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Instabilities of infinite matter with effective Skyrme-type interactions
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The stability of the equation of state predicted by Skyrme-type interactions is examined. We consider
simultaneously symmetric nuclear matter and pure neutron matter. The stability is defined by the inequalities
that the Landau parameters must satisfy simultaneously. A systematic study is carried out to define interaction
parameter domains where the inequalities are fulfilled. It is found that there is always a critical densityrcr

beyond which the system becomes unstable. The results indicate in which parameter regions one can find
effective forces to describe correctly finite nuclei and give at the same time a stable equation of state up to
densities of 3–4 times the saturation density of symmetric nuclear matter.
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I. INTRODUCTION

Nucleon-nucleon effective interactions with an expli
density dependence have been largely employed since
seventies for studies of nuclear properties. Once the form
the interaction is chosen, either a zero-range force
Skyrme-type@1# or a finite-range force of Gogny-type@2#,
the parameters are determined by fitting some selected p
erties of doubly magic nuclei and symmetric nuclear ma
at saturation. Within a Hartree-Fock~HF! scheme these in
teractions are able to describe quantitatively the propertie
stable as well as unstable exotic nuclei. The interactions
thus well controlled around the saturation densityr0 of sym-
metric nuclear matter, for moderate isospin asymmetries
zero temperature. This type of effective interactions has a
been employed to study nuclear matter in conditions of
trophysical interest, for instance, neutron matter with a fin
proton fraction at densities up to several timesr0 and finite
temperatures. This system at such conditions is relevan
studying protoneutron stars. The effective interactions
thus extrapolated to conditions of density and isospin as
metry that are not experimentally accessible, and one sh
then ask for the limits of validity of such an extrapolation

Of course, the description of nuclear matter consisting
nucleons is no longer valid beyond some value of the d
sity, as other degrees of freedom appear. For insta
strange matter is expected beyond (3 – 4)r0 @3#. For the
present discussion, we shall arbitrarily accept that for de
ties up to 4r0 , only nucleons are needed to describe nucl
matter. Even in this range of densities the effective inter
tions are not well determined. For instance, different eff
tive interactions can give similar equations of state for sy
metric nuclear matter and very different results for pu
neutron matter. Indeed, the extreme asymmetry of isosp
not part of the usual input to determine the interaction
rameters. In some cases, the determination of the param
includes a fit to the equation of state of neutron matter c
0556-2813/2002/66~1!/014303~8!/$20.00 66 0143
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culated with microscopic methods and realistic interactio
The Skyrme interaction RATP~Rayet, Arnould, Tondeur, and
Paulus! @4# takes into account the variational microscop
results of Ref.@5#. More recently, the set of SLy interaction
@6,7# have included the variational results of Ref.@8# among
the conditions required to fix the parameters. It is worth n
ing that these microscopic variational calculations are
exempt from uncertainties since realistic interactions are
completely known, especially their three-body part. Inde
the same theoretical model@8# employing different realistic
interactions leads to different equations of state, both in sy
metric nuclear matter and in pure neutron matter, and s
able differences appear for densities beyond the satura
value r0 . Although this type of approach gives a precio
guide for the determination of the effective interaction p
rameters, it cannot replace the empirical data that are
natural input for the phenomenological interactions.

The extrapolation of effective interactions can result in
unphysical behavior of nuclear matter@9#. For instance, mos
Skyrme parametrizations predict that the isospin asymm
energye I becomes negative when the density is increas
Consequently, the symmetric system would be unstable
some density beyond the saturation one, preferring a larg
asymmetric system made by an excess of either proton
neutrons. Another type of instability refers to the magne
properties of neutron matter. The possibility of a ferroma
netic transition at high densities has been studied long a
employing different theoretical ingredients, and the resu
were contradictory. Currently used Skyrme interactions p
dict that neutron matter becomes spin polarized at dens
in the range (1.1– 3.5)r0 @9,10#. This transition would have
important consequences for the evolution of a protoneut
star since the mean free path of neutrinos would be z
@9,11#. However, Gogny-type effective interactions either e
clude such a ferromagnetic transition or predict it at ve
high densities@9#. Relativistic mean-field calculations@12–
14# predict that such a transition could appear at densi
©2002 The American Physical Society03-1
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beyond.4r0 . Finally, recent Monte Carlo simulations@15#
as well as Brueckner-Hartree-Fock calculations@16,17# using
modern two- and three-body realistic interactions do excl
such an instability.

