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Three-body calculation of the structure of L
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The hypernucleusL
9 Be is investigated using thea1L1a cluster model. The corresponding Faddeev equa-

tions are solved for differenta-a andL-a interactions that describe both8Be andL
5 He energy spectra. For the

ground stateJp5
1
2

1 and excited states32
1 and 5

2
1 we include the Coulomb repulsion between thea ’s and

calculate, in addition to the energy eigenvalues, the Coulomb energy, thea- andL-particle mean radius, the
rms charge radius, the electric quadrupole moment (Q), as well as the magnetic dipole (m) and octopole (m3)
moments. To the best of our knowledge these observables have not yet been measured and, therefore, our
calculation constitutes the first prediction. Structural differences between9Be andL

9 Be lead to values ofQ and
m that have opposite sign. Unlike previous theoretical work we find only two degenerate negative parity

resonances12
2( 3

2
2) but, in addition, we get two degenerate positive parity resonances withJp5

7
2

1( 9
2

1) at
higher energy which, together with the bound states, complete the positive parity rotational band.

DOI: 10.1103/PhysRevC.66.014001 PACS number~s!: 21.45.1v, 21.60.Gx, 21.80.1a
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I. INTRODUCTION

As pointed out by Feshbach@1# a number of years ago
one of the main purposes of hypernucleon physics is to st
new many-body spectroscopy through the implant of an ‘‘i
purity’’ in the condensed matter sense to unveil dynami
symmetries that are forbidden in ordinary nuclei by the Pa
principle. One nucleus where this phenomenon plays an
portant role isL

9 Be that,vis-à-vis 9Be, presents, not only a
very different spectra of bound states and resonances,
also different dynamical structure, possibly leading to s
prising results for observables such as the rms charge ra
the quadrupole momentQ, and the magnetic momentm. This
investigation, together with a new search for resonance
the continuum, is the main goal of the present work t
follows the traditional three-bodya-cluster approach that ha
been used before by some of us to study9Be @2,3# and also
by others@4,5# for L

9 Be. A review on this and related subjec
may be found in Refs.@6,7#.

Unlike 9Be, which is typically a Boromean nucleus due
neither 5He nor 8Be being stable nuclei,L

9 Be may be
thought asL

5 He1a due to the existence ofL
5 He as a stable

hypernucleus with BL. 3.12 MeV. TheL, being distinct
from the other nucleons, can occupy thes-shell, unlike the
fifth nucleon in 5He. Therefore theL-a interaction is pre-
dominantly attractive ins wave, while in that same partia
wave then-a interaction is effectively repulsive. One imme
diate consequence of this is that the binding force that ma
9Be a stable nucleus comes from thep-waven-a interaction,
while in L

9 Be comes from thes waveL-a interaction, pos-
sibly leading to structural differences in the observables
sociated with their respective bound state wave functio
Although the small binding ofL

5 He remains an enigma in
terms ofab initio calculations based on theLN interaction,
our three-body model takes the conventional wisdom of
suming that bothL-a anda-a interactions, no matter thei
0556-2813/2002/66~1!/014001~7!/$20.00 66 0140
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origin or underlying concept, are fitted to the spectra of b

L
5 He and 8Be. Our calculations are based on the solution
the Faddeev equations@8# that have been modified to includ
the Coulomb force@9# between thea ’s. This is one major
difference relative to the recent work by Oryuet al. @4#.

In Sec. II we describe theL-a anda-a potential we use
and in Sec. III we show the main results for the ground st
and excited states ofL

9 Be. In Sec. IV we present our mai
findings for the continuum states and how they may be
terpretedvis-à-vis the existing data. Finally in Sec. V w
present the conclusions.

II. CLUSTER MODEL OF L
9 Be

Three- and four-body studies ofL
3 H @10# and L

4 He @11#
are now possible based on realisticNN andLN (LN-SN)
interactions@12#. Nevertheless forA.4 one is still required
to use quantum many-body methods based on mean
theory or attempt to describe the system in terms of few
degrees of freedom by using clusters and effective inte
tions between them. ForL

9 Be, given the small binding energ
of L

5 He relative to thea-particle binding and the large en
ergy gap betweenL14He andL

4 He1n, the natural choice is
a three-body cluster model based on twoa particles and the
hyperonL. The difficulty now lies on the choice ofa-a and
L-a interactions that are required to map the low lying sp
tra of 8Be and L

