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The structure of cold dense matter at subnuclear densities is investigated by quantum molecular dynamics
simulations. We succeeded in showing that the phases with slablike and rodlike nuclei, etc., can be formed
dynamically from hot uniform nuclear matter without any assumptions on nuclear shape. We also observe
intermediate phases, which have complicated nuclear shapes. Geometrical structures of matter are analyzed
with Minkowski functionals, and it is found that intermediate phases can be characterized as those with
negative Euler characteristic. Our result suggests the existence of these kinds of phases in addition to the
simple “pasta” phases in neutron star crusts.
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Collapse-driven supernovéSNs and the subsequent for- processes have not been discussed except for some limited
mation of neutron star§NS9 are the most dramatic pro- cases based on perturbative approa¢Bd<|. It is important
cesses during stellar evolution. These objects provide ndb adopt a microscopic and dynamical approach, which al-
only astrophysically significant phenomena but also interesttows arbitrary nuclear structures to understand these pro-
ing material phases inside them; both are strongly connectetksses of nonspherical nuclei. At finite temperatures, it is
with each other. Investigating the properties of nuclear mateonsidered that not only the nuclear surface becomes obscure
ter under extreme conditions is one of the essential topics fdsut also the nuclei of various shapes may coexist. Therefore,
clarifying the mechanism of collapse-driven SN§ and the it is necessary to incorporate density fluctuations without any
structure of NS crustf2]. This subject is also interesting in assumptions on nuclear shape to investigate the properties of
terms of the fundamental problem of the complex fluids ofpasta phases at finite temperatures. Although some previous
nucleons. works [8,9] do not assume nuclear structure, they cannot

At subnuclear densities, where nuclei are about to melincorporate fluctuations of nucleon distributions satisfacto-
into uniform matter, it is expected that the energetically fa-rily because they are based on the Thomas-Fermi calculation,
vorable configuration possesses interesting spatial structurgghich is a one-body approximation. In addition, only one
such as rodlike and slablike nuclei and rodlike and sphericastructure is contained in the simulation box in these works;
bubbles, etc., which are called nuclear “pasta.” This picturethere are thus possibilities that nuclear shape is strongly af-
was first proposed by Ravenhat al. [3] and Hashimoto fected by the boundary effect and some structures are pro-
et al.[4]. These works, which are based on free energy calhibited implicitly.
culations with liquid drop models assuming some specific We have started studying dense matter at subnuclear den-
nuclear shapes, clarify that the most energetically stablgities by quantum molecular dynamig@MD) [13], which is
nuclear shape is determined by a subtle balance between thae of the molecular dynami¢MD) approaches for nucleon
nuclear surface and Coulomb energies. Although detailed asnany-body system&ee, e.g., Ref.14] for review). MD for
pects of phase diagrams vary with nuclear modBls the  nucleons including QMD, which is a microscopic and dy-
realization of the pasta phases as energy minimum states caamical method without any assumptions on nuclear struc-
be seen in a wide range of nuclear models and the basture, is suitable for incorporating fluctuations of particle dis-
feature of the phase diagrams is univerg[7] i.e., with  tributions. The final aim of our study is to understand the
increasing density, the shape of the nuclear matter regioabove mentioned formation and melting processes of non-
changes as sphere cylinder— slab— cylindrical hole— spherical nuclei and to investigate the properties of matter
spherical hole— uniform. This feature is also reproduced by consisting of nonspherical nuclei at finite temperatures. For
Thomas-Fermi calculation8—10| the first step, the question posed in this paper is as follows:

The phases with these exotic nuclear structures, if they ar€an the phases with nonspherical nuclei be formed dynami-
realized in NS crusts or SN cores, bring about many astroeally?
physical consequences. As for those in NS phenomena, it is There is a pioneering work by Maruyanmet al. [15]
interesting to note the relevance of the nonspherical nuclei invhich attempts to investigate the structure of matter at sub-
neutron star matte(NSM) to pulsar glitched11] and the nuclear densities by QMD. Unfortunately, they did not treat
cooling of NSs[5]. For supernova matte(SNM), pasta the Coulomb interaction consistently and could not anneal
phases are expected to affect the neutrino trangppftand  the system successfully. As a result, they could not reproduce
hydrodynamics in SN cord9]. the phases with nonspherical nuclei of simple structures. In

