
RAPID COMMUNICATIONS

PHYSICAL REVIEW C 66, 022201~R! ~2002!
Simultaneous softening ofs and r mesons associated with chiral restoration
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Complex poles of the unitarizedp-p scattering amplitude in nuclear matter are studied. Partial restoration
of chiral symmetry is modeled by the decrease of in-medium pion decay constantf p* . For large chiral resto-
ration (f p* / f p!1), second sheet poles in the scalar (s) and the vector (r) mesons are both dictated by the
LambertW function and show universal softening asf p* decreases. In-mediump-p cross section receives
substantial contribution from the soft mode and exhibits a large enhancement in low-energy region. Fate of this
universality for small chiral restoration (f p* / f p;1) is also discussed.
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An analogy between in-medium hadrons in QCD and c
lective modes in condensed matters suggests that had
spectral functions and complex hadronic-poles have imp
tant information on chiral structure of hot/dense matter@1#.
In particular, the light vector mesons (r,v,f) @2# and the
light scalar meson (s) @3# have been proposed to be possib
probes of partial restoration of chiral symmetry. Properties
in-medium vector mesons may be extracted through dilep
emission from hot and/or dense matter. In fact, relativis
heavy ion experiments in SPS at CERN indicate some s
tral broadening and/or shift of ther @4,5#. Dileptons ob-
served in proton-nucleus reactions at KEK also sugge
low-mass spectral enhancement in the vector channel@6#.

Thes meson, on the other hand, has been thought to
direct but difficult probe of chiral restoration because of
obscure nature in the vacuum. Nevertheless, there a
growing interest in recent years to thes in nuclear matter
inspired by new experimental data of thep-p invariant mass
distribution in (p,pp) @7–9# and (g,pp) @10# reactions
with nuclear targets@11,12#. They suggest some spectr
change of the two-pion final states in theI 5J50 channel (I
and J being the total isospin and total angular momentu
respectively!. Theoretically, thes pole located deep in the
complex energy plane may move toward the real axis@3# and
behave as an important precursory mode if the partial ch
restoration occurs@12–14#.

The main aim of this Rapid Communication is to inves
gate a common mechanism dictating the behavior of bots
and r when the partial chiral restoration takes place
nuclear matter. For this purpose, we study complex pole
the p-p scattering amplitude in nuclear matter calculated
unitarized chiral models. To make reliable unitarization a
analytic continuation of the scattering amplitude to comp
energies, we adopt theN/D method@15–17# which respects
the analyticity and approximately satisfies the crossing s
metry. As for the chiral models to be unitarized, we ado
four complementary models shown below. They are usefu
check the model dependence of the final results.

Model A: The ‘‘r model’’ @18,19# wherep and bare-r are
the basic degrees of freedom. The physicals is generated
dynamically in this model.

Model B: The ‘‘s model’’ @19,20# wherep and bare-s are
the basic degrees of freedom. The physicalr is generated
dynamically in this model.
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Model C: The ‘‘degenerater-s model’’ @16# where p,
bare-r, and bare-s are all basic degrees of freedom.

Model D: The leading order chiral lagrangianL2, by
which thes pole is generated dynamically while the physic
r is not @21#.

To incorporate the effect of chiral symmetry restoration
these models, we replace the pion decay constantf p by an
in-medium decay constantf p* which is expected to decreas
in nuclear matter@3#. In the s models, this replacement i
approximately justified in the mean-field level where the
fect of the Fermi-sea is absorbed in the redefinition off p
@14#. In general, there arise two decay constants in the
dium: f p,t* which is related to the temporal component of t
axial current, andf p,s* which is related to the spatial compo
nent of the axial current. In the qualitative study given belo
we will not consider this complication. For more discussio
on f p* , see recent papers@22#.