5 He and provide, in the case ofa-a, a rea-
sonable description of Pauli blocking between nucleons
separate clusters.

A number of a-a interactions already exist; some tre
Pauli blocking by means of a short range repulsion, others
including Pauli forbidden states that are subsequently
moved. Although the latter approach seems to lead to a be
description of the spectra of12C as a bound system of thre
a particles @13#, we have tried both methods in9Be and
found no great differences. Therefore, in the present wo
©2002 The American Physical Society01-1
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we use, not only Ali-Bodmer~AB! @14# and Chien-Brown
~CB! @15# potentials, but also one derived in the framewo
of the resonating group method~RGM! through the unitary-
interpolation method~UIM ! @16# that is nonlocal due to the
exchange nature of the RGM core potential. The correspo
ing energy spectra is shown in Table I for all three potent
in the absence of the Coulomb force.

For the L-a interaction we use a number of effectiv
potentials that have been developed over the years using
ferent folding techniques or phenomenology. They are
Tang Herndon~TH! @17# that has a simple Gaussian shap
the Dalitz ~DA!, and the Deloff-type~DE! potentials that
were derived by folding@18# based onL-N interactions with
a hard core proposed by Dalitzet al. @19# and Deloff @20#,
and the Maeda-Schmid@21# ~MS! that uses two Woods
Saxon phenomenological potentials to fit theL-a interaction
also calculated by folding. All potentials reproduce theL

5 He
binding energy reasonably well. A more complete compa
son of these potentials may be found in Ref.@4#. Recently a
more sofisticatedL-a potential model was derived@22# that
seems to favor the Dalitz phase shifts. Nevertheless, g
the uncertainty on this issue, for lack of experimental inf
mation onL-a phases, we feel that the chosen four pote
tials span a sufficiently broad range of possibilities to ac
modate reality.

Although there is sufficient theoretical support@6# for the
existence of a three-body force ina1L1a due to strong
LN-SN coupling, we find no compelling reason at this tim
to include such force in our calculations, given the lar
theoretical uncertainty on theL-a interaction. The same
may be said about including a spin-orbit force inL-a since
recent calculations@23# indicate that such term is very sma
leading to 80–200 KeV splitting between3

2
1 and 5

2
1 states.

This has been recently confirmed@24# by experimental work
performed at Brookhaven National Laboratory where
splitting between the3

2
1 and 5

2
1 states was measured to b

.31.4 keV.
For the chosena-a and L-a interactions we solve the

bound state Faddeev equations@8# including the Coulomb
repulsion between thea ’s. The general form of the equation
was first proposed by Lehmanet al. @9# and subsequently
generalized by Cravo@3# to study the structure of9Be. The
equations we use here are the same as in Ref.@3# and there-
fore we refer to this publication for details. Thea-a inter-
action is taken as a local interaction in differenta-a partial
waves (s, d, andg waves! or as a finite rank operator in th
case of the RGM-based potential@16#. The L-a interaction
is always expanded as a sum of separable terms using
method developed by Koike@25#. In Table II we show the
convergence of our calculation in terms of rank ‘‘r’’ for dif-

TABLE I. a-a states~MeV! for all threea-a potentials in the
absence of Coulomb repulsion.

UIM AB CB

L50 21.34 21.33 21.27
L52 1.30-i (0.29) 1.36-i (0.30) 1.49-i (0.44)
L54 9.49-i (1.54) 9.58-i (1.18) 10.20-i (1.87)
01400
d-
s

if-
e
,

i-

n
-
-
-

e

e

the

ferent L-a interactions, and compare the results with tho
obtained by Oryuet al. @4# for UIM potential when onlyL-a
s waves are included. Since theL-ap and d waves give a
large contribution, our calculations include allL-a partial
waves up tol<2. Thef wave contribution is negligible~less
than 15 keV for the binding energy!. This is shown in Table
III for the ground state ofL

9 Be in the absence of Coulom
repulsion between thea ’s. TheL-a p wave contribution can
be as high as 2.5 MeV for DA potential with UIM betwee
thea ’s, but depends strongly onL-a anda-a potentials one
uses. For AB and CBa-a potentials theL-a p-wave con-
tribution is considerably smaller~0.4–1.4 MeV!, but is the
biggest for DA that has the strongest short range repulsio
all four L-a potentials. The same may be said about
d-wave contribution. Although theL-a p and d waves are
not well constrained by either theory or experiment, th
always increase the binding energy ofL

9 Be, independently of
the L-a potential one uses, and for this reason they sho
be included so that one may compare the results with o
variational calculations where theL-a potential is usually
included in all partial waves. Furthermore the strengh of
L-a p-wave interaction may be associated with the poss
existence of9Be-like states inL

9 Be. This is another reaso
why we have includedL-a p waves in our calculation, in
spite of the uncertainty associated with their strength.