The purpose of this work is to analyze whether the pr
ence of instabilities is inherent or not to the Skyrme-ty
interactions. In Sec. II we explain the restrictions on t
Skyrme parameters imposed by the requirement that no
stabilities should appear at densities in the range (1 – 4)r0 .
Furthermore, the sound velocityvs /c in matter must remain
smaller than unity, and this adds a new constraint. Section
contains the discussion of the results. Conclusions are dr
in Sec. IV. Useful expressions are given in Appendixes
and B.

II. CONSTRAINTS FROM THE LANDAU PARAMETERS

The condition that the spin-unpolarized neutron ma
should be the most stable phase at any density was use
Ref. @18# to constrain the Skyrme parameters. As the pot
tial energy of the fully spin-polarized phase only depends
the combinationt2(11x2), ferromagnetic collapse is nece
sarily avoided if this combination is positive. Taking in
account current Skyrme parametrizations, the authors of
@18# concluded that25/4,x2,21. However, this condition
is not sufficient: the family of SLy parametrizations@6,7#
imposes this constraint but at densities of about 0.37 fm23, a
ferromagnetism instability is predicted in neutron matter@9#.

Here, we make a systematic use of the stability crite
related to the adimensional Landau parametersFl , Gl , Fl8 ,
and Gl8 in symmetric nuclear matter, andFl

(n) and Gl
(n) in

neutron matter. These criteria simply establish that any
rameter of multipolarity l should be greater than2(2l
11). Current effective interactions satisfy these conditio
at saturation, and we shall investigate if they can be ma
tained for densities up to 4r0 .

Since the original work of Skyrme and the first parame
zations for nuclear structure calculations@1#, most Skyrme-
like effective interactions have been built according to
following general analytical form:

V~r1 ,r2!5t0~11x0Ps!d~r !1
1

2
t1~11x1Ps!~k82d~r !

1d~r !k2!1t2~11x2Ps!k8•d~r !k

1
1

6
t3~11x3Ps!@r~R!#sd~r !

1 iW0~s11s2!•@k83d~r !k# ~1!

with r5r12r2 , R5(r11r2)/2, andk5(“12“2)/2i is the
relative momentum acting on the right, andk8 is its conju-
gate acting on the left.Pa5(11s1s2)/2 stands for the spin
exchange operator. This standard form of the Skyrme in
action contains ten parameters, eight of them denoted at i ,
xi ~with i 50, 1, 2, 3!, the other two being the powers of the
density dependence and the strengthW0 of the zero-range
spin-orbit term. These parameters are usually determine
fitting some selected properties of finite nuclei and symm
01430
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ric nuclear matter. In this study we follow a different proc
dure, using some accepted nuclear matter values to fix
many interaction parameters as possible and using the st
ity criteria to put bounds on the remaining parameters.

Our starting point is given by the empirical values of t
following quantities in symmetric nuclear matter at the sa
ration point: densityr0 , energy per particlee0 , effective
massm0* , compression modulusK0 , surface energyeS , and
isospin asymmetry energye I . Imposing that a Skyrme-type
interaction reproduces the values ofr0 , e0 , m0* , and K0
completely determines the parameterst0 , t3 , s, and the
combinationT0[@3t11(514x2)t2#/8. The explicit expres-
sions are given in Appendix A. With a Skyrme interactio
the surface energyeS depends on the previously fixed param
eters, on the combinationTS[@9t12(514x2)t2#/8 and on
the strengthW0 of the spin-orbit term@19#. The value ofW0
is usually determined by fitting the spin-orbit splitting o
some selected levels in finite nuclei, and for the present
cussion we shall assume the often used valueW0
5120 MeV fm5. Furthermore, the symmetry energye I can
be expressed in terms of the above parameters and o
four combinationst ixi ( i 50 – 3). In summary, from the ten
Skyrme parameters, one is kept fixed (W0), six parameters
or combinations are determined by the six empirical inpu
and three combinations are free. We found it convenien
choose the free combinationsx[t1x1 , y[t2x2 , and z
[t3x3 .

