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Evidence of X„5… symmetry for ngÄ0,1,2 bands in 104Mo

P. G. Bizzeti and A. M. Bizzeti-Sona
Dipartimento di Fisica, Universita` di Firenze, I.N.F.N., Sezione di Firenze, Via G. Sansone 1, I-50019 Sesto Fiorentino (Firenze),

~Received 5 March 2002; published 26 September 2002!

The dynamical symmetry X~5! characterizes the critical point of phase transition between spherical and
axially deformed shape in atomic nuclei. A first example of this new symmetry has been found in152Sm (Z
562) by Casten and Zamfir. We show that the level scheme of the transitional nucleus104Mo (N562) also
presents the characteristic X~5! pattern, not only in the ground-state band but also in its low-lyingng51,K
52 andng52,K54 bands. An essential point of the model leading to the X~5! symmetry, i.e., the decoupling
of the g vibrations from the other degrees of freedom, is therefore confirmed.
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The possible signature of a phase transition between
lective vibrator and axially deformed rotor has received c
siderable attention, in the more general frame of criti
point properties in transitional nuclei@1#. In the frame of
IBM, this phase transition would take place when movi
continuously from the pure U~5! symmetry to the SU~3!
symmetry. It has been shown by Iachello@2# that, under sim-
plifying assumptions, the critical point corresponds to a
other definite symmetry, called X~5!, implying definite rela-
tions among the level energies and among theE2 transition
strengths. In particular, excitation energies are given by
expression

E~s,J,ng ,K,M !5E01B ~xs,J!
21Ang1CK2, ~1!

wherexs,J is thesth zero of the Bessel functionJn of ~irra-
tional! ordern5@J(J11)/319/4#1/2, J is the total angular
momentum~with projectionsK on the symmetry axis andM
on the quantization axis in the laboratory frame!, and ng
50, 1, 2, . . . is thenumber ofg-vibration quanta, whileE0 ,
A, B, andC are arbitrary parameters. Forng50, the excita-
tion energiesE(s,J) ~referred to the ground state! depend,
therefore, only on the scaling parameterB and Eq.~1! pro-
vides a very stringent condition for the level scheme at
critical point.

Without entering into details, which can be found in t
Ref. @2#, we remind the reader of the main approximatio
used in the X~5! model, to derive Eq.~1!: ~i! The potential
surface inb andg at the critical point is approximated wit
the sum of two separate potentials, a square-well poten
~of width bW) for the variableb, and a harmonic potentia
for g; ~ii ! the coupled differential equations inb,g are ap-
proximated with two separate equations, one for the varia
b and one forg.

Recently, it was shown that a signature of phase transi
is observed in the chain of Sm isotopes@3,2#, where 152Sm
displays~approximately! the predicted features of the X~5!
symmetry and mark therefore—approximately—the criti
point.

Here we want to show that a similar pattern can be fou
in the transitional region around104,106Mo, where 104Mo
(N562) plays the same role as152Sm (Z562) in its own
isotone chain. Actually, already in 1982 Kernet al. @4# no-
ticed the similarity between this region and that of Sm is
0556-2813/2002/66~3!/031301~4!/$20.00 66 0313
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topes, and in particular between104Mo and 152Sm ~having,
in the IBM, the same number of valence bosons!.

In Fig. 1, the ratioE(41)/E(21) is reported, as a func
tion of the proton numberZ, for the even isotones withN
562 andN564, from 38Sr to 48Cd @5#. Immediately below
the semimagic50Sn, the low-lying levels of48Cd and 46Pd
isotopes follow the pattern expected for~anharmonic! vibra-
tions, with the typical two-phonon triplet 01, 21, 41, while
a rotational-like character is clear in the level scheme of
lighter elements of the chain,40Zr and 38Sr. A value of
E(41)/E(21) very close to that expected at the critical poi
@2.91, for the X~5! symmetry# is found for N562 andZ
542, i.e., for 104Mo, whose level scheme@4–6#, depicted in
Fig. 2, shows in fact a clear similarity to that expected for t
X~5! symmetry.

