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Radiative muon capture by 3He
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The rate of the nuclear reaction3He1m2→3H1g1nm has been calculated using both the elementary
particle model~EPM! approach and the impulse approximation~IA ! approach. Using the EPM approach, the
exclusive statistical radiative muon capture~RMC! rate for photon energy greater than 57 MeV is found to be
0.245 s21 and the ordinary muon capture~OMC! rate is found to be 1503 s21. The IA calculation exhibits a
slight dependence on the type of trinucleon wave functions used. The difference between the IA and EPM
calculation is larger for RMC than for OMC. To resolve the difference between the two approaches, a more
detailed investigation including meson exchange corrections will be required.
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I. INTRODUCTION

A recent TRIUMF experiment@1,2# designed to measur
the rate of the radiative muon capture~RMC! reaction 3He
1m2→3H1g1nm has sparked a renewed interest in th
process. Since it is more sensitive to the nucleon pseu
scalar form factorgP than its nonradiative counterpart~Refs.
@3,4# are two reviews on ordinary muon capture!, it is an
ideal candidate for checking the value of this form fact
which is theoretically predicted by PCAC~partial conserva-
tion of axial current!. With the experiment going on, it is
necessary to have a modern theoretical calculation of
process to interpret the anticipated experimental results
this paper, we have calculated the rate of the process u
two perspectives: a nuclear perspective via the elemen
particle model~EPM! and a nucleon perspective via the im
pulse approximation~IA !.

The only similar calculation for this process was done
Klieb and Rood@5,6# about 20 years ago but the accuracy
their calculation is constrained by the facts that~1! the tri-
nucleon wave function they used is inadequate by toda
standards,~2! some of the nucleon momentum terms we
handled in an approximate way, and~3! they did not use the
full Adler and Dothan amplitude but included only some
the Adler and Dothan terms. As a consequence of better c
puter technology and better methods of calculation of rea
tic trinucleon wave functions, it has been possible in t
calculation to improve on the approximations they ma
The analogous nonradiative, or ordinary muon capt
~OMC!, reaction has been considered by several auth
See, for example, Refs.@7–10# and references cited therein

In Sec. II we will briefly discuss various hypotheses go
erning the weak hadronic current and the Adler and Dot
@11# procedure, which provides terms in addition to the ter
generated by a naive insertion of photons on each par

*Present address: Cap Gemini Ernst and Young, Hamborner
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with charge or magnetic moment~see also Ref.@12# for early
work on this topic and Ref.@13# for an alternative presenta
tion of the Adler and Dothan procedure!. The elementary
particle model approach is discussed in Sec. III, where b
3He and3H nuclei are treated as single entities with intern
structure revealed only by the phenomenological nucl
form factors taken from experiments. We will then discu
the impulse approximation approach in Sec. IV. The esse
of the impulse approximation is that it regards the radiat
capture process as taking place on the constituent nucle
Assuming that the nucleons are free, one then uses a
nucleon wave function to integrate out the internal degree
freedom. The resulting amplitude will be one that only d
pends on the EPM, or external degrees of freedom. The
sults will be presented in Sec. V and a summary in Sec.

II. THE TRANSITION AMPLITUDE

The fundamental terms of the transition amplitude are
tained by inserting a photon on all particles carrying cha
or magnetic moment. Figure 1 shows the Feynman diagr
corresponding to these terms. Note that this general appro
is common to both EPM and IA so that the form of th
transition amplitude derived here will be applied to t
nucleus in the EPM, but to the nucleon in the IA.

The amplitudes corresponding to the diagrams in Fig
are

M15ū~n!ga~12g5!u~m!

3ū~Pf !W
a~QH!SF~Pi2k!Qiu~Pi !,

M25ū~n!ga~12g5!u~m!

3ū~Pf !QfSF~Pf1k!Wa~QH!u~Pi !,
tr.
©2002 The American Physical Society01-1
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M35ū~n!ga~12g5!u~m!

3ū~Pf !H 2 i

mp
2 2~QH2k!2

~2 i !~2QH2k!•eGP
HJ

3
QH

a

m
g5u~Pi !,

M45ū~n!ga~12g5!SF~m2k!~2 i e” !u~m!