From here on, our task is to analyze the possible doma
of the ~x, y, z! space for different densities. For a given val
of the densityr we would like to know what is the~x, y, z!
domain where no instability can occur. Stability implies th
any adimensional Landau parameter of multipolarityl must
be larger that2(2l 11). Skyrme forces only contain mo
nopolar and dipolar contributions to the particle-hole int
action so that all Landau parameters are zero forl .1. Thus,
we have twelve inequalities, eight coming from symmet
nuclear matter, and four from neutron matter. Explicit e
pressions of the 12 Landau parameters are given in Appe
B.

Two of the twelve inequalities, however, play a spec
role. The conditionF1.23 is trivially satisfied for any den-
sity as long as 0,m* (r0),m, which is the case. The Lan
dau parameterF0 only depends ont1 , t3 , s, and the com-
bination T0 , which are determined by the initial inputs
Exploring the inequalityF0.21 as a function of the den
sity, it is found that it is violated at a density smaller thanr0 .
It corresponds to a density where the compression mod
becomes negative, which is the spinodal point, i.e., the
currence of a liquid-gas transition. Note that within a Skyrm
interaction framework, the spinodal density is completely d
termined by the saturation propertiese0 , r0 , K0 , andm0* .
After excluding the inequalities related toF1 andF0 , we are
left with ten inequalities to be satisfied by the yet free co
binationsx, y, z.

A. Symmetric nuclear matter

The parametersG08 andG18 give two constraints fory

y,2
10C1~r!

3a1r2/3 1
2

3
~T022TS!, ~2!
3-2
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y.2
10C0~r!

r
1

2

3
~T022TS!, ~3!

where theCi anda i are defined in Appendix A. The param
etersF18 , G1 give two constraints on combinations ofx and
y:

x2
3

5
y.2

4C0~r!

r
1

4

15
~T022TS!, ~4!

x1
3

5
y,

4C0~r!

r
2

4

15
~T022TS!. ~5!

The remaining Landau parametersG0 andF08 constrain com-
binations of all threex, y, andz unknowns:

1

9a1
~rs2r0

s!z1~r2/32r0
2/3!x1

3

5
~r2/31r0

2/3!y

.
4

3a1
S C1~r!1C1~r0!1

2e I

r0
D

2
4

15
~r2/31r0

2/3!~T022TS!, ~6!

2
1

9a1
~rs2r0

s!z2~r2/32r0
2/3!x1

3

5
~r2/32r0

2/3!y

.
4

3a1
S C1~r!2C1~r0!2

2e I

r0
D

2
4

15
~r2/32r0

2/3!~T022TS!. ~7!

However, it is possible to take the linear combinationF08
1G0 to get another constraint independent ofz. Note that
Eq. ~7! reduces to the trivial conditione I.0 whenr5r0 . It
is due to the fact that the symmetry energye I has been used
to write x0 in terms of the remaining parameters.

B. Neutron matter

The parametersF1
(n) , and G1

(n) give two constraints on
combinations ofx andy:

x2
3

5
y,

4C0~r!

r
1

4

15
~T022TS!, ~8!

x2
1

5
y,

2C0~r!

r
2

2

15
~T022TS!. ~9!

The remaining Landau parametersF0
(n) , andG0

(n) constrain
combinations of all threex, y, zparameters:
01430
~s11!~s12!rs22r0
s

6~4a2r2/323a1r0
2/3!

z1x2
3

5
y

,
4

4a2r2/323a1r0
2/3 S C1~r0!2C2~r!1

2e I

r0
D

1
4

15
~T022TS!, ~10!

