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Evidence of multifractality and constant specific heat in hadronic collisions at high energies
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and Kanchan Kumar Patra
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We analyzed the experimental data on the charged pion multiplicity distribution inp-AgBr interactions at
200 GeV/c andp2-AgBr interactions at 200 and 350 GeV/c in terms of multifractals. We calculate the values
of generalized dimensionDq for q52, 3, 4, and 5 with the help of the method proposed by Takagi. Also from
the knowledge ofDq , the multifractal specific heat is calculated for different sets of interactions. It has been
observed that the value of specific heat is more or less constant over the entire range of energies. This
observation supports the constant specific heat approximation model and suggests that this parameter may
come out as an essential characteristic of the hadron-hadron and hadron-nucleus interactions.
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The investigation of multiplicity fluctuation in particle
production has recently entered into a new phase. The s
of multiparticle production in high-energy collisions has r
vealed self-similar properties@1# with respect to the resolu
tion in phase space, conjectured by Bialas and Pescha
@2#. These analyses contain two types of approaches: on
to open up the possibility of more stringent tests on the
namical model describing multiparticle production, while t
other is to provide a strong hint of the possible existence
fractal properties in such production processes. The re
investigations of multiparticle production processes at h
energies indicate fractality of~pseudo!rapidity distribution of
produced particles@3,4#. Such a behavior of the spectra ca
also be a signature of a phase transition to quark matter@5#.
Thus the search for fractality helps us to study both g
metrical and dynamical properties of hadronization proce
The numerous experimental evidences of the intermittent
havior have been obtained from hadron-hadron, hadr
nucleus, and nucleus-nucleus reactions. The elucidatio
these experimental data is still a real problem. Multifrac
interpretation of the data@4,6#, in particular, considered from
a view of thermodynamic point@4,7#, may be followed to
search for the phase-transition-like phenomena. It is kno
on the other hand, that some simple thermodynamic appr
mations could be applicable to the multiparticle product
as well. Bershadskii@8# reported to notice that the consta
specific heat~CSH! approximation, widely used in the ord
nary thermodynamics, is also applicable to the multifrac
data. They studied for two sets of data corresponding to
ferent type of reactions and observed that the specific
has approximately the same value, which is in agreem
with their prediction. This indicates that there is enou
scope to study the constant specific heat approximatio
other high-energy interactions.

Takagi @9# proposed the following method for studyin
multifractality of multiparticle production process. A sing
event containsn hadrons distributed in the intervalhmin,h
,hmax. The hadron multiplicityn changes from event to
event according to the distributionPn(h), whereh5hmax
2hmin . The full rapidity interval of lengthh is divided into
m bins of equal sizedh5h/m. The multiplicity distribution
for a single binPn(dh) for n50,1,2,3,..., where we assum
that the inclusive rapidity distributiondn/dh is constant and
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Pn(dh) is independent of the location of the bin. Hadro
produced inV independent events are distributed inVm bins
of sizedh. Let ni j be the multiplicity of hadrons in thej th
bin of the i th event andN be the total number of hadron
produced in theseV events. The normalized densityPi j is
defined by considering the theory of multifractals@10#,

Pi j 5ni j /N.

This is of course also true whenN→`. Then one has to
consider the quantity

Tq~dh!5 ln (
j 51

V

(
i 51

m

Pi j
q for q.0,

which behaves like a linear function of the logarithm of t
‘‘resolution’’ R(dh), q is the order number,

Tq~dh!5Aq1Bq ln R~dh!,

whereAq andBq are constants independent ofdh. If such a
behavior is observed for a considerable range ofR(dh), a
generalized dimension may be determined as

Dq5Bq /~q21!. ~1!

Now evaluating the double sum ofPi j
q for sufficiently

largeV, Takagi@9# expects a linear relation,

ln^nq&5Aq1~Bq11!ln R~dh!,

and suggested that^n& would be a better choice of the ‘‘reso
lution’’ R(dh) becausedn/d^n& is flat by definition @10#.
ChoosingR(dh)5^n& one has

ln^nq&5Aq1~Bq11!ln^n&, ~2!

a simple linear relation between ln^nq& and ln̂n&. The gener-
alized dimensionDq can be obtained from the slope value

The case withq51 can be obtained by taking an appr
priate limit @11#. The value of information dimensionD1 can
also be determined from a new and simple relation sugge
by Takagi@9#,

^n ln n&/^n&5C11D1 ln^n&, ~3!

whereC1 is a constant.
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If the q dependence ofDq satisfies the conditionDq
.Dq8 for q,q8 then the spectra is said to exihibit multifra
tality.

Considering the thermodynamic point of view, Bersha
skii @8# has suggested that the following relation may
obtained if one assumes constant specific heat approx
tion:

FIG. 1. Plot of pseudorapidity distribution of the produced p
ticles in p-AgBr interactions at 200 GeV/c and p2-AgBr inter-
actions at 200 and 350 GeV/c, as shown in~a!–~c!.
06790
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Dq'~a2c!1c
ln q

~q21!
, ~4!

wherea andc are some constants.c is known as the CSH.