TABLE III. Ground state energy~MeV! for different a-a and
L-a potentials in the absence of the Coulomb repulsion betw
the a ’s. The ‘‘l ’’ is the relativeL-a orbital angular momentum.

UIM AB CB

TH l<0 27.10 27.26 27.32
l<1 28.49 27.65 27.74
l<2 28.57 27.72 27.82

MS l<0 27.02 27.56 27.63
l<1 28.95 28.39 28.47
l<2 29.07 28.49 28.57

DE l<0 27.36 28.02 28.10
l<1 29.50 29.02 29.10
l<2 29.66 29.14 29.21

DA l<0 27.49 28.51 28.58
l<1 29.95 29.95 29.92
l<2 210.18 210.04 210.00

TABLE II. Convergence of the ground state binding ener
~MeV! with rank ‘‘r ’’ in the separable expansion of thes-waveL-a
interaction. Thea-a potential is UIM.

TH MS DE DA

r 51 24.52 26.02 25.15 25.72
r 52 26.78 27.01 27.18 27.43
r 53 27.09 27.02 27.36 27.71
r 54 27.10 27.02 27.36 27.49

Ref. @4# 27.13 27.03 27.37 27.47
1-2
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III. STRUCTURE OF L
9 Be BOUND STATES

In the absence of aL-a spin-orbit force, two of the three

bound states we find are degenerate (Jp5 3
2

1 and 5
2

1). The
ground state,Jp5 1

2
1, lies 2.3–3.0 MeV below the excite

states. Our results are shown in Table IV forJp5 1
2

1 and in

Table V for the excited states32
1( 5

2
1). The Coulomb inter-

action has been included up to partial wavesL56 for con-
vergence. Experimental values are taken from Refs.@24,26#.
The results indicate that the calculated binding energies
pend more on the choice ofL-a interaction than on thea-a
potential one uses. This is expected given the lack of su
cient experimental information onL

5 He to constrain theL-a
interaction. Although the calculated binding energies for
ground state and excited state span a wide range of ener
the excitation energy between the two states is reason
independent of the combination ofa-a and L-a potentials
one uses, and in close agreement with the experimenta
citation energy~3.1 MeV!. The best results, compared
data, are obtained with MSL-a potential in combination
with AB ~or CB! a-a interaction.

It is perhaps worth mentioning at this time that the Co
lomb energy is strongly dependent on thea-a interaction
one uses, by comparing results in both Tables III and
While AB and CB potentials give rise to Coulomb energ
on the order of.1.8 MeV, UIM leads to about 2.6 MeV
This is the result of the nonlocal character of the UIM inte
action at short distances that allows thea particles to get
closer to each other than with any of the other two potent
due to their repulsive cores at short distances in boths andd
waves.

Next we proceed to characterize these two states in te
of a-particle andL-particle point rms radius, charge radiu

TABLE IV. 1
2

1 binding energies~MeV! for different a-a and
L-a interactions. The Coulomb repulsion has been included in
partial waves needed for convergence.

UIM AB CB

TH 25.96 25.98 26.02
MS 26.50 26.73 26.75
DE 27.08 27.36 27.37
DA 27.74 28.27 28.19

Expt. @26# -6.71

TABLE V. Same as in Table IV for32
1( 5

2
1) binding energies

~MeV!.

UIM AB CB

TH 23.44 23.25 23.17
MS 24.05 23.97 23.80
DE 24.63 24.59 24.41
DA 25.18 25.35 25.05

Expt. @24# 23.67
01400
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electric quadrupole moment, and magnetic dipole and o
pole moments. Although most of these observables have
been measured forL

9 Be, they provide a better understandin
of the structure of this hypernucleus and allow a compari
with 9Be. All calculations include the Coulomb repulsio
between thea ’s.