As for the parameters such as the masses of bare-r and
bare-s and their couplings top, we keep them density inde
pendent, partly because it is a simplest possible choice
partly because their density dependence is not known. N
ertheless, we shall show that, in all the above models, th
arisesimultaneoussoftening ofs and r driven by the de-
crease off p* . This is the first strong indication that both th
scalar and vector mesons serve as chiral soft modes. To
tract essential physics of the soft modes without compli
tion due to the finite pion mass, we will work in the chir
limit below.

Thep-p scattering amplitude and associate phase shif
the vacuum (f p593 MeV) in Model Chas been studied in
@16# by using theN/D method. We briefly recapitulate it
essential parts which are necessary for the analyses in
paper. The invariant amplitude for the elastic processpa

1pb→pc1pd is written asMabcd(s,t)5A(s,t)dabdcd1
~crossing terms!, wherea,b, . . . denote isospin indices an
s,t are the Mandelstam variables. The tree-level amplitu
Atree(s,t) is parametrized by the contactp-p interaction
from L2 together with the exchange of bare-s in thes chan-
nel and the bare-r exchange int,u channels@16#. Then the
partial wave amplitudea

IJ
has a general form

a
IJ

tree~s!5b
IJ

s1 (
a5s,r

b
aIJ
8 f a~s/m̄a

2 !. ~1!
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Herem̄s(r) is the mass of the bare-s (-r). The first term in
the right-hand side of Eq.~1! is a model-independentpart
whereb

IJ
is the low energy constant solely determined

chiral symmetry,

b005
1

16p f p
2

, b2052
1

32p f p
2

, b115
1

96p f p
2

. ~2!

The second term in Eq.~1! is a model-dependentpart where
the coefficientb

aIJ
8 is proportional toga

2 with ga being a

strength of the coupling ofa with two pions. f a(s/m̄a
2) be-

haves asO(s2) for s→0. We takem̄s5` ~Model A!, m̄r

5` ~Model B!, andm̄s,r5` in Model D. For Model C, we
take the same constraints as Ref.@16#, namely,gs5gr and
m̄s5m̄r .

In the N/D-method, the full amplitude is written

a
IJ

5
NIJ

DIJ
, ~3!

whereNIJ (DIJ) has a left-~right-! hand cut in the complex
s plane. The elastic unitarity implies ImDIJ(s.0)52NIJ .
For the numerator function, we takeNIJ(s)5a

IJ

tree(s) to-

gether withDIJ(0)51, which are consistent with the bound
ary conditiona

IJ
(s→0)→b

IJ
s obtained from chiral symme

try. Then the dispersion relation forDIJ(s) reads

DIJ~s!5
1

pE0

`

ds8
2a

IJ

tree~s8!

s82s2 i e
1~subtraction!. ~4!

Sincea
IJ

tree(s→`)}s, two subtractions are necessary to ma

DIJ(s) finite. Namely, two unknown parameters appear. O
of them can be fixed byDIJ(0)51 mentioned above. An
other one, which is written asd

IJ
8 (m) below, should be de-

termined empirically at some energy scalem. Thus the final
form of the denominator function reads

DIJ~s!512d
IJ
8 ~m!s

1
1

p S b
IJ

s ln
2s

m2
2 (

a5s,r
b

aIJ
8 da~s/m̄a

2 !D . ~5!

Hereda(x) is obtained by the dispersion integral off a(x) in
Eq. ~1!. Note thatDIJ(s) is m independent as a whole.

For our purpose, we need~i! to find complex poles of
a

IJ
(s) @or equivalently the complex zeros ofDIJ(s)# in the

second Riemann sheet of thes plane, and~ii ! to find trajec-
tories of those poles as a function off p* . In Eq. ~5!,
log(2z) and da(z) have multivalued structure.da(z) con-
tains both ln(2z) and the Spence function Sp(z)5
2*0

zdy ln(12y)/y @16#. The former~latter! has a branch cu
along the real axis for Rez>0 (Rez>1). Then the analytic
continuation of the Spence function to the second sheet r
02220
e

e

ds

SpII~z!5SpI~z!12p i •Ln~z!, ~6!

wherez is located in the lower half plane and Ln(z)[ lnuzu
1iu (2p,u<p). The superscript I~II ! indicates the first
~second! sheet@23#.

