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Four-body cluster structure of AÄ7– 10 double-L hypernuclei
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Energy levels of the double-L hypernucleiL L
7 He, L L

7 Li, L L
8 Li, L L

9 Li, L L
9 Be, andL L

10Be are predicted on
the basis of ana1x1L1L four-body model, wherex5n,p,d,t,3He, anda, respectively. Interactions be-
tween the constituent particles are determined so as to reproduce reasonably the observed low-energy proper-
ties of thea1x nuclei (5He, 5Li, 6Li, 7Li, 7Be, 8Be) and the existing data forL-binding energies of thex
1L and a1x1L systems (L

3 H, L
4 H, L

5 He, L
6 He, L

6 Li, L
7 Li, L

8 Li, L
8 Be, L

9 Be). An effectiveLL interaction is
constructed so as to reproduce, within thea1L1L model, theBLL of L L

6 He, which was extracted from the
emulsion experiment, the NAGARA event. With no adjustable parameters for thea1x1L1L system,BLL

of ground and bound excited states of the double-L hypernuclei withA57 –10 are calculated within the
Gaussian-basis coupled-rearrangement-channel method. TheDemachi-Yanagievent, identified recently as

L L
10Be, is interpreted as an observation of its 21 excited state on the basis of the present calculation. Structural

changes in thea1x core nuclei, due to the interaction of theL particles, are found to be substantial, and these
play an important role in estimating theLL bond energies of those hypernuclei.

DOI: 10.1103/PhysRevC.66.024007 PACS number~s!: 21.80.1a, 21.10.Dr, 21.10.Gv, 21.45.1v
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I. INTRODUCTION

A recent observation of the double-L hypernucleus

L L
6 He, which is called the NAGARA event in the KEK

E373 experiment@1#, should have a great impact on bo
the study of baryon-baryon interactions in the strangen
S522 sector and on the study of dynamics of many-bo
systems with multistrangeness. The importance of this ev
derives from complete identification of all elements of t
decay process and the precise experimental value of theLL-
binding energyBLL57.2560.1960.11

0.18 MeV @1#, which leads
to a smaller LL binding, DBLL51.0160.2060.11

0.18 MeV,
than the previous value ofDBLL54.660.5 MeV @3#. Some-
times emulsion events involve ambiguities related to the
ficulty of identifying the emission of neutral particles such
neutrons andg rays. In the NAGARA event, however, th
production of L L

6 He has been uniquely identified, free fro
such an ambiguity, on the basis of the observed seque
weak decays.

Historically, in the 1960s, there appeared two reports
the observation of double-L hypernuclei, L L

10Be @2#, and

*Permanent address: Laboratory of Physics, Osaka Elec
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L L
6 He @3#, but the validity of the latter case was consider

doubtful@4#. Two decades later the modern emulsion-coun
hybrid technique has been applied in the KEK-E176 exp
ment @5#, in which a new double-L hypernucleus event wa
found but no unique identification has been made so far: O
explanation has thatL L

10Be leads to a repulsiveLL interac-
tion (DBLL,0), while the other possibility involvingL L

13B
leads to an attractiveLL interaction@6,7#. In the latter case,
the extracted strength of theLL interaction is attractive with
DBLL.4 MeV. Although the latter option seems consiste
with the old data ofL L

10Be @2#, the substantially attractive
LL interaction has not been convincing.

In strangeness nuclear physics, the most fundame
problem is to understand the different facets of interactio
among the octet of baryons (N, L, S, J) in a unified way.
Our detailed knowledge of theS50 NN sector is based
on the rich database ofNN scattering. Recent studies forS
521 many-body systems such asL hypernuclei have clari-
fied interesting features of theLN and SN interactions in
spite of scarce data for the free-space scattering. On the o
hand, for the baryon-baryon interactions with theS522
sector, there is presently no experimental information fr
two-body scattering experiments. Therefore, the obser
LL bond energies of double-L hypernuclei should be able
to provide the only reliable source of information on theS

o-
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522 interaction, and such data play a pivotal role in det
mining the strength of the underlyingLL interactions.

In view of this, the NAGARA event is an epoch-makin
one, which provides us with a new basis for modeling
LL interaction and understanding all other double-L hyper-
nuclei. In recent years several experiments have been
formed to produceS522 systems~E176 and E373 at KEK,
E885 and E906 at BNL!, and some of the data analyses a
still in progress. Their goal is to obtain novel information o
the S522 interactions.

Stimulated by this exciting experimental situation, w
have performed careful theoretical calculations of doubleL
hypernuclei from a new viewpoint. We think it is timely t
make the NAGARA data for theL L

6 He binding energy a new
basis for a systematic study of double-L species. In order to
utilize the extractedLL interaction, we emphasize that hy
pernuclear calculations should be complete and sufficie
realistic to make structural ambiguity as negligible as p
sible. All the dynamic changes due toL interaction should be
fully taken into account. To satisfy these requirements
explore lightp-shell double-L hypernuclei (A56 –10) com-
prehensively using microscopic three- and four-body mod
As a result of these systematic, realistic calculations, we
give reliable predictions of both the ground-state binding
ergies and possible excited-state energies, which should
courage double-L hypernuclear spectroscopic studies in t
near future.

So far several cluster models have appeared to estim
the ground-state binding energies of double-L species: Based
on the earlier data ofL L

6 He and L L
10Be, Takaki et al. @8#

applied a simplified version of thea1x1L1L cluster
model toA56 –10 systems in which they imposed seve
angular-momentum restrictions and neglected rearrangem
channels. Bodmer and co-workers@9,10# performed varia-
tional Monte Carlo calculations fora1L1L and a1a
1L1L to investigate consistency between theLL-binding
energies,BLL(L L

6 He) andBLL(L L
10Be), although using the

earlier data. In the latter stage of this work, we encounte
the Faddeev-Yakubovsky calculations forL L

6 He and L L
10Be

by Filikhin and Gal@11# who restricted the equations to thes
wave. They compared their results with our previous clus
model calculation@13# which was performed with a wide
model space but a strongerLL interaction strength. In ou
previous work@13#, LL binding energies were calculated fo

L L
6 He and L L

10Be within the framework of thea1L1L
three-body model and thea1a1L1L four-body model, re-
spectively, where the adoptedLL interaction is taken to be
considerably attractive on the basis of the traditional int
pretation for the earlier double-L events.