In Tables VI and VII we list both thea-particle and the
L-particle rms radius calculated in the point-particle a
proximation. Although both values are slightly bigger for th

excited state3
2

1( 5
2

1) than for the ground state12
1, they are

comparable and almost independent of the choice of po
tials. Therefore we can claim thatr̄ a.1.83 fm and r̄ L

.2.15 fm. Comparing with9Be @3# we find thatr̄ a is about
the same, but thatr̄ n.3.1 fm. Therefore one may conclud
that the neutron in9Be moves well outside the average l
cation of thea particles relative to the center of mass of t
system, while theL, in L

9 Be, shares its position with thea ’s.
This gives a certain credibility to hypernuclear models th
take L

5 He as a cluster.
Next we show in Table VIII the values for the charg

radius of L
9 Be including the contribution of thea particle

form factor. The result is also almost independent of
potential choice or state, leading to a value forr c
.2.48 fm. This value compares withr c52.48 fm for 9Be
calculated with AB potential. This clearly indicates that t
size of both nuclei is about the same from the view point
the a subclusters but that the neutron in9Be sticks much
further out than theL in L

9 Be. This is somehow expecte
from our knowledge ofL-a and n-a interactions, but it is
nevertheless interesting to know that, under the combi
effect of the twoa ’s, the neutron in9Be still behaves as a
neutron halo, while theL remains close to either4He clus-
ters. In addition we find no evidence of contraction of t
8Be core due to the substitution of the neutron by theL-

ll
TABLE VI. a-particle rms radius in fermis~point particle! for

all a-a andL-a potentials.

1
2

1 3
2

1( 5
2

1)
UIM AB CB UIM AB CB

TH 1.85 1.89 1.87 1.88 1.95 1.95
MS 1.82 1.84 1.82 1.80 1.84 1.83
DE 1.80 1.82 1.80 1.77 1.80 1.80
DA 1.83 1.82 1.81 1.80 1.80 1.81

TABLE VII. Same as in Table VI for theL-particle rms radius
in fermis ~point particle!.

1
2

1 3
2

1( 5
2

1)
UIM AB CB UIM AB CB

TH 2.14 2.21 2.18 2.16 2.24 2.22
MS 2.16 2.18 2.15 2.13 2.16 2.16
DE 2.12 2.14 2.11 2.09 2.11 2.11
DA 2.17 2.14 2.14 2.16 2.14 2.15
1-3
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particle as pointed out by others. This may indicate that
Pauli repulsion between thea ’s is strong enough to block
any additional binding effect created by theL particle.

Further understanding is obtained by calculating the n
vanishing electric and magnetic moments. The electric qu
rupole momentQ is zero for the1

2
1 state due to Wigner

Echart theorem, but for32
1 and 5

2
1 states we show in Table

IX the corresponding results for different potential mode
The quadrupole moment, as expected, is large but of n
tive sign: on the average we getQ.25.28 e fm2 for the 3

2
1

state andQ.27.55 e fm2 for the 5
2

1 state. Here we ob-
serve an important structural difference relative to9Be that
carries a positive quadrupole moment whose experime
value is 5.360.3 e fm2 @27#. This is a direct consequence o
the underlying differences in the dominant partial waves t
bind L

9 Be and 9Be as three-body cluster nuclei. In the3
2

1

state of L
9 Be the dominant channel in the wave function i

volves the twoa ’s in relative orbital angular momentumL
52 while theL carries orbital angular momentuml 50 rela-
tive to the center of mass of thea ’s. Since the matrix ele-
ment forQ involvesJ5Jz5

3
2 , there are two possible contr

butions toQ coming from (L52,M52) together withL
spin projectionmL52 1

2 and (L52,M51) with mL5 1
2 .

The well known angular distribution functionY22(R̂) for the
RW vector between thea ’s is an elongated torus revolvin
around thez axis but sitting on thexy plane, leading to a
large negative contribution to the quadrupole moment wh
is not compensated by the smaller but positive contribut
from Y21(R̂). Comparing with9Be we find instead that the
dominant 3

2
2 wave function components areL50 and L

52 with l 51 for the neutron orbital angular momentu

TABLE VIII. Same as in Table VI for the charge radius in fm
including the effect of thea particle form factor.

1
2

1 3
2

1( 5
2

1)
UIM AB CB UIM AB CB

TH 2.49 2.52 2.51 2.51 2.57 2.57
MS 2.47 2.49 2.47 2.45 2.48 2.48
DE 2.46 2.47 2.45 2.43 2.46 2.45
DA 2.48 2.47 2.46 2.46 2.46 2.46

TABLE IX. Electric quadrupole momentQ in e fm2 of the 3
2

1

and 5
2

1 excited states for alla-a andL-a potentials. For compari-
son we also show the calculated quadrupole moment of9Be 3

2
2

state@3#.