Here we mention briefly the determination of the u

known parameters (d
IJ
8 , ga , andm̄a! in each model. InMod-

els A, B, andC, gr is fixed to begr
2/4p52.72 for reproduc-

ing ther width. In Model BandC, gs is assumed to be the
same asgr following Ref. @16#. Remaining parametersd118

andm̄a are adjusted by making a global fit to the experime
tal phase shift in theI 5J51 channel up to 1 GeV@24#.
Then,d008 andd208 are determined uniquely fromd118 by the
constraints obtained from the matching to theO(p4) chiral
Lagrangian for smalls @16,25#. For Model D, dIJ8 is directly
extracted from the coefficientsL1,2

r (m) in the O(p4) chiral
Lagrangian. TheI 5J51 phase shift is not reproduced i
Model D, since onlyL2 is considered@21#. The results are
listed in Table I for each model. We take the standard cho
m50.77 GeV in determining the parameters. We ha
checked that the experimental phase shift in the (I ,J)
5(0,0) and (I ,J)5(2,0) channels is reproduced quite we
within the experimental error bars inModels BandC below
0.9 GeV.Models AandD also show a qualitatively reason
able fit in the above channels at low energies. Howev
Model Aunderestimates attraction for (I ,J)5(0,0) above 0.6
GeV. Also,Model D overestimates the attraction and repu
sion above 0.4 GeV for (I ,J)5(0,0) and (I ,J)5(2,0), re-
spectively.

Before making numerical analysis ofDIJ(s)50, let us
first discuss its solution for small values ofs where Eq.~5!
may be approximated as

DIJ~s!.11~b
IJ

/p!s ln~2s/M2!, ~7!

in all four models. Here we have neglectedO(sn>2) terms
and M is a m-independent scale defined asM2

[m2ed8(m)p/b. Then a solution on the second Riemann sh
in (I ,J)5(0,0),(1,1) channels reads

TABLE I. The bare massm̄a andd118 extracted from the globa
fit of the phase shift in theI 5J51 channel up to 1 GeV@24#. For
Model D, we useL1

r (m)50.431023 and L2
r (m)51.431023 @26#

to extract d
IJ
8 at m50.77 GeV. d008 obtained fromd118 is also

shown.

Model m̄a (GeV) d118 (GeV22) d008 (GeV22)

A m̄r50.774 20.385 0.171

B m̄s50.838 1.66 23.04

C m̄r,s50.778 20.342 20.0855

D 2 0.277 2.19
1-2
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s
IJ

52~p/b
IJ

!•@W21~p/b
IJ

M2!#21 ~8!

→
2F

IJ
* 2

Ln@2~F
IJ
* 2/M2!/Ln~F

IJ
* 2/M2!#2 ip

, ~9!

whereW21(z) is the (21)th branch of the LambertW func-
tion @27#. From Eq. ~8! to Eq. ~9!, we have used an
asymptotic expansion ofW21(z) valid for small and positive
z @28#. Also, F

00
* 54p f p* andF

11
* 5A6F

00
* . Equation~9! ex-

FIG. 1. The shift of the pole position in theI 5J51 channel
associated with the decrease off p* . Two kinds of flows exist: one

toward the origin and the other towardm̄r on the real axis. Crosse
are the pole positions in the vacuum.

FIG. 2. The shift of the pole position in theI 5J50 channel
associated with the decrease off p* . Two kinds of flows exist: one

toward the origin and the other towardm̄s on the real axis. Crosse
are the pole positions in the vacuum.
02220
plicitly shows that resonance poles appear both in ther and
the s channels, and are softenedin tandemas f p* decreases
in nuclear medium.