In the present work, using aLL interaction based upon
the NAGARA datum, we extend this four-body model
more general cases consisting ofa1x1L1L systems with
x5n,p,d,t,3He, anda (L L

7 He, L L
7 Li, L L

8 Li, L L
9 Li, L L

9 Be,
and L L

10Be), where nuclear core parts are quite well rep
sented bya1x cluster models~see, for example, Ref.@14#!.
We emphasize that extensive calculations are presente
the first time forA57 –9 double-L species and that the ol
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predictions for L L
6 He and L L

10Be have been updated usin
the same model assumptions.

The four-body calculations are accurately performed
using the Jacobian-coordinate Gaussian-basis method
Refs.@15–21# with all the rearrangement channels taken in
account~see Ref.@21# for a test of the high accuracy of th
method in the case of a four-nucleon bound state with
realistic NN force!. In our model, structure changes o
nuclear cores caused by adding one and twoL particles are
treated precisely. Namely, we take into account the re
rangement effects onLL bond energies induced by chang
in nuclear cores. It is worthwhile to point out that the impo
tant effects of core excitations and core rearrangement
lacking in the frozen-core approximation used often for c
culations of double-L hypernuclei.

In our model, it is possible to determine theax andLx
interactions so as to reproduce all the existing binding en
gies of subsystems~a1x, x1L, a1x1L, anda1L1L!
in an a1x1L1L system, where that ofa1L1L is deter-
mined by the NAGARA event. This feature is important
an analysis of the energy levels of double-L hypernuclei and
in any prediction of theLL bond energies, because the am
biguities ofNN andLN effective interactions are renorma
ized by phenomenologically fitting the observed binding e
ergies of subsystems. Our analysis is perform
systematically for ground and bound excited states of
series ofa1x1L1L systems with no more adjustable p
rameters in this stage, so that these predictions offer im
tant guidance for the interpretation of the upcomi
double-L experiments and the level structure which shou
be observed.

In Sec. II, the microscopica1x1L1L four-body model
calculational method is described. In Sec. III, the interactio
are introduced. Calculated results are presented and
cussed in Sec. IV. A summary is given in Sec. V.

II. MODEL AND METHOD

In Ref. @13#, the present authors studiedL L
6 He andL L

10Be
using ana1L1L three-body model and ana1a1L1L
four-body model, respectively. In the same manner, we st
in this work the double-L hypernucleiL L

7 He, L L
7 Li, L L

8 Li,

L L
9 Li, L L

9 Be, and L L
10Be using as a basis thea1x1L

1L four-body model withx5n,p,d,t,3He, anda, respec-
tively. The d,t(3He) anda clusters are assumed to be ine
having the (0s)2, (0s)3, and (0s)4 shell-model configura-
tions, respectively, and are denoted byFs(x) with spin s

(51,1
2 or 0, respectively!.

All nine sets of the Jacobian coordinates of the four-bo
systems are illustrated in Fig. 1 in which we further take in
account the antisymmetrization between the twoL particles
and the symmetrization between twoa clusters whenx5a.
The total Hamiltonian and the Schro¨dinger equation are
given by

H5T1 (
(a,b)

Vab1VPauli, ~2.1!

~H2E!CJM~LL
A Z!50, ~2.2!
7-2
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whereT is the kinetic-energy operator andVab is the inter-
action between the constituent particle paira and b. The
Pauli principle between the nucleons belonging toa and x
clusters is taken into account by the Pauli projection oper
VPauli, which is explained in the next section, as well asVab .
The total wave function is described as a sum of amplitu
of the rearrangement channels (c51 –9) of Fig. 1 in theLS
coupling scheme:

CJM~LL
A Z!5 (

c51

9

(
n,N,n

(
l ,L,l

(
S,S,I ,K

CnlNLnlSSIK
(c)

3ALSa@F~a!$Fs~x! @x1/2~L1!x1/2~L2!#S%S

3$@fnl
(c)~r c!cNL

(c)~Rc!# Ijnl
(c)~rc!%K#JM . ~2.3!

Here the operatorAL stands for antisymmetrization be
tween the twoL particles, andSa is the symmetrization
operator for exchange ofa clusters whenx5a. x1/2(L i)
is the spin function of thei th L particle. Following
the Jacobian-coordinate coupled-rearrangement-cha
Gaussian-basis variational method of Refs.@15–21#, we take
the functional form offnlm(r ), cNLM(R), andjnlm

(c) (rc) as

fnlm~r !5r l e2(r /r n)2
Ylm~ r̂ !,

cNLM~R!5RL e2(R/RN)2
YLM~R̂!,

jnlm~r!5rle2(r/rn)2
Ylm~ r̂!, ~2.4!

where the Gaussian range parameters are chosen to
geometrical progressions:

FIG. 1. Jacobian coordinates for all the rearrangement chan
(c51 –9) of thea1x1L1L four-body system. TwoL particles
are to be antisymmetrized, anda andx are to be symmetrized whe
x5a.
02400
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r n5r 1an21 ~n512nmax!,

RN2R1AN21 ~N512Nmax!,

rn5r1an21 ~n512nmax!. ~2.5!

These basis functions have been verified to be suitable
describing both short-range correlations and the long-ra
tail behavior of few-body systems@15–21#. The eigenenergy
E in Eq. ~2.2! and the coefficientsC in Eq. ~2.3! are deter-
mined by the Rayleigh-Ritz variational method.

For the angular-momentum component of the wave fu
tion, the approximation withl ,L,l<2 was found to be suf-
ficient to obtain in getting satisfactory convergence of t
binding energies for the states concerned. Note that no t
cation of theinteractionsis made in the angular-momentum
space. As for the numbers of the Gaussian basis,nmax,Nmax,
andnmax, 4 –10 are enough.

In so far as the single-L hypernuclei L
6 He, L

6 Li, L
7 Li,

L
8 Li, L

8 Be, and L
9 Be are concerned, the wave functions a

described by Eq.~2.3! but with oneL particle omitted. As
for the core nucleus itself,a1x, the wave function is given
by

CJM~a1x!5(
n,l

CnlSaF~a!@Fs~x!fnl~r !#JM .

~2.6!