As this region of nuclei is considerably softer with respe
to g vibrations, compared to that of152Sm, it becomes im-
portant to compare the pattern of the low-lying excitedg
bands (ng51, K52 andng52, K54) with the predictions
of the X~5! model. As the model does not predict the ex
tation energy of the band heads for the observedg bands,
these energies must be taken from the experimental data

FIG. 1. Values of the ratioE(41)/E(21) for N562 (1) and
N564 (3) isotones, as a function of the proton numberZ. The
arrow shows the point corresponding to104Mo. The horizontal
dashed and dashed-dotted lines correspond, respectively, to the
axial rotor and to the harmonic vibrator.
©2002 The American Physical Society01-1
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fix the values of the parametersA andC of Eq. ~1!. No other
free parameter is required to be included in the compari
with the two g bands. In doing this, we have assumed
complete decoupling between theb and g degrees of
freedom—i.e., a constant value of the inertial term^b2& in
the differential equation for the variableg @see Eq.~4! of
Ref. @2##.

The comparison—done here for the first time—of the e
perimental results with the predictions of Eq.~1! for ng
.0, shows that the agreement is as good for theg bands as
for the ground-state band, and this fact gives further sup
to the validity of the model proposed in Ref.@2#, not only for
the even-J but also for the odd-J states. In fact, if the as
sumption of complete decoupling of theb andg degree of
freedom is valid, the vibrational energy remains constant
all states of a giveng-excited band, but rotational energie
depend on the zeroes of the Bessel functions, and hence
vide an additional test of the X~5! symmetry.

Moreover, we will show that also in152Sm Eq. ~1! not
only accounts for theng50 but also for theng51 level
scheme. We emphasize that the observed agreement i
trivial. In fact, the level scheme of theKp502 octupole
band of 152Sm cannot be reproduced by thes51 energy
sequence of X~5! and is very close to a rotational pattern.

A more quantitative comparison of experimental and t
oretical results can be found in Table I, where we report—
addition to the X~5! values and104Mo results—also data
concerning the next isotope106Mo @5,7#, and two nuclides of
the previously discovered X~5! region @3,5#, 152Sm and
150Nd. Values reported in Table I correspond to the exc
tion energy of the indicated level, divided by that of the fi
excited state. Excitation energies of the twog bands are
referred to the corresponding band head, 21 and 41 for the
ng51 andng52, respectively. As a rule, the104Mo data are
in better agreement with the X~5! values than those o
152Sm, with one significant exception: the excitation ene
of the firsts52 level (Jp501) deviates from the X~5! pre-
dictions more for104Mo than for 152Sm. For this particular
level, the agreement with X~5! would be much better for
106Mo, whose ground state band, however, is definitely m

FIG. 2. Partial level scheme of104Mo compared with the pre-
dictions of the X~5! model, with the energy scale~in keV! normal-
ized to the experimentalE(21) and the band heads of theng

51,2 bands fixed at the same position of the experimental one
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displaced from X~5! towards the rotational pattern. A simila
situation arises for the pair150Nd-152Sm: the level scheme o
150Nd is closer to X~5! as for the ground-state band, but th
first level of thes52 band deviates from X~5! more than in
the case of152Sm.

Data concerning the three bands withs51 and (ng ,K)
equal to~0,0!, ~1,2!, and~2,4! can be combined together fo
comparison with the X~5! predictions, as shown in Fig. 3
Experimental values at high spin are somewhat displa
towards the rotational curve~and more for152Sm than for
104Mo). To explain this behavior, it has been proposed@3#
that152Sm do not correspond exactly to the critical point
phase transition, being somewhat displaced on the side o
deformed region. This is possible, but another possibility
ists. It has been noted already that, after all, X~5! is not a
symmetry of some algebraic model, but corresponds t
very particular situation in the potential surface of the ge
metrical model: as a function of the deformation parame
b, the potential energy atb50 has a minimum for spherica
~vibrational! nuclei, a maximum for deformed nuclei, and
higher-order stationary point in the limiting case of X~5!. But
the calculations~with phenomenological shell corrections!
show that@9# the energy surface moves slowly with increa
ing angular momentum, due to Coriolis forces, so that mo
deformed shapes become more favored at higher valuesJ.
It is therefore possible that the critical point is met at diffe
ent values of the driving parameter in different regions
angular momenta.

TABLE I. Ratios of excitation energy of the level specified
the first three columns to that of the first excited state for the t
isotopes104,106Mo, for the X~5! symmetry and for the two nuclei
152Sm and 150Nd, discussed in Ref.@3#. For levels of theK52,
ng51 andK54, ng52 bands, excitation energies are referred
the 21 and 41 band head.