1

9
~rs2r0

s!z1
1

3
~2a2r2/323a1r0

2/3!x

1
1

5
~2a2r2/313a1r0

2/3!y

.
4

3 S C1~r0!1C3~r!1
2e I

r0
D

2
4

45
~7a2r2/313a1r0

2/3!~T022TS!. ~11!

Note that the linear combinationa1F081G0
(n) gives another

constraint independent ofz.

C. Sound velocity constraint

In addition to the constraints from stability requirements
is important to check that for each density the sound velo
vs remains smaller than the speed of light, i.e., superlu
nosity does not occur. The sound velocity is directly rela
to the compression modulusK(r) that can itself be ex-
pressed in terms of the Landau parametersF0 andF1 :

mvs
25

1

9
K5

\2kF
2

3m

11F0

11 1
3 F1

. ~12!

In symmetric nuclear matter it turns out thatvs depends
only on the parameterst0 , t3 , s, and the combinationT0 , all
of which being already determined by the six initial empi
cal inputs. Therefore, there will be no additional bounds
the allowed volume in~x, y, z! space. However, Eq.~12!
shows thatvs increases with increasing density and for
given choice of initial empirical inputs there is always
valuersoundbeyond whichvs /c is greater than 1. The valu
of rsound depends essentially on the adopted value forK0 .
For instance,rsound is around 3.5r0 if K05350 MeV and it
may become 6r0 if K05250 MeV. Thus, there is no Skyrm
interaction that can be reasonably be used beyondrsoundbe-
cause it would predict unphysical values of the sound vel
ity.

The situation is somewhat different in pure neutron m
ter. Now, the Landau parameters in Eq.~12! depend also on
the ~x, y, z! parameter combinations. The requirement th
vs /c remains smaller than unity adds one more constrain
the determination of the allowed volume in the~x, y, z!
space. We shall see in the following section that the so
velocity in neutron matter does not bring any effective
3-3
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striction on the allowed volume in the parameter space
least around the values of the six empirical inputs used in
present study.

We must mention that a study of the sound velocity
asymmetric nuclear matter was made in Ref.@20#. The aim
was to find the conditions to be satisfied by the Skyr
parameters so that superluminosity would never appea
any density whatsoever. The conditions that were found
very restrictive. In the present work, our point of view
quite different since we do not think that the Skyrme effe
tive approach should be valid at densities beyond 4r0 .

III. RESULTS AND DISCUSSION

The inputs used in the present study aree05
216.0 MeV, r050.16 fm23, K05230 MeV, m0* /m50.70,
eS518.0 MeV, ande I532.0 MeV.

For a given value of the densityr, the various constraints
define in the~x, y, z! parameter space an allowed volume th
we callV. The surface ofV~r! is made of planes because a
constraints are linear inx, y, z. Any point outsideV is for-
bidden because some of the inequalities would not be
filled. To present the results and facilitate the discussion
will explore thez axis. The intersection of a volumeV~r!
with a z5const horizontal plane gives a polygon that can
represented in the~x, y! plane. By varyingr in the range
r0– 4r0 one can follow the evolution of the polygons. Th
vanishing of the area of the polygon at some critical den
rcr indicates that there is no Skyrme interaction~having the

FIG. 1. Comparison of the sections of the volumeV~r! by a
horizontal planez5const, in units of MeV fm3(11s). The horizontal
and vertical axes are for the parametersx and y, respectively, in
units of MeV fm5. Cases~a! and (a8) correspond to the constraint
from the Landau parameters of symmetric nuclear matter. Case~b!
and (b8) include also the constraints from neutron matter. Two v
ues ofz have been used, namely,z523104 for cases~a! and ~b!,
andz5223104 for cases (a8) and (b8). The different closed con-
tours correspond to different values ofr. The largest area is forr
5r0 , the next one corresponds to an increase by a step of 0.r0 ,
and so on. For the sake of clarity, they are alternatively represe
by solid and dashed lines.
01430
at
e

e
at
re

-

t

l-
e

e

y

chosen value ofz! which can fulfill the chosen set of con
straints at densities beyondrcr .