Though the properties of pasta phases in equilibrium statthe present work, we improve the above shortcomings and
have been investigated actively, their formation and meltingbtain phase diagrams for cold dense matter of proton frac-
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FIG. 1. (Color) The nucleon distributions of typical phases with simple structures of cold matter @i5; (a) sphere phase, Qg(D
=43.65 fmN=1372);(b) cylinder phase, 0.18(D=41.01 fmN=2048);(c) slab phase, 0gh(D=31.42 fmN=2048);(d) cylindrical
hole phase, 0/ (D =29.17 fm,N=2048); ande) spherical hole phase, §D=27.45 fmN=2048), whereD is the box size. The red
particles represent protons and the green ones represent neutrons.

tion x=0.3 and 0.5 at subnuclear densities. We also discussuclear interaction, we use an effective Hamiltonian devel-
nuclear shape changes with morphological measures. oped by Maruyamat al. (medium equation of state modlel

While there are a lot of versions of MD for fermions, we [15], which reproduces the bulk properties of nuclear matter
choose QMD among them based on a trade-off between cagnd the properties of stable nuclei, especially heavier ones,
culational amounts and accuracies. The typical length $calei-€., binding energy and root-mean-square radius.

of the interstructure i$~10 fm and the density region of ~ We first prepare a uniform hot nucleon gas kT
interest is just below the normal nuclear densipy 20 MeV as an initial condition, which is equilibrated for

=0.165 i 3. The required nucleon numbét in order to ~500-2000 fm¢ in advance. In order to realize the ground

reproducen structures in the simulation box is abont State of matter, we then cool it down slowly for
~20(nl)3 (for slabs, it is thus desirable that we prepare 0(10°-10%) fm/c keeping the nucleon density constant by

. he frictional relaxation method, etc. until the temperature
nucleons of the order of 10000 if we try to reduce boundaryt)ecomesV 0.1 MeV or less. Note that any artificial fluctua-

effects. While it is a very hard task to treat such a large

o .2 "tions are not given during the simulation.
system by, for example, fermionic molecular dynamics The QMD equations of motion with friction terms are

(FMD) and antisymmetrized molecular _dynam|(‘AMD) solved using the fourth-order Gear predictor-corrector
(see, e.g., Refl14] and rejerepces therginvhose calcula-  ethod in conjunction with the multiple time step algorithm
tional amounts scale asN*, it is feasible to do it by QMD  [16] |ntegration time stepat are set to be adaptive in the
whose calculational amounts scale-adl®. It is also noted range ofAt<0.1-0.2 fmt depending on the degree of con-
that we mainly focus on macroscopic structures; the exyergence. At each step, the correcting operation is iterated
change effect would not be so important for them. Thereforeyntil the error of positionAr and the relative error of mo-
QMD, which is less elaborate in treating the exchange effectmentum Ap/p become smaller than 16, where Ar and
has the advantages of the other models. Ap/p are estimated as the maximum values of correction
We have performed QMD simulations of an infinite among all particles. Computer systems which we use are
(n,p,e) system with fixed proton fractions=0.3 and 0.5 equipped withMD-GRAPEI.
for various nucleon densitiep [the density region is Shown in Figs. 1 and 2 are the resultant nucleon distribu-
(0.05-1.0pg]. We set a cubic box, which is the imposed tions of cold matter ak=0.5 and 0.3, respectively. We can
periodic boundary condition in which 2048 nucledii872  see from these figures that the phases with rodlike and slab-
nucleons in some caseare contained. The relativistic de- like nuclei, cylindrical and spherical bubbles, in addition to
generate electrons which ensure the charge neutrality atbose one with spherical nuclei, are reproduced in both the
treated as a uniform background and the Coulomb interaccases. We would like to mention here some reasons of dis-
tion is calculated by the Ewald meth¢see, e.g., Ref16]), crepancies between the present result and the result obtained
which enables us to sum contributions of long-range interachy Maruyamaet al., which says thathe nuclear shape may
tions in a system with periodic boundary conditions. Fornot have these simple symmetii@§]. The most crucial rea-

FIG. 2. (Color) Same as Fig. 1 ax=0.3; (a) sphere phase, Q3(D=49.88 fmN=2048); (b) cylinder phase, 0.}8(D
=41.01 fmN=2048);(c) slab phase, 0.35(D=32.85 fmN=2048);(d) cylindrical hole phase, 0gp(D =29.17 fmN=2048); ande)
spherical hole phase, 058D =28.26 fmN=2048). The red particles represent protons and the green ones represent neutrons.
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(a) x=0.5 the density dependence of the nuclear shape, except for cy-
coexist. SP&C (S,CH) lindrical bubbles(just in the case 0k=0.3) and spherical
. P l N nuclei and bubbles, is quite sensitive and phases with inter-
CS) §*CH SH uniform mediate nuclear shapes, which are not simple as shown in