3ū~Pf !W
a~QL!u~Pi !, ~1!

where SF is the Feynman propagator for spin12 particles
(SF(Pi2k)5 i /(P” i 2k”2Mn), for example!, n, m, andk are
the four-momenta of the neutrino, muon, and emitted pho
respectively, andWa(Q) is the weak hadronic vertex, whic
is parametrized by four form factors

Wa~Q!5GVga1GMisab
Qb

2Mn
1GAgag51GPg5

Qa

m
,

~2!

sab[
i

2
~gagb2gbga! ~3!

with all the Gi ’s being functions ofQ2, the square of the
momentum transfer at the weak hadronic vertex. Specifica
we denoteQH5m2n as the momentum transfer at the ha
ronic vertex when one of the hadrons is radiating a
QL5m2n2k as the momentum transfer when the lept
is radiating. Qi ( f )5 iei ( f )e”1@k i ( f )/2Mn#slrkrel , where
ei(ef), k i(k f) denote the electric charge and anomalo
magnetic moment of the initial~final! particle. The induced
pseudoscalar couplingGP , which originates from the pion
pole term has the form@14#

GP~Q2!5
2mMnGA~Q2!~11«!

mp
2 2Q2

«5
mp

2

2Q2 H 12
Gp~Q2!/Gp~0!

GA~Q2!/GA~0!
J ~4!

FIG. 1. The fundamental radiating diagrams.
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which comes from PCAC and the Goldberger-Treiman re
tion for ordinary muon capture. The quantity« can be re-
garded as a constant over theQ2 concerned@5–8#. The
PCAC value ofGP is defined as«50. Gp is the pion-i -f
coupling constant. In the EPM, the hadronic vertex is at
nuclear level. Therefore,Pi[P3He~four-momentum of the
3He nucleus! and Pf[P3H ~four-momentum of the 3H
nucleus!. In the IA, the hadronic weak interaction operat
acts on the constituentnucleons and so Pi[p ~four-
momentum of the proton! andPf[n ~four-momentum of the
neutron!. Note also thatMn is the mass of the nucleus in th
EPM but the mass of the nucleon in the IA andm (mp) is
used to denote the mass of the muon~charged pion! through-
out.

However, the sum of these four diagrams is not gau
invariant ~GI! and does not satisfy conserved vector curr
~CVC! and PCAC by itself. Extra terms must be added
order for the whole transition amplitude to be gauge inva
ant and to satisfy CVC and PCAC up to a desired order. T
Adler and Dothan procedure is used to generate these te
up toO(k0) via the GI requirement andO(Q0) via the CVC
and PCAC hypotheses. The extra piece of amplitude tha
required is

DM5DM11DM21DM3 , ~5!

DM152ū~n!ga~12g5!u~m!

3ū~Pf !H GM
L isaz

ez

2Mn
1GP

L ea

m
g5J u~Pi !, ~6!

DM25ū~n!ga~12g5!u~m!

3ū~Pf !H 22~GV8gm1GA8gmg5!~kaem2kmea!

2GV8 ~k f2k i !
2ka

2Mn
isbzkzebJ u~Pi !, ~7!

DM35ū~n!ga~12g5!u~m!

3ū~Pf !H 22~GV8gm1GA8gmg5!gmaQH
•e

2
2mMnGA8 ~11«!

mp
2 2QL

2

2QH
•e

m
QH

a g5

2GM8 isab
QH

b

2Mn
~2QH

•e!J u~Pi !. ~8!

A prime on a form factor denotes the derivative with resp
to Q2. Since all the form factors~exceptGP , which contains
a pole term! are almost linear inQ2 over the range ofQ2

concerned in both the EPM and IA, it does not matter w
respect to whichQ2 the derivative is taken. The pion pol
terms ofGP are treated exactly.
1-2
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RADIATIVE MUON CAPTURE BY 3He PHYSICAL REVIEW C 65 065501
The termDM1 in DM arises when one does a minim
substitution on the hadronic vertex, assuming constant f
factors, and corresponds to the usual fifth diagram inclu
in previous RMC calculations~Fig. 2!. If the nuclei or nucle-
ons were elementary particles with no form factors, t
would be the only term needed inDM in order to ensure GI,
CVC, and PCAC of the amplitude. The other terms inDM
involving derivatives of form factors are the terms to acco
for the composite nature of both the nuclei~in the EPM! and
the nucleons~in the IA!. The termDM2 is demanded by the
CVC and PCAC while the terms inDM3 are demanded by
the gauge invariance requirement in the case when form
tors are included.1

The full amplitude M[( i 5124Mi1DM satisfies GI,
CVC, and PCAC up to, but not including, terms ofO(kQ)
and this is the amplitude that we will use for later calcu
tions.

