross sectionsc

(3) , s f l
(3)(2), ands f l

(3)(1). We consider the
excitation of different projectiles on an inert lead target. W
observe that the cross sections increase dramatically with
charge of the projectile,ZPe. As is well known, the coheren
two-phonon cross sections scale approximately asZP

2
•ZT

4

while the three-phonon one scales asZP
3
•ZT

6 , whereZT is the
target atomic number. We also observe that the coherent
tribution to the cross sections only dominates at relativ
high incident energies. AtE/A5100 MeV, it is clear from
the tables that the fluctuation contribution to the DGDR cro
section is about as large as the coherent one, while the

TABLE I. Contributions of the coherent and fluctuation comp
nents to the DGDR excitation cross section~in mb! of various pro-
jectiles incident on an inert lead target at two values of the incid
energy.

100 MeV 1 GeV

Projectile sc
(2) s f l

(2)(1) s tot
(2) sc

(2) s f l
(2)(1) s tot

(2)

40Ca 2.17 2.19 4.36 7.20 0.72 7.92
120Sn 26.48 22.94 49.42 72.61 6.65 79.2
132Xe 32.19 27.57 59.76 88.50 8.00 96.50
165Ho 51.13 42.60 93.73 138.59 12.34 150.9
208Pb 96.95 72.87 169.82 234.84 19.83 254.6
238U 109.15 84.86 194.01 276.53 24.04 300.5
ross
rgy.

6

TABLE II. Contributions of the coherent and fluctuation components to the TGDR excitation c
section~in mb! of various projectiles incident on an inert lead target at two values of the incident ene

100 MeV 1 GeV

Projectile sc
(3) s f l

(3)(2) s f l
(3)(1) s tot

(3) sc
(3) s f l

(3)(2) s f l
(3)(1) s tot

(3)

40Ca 0.02 0.06 0.02 0.10 0.11 0.02 0.00 0.13
120Sn 0.84 1.92 0.64 3.40 3.03 0.47 0.04 3.54
132Xe 1.10 2.50 0.83 4.43 4.07 0.62 0.05 4.74
165Ho 2.08 4.70 1.54 8.32 7.76 1.17 0.09 9.02
208Pb 5.28 10.78 3.36 19.42 16.68 2.40 0.18 19.2
238U 6.13 13.14 4.22 23.49 21.01 3.14 0.24 24.39
5-2
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EXCITATION OF TRIPLE GIANT RESONANCES IN . . . PHYSICAL REVIEW C66, 034615 ~2002!
tuation contribution to the TGDR is about three times larg
than the coherent contribution.

The reason for the unexpected larger cross section
lower energies can be traced to two factors. The aver
cross section is larger than that of Baur and Bertulani ow
to the fact that the inclusion of the width of the one-phon
resonance~GDR! allows the excitation of that resonance,
well as the DGDR and TGDR, even at very low excitati
energies, where the virtual photon spectrum is concentr
at low bombarding energy. This enhancement can easily
missed, if the width is not taken into account, as in the or
nal Weisäcker-Williams approximation@7#. The second rea
son for the increase in the DGDR and the TGDR cross s
tions, which is also related to the inclusion of the width,
the Brink-Axel fluctuation contribution, which tends to in
crease as the bombarding energy is lowered. This conclu
was also reached by Gu and Weidenmu¨ller @11#.

We turn now to the decay of the DGR and TGR. We fi
remind the reader of the hybrid direct1fluctuation decay
model of DHA@5#. According to this model, which has bee
extensively used in the analysis of decay data@14,15#, the
GR decays to find a channelf in the following manner:

s f
(1)5s (1)F ~12m1!

t f
(GR)

(
j

t j
(GR)

1m1

t f
(CN)1m1t f

(GR)

(
j

~t j
(CN)1m1t j

(GR)!G
[s (1)~Pf

↑1Pf
↓!, ~4!

where s (1) is the one-phonon excitation cross section d
cussed before, whilem15G1

↓/G1 and thet ’s are the appro-
priate transmission coefficients. We have written the pr
ability of populating the final channelf through direct decay
of the GR as

Pf
↑5~12m1!

t f
(GR)

(
j

t j
(GR)

, ~5!

and the probability of populating the channelf through the
statistical states as

Pf
↓5m1

t f
(CN)1m1t f

(GR)

(
j

~t j
(CN)1m1t j

(GR)!