3
2

1 5
2

1

UIM AB CB UIM AB CB

TH 25.53 25.98 26.00 27.89 28.54 28.57
MS 25.06 25.27 25.26 27.24 27.54 27.52
DE 24.91 25.08 25.05 27.02 27.26 27.21
DA 25.07 25.07 25.12 27.24 27.25 27.32

9Be 4.79
01400
e

-
d-

.
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relative to the center of mass of thea ’s. TheL50 contribu-
tion to Q is zero and fromL52 we have three terms: (L
52,M50) with mj5

3
2 , (L52,M51) with mj5

1
2 , and (L

52,M52) with mj52 1
2 wheremj5m1mn such thatm is

the z component oflW andmn is the neutron spin projection
The angular distribution function forY20(R̂), which stretches
along thez axis gives rise to a large positive contribution
Q that dominates the other two, leading to a calculated va
of 4.79 e fm2 @3# for the AB a-a potential. Therefore one
important conclusion is thatL

9 Be is an oblate nucleus while
9Be is prolate. This behavior is further enhanced inL

9 Be 5
2

1

state becauseJz5
5
2 implies the contribution of (L52,M

52) with mL5 1
2 alone, leading to a single large negativ

contribution fromY22(R̂).
Since the ground state ofL

9 Be is 1
2

1 the dominant chan-
nels involve l 5L50. Therefore the magnetic momentm
5mL for such state. Nevertheless the same sign change
fect relative to9Be takes place in the magnetic momentm of

L
9 Be excited states that are shown in Table X: again, on
average, we findm.1.26 mN for the 3

2
1 state andm

50.38 mN for the 5
2

1 state. Although theL-particle and the
neutron have magnetic moments of the same sign, once
beded in8Be, one gets magnetic moments of opposite s
for reasons similar to the ones explained forQ. Even if we
make the intrinsic magnetic moment of the neutronmn
5mL in 9Be we get a smaller but negative value as shown
Table X in parenthesis. The difference between this new
sult and the value obtained forL

9 Be is solely due to structura
differences between the two nuclei.

Finally, in Table XI we show the octopole momentm3 as
a result of our calculations for different force models: for t
3
2

1 state one may still estimate an averagem3
.20.35mN fm2 but for the5

2
1 state the calculatedm3 span

a wide range of values between20.38<m3<0.17mN fm2.
Both values are much smaller than those obtained for9Be as
shown in the same table. The difference reveals again st
tural differences between the two nuclei.

IV. RESONANCES IN L
9 Be

Much like what is found in9Be and already experimen
tally observed inL

9 Be, this hypernucleus presents a numb

TABLE X. Magnetic momentm ~in mN) of the 3
2

1 and 5
2

1

excited states for alla-a and L-a potentials. We also show, fo
comparison, the calculated magnetic moment of9Be @3# and, in
parentheses, the corresponding value one gets when the intr
magnetic moment of the neutron is the same asL and one neglects
the contribution from the neutron form factor.

3
2

1 5
2

1

UIM AB CB UIM AB CB

TH 1.26 1.25 1.25 0.38 0.37 0.37
MS 1.26 1.26 1.26 0.38 0.38 0.38
DE 1.27 1.27 1.27 0.39 0.39 0.39
DA 1.27 1.27 1.27 0.39 0.39 0.39

9Be 21.15 (20.15)
1-4



an
w

s.
s
u

ra
ti

li-
le

te
loc

an
th

if-
n
e

hi

o
sio
fo

n

n
o

ly.

the
e
ate

t
um

al
ence
the

ge

n
el
ts
ve

al

e
n-

to

ruc-

o-

e

e

THREE-BODY CALCULATION OF THE STRUCTURE OFL
9 Be PHYSICAL REVIEW C 66, 014001 ~2002!
of resonances in the continuum, whose location, width,
spin assignment is not always well established. Therefore
proceed to study the resonances of thea1L1a system in
the framework of the present potential model calculation

The method we use to search for resonances require
solution of the three-body Faddeev equations in continu
for three-body complex energies. It is known@28# that the
use of contour rotation for the momentum variable integ
tion in the kernel of the integral equations allows the analy
continuation to complex energyZ in the fourth quadrant of
the E plane. This is a very powerfull method that is app
cable even above three-body breakup threshold. Neverthe
this procedure is not well established for two-variable in
gral equations that emerge whenever the potentials are
and breaksdown in the presence of the Coulomb force.