We have performed two types of calculations:~a! using
only the six constraints from the Landau parameters of sy
metric nuclear matter and disregarding those of neutron m
ter; ~b! using all eleven constraints from symmetric nucle
matter and neutron matter plus the sound velocity constr
in neutron matter. In Fig. 1 are displayed some typical
sults. We have chosen a positive and a negative valuez
since there is noa priori limitation on z. The valuez52
3104 MeV fm3(11s) correspond to Figs. 1~a! and 1~b!, and
z5223104 to Figs. 1~a8! and 1~b8!. Results involving only
Landau parameters of symmetric matter are displayed
Figs. 1~a! and 1~a8!, whereas Figs. 1~b! and 1~b8! correspond
to results using all eleven constraints. The contours
drawn every 0.5r0 starting fromr0 .

Let us first examine the results without neutron mat
constraints@Figs. 1~a! and 1~a8!#. At r5r0 the contour is a
polygon whose upper and lower horizontal sides are de
mined by the constraints onG08 and G0 , respectively,
whereas the left and right sides correspond toF18 and G1 .
Whenr increases the lower side becomes tilted and the c
straint onF08 gradually appears as a new side on the rig
hand side of the polygon. Atr.2r0 and above theF08 con-
straint is dominating over theG1 constraint. The surface o
the polygon shrinks asr increases. The value ofrcr is above
4.5r0 . This value is reached forx andy both negative ifz is
positive, whereas forz negativercr corresponds tox>0 and
y<0.

The situation changes somewhat when neutron ma
constraints are added@Figs. 1~b! and 1~b8!#. At r5r0 the
lower side is given by theG0

(n) constraint while the right side
of the polygon is mainly determined by theF0

(n) constraint
that limits severely the allowed area. It must be noted t
the sound velocity does not bring any limitation on the~x, y,

-

ed

FIG. 2. Comparison of the sections of the volumeV~r! by a
horizontal plane, for choices ofz different from Fig. 1. The various
closed contours correspond to different values ofr. The largest area
is for r5r0 , the next one corresponds to an increase by a ste
0.5r0 , and so on. The calculations are done using the full c
straints. The values ofz are in units of MeV fm3(11s).
3-4
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z! parameters in the domain explored here. One can see
the critical densityrcr has now a lower value as compared
the case of Figs. 1~a! and 1~a!8.

There is no natural limitation to the domain of thez pa-
rameter and therefore, we must explore the dependenc
the results onz. In Fig. 2 we present calculations where a
eleven constraints are included, exploring thez axis from
negative to positive values. The interpretation of the differ
sides delimitating the contours is the same as in the cas
Fig. 1. One can see thatrcr is highest whenz is between 0
and 33104. For negative values ofz the allowed area atr
52.5r0 is already fairly small. Belowz.33104 the poly-
gons of largerr are contained inside those of smallerr, i.e.,
interactions stable at densityr are also stable at all densitie
betweenr0 andr. Forz larger than 33104 the allowed areas
at largerr tend to move outside the area ofr5r0 , which
means that such interactions might seem acceptable at
densities but they have the defect of having instabilities
normal density.

So far we have discussed the results obtained with
values of empirical inputs as adopted in Sec. II. It is int
esting to see how the conclusions may depend on this cho
In Fig. 3 we study, for a fixed value ofr52r0 and a chosen
z5104 MeV fm3(11s), the evolution of the allowed poly
gons when one changes one of the empirical inputs: the
fective massm0* /m @Fig. 3~a!#, the incompressibilityK0

@Fig. 3~b!#, the surface energyeS @Fig. 3~c!#. It can be seen
that the results are sensitive to the value ofm0* /m. A smaller

FIG. 3. Sensitivity to some empirical inputs. Case~a! results for
m0* /m50.6, 0.7, and 0.8~respectively, dotted, solid, dashed!, keep-
ing the remaining empirical inputs to their fixed values. Case~b!
same as~a!, with K05210, 230, and 250 MeV~respectively, dotted,
solid, dashed!. Case~c! same as~a!, with the surface energyeS