. ~6!

Note that the statistical decay component contains exp
reference to the GR direct transmission, (m1t f

(GR)).
Before entering into the details of the decay of the m

tiple giant resonances, let us first analyze the decompos
into direct decay and decay into the statistical states. For
purpose, we use the branching ratios

P↑5(
f

Pf
↑512m1 ,

and
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Pf
↓5m1 . ~7!

The decomposition of the single GR decay is a direct re
of Eq. ~4!,

s (1)→~P↑1P↓!s (1). ~8!

To decompose the decay of the multiple giant resonan
into direct and statistical parts, we assume that each of
collective phonons decays independently. The decay of
coherent contributions to the DGR and TGR can then
decomposed as

sc
(2)→~P↑1P↓!2sc

(2)

5~P↑ 212P↑P↓1P↓ 2!sc
(2) , ~9!

and

sc
(3)→~P↑1P↓!3sc

(3)

5~P↑ 313P↑ 2P↓13P↑P↓ 21P↓ 3!sc
(3) . ~10!

That is, the coherent contribution to the DGR can dec
through direct decay of each of the collective phono
through a direct decay of one of the colective phonons
decay into the statistical states of the other, or through de
into the statistical states of both of the phonons. Decay of
coherent contribution to the TGR takes into account the
ferent possible direct or statistical decays of the three ini
phonons.

We can analyze the decomposition of the decay of
fluctuating contributions to the DGR and TGR cross sectio
in a similar manner. We need only take into account
number of collective phonons in each of the contributio
Thus, the decay of the fluctuating component of the DG
can be decomposed as

s f l
(2)~1!→~P↑1P↓!s f l

(2)~1!, ~11!

while the decay of the fluctuating components of the TG
can be decomposed as

s f l
(3)~2!→~P↑ 212P↑P↓1P↓ 2!s f l

(3)~2!, ~12!

and

s f l
(3)~1!→~P↑1P↓!s f l

(3)~1!. ~13!

We can now combine the various terms into decompo
tions of the decay of the total DGR and TGR cross sectio

s (2)→P↑ 2sc
(2)1P↑@2P↓sc

(2)1s f l
(2)~1!#

1P↓@P↓sc
(2)1s f l

(2)~1!#, ~14!

and
5-3
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HUSSEIN, CARLSON, CANTO, AND DE TOLEDO PIZA PHYSICAL REVIEW C66, 034615 ~2002!
s (3)→P↑ 3sc
(3)1P↑ 2@3P↓sc

(3)1s f l
(3)~2!#

1P↑@3P↓ 2sc
(3)12P↓s f l

(3)~2!1s f l
(3)~1!#

1P↓@P↓ 2sc
(3)1P↓s f l

(3)~2!1s f l
(3)~1!#, ~15!

where we have collected terms according to the numbe
direct decays involved.

In medium to heavy nuclei, one expects the spreading
dominate over the escape from the GR, which impliesP↓

5m1.1. In this case, we see that the completely statist
DGR and TGR decay cross sections, given by the last term
the preceding two equations, will be approximately prop
tional to their total excitation cross sections. They will n
distinguish between the coherent and fluctuating compon
of the cross sections. Further analysis of the decay of
statistical component to equilibrium can be quite comp
cated. Usually, however, particle emission from the statist
component can be well described using the equilibri
Hauser-Feshbach formalism.

To best view the distinction between the coherent a
fluctuation contributions to the GDR cross sections, we lo
for effects in the direct decay from the giant resonance.
have already analyzed the effects of the coherent and flu
ating components on exclusive decays of the DGDR@16#.
Here, we wish to analyze their effects on inclusive dec
cross sections of the DGR and TGR.