III. INTERACTIONS

In the study of double-L hypernuclei based on thea1x
1L1L four-body model, it is absolutely necessary to e
amine, before the four-body calculation, whether the mo
with the interactions adopted is able to reproduce reason
well the following observed quantities:~i! energies of the
low-lying states and scattering phase shifts of thea1x
nuclear systems,~ii ! BL of hypernuclei composed ofx1L, x
being d,t,3He, a, ~iii ! BL of hypernuclei composed ofa
1x1L, x being n,p,d,t,3He, a, and ~iv! BLL of L L

6 He
5a1L1L. We emphasize that these severe constra
were successfully met in the present model as mentio
below. This encourages us to perform the four-body calcu
tions, with no adjustable parameters at this stage, expec
high reliability of the results.

A. Pauli principle between a and x clusters

The Pauli principle between nucleons belonging toa and
x clusters is taken into account by the orthogonality con
tion model~OCM! @22#. The OCM projection operatorVPauli
is represented by

VPauli5 lim
l→`

l (
f

uf f~rax!&^f f~rax8 !u, ~3.1!

which rules out the amplitude of the Pauli-forbiddena2x
relative statesf f(rax) from the four-body total wave func
tion @23#. The forbidden states aref 50S for x5n(p), f
5$0S,0P% for x5d, f 5$0S,1S,0P,0D% for x5t(3He),

ls
7-3
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and f 5$0S,1S,0D% for x5a. The Gaussian range param
eterb of the single-particle 0s orbit in thea particle is taken
to beb51.358 fm so as to reproduce the size of thea par-
ticle. The same size is assumed for clustersx5d,t, and 3He,
to manage the Pauli principle while avoiding calculation
difficulty. In the actual calculations, the strengthl for VPauli
is taken to be 105 MeV, which is large enough to push th
unphysical forbidden states into the very high energy reg
while keeping the physical states unchanged. Usefulnes
this Pauli operator method of OCM has been verified
many cluster-model calculations.

In some calculations@9–12,24# of three-body systems in
cluding two or threea clusters, use is made of anaa poten-
tial with a strong repulsive core@25# so as to describe th
Pauli exclusion role which prevents the twoa clusters from
overlapping. But, it is well known@27# that this approximate
prescription of the Pauli principle is not suited for the ca
where the presence of the third particle makes the twoa
clusters come closer to each other; in other words, the
energy-shell behavior of the repulsive potential is not app
priate in the three-body system. As fora2N interaction, the
same thing was pointed out by Ref.@26# in the study of the
binding energies of6He and 6Li. Moreover, there is no
available potential reported for thea x systems (x5d,t, and
3He) of this type. Therefore, we do not employ this prescr
tion in the present systematic study of the structure chang
the a x systems due to the addition ofL particles. We take
the orthogonality condition model instead, which
suited even for the case of heavy overlapping between
two clusters.

B. a x interactions

Regarding the potentialsVax between the clustersa and
x, we employ those which have been often used in the OC
based cluster-model study of light nuclei. Namely, they
the VaN potential introduced in Ref.@28#, the Vad and Vat
potentials given in Ref.@14#, and theVaa potential used in
Ref. @29#, which reproduce reasonably well the low-lyin
states and low-energy scattering phase shifts of thea x sys-
tems. The potentials are described in the following par
dependent form with the central and spin-orbit terms:

Vax~r !5(
i 51

i max

Vie
2b i r

2
1(

i 51

i max8

~2 ! lVi
pe2b i

pr 2

1F(
i 51

i max9

Vi
lse2g i r

2
1(

i 51

i max-

~2 ! lVi
ls,pe2g i

pr 2G l•sx ,

~3.2!

wherel is the relative angular momentum betweena andx,
andsx is the spin ofx. In theaa system the spin-orbit term
is missing and the odd wave is forbidden by the Pauli pr
ciple. The additional Coulomb potentials are constructed
folding thepp Coulomb force into the proton densities of th
a and x clusters. The parameters in Eq.~3.2! are listed in
Table I ~we slightly modified the strength of the central for
02400
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in Vad and that of the spin-orbit force inVat to obtain better
agreement with the energy levels of6Li and 7Li, respec-
tively!.

C. Lx interactions

We derive the interaction between theL particle and thex
cluster by folding theG-matrix-type hyperon-nucleon~YN!
interaction ~the YNG interaction! into the density of thex
cluster in the same manner as our previous work
double-L hypernuclei@13#. TheYNGinteractions betweenL
and N are derived from theYN one-boson exchange~OBE!
models as follows: First theG-matrix equation is solved in
nuclear matter at eachkF , where the so-called QTQ prescrip

TABLE I. Parameters of~a! the aa interaction, ~b! the
a t (L3He) interaction,~c! the a d interaction, and~d! the a N
interaction defined in Eq.~3.2!. Size parameters are in fm22 and
strengths are in MeV. The1S0 scattering length is20.575 fm and
the effective range is 6.45 fm.

~a! a a interaction
i 1 2 3
b i 0.1111 0.2777 0.3309
Vi 21.742 2395.9 299.4
Vi

p 0.0 0.0 0.0

~b! at(a3He) interaction
i 1 2 3
b i 0.0913 0.1644 0.2009
Vi 6.9 243.35 251.7
b i

p 0.0913 0.1644 0.2009
Vi

p 6.9 43.35 251.7
g i 0.28
Vi

ls 21.2
g i

p 0.28
Vi

ls,p 1.2

~c! a d interaction
i 1
b i 0.2
Vi 264.21
b i

p 0.2
Vi

p 210.21
g i 0.3
Vi

ls 24.0
g i

p 0.3
Vi

ls,p 24.0

~d! a N interaction
i 1 2 3
b i 0.36 0.9
Vi 296.3 77.0
b i

p 0.2 0.53 2.5
Vi

p 34.0 285.0 51.0
g i 0.396 0.52 2.2
Vi

ls 220.0 216.8 20.0
g i

p 0.396 2.2
Vi

ls,p 6.0 26.0
7-4
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tion @30# is adopted for simplicity. Next the resultingG ma-
trix is simulated by a three-range Gaussian form with
strengths as a function ofkF . The obtainedYNGinteractions
are given in Ref.@30# as

vLN~r ;kF!5(
i 51

3 F ~v0,even
( i ) 1vss,even

( i ) sL•sN!
11Pr

2

1~v0,odd
( i ) 1vss,odd

( i ) sL•sN!
12Pr

2 Ge2m i r
2
,

~3.3!

where Pr is the space exchange~Majorana! operator. The
strengthsv ( i ) are represented as quadratic functions ofkF ;
see Eq.~2.7! of Ref. @30# and Table V of Ref.@13# for vari-
ous originalYN interactions. In the present work, we emplo
the Nijmegen modelD interaction~ND!.