516, 18, and 20 MeV~respectively, dotted, solid, dashed!. All
cases have been calculated forz5104 MeV fm3(11s) and r
52r0 .
01430
hat

of

t
of

rge
t

e
-
e.

f-

value ofm0* /m makes the allowed domain larger and the
fore, the critical densityrcr is shifted to higher values. On th
contrary, the allowed domain is reduced when higher val
of m0* /m are considered, and instabilities appear for densi
below 2r0 . Hence, to avoid low density instabilities, on
should prefer lowm0* /m. The sensitivity toeS is also non-
negligible, whereas the dependence onK0 is moderate.

In Fig. 4 we present the calculated values of the criti
densityrcr ~in units of r0!. Figure 4~a! showsrcr as a func-
tion of the parameterz for various choices of the empirica
input m0* /m around the value 0.70. As pointed out abov
one can see clearly that it is more favorable to choosz
positive and less than 33104 in order to havercr not too
small, and that larger values ofm0* /m tend to yield lower
rcr . The three curves of Fig. 4~b! representrcr as a function
of the relative variations~in percentage! around the standard
choice of m0* /m, K0 and eS . The value ofz is fixed at
104 MeV fm3(11s). These curves show thatrcr depends little
on K0 whereas moderate increases ofm0* /m ~from 0.70 to
0.75!, or of eS ~from 18 to 20 MeV! can lowerrcr below
3r0 .

Now, the question arises whether these bounds
Skyrme parameters are useful or not for calculations in p
nucleon matter and finite nuclei. In principle, we expec
qualitative positive answer for finite nuclei because the u
inputs guarantee that the first terms in a leptodermous ex
sion of the mass formula are well described. To be m
quantitative, we have constructed several parametrizat

FIG. 4. Case~a! rcr as a function ofz @in units of MeV fm3(1
1s)# for different values ofm0* /m50.6, 0.7, 0.8~respectively,
dotted, solid, dashed!. Case~b! rcr as a function of relative varia-
tions of some empirical inputs; dotted line: variation ofm0* /m,
solid line: variation ofK0 , dashed line: variation ofeS .
l

TABLE I. Skzn parametrizations. All of them have the following common values:s50.1694, t05

22471.10 MeV fm3, t15439.85 MeV fm5, and t3513 732.8 MeV fm3(11s), as they come from the initia
inputs.

z
MeV fm3(11s)

x
MeV fm5

y
MeV fm5

t2

MeV fm5
x0 x1 x2 x3

Skz21 2104 570.42 266.2 2299.14 20.2665 1.2968 20.8899 20.7282
Skz0 0 458.0 215.0 2258.18 0.1986 1.0413 20.8328 0.0
Skz1 104 217.0 221.0 2262.98 0.6052 0.4933 20.8404 0.7282
Skz2 23104 24.0 227.0 2267.78 1.0290 0.0546 20.8478 1.4564
Skz3 33104 2265.5 233.1 2272.66 1.4174 20.6082 20.8549 2.1846
Skz4 43104 2512.0 239.15 2277.50 1.8226 21.1640 20.8618 2.9127
3-5
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using the following criteria. We first fix an arbitrary value o
z, going from2104 to 43104, and then we take the value
of x andy as the coordinates of the pointV(rcr). In this way
instabilities are pushed to the highest values of the den
The sets of parameters are dubbed Skzn and they are given
in Table I. Of course, the criteria of highest value ofrcr is
purely arbitrary but our intention here is just to explore t
resulting parametrizations and not to give the best param
set. In Fig. 5 are displayed the results for pure neutron m
ter. One can see that choosing negative values ofz results in
an increasing neutron effective mass for increasing densi
On the other side, values ofz greater than 23104 produce
too low binding energies. We have then restricted our ca
lations in finite nuclei to parametrizations Skz0, Skz1, a
Skz2. In Table II are displayed the ground state binding
ergies and charge radii of some doubly magic nuclei toge
with the results obtained with SIII and SLy4 interaction
The results are reasonably satisfactory. We have noticed
convergence problems occur with Skz0 when looking for
HF solution of 208Pb. To obtain better results one shou
relax the condition of highest value for the critical densi
and of course include some finite nuclei results in the fi
tuning of the parameters.