To separate direct contributions to an inclusive cross s
tion from the statistical contributions, it is necessary to co
centrate one’s attention on the high-energy end of the em
sion spectrum. There, the statistical weight of the hig
energy residuals in the statistical cross section stron
suppresses emission, leaving the direct emission to domi
the spectrum. To obtain the inclusive emission cross sec
from our decomposition of the decay of the excitation cro
sections through direct and statistical modes, Eqs.~14! and
~15!, we take into account that each of the direct decay f
tors P↑ can contribute independently to direct emission
channelf with a relative probabilityPf

↑/P↑. Thus, for ex-
ample, each of the factors ofP↑ in theP↑ 2 ~first! term of Eq.
~14! contributes to the direct emission in channelf with prob-
ability Pf

↑/P↑, resulting in a total contribution of 2Pf
↑/P↑ of

the term to the emission cross section. In general, we inc
a factor ofPf

↑/P↑ for each of the factors ofP↑ appearing in
the equations. We neglect the terms containing only stat
cal decays, since we havePf

↓/P↓'0 at the high end of the
emission spectrum.

We point out that the relative decay probabilitiesPf
↑/P↑

are not quite the same for each of the decays, since con
vation laws constrain the energies and angular moment
the emitted particles to values consistent with the resid
values in the nucleus. The residual nuclear values will no
identical for a cold nucleus~first emission! and a hot one
~second and later emissions!. Nevertheless, the general stru
ture of the phonon, which we assume to be essentially a
particle–one hole state, assures that the value ofPf

↑/P↑ will
be about the same for each of the emissions.
03461
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Using the rules above for estimating the contribution
the P↑ factors to emission, we find the direct inclusive em
sion spectra to be given by

s f
(2)52

Pf
↑

P↑ P↑ 2sc
(2)1

Pf
↑

P↑ P↑@2P↓sc
(2)1s f l

(2)~1!#, ~16!

and

s f
(3)53

Pf
↑

P↑ P↑ 3sc
(3)12

Pf
↑

P↑ P↑ 2@3P↓sc
(3)1s f l

(3)~2!#

1
Pf

↑

P↑ P↑@3P↓ 2sc
(3)12P↓s f l

(3)~2!1s f l
(3)~1!#,

~17!

which reduce to

s f
(2)5Pf

↑@2sc
(2)1s f l

(2)~1!#, ~18!

and

s f
(3)5Pf

↑@3sc
(3)12s f l

(3)~2!1s f l
(3)~1!#. ~19!

Here we see clearly the importance of the~more! coherent
contributions to the direct emission spectra. Each of the
citation cross sections contributes according to the numbe
collective phonons it possesses.

We can similarly analyze the contribution to the inclusi
cross sections of each of the components of the excita
cross sections. In particular, we determine the contribution
the coherent DGR and TGR to the emission spectra to b

sc, f
(2)52Pf

↑sc
(2) ,

and

sc, f
(3)53Pf

↑sc
(3) . ~20!

We could call these values the harmonic limit of the cro
section. Comparing these to the values for the total dir
emission, we find

s f
(2)

sc, f
(2)

511
1

2

s f l
(2)~1!

sc
(2)

, ~21!

and

s f
(3)

sc, f
(3)

511
2

3

s f l
(3)~2!

sc
(3)

1
1

3

s f l
(3)~1!

sc
(3)

. ~22!

Thus, a considerably larger direct decay may occur if
fluctuation contributions are important, which may occur
lower bombarding energies. Of course, one could obtain
viation of the direct decay from the harmonic limit~two or
three independently decaying phonons!, if anharmonic ef-
5-4
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fects were allowed. This, however, will imply deviation o
the spectrum of the oscillator from the harmonic sequen
which seems to be borne out neither by experiment@1# nor
by calculation@8#.

In conclusion, we have, in this paper, calculated the ex
tation cross section and studied the decay properties of
double and triple giant dipole resonances of various nucle
nu

,

9;

.F
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.
tt.

ep

n

iza
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excited in Coulomb collisions with208Pb. It was found that
the degree of deviation of the direct decay from the limit
two or three independently decaying collective phonons
pends significantly on the bombarding energy,E, and can be
appreciable at low values ofE.
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