III. THE ELEMENTARY PARTICLE MODEL

The elementary particle modelis probably the simples
method to calculate the RMC rate. It was first used by K
and Primakoff@15,16# in calculating the beta decay of com
plex nuclei and was subsequently used by Fearing@17# and
Klieb and Rood@5,6# in their RMC calculations. In this ap
proach, both the3He and 3H are treated as ‘‘elementar
particles’’ of spin 1

2 and isospin1
2 up to a small isospin

breaking. The details of the structure of the nuclei are enc
sulated in the nuclear form factors, which are determined
experiments done on these nuclei. One of the major rea
the EPM calculation is easier than the IA is that there
many fewer degrees of freedom that one has to take car
in the EPM than in the IA. The degrees of freedom in t
EPM approach are the four-momenta of3He (P3He!,

3H
(P3H), photon (k), neutrino (n), and muon (m) together

1These are almost all the terms considered by Adler and Do
@11#, except that we have not considered the non-Born terms in
pion photoproduction amplitude, which are thought to be sm
Klieb and Rood@5,6# did not have the last term inDM2 and the last
two terms inDM3.

FIG. 2. The ‘‘minimal coupling’’ diagram.
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with their respective spins. The four-momentum conser
tion relation is

P3H1n1k5P3He1m. ~9!

The differential capture rate~photon spectrum! is given by

dG

dk
5 (

photon polarization
E dP

dk

3Tr@rM ~P3H, P3He, M t!
†M ~P3H , P3He , M t !#,

~10!

wheredP is the differential phase space factor

dP5Cufm~0!u2
uVudu2GF

2

2

d3PW 3H

~2p!3

d3nW

~2p!3

1

k

d3kW

~2p!3

3~2p!4d (4)~m1P3He2P3H2k2n!

5Cufm~0!u2
1

2p5

uVudu2GF
2

2

2P3H
0

k
u2k~12cos~u!!

22~m1M t!u21n2~k,u!dn̂k2dkdk̂, ~11!

cos~u!5 n̂• k̂, ~12!

n~k,u!5
2k~m1M t!2m222mMt

2k~12cos~u!!22~m1M t!
, ~13!

M t52808.66 MeV. ~14!

Here fm(0) denotes the muon wave function at the orig
C50.9788@7,8# is the correction factor that accounts for th
nonpointlike nature of the nucleus, andVud is the CKM ma-
trix element, which connects the up and down quark, w
uVudu50.973560.0008@19#. GF is the Fermi coupling con-
stant,r is the density matrix that describes the initial sp
configuration of the muonic atom, andM (P3H ,P3He,M t) is
the transition amplitudeM that was discussed in Sec. II wit
the following changes:

u~Pi !→u~P3He !,

ū~Pf !→ū~P3H !,

Mn→M t on the hadronic vertex,

Gi→Fi , ~15!

whereFi ,i 5V,M ,A are the nuclear form factors which ar
parametrized as

Fi5Fi~0!S 11
1

6
Ri

2Q2D ~16!

with FV(0)51, RV51.94 fm @7#, FM(0)5k 3He2k 3H
528.369 nm27.913 nm, RM51.72 fm @7#, FA(0)
51.21260.004@8#, RA51.703 fm@7#.

The photon polarization vectoreWl , which is defined by
eWl[(1/A2)(x̂1 il ŷ), with k̂5 ẑ, has the property

n
e

l.
1-3
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HO, FEARING, AND SCHADOW PHYSICAL REVIEW C65 065501
kW3eWl52 ilkeWl . ~17!