The Lx interaction is derived by folding the abov
vLN(r ;kF) interaction into thex-cluster wave function. The
kF depends on the mass number of the clusterx. Because of
the operatorPr in Eq. ~3.3!, the resultantLx potential be-
comes nonlocal, the explicit form of which is given in th
Appendix of Ref.@13#. We summarize the functional form o
the local and nonlocal parts of theLx potentials as

VLx~r ,r 8!5(
i 51

3

~Vi1Vi
ssL•sx!e

2b i r
2
d~r2r 8!

1(
i 51

3

~Ui1Ui
ssL•sx!e

2g i (r1r8)22d i (r2r8)2
,

~3.4!

wheresL5sL/2. Table II lists the parameters in Eq.~3.4! for
the~a! La interaction,~b! Lt(L3He) interaction, and~c! Ld
interaction. They were determined in the following mann

~i! La interaction. TheLN spin-spin part vanishes whe
folded into thea particle. The odd-force contribution is neg
ligible in the L-binding energy ofL

5 He. We determined the
kF parameter askF50.925 fm21 in order to reproduce this
binding energy ~3.12 MeV! within the a1L two-body
model. TheLN odd force having the samekF was deter-
mined by tuning the magnitude ofv0,odd

(3) so as to reproduce
within the a1a1L model, theL-binding energy of the
1/21 ground state ofL

9 Be.
~ii ! Ld interaction. We determined the value ofkF

50.84 fm21 by fitting the experimentalL-binding energy of
the 1/21 ground state ofL

3 H within the d1L model where
theLN odd force plays a negligible role. The odd force w
determined, retaining the samekF , by reproducing the
L-binding energies of the 1/21

1 and 3/21
1 states ofL

7 Li within
the a1d1L model; we tunedv0,odd

(2) andvss,odd
(2) .

~iii ! Lt interaction. The experimentalL-binding energies
of the 01 and 11 states ofL

4 H were used to determine th
even force of theLN interaction. The magnitudes ofkF and
vss, even

(2) were adjusted to reproduce the energies,kF being
0.84 fm21. This value ofkF was substituted into thekF used
in the odd force of theLN interaction of theLd interaction
02400
e

:
with no other change. The resultingLt interaction repro-
duces, by chance, theL-binding energy of the 11 ground
state of L

8 Li within the a1t1L model; the calculated en
ergy is 6.80 MeV while the observed one is 6.8
60.03 MeV.

D. LN interaction in L L
7 He „L L

7 Li …

In the study of L L
7 He (L L

7 Li) within the a1N1L1L
model and of the subsystemL

6 He (L
6 Li) within the a1N

1L model, it is inappropriate to use theG-matrix-typeLN
interaction becauseLN correlations are fully taken into ac
count in our model space. Here, we employ a simple fr
spaceLN interaction with a three-range Gaussian for
which simulates the Nijmegen modelF ~NF! LN interaction.
Here, theSN channel coupling contribution is renormalize
into theLN single channel using the closure approximatio
The even- and odd-state parts of ourLN interaction are rep-
resented as follows:

VLN~r !5(
i 51

3 F ~v i
even1v i

even,ssL•sN!
11Pr

2

1~v i
odd1v i

odd,ssL•sN!
12Pr

2 Ge2m i r
2
. ~3.5!

TABLE II. Parameters of~a! the L a interaction, ~b! the
L t(L3He) interaction, and~c! the L d interaction defined in Eq.
~3.4!. Size parameters are in fm22 and strengths are in MeV.

~a! L a interaction
i 1 2 3
b i 0.2752 0.4559 0.6123
Vi 217.49 2127.0 497.8
Vi

s 0.0 0.0 0.0
g i 0.1808 0.1808 0.1808
d i 0.4013 0.9633 2.930
Ui 20.3706 212.94 2331.2
Ui

s 0.0 0.0 0.0

~b! Lt(L3He) interaction
i 1 2 3
b i 0.2874 0.4903 0.6759
Vi 214.16 2108.0 425.9
Vi

s 2.379 10.91 2126.9
g i 0.2033 0.2033 0.2033
d i 0.3383 0.8234 2.521
Ui 20.2701 29.553 2231.6
Ui

s 20.2615 1.433 97.05

~c! L d interaction
i 1 2 3
b i 0.3153 0.5773 0.8532
Vi 210.84 288.36 167.2
Vi

s 2.734 14.35 2179.9
g i 0.2710 0.2710 0.2710
d i 0.2470 0.4870 1.924
Ui 20.1862 25.844 23.065
Ui

s 20.2705 1.566 100.4
7-5
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First, the parameters are determined so as to simulate theLN
scattering phase shifts calculated with NF. Next, the seco
range strengthsv2

even andv2
even,s are adjusted so as to repro

duce theL-binding energies of the 01 and 11 states ofL
4 H

with the use of theN1N1N1L four-body model. Further-
more, strengthsv2

odd andv2
odd,s are adjusted within the frame

work of the a1L1n1p four-body model so as to repro
duce the observed binding energies of the ground-state
doublet, 1/21 and 3/21 of L

7 Li . Our resulting parameters in
Eq. ~3.5! are listed in Table III. We further found that th
energy of the ground state ofL

6 He (L
6 Li) measured from the

L
5 He-N threshold can be well reproduced with ourLN inter-
action in the a1N1L three-body calculation; forL

6 He
(L

6 Li), the calculated energy is20.17 MeV ~0.57 MeV!,
while the observed one is20.17 MeV ~0.59 MeV!.

E. L L interactions

In the present model, since theLL relative motion is
solved rigorously including the short-range correlations, i
not adequate to use theLL G-matrix interaction given in
Ref. @30#. However, ourLL interaction to be used in th
present calculation should be still considered as an effec
interaction, since the couplings toJN andSS channels are
not treated explicitly. Thus we employ theLL interaction
represented in the following three-range Gaussian form:

vLL~r !5(
i 51

3

~v i1v i
ssL•sL!e2m i r

2
. ~3.6!