Therefore, in order to expedite this procedure we exp
the local potentials AB and CB in a separable form using
method of Ref.@25# and neglect Coulomb between thea
particles. From the technical view point our calculation d
fers from Ref.@4# in that we use a different separable expa
sion method based on orthogonal polynomials, while th
use the Ernst, Shakin, and Thaler~EST! expansion that re-
quires the numerical solution of two-body equations. T
together with a different contour rotation method@28# leads
to a very stable numerical procedure for the calculation
resonances. As for the accuracy of the separable expan
for AB and CB potentials, we repeated the calculations
the ground state and excited state and compare with the
sults obtained in Tables IV and V. On the average we fi
that the finite rank representation of the ABt matrix leads to
an accuracy of<30 keV for the ground state and<2 keV
for the excited state.

In the present work we find two pairs of resonances: o
below breakup threshold and one above breakup thresh

TABLE XI. Same as in Table X for the magnetic octopole m
mentm3 (mN fm2) of the 3

2
1 and 5

2
1 excited states.

3
2

1 5
2

1

UIM AB CB UIM AB CB

TH 20.39 20.43 20.43 0.17 0.23 0.23
MS 20.34 20.35 20.35 20.07 20.06 20.05
DE 20.32 20.33 20.33 20.14 20.13 20.13
DA 20.31 20.31 20.31 20.37 20.39 20.38

9Be 6.01 ~2.01!

TABLE XII. Position and width of the 1
2

2( 3
2

2) resonance
~MeV! for different a-a andL-a potentials in the absence of th
Coulomb repulsion.

UIM AB CB
E G/2 E G/2 E G/2

TH 22.00 0.62 21.98 0.59 22.03 0.68
MS 21.69 0.56 21.65 0.55 21.67 0.64
DE 21.89 0.58 21.84 0.57 21.86 0.66
DA 21.92 0.41 21.89 0.40 21.87 0.47
01400
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The first one is1
2

2( 3
2

2) while the second one is72
1( 9

2
1).

The results are shown in Table XII and XIII, respective

The 1
2

2( 3
2

2) resonance is located just above theL-a thresh-
old and has a large decay width. Nevertheless, unlike
work in Ref. @4#, we find no negative parity states abov
breakup threshold, but unveil instead a positive parity st
7
2

1( 9
2

1) that relies on thea-a g-wave interaction. This las
resonance has not been found before by other continu
calculations but, together with the12

1 bound state and the
3
2

1( 5
2

1) excited state, complete the even parity rotation
band. These three energy states become five in the pres
of a L-a spin-orbit force and are in some sense related to
five positive parity states observed in9Be in this same en-
ergy region@29#. On the contrary, the absence of a lar
number of negative parity states inL

9 Be is twofold: ~a! a
direct result of the Pauli principle that allows theL to stay
predominantly ins-state while keeping the fifth neutron i
9Be in a p state;~b! proper coupling to the decay chann
a1L1a and correct location of all underlying branch cu
of the a-a system in the complex energy plane. We ha

tried to search for52
2( 7

2
2) resonances corresponding to tot

orbital angular momentumL53 but could not find any. In
Table XIV we show the excitation energyEx relative to the
1
2

1 ground state for both12
2( 3

2
2) and 7

2
1( 9

2
1) resonances.

We find that 5.7,Ex,8.3 for the negative parity state, whil
8.3<Ex<10.3 for the positive parity resonance. If we co
sider, for example, the MSL-a potential together with CB

a-a interaction the 1
2

2( 3
2

2) resonance corresponds

.6.9 MeV excitation and the72
1( 9

2
1) to .9.7 MeV.

So far the most accepted understanding of the level st
ture of L

9 Be is the work of Yamadaet al. @30#, where a varia-
tional (a13N1N) 1 L cluster model that includes

TABLE XIII. Position and width of the 7
2

1( 9
2

1) resonance
~MeV! for different a-a andL-a potentials in the absence of th
Coulomb repulsion.

UIM AB CB
E G/2 E G/2 E G/2

TH 1.29 0.14 0.59 0.06 1.66 0.20
MS 0.51 0.06 0.06 0.03 1.09 0.12
DE 20.06 0.04 20.51 0.02 0.51 0.09
DA 20.30 0.04 20.64 0.02 0.29 0.09

TABLE XIV. 1
2

2( 3
2

2) and 7
2

1( 9
2

1) excitation energies~MeV!
for different L-a anda-a potentials.