IV. CONCLUSION

In this work we have explored the parameter domains
Skyrme-type forces where the stability conditions related
Landau parameters inequalities can be satisfied up to de
ties of the order of 4r0 . Stability of both nuclear matter an
pure neutron matter are considered. We have taken advan
of the possibility to characterize the domains by analyti
expressions. Starting from a general Skyrme force contain

FIG. 5. Predictions of several Skzn parametrizations for the
binding energy and the effective mass of pure neutron matter
for asymmetry energy as function of the density.
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ten parameters, we have shown that seven paramete
combinations thereof can be approximately fixed by phys
quantities which can be considered experimentally known
some extent. Thus, the problem reduces to the study o
lowed domains in a three-dimensional space spanned
three parameter combinations.

The results show that, for any Skyrme-type interacti
there is a critical densityrcr above which one cannot insur
all stability conditions. This critical density does not exce
(3.5– 4)r0 for a reasonable choice of empirical inputs. It
nevertheless an interesting result to know that it is poss
to find Skyrme-type interactions that can give stable nucl
matter and neutron matter up to such densities. The par
eter domains are well identified and it would be worthwh
to look inside those domains for Skyrme interactions that
also describe accurately finite nuclei. Our exploration w
parametrizations Skzn has shown that reasonable grou
state binding energies and charge radii can be obtaine
more systematic study over a wide number of nuclei wo
be necessary to get the Skyrme-type interaction that is st
over the largest range of densities. This new interact
would be very useful for neutron star calculations, as
instance, the neutrino mean free path or the URCA proc

The present analysis is restricted to Skyrme interactio
because the simplicity of the resulting expressions allows
an algebraic study. The presence of instabilities in nucl
matter and neutron matter beyond some critical density co
be attributed to the zero-range form of the interaction, and
k2 dependence of the effective masses. Finite range effec
interactions@2# are an alternative choice for describing th
equation of state of nuclear and neutron matter. We kn
that the actual parametrizations~D1,D1S,D1P! do not predict
instabilities@9# for densities below.5r0 . We have not con-
sidered a systematic study of Gogny effective interactio
because they contain more parameters, and they do not a
for a simple algebraic analysis.
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TABLE II. HF binding energies and charge radii for several Skzn parametrizations. NC means that the H
calculation has not converged.

Nucleus Observable Skz0 Skz1 Skz2 Expt. SIII SLy4

16O B/A ~MeV! 8.39 8.38 8.38 7.98 7.95 7.97
r c ~fm! 2.76 2.76 2.76 2.73 2.76 2.80

40Ca B/A ~MeV! 8.87 8.85 8.85 8.55 8.48 8.55
r c ~fm! 3.47 3.47 3.47 3.49 3.50 3.51

208Pb B/A ~MeV! NC 7.97 7.91 7.87 7.79 7.80
r c ~fm! NC 5.48 5.49 5.50 5.58 5.52
3-6
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APPENDIX A: NUCLEAR MATTER RELATIONS

Employing a Skyrme interaction, the energy density
semi-infinite symmetric nuclear matter is written as

H5
\2

2m*
t1

3

8
t0r21

1

16
t3rs121

1

8
TSu“ru2

2
m*

\2 Vsoru“ru2, ~A1!

whereVso59W0
2/16.

Denoting byr0 , e0 , K0 , andm0* , respectively, the den
sity, energy per particle, compressibility, and effective m
at saturation of the bulk symmetric nuclear matter, it tu
out that the Skyrme parameterst0 , t3 , s, and the combina-
tion T0 can be written as

T05S \2

m0*
2

\2

m D 1

r0
, ~A2!

s5

1

9
K01e01S \2

10m
2

2\2

15m0*
D kF

2~0!