It is enlightening here to keep some linkage to the O
models in determining the interaction parametersm i ,v i , and
v i

s( i 51 –3). In our previous work onL L
6 He and L L

10Be
@13#, the interaction parameters were chosen so as to s
late theLL sector of the ND interaction, which is a reaso
able model for the strong attraction suggested by the in
pretation of earlier double-L hypernuclei data. The
characteristic feature of ND is that there is only a sca
singlet instead of a scalar nonet, which gives a strongly
tractive contribution inLL as well asNN.

The other versions of the Nijmegen models@31–33# with
a scalar nonet lead to much weakerLL attractions, which
seems to be appropriate for the weakLL binding indicated
by the NAGARA event. The NF is the simplest among the
versions, which is adopted here as a guide to construct

TABLE III. Parameters of theL N interaction defined in Eq.
~3.5!, which is used only in thea1N1L anda1N1L1L sys-
tems (x5N). Size parameters are in fm22 and strengths are in
MeV.

L N interaction whenx5N
i 1 2 3
m i 0.5487 1.384 6.250
v i

even 210.40 287.05 1031
v i

even,s 0.2574 17.09 2256.3
v i

odd 25.816 218.29 4029
v i

odd,s 20.959 29.184 2573.8
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LL interaction: The outer two components of the abo
Gaussian potential (i 51,2) are determined so as to simula
the LL sector of NF, and then the strength of the core p
( i 53) is adjusted so as to reproduce the experimental va
of BLL(LL

6 He). The values of the parameters obtained
given in Table IV. It is interesting that the resultingLL
interaction is almost equivalent to the interaction obtained
multiplying the above ND-simulated interaction employed
Ref. @13# by a factor of 0.5.

IV. RESULTS AND DISCUSSION

Let us examine the calculated results for a series
double-L hypernuclei with thea1x1L1L structure (x
50,n,p,d,t,3He,a) studied in the microscopic four-bod
cluster model. In order to understand the role of twoL par-
ticles attached to the core nuclei, it is useful to compare
level structures of thea1x1L1L double-L hypernuclei
with those of the correspondinga1x nuclei and thea1x
1L single-L hypernuclei. Then, we can see clearly how t
ground and excited states ofa1x nuclei are changed due t
the addition of theL particles. It should be noted again he
that in the model description ofa1x1L1L, the observed
low-energy properties of thea1x nuclei and the existing
L-binding energies of thex1L and a1x1L hypernuclei
have been reproduced accurately enough to provide reli
predictions for double-L hypernuclei experiments, with no
adjustable parameters of the interactions in the four-b
calculations. That the threshold energies for every partit
into subcluster systems are reproduced is a necessary c
tion for a reliable cluster-model calculation.

A. Energy spectra

In Figs. 2–7, the calculated level structure ofa1x core
nuclei,a1x1L hypernuclei, anda1x1L1L hypernuclei
are illustrated side by side. All the ground and bound exci
states of double-L hypernuclei predicted in the prese
model are exhibited. In these figures, one sees clearly
injection into ana1x core nucleus of one and twoL par-
ticles leads to stronger binding of the whole system an
prediction of more bound states in most systems. But, th
is no bound ‘‘p orbit’’ of a L particle in single- or double-L
hypernuclei withA<10. In the bound states of double-L
hypernuclei, twoL particles are coupled toS50, and there-
fore the spins and parities are the same as those of its nu
core.

TABLE IV. Parameters of theL L interaction defined in Eq.
~3.6!. Size parameters are in fm22 and strengths are in MeV. The
1S0 scattering length is20.575 fm and the effective range is 6.4
fm.

L L interaction
i 1 2 3
m i 0.555 1.656 8.163
v i 210.67 293.51 4884
v i

s 0.0966 16.08 915.8
7-6
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Table V summarizes the calculated ground-state ener
for the double-L hypernuclei including the 21 excited state
of L L

10Be. The results are expressed in terms of two qua
ties: One is the total energy measured from the brea
threshold ofa1x1L1L, which is denoted asELL . The
other isBLL, which is the binding energy of twoL particles
with respect to the ground-state nuclear corea1x.

The calculated values ofBLL can be compared with som
experimental data, though the data are quite limited
present. The most recent and precise data of the NAGA
event are used as a basic input of our model, so that ourLL
interaction is adjusted to reproduce the experimental va
BLL

exp(LL
6 He)57.2560.1960.11

0.18 MeV @1#. It is of particular
interest to compare the present result with another da
which is not used in the fitting procedure. There is an ev

FIG. 2. Calculated energy levels of5He, L
6 He, and L L

7 He on
the basis of thea1n, a1n1L, anda1n1L1L models, respec-
tively. The level energies are measured from the particle brea
thresholds.

FIG. 3. Calculated energy levels of5Li, L
6 Li, and L L

7 Li on the
basis of thea1p, a1p1L, and a1p1L1L models, respec-
tively. The level energies are measured from the particle brea
thresholds.
02400
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FIG. 4. Calculated energy levels of6Li, L
7 Li, and L L

8 Li on the
basis of thea1d, a1d1L, and a1d1L1L models, respec-
tively. The level energies are measured from the particle brea
thresholds or are given by excitation energiesEx .

FIG. 5. Calculated energy levels of7Li, L
8 Li, and L L

9 Li on the
basis of thea1t, a1t1L, anda1t1L1L models, respectively.
The level energies are measured from the particle breakup thr
olds or are given by excitation energiesEx .
7-7
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FIG. 6. Calculated energy levels of7Be, L
8 Be, andL L

9 Be on the
basis of thea1 3He, a1 3He1L, anda1 3He1L1L models,
respectively. The level energies are measured from the par
breakup thresholds or are given by excitation energiesEx .