-

FIG. 2. Plot of ^n ln n&/^n& against ln̂n& and plot of ln̂nq&
against ln̂n& for q52, 3, 4, and 5 forp-AgBr interactions at 200
GeV/c andp2-AgBr interactions at 200 and 350 GeV/c with best
linear fits, as shown in~a!–~c!.
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In this Brief Report we intend to study the multifractali
of pion multiplicity distribution in case ofp-AgBr interac-
tions at 200 GeV/c andp2-AgBr interactions at 200 and 35
GeV/c following the method proposed by Takagi@9# and we
will also find out the specific heatc with the help of Eq.~4!
using generalized dimensionDq for different q’s for the dif-
ferent data sets.

The data have been obtained from emulsion plates
posed horizontally to proton beams at Fermilab with 2
GeV/c and p2 beam at Fermilab with 200 GeV/c and at
CERN with 350 GeV/c incident energies. The details o
scanning and measurement including selection of events
described in our earlier papers@12#. The nuclear emulsion
covers 4p geometry and provides very good accuracy, ev
less than 0.1 mrad, in angle measurement of produced
ticles with respect to the projectile beam axis due to h
spatial resolution, and thus, is suitable as a detector for

FIG. 3. Plot of the generalized dimensionDq againstq for
p-AgBr interactions at 200 GeV/c andp2-AgBr interactions at 200
and 350 GeV/c.

FIG. 4. Plot of generalized dimensionDq against lnq/(q21) for
p-AgBr interactions at 200 GeV/c andp2-AgBr interactions at 200
and 350 GeV/c. The straight lines are drawn for comparison wi
CSH approximation~4!.
06790
x-
0

re

n
ar-
h
e

study of fluctuations in fine resolution intervals of the pse
dorapidity phase space.

We have calculated̂n ln n&/^n& and ln̂nq& in different
pseudorapidity intervals. In order to do that we have cons
ered central symmetric overlapping bins (hc2Dh,hc,hc

1Dh) around the peak (hc) of h distributions. The pseudo
rapidity distribution for our data sets in the whole pha
space inp-AgBr interaction at 200 GeV/c and p2-AgBr
interactions at 200 and 350 GeV/c are represented in th
Figs. 1~a!, 1~b!, and 1~c!, respectively. The bin size~2Dh!
increases in steps of 0.5.hc52.25 forp-AgBr interactions at
200 GeV/c and hc52.75 for p2-AgBr interactions at 200
GeV/c and hc53.75 for p2-AgBr interactions at 350
GeV/c. The bin size dependence of multiplicity moments f
different bins of pionization phase space is observed.

ln^nq& are plotted against ln^n& for q52, 3, 4, and 5 and
^n ln n&/^n& is plotted against ln̂n& as shown in the Figs. 2~a!,
2~b!, and 2~c! for different pseudorapidity intervals of ou
experimental data. It has been observed that our experim
tal data show the expected excellent linear behavior in
above log-log plot and now there is no problem to find o
the slopes of the linear fits. We have determined the ge
alized dimensionsDq from the slopes of such a linear fit wit
the help of Eqs.~1! and ~2!. In Fig. 3 we plotDq againstq
for different energy data sets. It is observed that in each c
Dq decreases monotonically withq, which reveals multifrac-
tality of multiplicity distributions for all data. Further, the
values of generalized dimensionsDq are plotted as a func
tion of ln(q)/(q21) to extract the specific heat as shown
Fig. 4. For our data, multifractal specific heats~c! are calcu-
lated from the slope values of the best fitted straight lines
Fig. 4. The Table I presents the values of multifractal spec
heats~c! for different data sets. It also includes the results
other data@8#. It is extremely interesting to note that specifi
heats~c! remain almost constant over the entire energy ra
200–800 GeV/c of hadron-nucleus interactions.

Thus this analysis clearly indicates the multifractal natu
of multiplicity distributions of our data and strongly suppor
the constant multifractal specific heat approximation as p
posed by Bershadskii@8#. The multifractal specific heat~c!
seems to be an interesting and challenging parameter

TABLE I. Multifractal specific heat~c! for p-AgBr interactions
at 200 GeV/c and p2-AgBr interactions at 200 and 350 GeV/c,
p1p interactions at 250 GeV/c, and p-Em interactions at
800 GeV/c.

Interactions
Energy at

GeV/c
Multifractal specific

heat~c! Reference

p-AgBr 200 0.25 This expt.
p2-AgBr 200 0.26 This expt.
p1p 250 0.26 @8#

p2-AgBr 350 0.24 This expt.
p-emulsion
Ng51.2

800 0.25 @8#

p-emulsion
Ng50

800 0.25 @8#
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may turn out as an universal characteristic of multiparti
production in hadron-hadron and hadron-nucleus inte
tions.
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