1
2

2( 3
2

2) 7
2

1( 9
2

1)
UIM AB CB UIM AB CB

TH 6.57 5.74 5.79 9.86 8.31 9.48
MS 7.38 6.84 6.90 9.58 8.55 9.66
DE 7.77 7.30 7.35 9.60 8.63 9.72
DA 8.26 8.15 8.13 9.88 9.40 10.29
1-5
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a-particle breakup modes is applied to achieve a unified
derstanding of this hypernucleus in the energy region up
20-MeV excitation. They find a very rich spectra of rot
tional bands of which we can only find the lowest one ma

up of 1
2

1, 3
2

1( 5
2

1), and 7
2

1( 9
2

1) states. The two negative pa
ity bands are absent from our calculation except for the lo

est state1
2

2( 3
2

2) in the first band that carries total orbita
angular momentumL51. Two reasons may explain suc
disagreement:~a! lack of internal structure of thea particle
in our calculation;~b! lack of appropriate coupling to the
continuum in their calculation. As shown in the study of9Be
nucleus@29#, it is the coupling to the continuum, through th
appropriate location of the underlying analytical structure
two-body bound states and resonances in the kernel of
Faddeev equations, that ultimately decides the position
width of three-body resonances. If the width is large one m
not be able to find it numerically, and, even if we do, it m
not show up experimentally.

As far as we know, the experimental evidence for t
spectra ofL

9 Be comes from Refs.@31,32#. In Ref. @31# only
two peaks are found above thea1L1a threshold. The sec-
ond peak, at about 20 MeV above breakup threshold
clearly out of the domain of applicability of our calculatio
due to lack of structure in thea particle. The first peak, also
centered at about 5 MeV above breakup, may not corresp
to any of the states we have found because of both loca

and width; the1
2

2( 3
2

2) has the right width but is located ver
close to the breakup threshold once we add about 1.8 M

for the Coulomb energy, while the72
1( 9

2
1) has the correct

position but is too narrow to correspond to the experimen
peak. Instead the experimental work of Ref.@32# finds two
resonance peaks corresponding to excitation energies oEx
56 and 10 MeV above the ground state, which may cor
spond to the states we find. The first one corresponds to
1
2

2( 3
2

2) state (12), while the second to the72
1( 9

2
1) state

(41). In Ref. @32# this last state has been denoted as 32 in
accordance with the theoretical predictions of Ref.@30# but,
as we mentioned above, we find no additional negative pa
resonance to justify such assignment.

V. CONCLUSIONS

In the present work we studyL
9 Be as a cluster of twoa

particles and aL and calculate the structure of bound sta
and resonances. As already found by others@4# we confirm

the existence of three even parity bound state1
2

1, 3
2

1, 5
2

1

strongly associated with the L50 ( 1
2

1) and L

52 ( 3
2

1, 5
2

1) rotational states in8Be. In the absence o

L-a spin-orbit force, the (32
1) and (5

2
1) states are degener

ate. Depending on the combination ofL-a anda-a interac-
o
L

01400
n-
to

e

-

f
he
nd
y

e

is

nd
on

V

al

-
he

ty

s

tions one uses, the energy difference between the two s
lies between 2.3 MeV and 3.0 MeV. This compares with
experimental excitation energy of.3.1 MeV.

In the framework of this model we predict that the elect

quadrupole moments of the32
1and 5

2
1 states are negative

The calculated Q( 3
2

1).25.28 e fm2 while Q( 5
2

1)
.27.55 e fm2. Therefore L

9 Be is an oblate nucleus muc
like 8Be, while 9Be is prolate with an experimentalQ
55.360.3 e fm2. The same sign change takes place if o
compares the magnetic moments of bothL

9 Be and 9Be nu-

clei. While 9Be 3
2

2 ground state has a negativem5

21.18mN , we predict thatm( 3
2

1).1.26mN and m( 5
2

1)
.0.38mN . The 1

2
1 ground state hasm5mL . It should be

extremely interesting to find out if shell-model calculatio
of L

9 Be and9Be would reproduce this sign change for bothQ
andm.

In addition, we calculate the charge radius for allL
9 Be

states and find it to be the same as in9Be. Therefore we do
not find any contraction of the system due to the strongL-a
s-wave attraction, but find instead that theL shares its loca-
tion with thea ’s ( r̄ L. r̄ a.2 fm) while the fifth neutron in
9Be sticks much further out (r̄ n.3 fm).

In the resonance region we locate the even parity st

( 7
2

1, 9
2

1) corresponding to an excitation energyEx

.9.6 MeV above the ground state, that complete
8Be-like rotational band. Given the similarity between t
even parity states inL

9 Be and 8Be we find it plausible to
assume these to be8Be-like states as discussed in Re
@7,30#.

Close to breakup threshold we find a single pair of ne

tive parity states (12
2, 3

2
2) that depend strongly on th

strengh of theL-a s-wave interaction. Therefore we cann
denote this state as a9Be-like resonance but instead as p
of a genuine hypernuclear band.