2e01S 3\2

10m
2

\2

5m0*
D kF

2~0!

, ~A3!

t35
16

r0
11s

1

s F2e01S 3\2

10m
2

\2

5m0*
D kF

2~0!G , ~A4!

t05
8

3r0
Fe02

3\2

10m0*
kF

2~0!2
1

16
t3r0

11sG , ~A5!

where r052/(3p)2kF
3(0). Once the parameterst0 , t3 , s,

and the combinationT0 have been fixed, the surface ener
only depends on the combinationTS and the spin-orbit
strengthW0 . The surface energy can be written as an integ
over the density@19#

eS58pr 0
2E

0

r0
drF \2

36m
2

5

36
T0r1

1

8
TSr2

m*

\2 Vsor
2G1/2

3F 3\2

10m*
kF

21
3

8
t0r1

1

16
t3rs11G1/2

, ~A6!

where r 05@3/(4pr0)#1/3 is the unit radius, and a Thomas
Fermi approximation up to\2 order has been used to repla
the kinetic energy density.

Then, the following relation involving the symmetry en
ergye I can be used to relatex0 to the already known param
eter combinations and to the free parameters~x, y, z!:

t0x05S 2
3

2
x1

9

10
y1

2

5
~T022TS! Da1r0

2/32
1

6
zr0

s

22C1~r0!2
4e I

r0
. ~A7!
01430
f
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To simplify the notation used in Sec. II we have intr
duced the following functions of the density:

C0~r!5
\2

m
1T0r, ~A8!

C1~r!52S \2

m
1T0r D a1

r1/31
1

4
t01

1

24
t3rs, ~A9!

C2~r!52
1

2 S \2

m
14T0r D a2

r1/32
1

2
t0

2
1

24
~s11!~s12!t3rs, ~A10!

C3~r!52
1

2 S \2

m
1T0r D a2

r1/31
1

2
t01

1

12
t3rs, ~A11!

which contain only known parameters. We have also int
duced the constants

a15S p4

12D 1/3

, a25S p4

3 D 1/3

. ~A12!

APPENDIX B: LANDAU PARAMETERS

The Landau parameters in symmetric nuclear matter a

F05S 3

4
t01

1

16
~s11!~s12!t3rsD 2m* kF

\2p2 2F1 ,

~B1!

G05S 1

4
t0~2x021!1

1

24
t3rs~2x321! D 2m* kF

\2p2 2G1 ,

~B2!

F085S 2 1
4 t0~2x011!2

1

24
t3rs~2x311! D 2m* kF

\2p2 2F18 ,

~B3!

G085S 2
1

4
t02

1

24
t3rsD 2m* kF

\2p2 2G18 , ~B4!

F1523T0

m*

\2 r, ~B5!

G1523T1

m*

\2 r, ~B6!

F1853T2

m*

\2 r, ~B7!

G1853T3

m*

\2 r, ~B8!

where theTi ’s are the following parameter combinations:

T05 1
8 @3t115t214y#, ~B9!
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T15 1
8 @2x12y2t11t2#, ~B10!

T25 1
8 @2x22y1t12t2#, ~B11!

T35 1
8 @ t12t2#, ~B12!

and the effective mass is

\2

m*
5

\2

m
1T0r. ~B13!

The Landau parameters in neutron matter are

F0
~n!5S 1

2
t0~12x0!1

1

24
~s11!~s12!t3rs~12x3! D

3
mn* kF

\2p2 2F1
~n! , ~B14!
on
-

n

a

a

ys

01430
G0
~n!5S 1

2
t0~x021!1

1

12
t3rs~x321! D mn* kF

\2p2 2G1
~n! ,

~B15!

F1
~n!523~T02T2!

mn*

\2 r, ~B16!

G1
~n!523~T12T3!

mn*

\2 r, ~B17!

and the effective mass is

\2

mn*
5

\2

m
1~T02T2!r. ~B18!
C
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