Jp s K 104Mo 106Mo X~5! 152Sm 150Nd

41 1 0 2.917 3.045 2.91 3.009 2.929
61 1 0 5.619 6.026 5.43 5.804 5.553
81 1 0 8.959 9.840 8.48 9.241 8.676
101 1 0 12.776 14.413 12.03 13.214 12.28
121 1 0 16.928 16.04 17.642 16.274

01 2 0 4.610 5.576 5.65 5.622 5.187
21 2 0 7.45 6.655 6.533
41 2 0 10.69 8.400 8.738
61 2 0 14.75 10.761 11.836

31 1 2 1.124 1.017 0.86 1.215 1.065
41 1 2 2.094 2.083 1.90 2.347 2.238
51 1 2 3.451 3.475 3.10 3.890
61 1 2 4.745 4.973 4.43 5.274
71 1 2 6.370 6.747 5.89 7.062
81 1 2 7.577 8.651 7.48 7.061

51 1 4 1.253 1.299 1.19
61 1 4 2.602 2.667 2.53
71 1 4 4.107 4.458 3.99
1-2
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One could also suspect that the ‘‘constants’’E0 , A, andC
of Eq. ~1! vary slowly with the angular momentum, due
their dependence on̂b2& ~see Ref.@2#!, if this parameter is
assumed to correspond, for each value ofs and J, to the
expectation valuêb2&s,J of b2 over the proper wave func
tion js,J(b). This possibility can be explored, at least f
constantsA and C, by comparing the excitation energy o
levels with fixed J, s51 and differentng and/or K. The
following relations, valid for ng5K/2, have been used
E(J,K52)2E(J,K50)5A14C and E(J,K54)2E(J,K
52)5A112C. However, the experimental values, report
in Table II, do not show conclusive evidence of a systema
trend with respect to the values ofbW

2 /^b2&s,J , shown in the
last column.

A further test on the validity of the X~5! symmetry in the
case of104Mo is provided by the comparison of experimen
and theoretical values of the reduced strengths ofE2 transi-
tions. Rules to calculate the values ofB(E2) in the X~5!
model are given in Ref.@2#, where a few numerical value
are also given for transitions between states withng50.

Within the limits of the model, theE2 transition operator

FIG. 3. Experimental and theoretical values of the ra
RJ(ng)5@EJ(ng)2E2(ng)#/E2(0) for thes51 (ng50,1) bands in
104Mo and—for comparison—in152Sm. Dots:ng50; crosses:ng

51. For 104Mo, also theng52,K54 band is reported. In this case
the 3 symbols give the ratios@EJ(2)2DE#/E2(0) with DE
5E4(2)2E4(1)1E2(1), in order to bring the 41 band head at the
same position of the corresponding level of theng51 band. The
full line gives the predictions of the X~5! model; the dotted and the
dashed curves correspond, respectively, to the rigid rotor and to
harmonic oscillator.

TABLE II. Empirical values~in keV! of the constantsA and
C—or linear combinations of them—for different values ofJ. The
last column gives the inverse of the expectation value ofb2/bW

2 ,
calculated with the wave functionsjs51,J given in Ref.@2#.

J A14C A112C A C bW
2 /^b2&1,J

2 620 2.41
4 654 369 796 235.7 2.15
5 349 2.05
6 644 359 787 235.7 1.97
7 336 1.90
8 604 1.83
10 549 1.74
03130
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@Eq. ~12! of Ref. @2## can be approximated with the expre
sion ~valid for small values ofg)

Tm
(E2)5tbFD m,0

(2)1g
1

A2
~D m,2

(2)1D m,22
(2) !G , ~2!

where D m,K
(2) (q1 ,q2 ,q3) are the Wigner D functions,

q1 ,q2 ,q3 the Euler angles of rotation, andt is a scale factor.
In the same approximation, the intrinsic wave function
factorized in a part dependent onb and another dependen
on g:

wJK
sng~b,g!5js,J~b!hng ,K~g!

and the complete wave function is

C5
1

A2
@wJ,K

sngD M ,K
(J) ~q i !1~2 !J1KwJ,2K

sng D M ,2K
(J) ~q i !#.

For transitions between states having equalng and K,
only the first term of Eq.~2! survives, and allB(E2) values
can be deduced from the model without free paramet
apart from the common scale factort2. Between states with
equal K and differentng , the transition is forbidden. Fo
interband transitions withuDngu51, uDKu52, the expres-
sion for the transition amplitude involves one of the last tw
terms of Eq. ~2! and includes the integral̂ ngugung8&
5*0

`hng
ghn

g8
gdg , which contains an additional free param

eter. As theg dependent wave function is that of a two
dimensional oscillator, one gets

^ng52ugung51&252^ng51ugung50&2.