4—

0.3 0.4 0.5 0.6

08 oo 10 /R Figs. 1 and 2, are observed in two density regions: one is
— between the cylinder phase and the slab phase, the other is
<0 between the slab phase and the cylindrical hole phase. We

(b) x=0.3 note that these phases are different from coexistence phases

coexist. S!D&C (S;S)H) with nuclei of simple shapes and we will refer to them as

SP lC (C,9) S . SH uniform intermediate phases. _ o
oo bo e b oo bbb o oo boooboo b o b o b oln To extract the morphological characteristics of the nuclear
© o1 02 03 04 05 06 07 08 09 10 shape changes and the intermediate phases, we introduce the
x.<0 SP:sphere CH: cylindrical hole Minkowski functionals(see, e.g., Ref[17] and references
C : cylinder SH: spherical hole ; H R
Sishb () intermediate phase therein as geometrical and topological measures of the

nuclear surface. Let us consider a homogeneous body
FIG. 3. Phase diagrams of cold matterxat0.5 (@) and x e R in the d-dimensional Euclidean space, wheReis the
=0.3(b). Matter is unstable against phase separation in the densitglass of such bodies. Morphological measures are defined as
region shown a&r<0, wherex is the isothermal compressibility. - functionalse:R— R which satisfy the following three prop-
The symbols SP, C, S, CH, and SH stand for nuclear shapes, i.etjes: (1) Motion invariance i.e., o(K)=¢(gK), whereg
sphere, cylinder, slab, cylindrical hole and spherical hole, respecqenotes any translations and rotatiof2) Additivity, i.e.,

tively. The (A,B) show intermediate phases between gklphase e(KLUK,) = ¢(Kq) + @(Ky) — o(K;NK,), where K;,K,
and B phase suggested in this work. They have complicated struc R: (3) Continuity i.e lim,_.o(K)=¢(K) if
il 4 ey — 0 n

tures different from those of both thephase an@phase. Simula- lim K,=K, whereK is a convex body andK,! is a
n—oof\n Il n

tions have been carried out at densities denoted by small circles. . o
sequence of convex bodies. Hadwiger's theorem states that
there are justl+ 1 independent functionals which satisfy the
son seems to be the difference in the treatment of the Cowbove properties; they are known as Minkowski functionals.
lomb interaction. In the present simulation, we calculate thdn three-dimensional space, four Minkowski functionals are
long-range Coulomb interaction in a consistent way usingelated to the volume, the surface area, the integral mean
the Ewald method. For the system of interest where theurvature, and the Euler characteristic.
Thomas-Fermi screening length is comparable to or larger Here, we particularly focus on the integral mean curvature
than the size of nuclei, this treatment is more adequate thaand the Euler characteristic; the results of other quantities
that with introducing an artificial cutoff distance as in Ref. will be discussed elsewhere. Both are described by surface
[15]. The second reason would be the difference in the relaxintegrals of the following local quantities, the mean curva-
ation time scales. In our simulation, we can reproduce the ture H=(x;+ k,)/2 and the Gaussian curvatu@= ««,,
bubble phaseg$see (d) and (e) of Figs. 1 and 2 with = i.e., [,xHdA and y=(1/27) [ ,«GdA, wherex, and x, are
~10® fm/c and the nucleus phasgsee(b) and(c) of Figs.  the principal curvatures andA is the area element of the
1 and 3 with 7~0O(10* fm/c. However, the matter in the surface of the bodK. The Euler characteristig is a purely
density region corresponding to a nucleus phase is quenchédpological quantity and
in an amorphous state when=10® fm/c. In the present

work, we taker much larger than the typical time scatg, x = (number of isolated regions (number of tunnels
~0(100) fmi/c for nucleons to thermally diffuse in the dis- N
tance ofl~10 fm atp=p, andkgT=1 MeV. This tem- +(number of cavities @