FIG. 7. Calculated energy levels of8Be, L
9 Be, and L L

10Be on
the basis of thea1a, a1a1L, and a1a1L1L models, re-
spectively. The level energies are measured from the par
breakup thresholds or are given by excitation energiesEx .
02400
found in the E373 experiment named theDemachi-Yanagi
event@34,35#; the most probable interpretation of this eve
is a bound state ofL L

10Be havingBLL
exp512.3360.21

0.35 MeV,
which is obtained by assumingBJ

exp50.1560.1
0.3 MeV. In the

emulsion analysis there is no direct evidence for the prod
tion of LL

10 Be in an excited state. However, if the produc

LL
10 Be is interpreted to be in the ground state, the result
LL bond energy becomes repulsive, contradicting the N
GARA event. From the viewpoint of the present study, t
Demachi-Yanagievent can be interpreted most probably
the observation of the 21 excited state inLL

10 Be; our calcu-
lated value ofBLL„LL

10 Be(21)… is 12.28 MeV, which agrees
with the above experimental value. This good agreem
suggests that our systematically calculated level structu
are predictive and useful for interpreting upcoming eve
expected to be found in the further analysis of the E373 d
Now it should be stressed that the above experimental da
on L L

10Be(21) leads to no information about the groun
state value ofBLL unless the theoretical value~2.86 MeV in
our case! of the excitation energy ofL L

10Be(21) is utilized.
On the other hand, the earlier experiment by Danyszet al.

@2# on the pionic decay ofLL
10 Be(01)→L

9 Be(1/21)1p
1p2 gave BLL

exp
„LL
10 Be(01)…517.760.4 MeV. This value

has been used for a long time, which implies a strongly
tractiveLL interaction. However, it should be noted that t
authors also suggested the possibility of another de

LL
10 Be(01)→ L

9 Be(3/21,5/21)1p1p2 ~Table 5 of Ref.
@2#!; the same was pointed out in Ref.@12#. In this case, the
value of BLL

exp
„L L

10Be(01)… is modified to 14.660.4 MeV,
which is obtained by using 3.05 MeV@36# as the excitation
energy ofL

9 Be(3/21,5/21). This modified value turns out to
not contradict our calculated value, 15.14 MeV. A simil
reinterpretation, with the hypernuclear excited states ta
into account, may be needed also for the E176 event wh

TABLE V. Calculated energies of the ground states ofA
56 –10 double-L hypernuclei based on thea1x1L1L four-
body model (x50,n,p,d,t,3He, anda). ELL are measured from
the a1x1L1L threshold. TheLL bond energyV LL

bond is defined
by Eq. ~4.1!. Information on the 21 excited state ofL L

10Be is spe-
cially added so as to demonstrate the agreement with the ex
mental result.

Jp ELL BLL BLL
exp V LL

bond

~MeV! ~MeV! ~MeV! ~MeV!

L L
6 He 01 27.25 7.25 7.2560.19a 0.88

L L
7 He 3

2
2 28.47 9.36 0.96

L L
7 Li 3

2
2 27.48 9.45 0.95

L L
8 Li 11 212.10 11.44 0.98

L L
9 Li 3

2
2 217.05 14.55 0.98

L L
9 Be 3

2
2 216.00 14.40 0.97

L L
10Be 01 215.05 15.14 17.760.4b 0.93

14.660.4b

L L
10Be 21 212.19 12.28 12.3360.21

0.35 c 0.93

aReference@1#.
bReference@2#. Also see text for the second value.
cReferences@34,35#.
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was identified asL L
13B (L L

10Be) with a strongly attractive
~repulsive! LL interaction.

Thus, we have understood the consistency between
experimental data and our theoretical results forL L

10Be. We,
therefore, discuss the level structures of double-L hypernu-
clei in more detail. As seen in Figs. 2–7 and Table V, theL
particle plays a gluelike role, so that a whole system
comes more strongly bound. This effect in a doubleL
nucleus is more enhanced than in the corresponding singL
nucleus. One can see a typical example in the case ofL L

7 Li
in Fig. 3. For the unbound nuclear system5Li, a single L
cannot make a bound system ofL

6 Li, but the addition of one
more L particle leads to a bound system ofL L

7 Li whose
ground state is weakly bound with respect to theL L

6 He1p
threshold.

The bound excited states of double-L hypernuclei pre-
dicted in the present cluster model are summarized as
lows: In L L

7 He and L L
7 Li, the ground states are both boun

but no excited states are predicted. Needless to say, ther
no bound excited states in double-L hypernuclei withA<6
since there is no bound excited state in their core nuclei.
lightest double-L hypernucleus that has at least one exci
state isL L

8 Li. In L L
8 Li we predict twoT50 excited states in

the bound-state region. One might expect to see aT51,01

bound excited state inL L
8 Li, which would correspond to the

T51,01 state in 6Li at Ex53.56 MeV, but the state is no
shown in Fig. 4 because theT51 state may have a five-bod
structure and is outside the scope of the present clu
model. We predict three bound excited states inL L

9 Li
(L L

9 Be). There is one bound excited state inL L
10Be as men-

tioned before. It will be challenging to discover these exci
states one by one as well as the ground states.

B. Dynamical change of the core nucleus

It is interesting to look at the dynamical change of t
a1x nuclear cores, which occurs due to the injection of t
L particles. The possibility that a nuclear core shrinks wh
a L particle is added was pointed out using thea1x1L
cluster model for lightp-shell L hypernuclei@37#. An up-
dated calculation@38# specifically predicted a 21% shrinkag
in size in L

7 Li. The recent measurement of theg-ray transi-
tion rate in L

7 Li @39# has confirmed quantitatively the shrink
age effect predicted in both the old calculation and the
dated one. It is quite reasonable, therefore, that in a doubL
hypernucleus the participation of one moreL particle can
induce further shrinkage of the nuclear core. Such an ef
has been also investigated systematically using the molec
orbital model for nL

81nBe(n5124)5a1a1nL @40#.
In order to see such a shrinkage effect, we show th

physical quantities: First, in Table VI we list the rms distan
betweena and x, r̄ ax . As the number of theL particles
increases,r̄ ax turns out to shrink significantly due to th
gluelike role of the boundL particles. For example, one se
r̄ ax changing as 4.10→3.44→3.16 fm for 6Li→L

7 Li
→L L

8 Li. Participation of the secondL gives rise to about an

8% reduction ofr̄ ax except forx5n. Second, in more detail
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we demonstrate in Fig. 8 the change of thea2n two-body
density ~correlation function! r(r an) in 5He, L

6 He, and

L L
7 He whenL particles are added, which again manifests

shrinkage effect. Third, this shrinkage effect is seen in
large change of the expectation value of the relative kine
energy,̂ Tax&, and that of the potential energy,^Vax&, in the
a2x subsystems. When thea andx clusters approach eac
other, the increase of^Tax& overcomes the gain in̂Vax&, and
the sum^Tax1Vax& increases appreciably. In spite of th
energy loss in thea2x core system, the core shrinkage
realized because of the larger energy gain of theL2a and
L2x parts.