For f p* ; f p , the smalls approximation cannot be justifie
and more complicated behavior of the poles arises. To k
track of the trajectory of the poles for wide range off p* , we
show numerical solutions of Eq.~5! for the I 5J51 channel
~Fig. 1! and for theI 5J50 channel~Fig. 2!. In these fig-
ures, the crosses indicate the position of the poles in
vacuum (f p* 5 f p). A common feature inModels A, B, andC
in the vacuum is that there always exists a narrowr (Asr

.769276i MeV) and a broad/low-masss, no matter
whether bare resonances are introduced or not. This is a
of bootstrap situation discussed in@19#. Note also that, when

FIG. 3. The in-mediump-p cross section in theI 5J51 chan-
nel for Model B. The upper~lower! panel shows the case fo
0.5f p< f p* < f p (0.1f p< f p* <0.5f p).

FIG. 4. Same as Fig. 3 for theI 5J50 channel forModel B.
1-3
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the bare resonance is introduced, two complex poles ap
as a result of an interplay between the bare resonance an
dynamically generated one. This can be seen in Fig. 1
Models AandC, and in Fig. 2 forModels BandC. In Model
D where bare resonances are not introduced, a broad
low-masss is dynamically generated while narrowr does
not appear.

As f p* decreases from its vacuum value, we find two typ
of trajectories in Figs. 1 and 2; those moving toward t

origin and those moving towardm̄r(s) on the real axis. The
former trajectories inI 5J51 and I 5J50 channels are
model independent and correspond to the universal softe
evaluated in Eq.~9!. Since thep-p scattering amplitude is
mainly affected by the poles close to the real axis, such
mode gives a dominant contribution to the low-energy a
plitude for f p* / f p!1.

On the other hand, when the system is close to
vacuum state (f p* / f p;1), the above universality betweenr
and s breaks down. In fact, in theI 5J51 channel, the
narrowr resonance plays a dominant role and would-be s
mode is far away from the real axis. In theI 5J50 channel,
on the contrary, the broad and low-masss keeps playing a
role of the soft mode all the time.

The similarity and difference between the two chann
for different values off p* can be seen also by comparing t
in-mediump-p cross section calculated froma

IJ
(s).

The upper panel of Fig. 3~Fig. 4! represents the in
medium cross section inModel B for 0.5f p< f p* < f p in the
I 5J51 (I 5J50) channel. We find that there is a mode
ate softening1broadening of the r resonance at f p*
50.7f p , which is itself an interesting behavior in relation
the dilepton data in@4,6#. However, even more significan
.

s

,

t.
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change can be seen for thes resonance at the same value
f p* .

The lower panel of Fig. 3~Fig. 4! represents the in-
medium cross section inModel B for 0.1f p< f p* <0.5f p in
the I 5J51 (I 5J50) channel. We find that sharp peak
develop in both channels asf p* →0. They are the direct con
sequence of the soft modes located near the origin for sm
f p* in Figs. 1 and 2. Namely, bothI 5J51 and I 5J50
channels are good probes of chiral restoration in the med
if the chiral restoration is substantial. Although we ha
taken Model B as an example in Figs. 3 and 4, we ha
checked that qualitative conclusions are the same for o
models.

In summary, we have studied complex poles of the
mediump-p scattering amplitude in theI 5J50 and I 5J
51 channels to explore possible relations betweens andr
in nuclear matter. TheN/D method is applied to four type
of chiral models and the chiral restoration is modeled by
decrease off p* . We have found universal complex poles
both channels moving in tandem toward the origin iff p* is
sufficiently small. On the other hand, iff p* is not far from its
vacuum value, interesting nonuniversal behavior arises
the two resonances act rather differently.

Inclusion of the finite pion mass, the medium effect b
yond the mean-field approximation~such as the coupling to
the particle-hole excitations of the Fermi-sea and the diff
ence off p,t* and f p,s* mentioned before! are future problems
to be examined. Possible connection to other theoretical
proaches@29# should be also studied.
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the Japanese Ministry of Education, Science and Cult
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