In conclusion, ratios of experimentalB(E2) for two intra-
band or two interband transitions can be directly compa
with the model. For the ratio of one interband to one int
band transition, the comparison involves a different sc
factor, that must be deduced from the experimental resu

In 104Mo, only the half-lives of the first two excited state
are known @8#, T1/2(2

1)5721(41) ps and T1/2(4
1)

526.8(35) ps. Taking also into account the electron conv
sion, we obtain for the ratio of the reduced strengths
value 1.1620.19

10.25, in rough agreement with the theoretic
value 1.6.

Other data to be compared with the model can be dedu
from the branching ratios@5# of pureE2 transitions deexcit-
ing the same parent state. Only transitions withDJ52 have
been considered, as no measurement of the multipole mi
ratio has been reported forDJ5 0 or 1. Experimental results
are shown in Table III, together with the~properly normal-
ized! model predictions. The ‘‘theoretical’’ value given i
italics at the third line of the table has been fixed as
normalization point for transitions withuDKu52, and its co-
incidence with the experimental value is therefore not s
nificant. Instead, the comparison in the other linesis signifi-
cant, and shows a satisfactory agreement with the predict
of the X~5! model, within the~admittedly large! experimen-
tal uncertainties. An apparent exception is the 43

1→21
1 tran-

he
1-3
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sitions, which should be forbidden, havingDng52. How-
ever, this branch, although reported@4# as resulting from the
decay of 104Nb ~4.8 s! and included in the NNDC databas
has not been observed in a more recent experiment@6# in
which promptg rays of 104Mo were observed, following the
spontaneous fission of248Cm. One can add that none of th
other Dng52 transitions from theK54 g-band, although
energetically favored with respect to the observed dec
from the same parent state, has actually been observed

TABLE III. Values of the ratio of the reduced strength
B(E2;Ka ,Ja→Ka8 ,Ja8)/B(E2;Kb ,Jb→Kb8 ,Jb8) for transitions in
104Mo between states withs51 andng5K/2.

Transitiona Transitionb B(E2,a)/B(E2,b)
Ja ,KaJa8 ,Ka8 Jb ,KbJb8 , Kb8 Exper. Theor.

41
1,0→21

1,0 21
1,0→01

1,0 1.16~25! 1.60
42

1,2→21
1,0 42

1,2→22
1,2 0.029~5!a 0.019~2!

62
1,2→41

1,0 62
1,2→42

1,2 0.0076~8! 0.0076(8)b

82
1,2→61

1,0 82
1,0→62

1,2 0.0058~13! 0.0057~6!

43
1,4→21

1,0 43
1,4→22

1,2 0.012~2! 0.0c

63
1,4→42

1,2 63
1,4→43

1,4 0.0096~27! 0.0170~17!

aOr 0.010~3!, according to the branching ratios given in Ref.@6#.
bNormalization point foruDKu52 transitions.
cTransitiona not seen in another experiment@6#.
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In conclusion, another example of X~5! symmetry in
atomic nuclei, in addition to152Sm, has been found in th
Mo isotopes. In particular, the overall agreement of t
104Mo level scheme with the X~5! prediction is at least as
good as for the152Sm case. The two knowng bands of
104Mo are also accounted for by X~5! and—as we have
shown—something similar happens also for152Sm, where,
however, only the lowestg band is known. Also the com
parison of transition strengths, in the few cases where i
possible, confirms the X~5! nature of 104Mo.

Finally, we can notice that, at present, the best indicati
of X~5! symmetry concern an isotope of Sm (Z562) and
104Mo (N562). Moreover, as already noted by Kernet al.
@4#, in the IBM scheme152Sm has six proton bosons and fo
neutron bosons~with respect to the shell closure atN
582), while 104Mo has six neutron bosons and four proto
hole bosons~with respect to the shell closure atZ550).
Although we cannot exclude that this correspondence be
cidental, we think it can be interesting to explore whether
number 62 of identical nucleons has some particular role
making the dependence of the potential energy on the de
mation parameterb as flat, near to the origin, as required f
the validity of the X~5! symmetry.

After completion of this work, new measurements ofE2
strengths in150Nd were published@10#. Results are in good
agreement with the predictions of the X~5! model.
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