perature is below the typical value of the liquid-gas phase
transition temperature in the density region of interest, it isThus >0 for the sphere and the spherical hole phases and
thus considered that our results are thermally relaxed in ¢he coexistence phase of spheres and cylindersyan@l for
satisfying level. the other ideal pasta phases, i.e., the cylinder, the slab, and
Phase diagrams of matter in the ground state are shown ihe cylindrical hole phases. We introduce the area-averaged
Figs. 3a) and 3b) for x=0.5 and 0.3, respectively. As can mean curvaturéH)= (1/A)fHdA and the Euler character-
be seen from these figures, the obtained phase diagrams bstic density y/V as normalized quantities, whekéis the
sically reproduce the sequence of the energetically favoredolume of the whole space.
nuclear shapes predicted by simple discussi@is which We calculate these quantities by the following procedure.
only take account of the Coulomb and surface effects; thidVe first construct proton and nucleon density distributions,
prediction is that the nuclear shape changes as sphere pp(r)=|<1>p(r)|2 and p(r)=|®(r)|?, from the data of the
cylinder — slab — cylindrical hole — spherical hole— centers of position of the nucleons, whebg(r) and ®(r)
uniform, with increasing density. Comparing Figga)3and are the QMD trial wave functions of protons and nucleons
3(b), we can see that the phase diagram shifts towards thsee Ref[15]). We set a threshold proton densjty , and
lower density side with decreasing which is due to the then calculatef(p, ) =V(ppw)/Alpp,w), Where V(pp )
tendency that as the nuclear matter becomes more neutroand A(p, ) are the volume and the surface areas of the
rich, the saturation density is lowered. It is remarkable thategions in whichpy(r)=p, . We find out the value, v,
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x=0.5 x=0.3 those corresponding to the phases with cylindrical nuclei,
ML B e B e p LS L S S B planar nuclei, and cylindrical holeg/V=0. The fact that
T (a) IF.« (b) 7 the values ofy/V are not exactly zero for nucleon distribu-
~ o1 F B e b %, s 3 tions shown as slab phases in Figs. 1 and 2 reflects the im-
E ey it * x J ] perfection of these slabs, which is due to the small nuclear
AR ; §>xxx ol g . parts which connect the neighboring slabs. However, we can
% b x 1t XX ] say that the behavior of/V depicted in Figs. &) and 4d)
0P “x3F * shows thaty/V is negative in the density regions of the
P T R | N intermediate phases, even if we take account of the imper-
UL LV | B 'c :ind'ric;l ] fection of the obtained nuclear shapes and the uncertainties
2xio - (C) . oylindrical - (d) Moo P of the definition of the nuclear surface. This means that the
N x:c‘i""der sab | % % {1k opinder b i1x 1 intermediate phases consist of nuclear surfaces, which are
«E o o R 0 11 1 ._-—.: ] saddlelike at each point on average, and each of them con-
< - : x A XX: : . »!x I sists of highly connected nuclear and gas regions due to a lot
x - L Kk L I Xx o] of tunnels[see Eq.(1)].
~2x107 | = e sphericat Eonire spherical- Let us now refer to discrepancies from the results of pre-
P R Rl T | IR R BRI vious works which do not assume nuclear struc{@8]; the
0.2 0.4 0.6 0.2 0.4 0.6

intermediate phases cannot be seen in these works. We can
0/p, give the following two reasons for the discrepancies.
(1) These previous calculations are based on the Thomas-
FIG. 4. Density dependence of the Minkowski functionals of Fermi approximation which cannot sufficiently incorporate
cold matter a=0.5[(a) and(c)] andx=0.3[(b) and(d)]. fluctuations of nucleon distributions. This shortcoming may
result in favoring nuclei of smoothed simple shapes than in
=p} 1 Where @%/dp3 ) f(p} ) =0, and define the regions the real situation. o .
in which p,(r)=p} , as nuclear regions. For spherical nu-  (2) There is a large possibility that some highly connected
clei, for examplep}; ,, corresponds to a point of inflection of structures which have two or more substructures in a period
a radial density distribution. In almost the whole phase-2€ neglected in these works because only one structure is

separating region, the values pf. are distributed in the COntained in a simulation box.
rar?ge of eglbouq[ (0.7-0.8) in bot’?ﬁthe cases of=0.5 and If the phases with highly connected nuclear and bubble

0.3, wherep?;, is the threshold nucleon density corresponding\r;g'g;? Sa;e tLeaE'l[hif?sd n%? ;rr‘]eunmnoasttjrear;?kf‘%g;jialg)?sséiﬁgds_tates,
to p;th. We then calculaté, fHdA, and y for the deter- y .

. ; red that, for example, a phase with perforated slablike nu-
mined nuclear surface. We evaludtdy the triangle decom- ered that, fo P b P

e . - clei, which has negativg/V, could be more energetically
position me_thodf_HdA by '_[he a_llgonthm show_n in Ref17] stable than that with extremely thin slablike nuclei. The thin
in conjunction with a calibration by correction of surface

I face-surf hich
area, andy by the algorithm of Ref[17] and by that of planar nucleus costs surface-surface energy, which stems

ina defici lod 1 hich i hat both of from the fact that nucleons in it feel the surfaces of both
countm_g eficit angleg18], which confirms that both o sides. We have to examine the existence of the intermediate
them give the same results.