TABLE VI. Calculated rms distances betweena andx, r̄ ax , in
core nuclei, single-L hypernuclei, and double-L hypernuclei (x
5n,d,t,a). The expectation values of the kinetic energy and
potential energy betweena and x, ^Tax&, ^Vax&, and ^Tax1Vax&
are also listed. For5He and8Be, r̄ a2x are not calculated since the
are resonant states.

r̄ ax ^Tax& ^Vax& ^Tax1Vax&

5He 7.86 26.97 0.89

L
6 He 5.79 11.38 29.92 1.46

L L
7 He 3.92 15.19 211.95 2.24

6Li 4.10 11.59 213.06 21.47

L
7 Li 3.44 15.59 216.70 21.11

L L
8 Li 3.16 18.86 219.54 20.68

7Li 3.69 17.45 219.95 22.50

L
8 Li 3.30 21.85 224.00 22.15

L L
9 Li 3.05 26.74 228.33 21.59

8Be 7.21 27.12 0.09

L
9 Be 3.78 14.90 214.14 0.76

L L
10Be 3.44 19.49 217.96 1.53

FIG. 8. The a2n two-body densities~correlation functions!
r(r an) of 5He(3/22), L

6 He(12), and L L
7 He(3/22). Here,r(r an) is

multiplied by r an
2 .
7-9
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C. LL bond energy

In Fig. 9 we display the contributions of theLL interac-
tion to the total binding energies of double-L hypernuclei

LL
A Z. Here the calculated values ofBLL(LL

A Z) in the ground
states are shown by closed circles. In order to extract
contribution of theLL interaction, we perform the same ca
culations by puttingVLL50. The obtained values are de
noted asBLL(LL

A Z; VLL50) and shown by open circles i
the figure. It should be noted that the effect of the dynam
change of thea1x core due to theLN interactions is in-
cluded in the four-body estimate ofBLL and BLL(VLL

50). Since theLL interaction is not so strong compare
with the LN interaction, the core-rearrangement effects
cluded inBLL andBLL(VLL50) are similar to each other
Then, naturally the pure effect of theLL interaction is given
by the difference

V LL
bond~LL

A Z![BLL~LL
A Z!2BLL~LL

A Z;VLL50!. ~4.1!

We considerV LL
bond as theLL bond energy which should b

determined essentially by the strength of theLL interaction.
Now in Fig. 9, we find that the magnitude ofV LL

bond, the
energy difference between the closed and open circles
almost constant at;1 MeV for all the double-L hypernuclei
with A56 –10. The detailed values ofV LL

bond are listed in
Table V.

So far the following intuitive formula has been often us
to estimate theLL interaction strength:

DBLL~LL
A Z![BLL~LL

A Z!22BL~L
A21Z!. ~4.2!

It is worthwhile to point out the problems underlying in th
formula: This expression includes three problems wh
come from~i! the mass-polarization term of the three-bo

FIG. 9. Calculated values ofBLL(LL
A Z) in the ground states

given by closed circles. The same quantities but calculated by
ting VLL50, namely, BLL(LL

A Z; VLL50), are shown by open
circles.
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kinetic-energy operator,~ii ! the LN spin-spin interaction,
and ~iii ! the dynamical change of the core-nuclear structu

Problem ~i! is understood as follows: In thea1L1L
three-body model forL L

6 He ~generally,a may be replaced
by a spinless frozen-core nucleus!, if one takes thenon-
Jacobian coordinate setraL1

and raL2
, the Schro¨dinger

equation may be written, in a self-explanatory notation, a

F2
\2

2maL1

¹aL1

2 2
\2

2maL2

¹aL2

2 2
\2

ma
“aL1

•“aL1
1VaL1

1VaL2
1VL1L2

2EGCJM~LL
6 He!50. ~4.3!

If the third term of the kinetic energy, the so-called mas
polarization term, andVL1L2

are neglected, we have th

trivial solution 2E(5BLL)52BL . Therefore, the quantity
DBLL5BLL22BL stands for the contribution from the tw
neglected terms. InL L

6 He, the contribution toBLL from the
mass-polarization term is10.13 MeV, which explains the
difference betweenDBLL51.01 MeV and theLL bond en-
ergy V LL

bond50.88 MeV in Table V. This contribution de
creases rapidly as the core-nuclear mass incre
(10.01 MeV in L L

10Be).
Next, we discuss the second problem, the effect of

LN spin-spin interaction onDBLL of Eq. ~4.2!. In Fig. 10,
the calculated values ofDBLL are illustrated by the dashe
bars. One notices clearly thatDBLL has a peculiar mas
dependence, which suggests that some interesting me
nism is acting. It should be remarked here, however, that
was already pointed out by Danyszet al. @2#, the traditional
definition of Eq.~4.2! is of simple meaning only when th
nuclear core is spinless. On the other hand, in the case
nuclear core with spin, the single-L binding energyBL to be
subtracted fromBLL is distributed over the ground-stat
doublet of the corresponding single-L hypernucleus.

Here, we remark that theLN spin-spin interaction is no
effective ~canceled out! in the double-L hypernuclei having
LL spin-singlet pairs. In the parent single-L hypernuclei,

t-

FIG. 10. Calculated values ofDBLL(LL
A Z) defined in Eq.~4.2!.
7-10
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however, the spin-spin interaction plays an important role
giving rise to the energy splitting of the ground-state doub
The typical example known experimentally is the spin do
blet in L

7 Li with J5 1
2

1 ~ground; BL55.58 MeV) andJ
5 3

2
1(Ex50.69 MeV; BL54.49 MeV). One should use th

spin-averaged valueB̄L(L
7 Li) 5 1

3 BL( 1
2 g.s.

1 )1 2
3 BL( 3

2
1) in-

stead ofBL( 1
2 g.s.