Given the strengh of theL-a effectivep-wave interaction
we cannot find 9Be-like states independently of theL-a
interaction we choose. If they exist they have such a la
width that we cannot find them numerically in our thre
body cluster model. Presumably they were found by Yam
et al. @30# due to lack of coupling to the continuum in the
calculation.

ACKNOWLEDGMENTS

One of us ~Y.K.! would like to thank the Center fo
Nuclear Physics for the hospitality during the course o
year. We also would like to thank H. Kamada for providin
the parameters of the UIM potential, and for useful disc
sions. Project sponsored by FCT under Praxis Grant Noo

2/2.1/FIS/223/94.
a-

@1# H. Feshbach, in Proceedings of the Summer Study Meeting

Kaon Physics and Facilities, edited by H. Palevsky, BN
18335, Brookhaven, 1973, p. 185.

@2# A.C. Fonseca and M.T. Pen˜a, Nucl. Phys.A487, 92 ~1988!.
n@3# E. Cravo, Phys. Rev. C54, 523 ~1996!.
@4# S. Oryu, H. Kamada, H. Sekine, H. Yamashita, and M. Nak

zawa, Few-Body Syst.28, 103 ~2000!.
@5# Y. Sunami and H. Narumi, Prog. Theor. Phys.66, 355 ~1981!.
1-6



xi

Y.

.

d
,

Y.

Y.

THREE-BODY CALCULATION OF THE STRUCTURE OFL
9 Be PHYSICAL REVIEW C 66, 014001 ~2002!
@6# B.F. Gibson, Nucl. Phys.A689, 57c ~2001!.
@7# B.F. Gibson and E.V. Hungerford III, Phys. Rep.257, 349

~1995!.
@8# L.D. Faddeev, Zh. Eksp. Teor. Fiz.39, 1459~1960! @Sov. Phys.

JETP12, 1014~1961!.
@9# D.R. Lehman, A. Eskandarian, B.F. Gibson, and L.C. Ma

mon, Phys. Rev. C29, 1450~1984!.
@10# K. Miyagawa and W. Glo¨ckle, Phys. Rev. C48, 2576~1993!.
@11# E. Hiyama, M. Kamimura, T. Motoba, T. Yamada, and

Yamamoto, Nucl. Phys.A684, 227c~2001!.
@12# P.M.M. Maessen, T.A. Rijken, and J.J. de Swart, Phys. Rev

40, 2226~1989!; T.A. Rijken, V.G.J. Stoks, Y. Yamamoto,ibid.
59, 21 ~1999!.

@13# S. Oryu, K. Samata, T. Susuki, S. Nakamura, and H. Kama
Few-Body Syst.17, 185 ~1994!; S. Oryu and H. Kamada
Nucl. Phys.A493, 91 ~1989!.

@14# S. Ali and A.R. Bodmer, Nucl. Phys.80, 99 ~1966!.
@15# W.S. Chien and R.E. Brown, Phys. Rev. C10, 1767~1974!.
@16# R. Kircher and W.E. Schmid, Z. Phys. A299, 241 ~1981!; R.

Kircher, H. Kamada, and S. Oryu, Prog. Theor. Phys.73, 1442
~1985!.

@17# R.C. Herndon and Y.C. Tang, Phys. Rev.153, 1091 ~1967!;
159, 853 ~1967!; 165, 1093~1986!.
01400
-

C

a,

@18# Y. Kurihara, Y. Akaishi, and H. Tanaka, Prog. Theor. Phys.71,
561 ~1984!.

@19# R.H. Dalitz, R.C. Herndon, and Y.C. Tang, Nucl. Phys.B47,
109 ~1972!.

@20# A. Deloff, Phys. Rev. C20, 1528~1979!.
@21# S. Maeda and W.E. Schmid, inFew-Body Problems in Physics,

edited by B. Zeinitz~Elsevier, Amsterdam, 1984!, Vol. II, p.
379.

@22# E. Hiyama, M. Kamimura, T. Motoba, T. Yamada, and
Yamamoto, Prog. Theor. Phys.97, 881 ~1997!.

@23# E. Hiyama, M. Kamimura, T. Motoba, T. Yamada, and
Yamamoto, Phys. Rev. Lett.85, 270 ~2000!.

@24# H. Akikawa et al., Phys. Rev. Lett.88, 082501~2002!.
@25# Y. Koike, Phys. Rev. C42, R2286~1990!.
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