. phases by more extensive simulations with larger nucleon

We have plotted the obtiun_eyd ‘?epe”denceqm and numbers and with longer relaxation time scales in the future.
x/V for the surface op=py, in Fig. 4. In addition to the Here we would like to discuss the astrophysical conse-
values of(H) for the surface opy,= pf,, we have also in-  quences of our results. Pethick and Potekhin have pointed
vestigated those for the surface @f,=p;,=0.05, t0 ex-  out that pasta phases with rodlike and slablike nuclei are
amine the extent of the uncertainties of this quantity, whichanalogous to the liquid crystals according to the similarity of
stem from the arbitrariness in the definition of the nuclearthe geometrical structurdd1]. It can also be said that the
surface, but we could not observe remarkable differencemtermediate phases observed in the present work are “spon-
from the values fop,,=p¢}, (they were smaller than 0.015/ gelike” phases because they have both highly connected
fm). We could not see these kinds of uncertaintiesyi, nuclear and bubble regions shown g8/<0. The elastic
except for the densities near below the density at which matproperties of the spongelike intermediate phases are qualita-
ter turns uniform. tively different from those of the liquid-crystal-like pasta

The behavior of(H) shows that it decreases almost phases because the former ones do not have any directions in
monotonical from positive to negative with increaspgntil  which the restoring force does not act; on the other hand the
the matter turns uniform. The densities corresponding tdatter ones have. Our results suggest that the intermediate
(H)=0 are about 04, and 0.3p, for x=0.5 and 0.3, re- phases occupy a significant fraction of the density region in
spectively; these values are consistent with the density revhich nonspherical nuclei can be segee Fig. 3. If this is
gions of the phase with slablike nucl@ee Fig. 3. As men-  also true for the more neutron-rich casexas0.1, it leads to
tioned previously,x/V is actually positive in the density the increase of the maximum elastic energy that can be
regions corresponding to the phases with spherical nuclestored in the NS crust, higher than that in the case where all
coexistence of spherical and cylindrical nuclei, and sphericahonspherical nuclei have simple structures. Besides, the cyl-
holes because of the existence of isolated regions. As fdnder and the slab phases, which are liquid-crystal-like, lie
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between the spongelike intermediate phases or the crystallithke SNM and would thus act to enhance the amount of the
solidlike phase, and the releasing of the strain energy wouldeleased gravitational energy.

in consequence, concentrate on the domain of these liquid- Our calculations demonstrate that the pasta phases can be
crystal-like phases. The above mentioned effects of the inteformed dynamically from hot uniform matter in the proton-
mediate phases should be taken into account in consideridif? cases ofx=0.5 and 0.3 without any assumptions on
the crust dynamics of starquakes, etc. if these phases exist clear shape. This suggests the existence of these phases in

. crusts because they cool down keeping the local thermal
NSM. In the context of pulsar glitch phenomena, the eﬁeCtSequilibrium after proto-NSs are formed and their cooling

of the spongelike nuclei on the pinning rate of superfluidime scale is much larger than the relaxation time scale of
neutron vortices also have yet to be investigated. our simulations. This conclusion has to be confirmed in more

For neutrino cooling of NSs, some version of the directneytron-rich cases of~0.1 in the future. Our results also
URCA process which is suggested by Loresizl. [5], that  suggest the existence of the highly connected intermediate
this might be allowed in the pasta phases, would be supphases which are characterizedd¥ <0. This provides a
pressed in the intermediate phases. This is due to the fact thawid picture that NS inner crusts which consist of dense
the proton spectrum is no longer continuous in the spongematter at subnuclear densities may be rich in properties due
like nuclei. The last point which we would like to mention is t0 the possibilities of a variety of material phases.

about the effects of the intermediate phases on neutrino trap- G.W. is grateful to T. Maruyama, K. lida, K. Niita, A.

ping in SN cores. The nuclear parts connect over a Widﬁ'ohsaki, K. Oyamatsu, S. Chikazumi, C. Hikage, and K. Ko-
region, which is much larger than that characterized by thgake for helpful discussions and comments. This work was
typical neutrino wavelength~20 fm. Thus the neutrino supported in part by the Junior Research Associate Program
scattering processes are no longer coherent in contrast to tire RIKEN through Research Grant No. J130026 and by
case of the spherical nuclei, and this may, in consequenc&rants-in-Aid for Scientific Research provided by the Min-
reduce the diffusion time scale of neutrinos as in the case détry of Education, Culture, Sports, Science and Technology
pasta phases with simple structures. This reduction softertarough Research Grants No. 14102004 and 14-7939.
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