1 ) when one wants to deduceDBLL from the

L L
8 Li(1 1) ground-state data, if any. If we adopt this pr

scription also for the adjacent systems, we should use

B̄L~L
6 He!5

3

8
BL~1g.s.

2 !1
5

8
BL~22!54.04 MeV,

B̄L~L
6 Li !5

3

8
BL~1g.s.

2 !1
5

8
BL~22!54.35 MeV,

B̄L~L
7 Li !5

1

3
BLS 1

2g.s.
1 D1

2

3
BLS 3

2
1D55.12 MeV,

B̄L~L
8 Li !5

3

8
BL~1g.s.

2 !1
5

8
BL~22!56.61 MeV,

B̄L~L
8 Be!5

3

8
BL~1g.s.

2 !1
5

8
BL~22!56.52 MeV.

Here,BL of the excited states are taken from our calculati
In general, we have

B̄L~L
A21Z!5

J0

2J011
BL~L

A21Z;J15J02 1
2 !

1
J011

2J011
BL~L

A21Z;J15J01 1
2 !,

whereJ15J06 1
2 denote the doublet spins of thea1x1L

system,J0 being the ground-state spin of thea1x nuclear
core. For the two spinless cases (x50 and a), need-

less to say, B̄L(L
5 He)5BL(L

5 He;1
2 g.s.

1 ) and B̄L(L
9 Be)

5BL(L
9 Be;1

2 g.s.
1 ).

Thus, replacingBL with B̄L in Eq. ~4.2!, we modify
DBLL by DB̄LL as

DB̄LL~LL
A Z![BLL~LL

A Z!22B̄L~L
A21Z!. ~4.4!

In Fig. 11, the solid bars illustrateDB̄LL . ThoughDB̄LL is
free from the effect of theLN spin-spin interaction, its mag
nitude for A57 –10 deviates significantly fromDB̄LL

(L L
6 He)51.01 MeV. The deviation comes from the effect

the dynamical change in the core-nucleus structure~shrink-
age in thea2x distance! due to the interaction of theL
hyperons, and turns out to be a maximum in the case

L L
10Be. We emphasize that, even if one employsDB̄LL , it is

impossible to extract any consistent value of theLL bond
energy from Fig. 11 in whichDB̄LL scatters in a range of
factor of 2.
02400
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As mentioned above, a consistent estimate of theLL
bond energy (0.9–1.0 MeV, nearly independent of the m
number, as seen in Table V! can be obtained by takingV LL

bond

of Eq. ~4.1! as the definition of that energy, though help
the theoretical calculation withVLL50 is necessary.

V. SUMMARY

We have carried out structure calculations forL L
6 He,

L L
7 He, L L

7 Li, L L
8 Li, L L

9 Li, L L
9 Be, and L L

10Be taking the
framework of an a1x1L1L model with x
50,n,p,d,t,3He, anda, respectively. We determined the in
teractions between constituent particles so as to reprod
reasonably the observed low-energy properties of thea1x
nuclei and the existing data ofL-binding energies of thex
1L and a1x1L systems. TheLL interaction was con-
structed so as to reproduceBLL(L L

6 He) given by the
NAGARA event within our a1L1L model, where the
long-range part of our interaction was adjusted to simul
the behavior of the appropriate OBE model~NF!. With no
additional adjustable parameters, the four-body calculati
for thea1x1L1L systems were performed accurately u
ing the Jacobian-coordinate Gaussian-basis coup
rearrangement-channel method. The obtained energy sp
of the double-L hypernuclei withA56 –10 are summarized
in Fig. 12.

The major results to be emphasized are as follows.
~1! It is striking that the calculatedBLL of the 21 excited

state in L L
10Be, 12.28 MeV, agrees with the experiment

value BLL
exp(L L

10Be)512.3360.21
0.35 MeV in the Demachi-

Yanagievent@34,35#. We therefore interpret this event as th
observation of the 21 excited state ofL L

10Be. The agreemen
suggests that our systematic calculations are predictive
upcoming events expected to be found in the further anal
of the E373 data, etc.

~2! Together with the energy spectrum of each doubleL
hypernucleus, those of the corresponding core nucleus
single-L hypernucleus are exhibited side by side in Figs. 2
so one can see clearly that the injection of one and twoL

FIG. 11. Calculated values ofDB̄LL(LL
A Z) defined in Eq.~4.4!.
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FIG. 12. Summary of the en
ergy levels of the double-L hyper-
nuclei L L

6 He, L L
7 He, L L

7 Li,

L L
8 Li, L L

9 Li, L L
9 Be, and L L

10Be
calculated using thea1x1L
1L model with x
50,n,p,d,t,3He, and a, respec-
tively.
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particles leads to stronger binding of the whole system
the prediction of more bound states in most systems. In
bound states of any double-L hypernucleus, twoL particles
are dominantly coupled toS50 and hence the spin and pa
ity are the same as those of its nuclear core. Nevertheles
theoreticalBLL values are of importance to guide the ana
sis of the emulsion experiments.

~3! The dynamical change of thea1x nuclear core due to
the interaction of theL particles is seen in double-L hyper-
nuclei; there occurs, on average, about an 8% shrinkag
the a2x rms distance compared with that in the singleL
hypernucleus. This shrinkage comes about because o
large energy gain in theL2a andL2x subsystems, which
overcomes the energy loss in thea2x relative motion.

~4! We estimated theLL bond energy using our new defi
nition V LL

bond5BLL2BLL(VLL50) and found it to be 0.88
MeV for L L

6 He and 0.9320.98 MeV for the other double-L
hypernuclei. We demonstrated that the quantityDBLL

5BLL22BL is not a good measure of theLL bond energy,
since DBLL is contaminated by the contribution from th
splitting of the ground-state doublet in the single-L hyper-
nucleus and that of the structure change of the core nucl
In fact, the value ofDBLL scatters from 0.28 to 1.68 MeV
for the double-L hypernuclei withA56 –10. We then modi-
fied DBLL by DB̄LL5BLL22B̄L with B̄L being the spin
.
r. A

02400
d
e

the
-

of

he

s.

average ofBL’s for the ground-state spin doublet. We foun
however, thatDB̄LL still ranges from 0.75 to 1.68 MeV du
to the structure change of the core nucleus. Direct use
BLL rather thanDBLL or DB̄LL is recommended when ex
perimental results and calculational results are compare
each other.

In conclusion, it is our intention that these extensive fo
body cluster-model calculations should serve to motivate
tensive spectroscopic studies of double-L hypernuclei.
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