Thus the (photon polarizationin Eq. ~10! can be replaced by
(l521,11.

The big advantage of the EPM is its simplicity. It als
includes, to some extent at least, part of the meson exch
corrections that are missing in the IA. It, however, does h
a major flaw as applied to a two step process such as RM
that the intermediate states have to be treated as eleme
particles as well. Thus effects coming from the excitation
the intermediate nucleus, which are implicitly partially i
cluded in the IA, are not included in the EPM. A full inve
tigation of this is beyond the scope of this paper, though
Ref. @18#. However one should keep this in mind as a cav
with respect to the EPM.

IV. THE IMPULSE APPROXIMATION

The impulse approximation method provides a sim
‘‘microscopic’’ picture of the nuclear reaction in terms o
nucleons. In this picture, the constituent nucleons inside
nucleus are approximated as free~this is probably a good
approximation as the binding energy of the trinucleon sys
is ;8 MeV, which is about 0.3% of the mass of th
nucleus! and the nuclear reaction3He1m2→3H1nm1g is
viewed as the sum of its nucleon counterparts,p1m2→n
1nm1g ~that is, only one-body currents are considered a
two-body meson exchange currents are neglected or pu
later as a correction!. The extra degrees of freedom whic
arise from considering each nucleon of the nucleus instea
treating the nucleus as a whole are integrated out using
istic trinucleon wave functions. Given these assumptions,
whole problem boils down to separating the EPM and n
EPM degrees of freedom and finding the IA equivalent~de-
note it asMia) of M (P3H ,P3He,M t) in the EPM. More ex-
plicitly, we want theM (P3H ,P3He,M t) in Eq. ~10! to be
replaced withMia in order to find the IA version ofdG/dk.
The relationship betweenM (P3H ,P3He,M t) andMia is

M ~P3H ,P3He ,M t!

↔3E H ~2p!3d (3)~pW a82pW a!~2p!3

3d (3)S qW a82qW a1
2

3
~nW 1kW2mW ! D

3c
3H
* ~pW a8,qW a8 !c 3He ~pW a ,qW a!

3M ~ka8 ,ka ,M p!
d3qW a8

~2p!3

d3pW a8

~2p!3

d3qW a

~2p!3

d3pW a

~2p!3J
[Mia , ~18!

where ka ,kb ,kg (ka8 ,kb8 ,kg8) denote the four-momenta o
the three initial~final! nucleonsa, b, and g. The ~three-!
momentum transformation separating the EPM and n
EPM degrees of freedom is
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PW 5kWa1kWb1kWg ,

qW a5
2

3
kWa2

1

3
kWb2

1

3
kWg ,

pW a5
1

2
kWb2

1

2
kWg ~19!

for the initial nucleus, with an identical transformation la
for the final nucleus. It is obvious thatPW ~a EPM degree of
freedom! is the center of mass momentum vector of t
nucleus andqW a ~a non-EPM degree of freedom! is the mo-
mentum of nucleona ~spectator! with respect to the cente
of mass momentum of the other two nucleons~subsystem!
while pW a ~a non-EPM degree of freedom! is the momentum
of particleb with respect to particleg.2 The 3 comes from
the antisymmetrization of the wave function and it allow
one to let the current operator act on a particular nucle
~chosen to be nucleona) three times instead of acting o
each nucleon of the nucleus.

The parametrization of the nucleon form factors is exac
the same as that of the nuclear ones@see Eq.~16!#. For con-
venience in notation, we changeFi→gi and Ri→r i in Eq.
~16! to denote the nucleon case. The various parameters
nucleon form factors aregV(0)51, r V50.7589 fm @7#,
gM(0)5kp2kn , r M50.8781 fm @7#, gA(0)521.267
60.0035@19#, r A50.6580 fm@7#.

The momentum space trinucleon wave functions@20,21#
are realistic wave functions derived from the Faddeev eq
tion ~see, for example, Ref.@22#! with different model poten-
tials. Each one of them has 22 channels that contain all p
sible states up to and includingJ52, whereJ is the total
angular momentum of the subsystem particles. They can
written as

uC&5(
i c

c i c
~pa ,qa!u i c&uPW &, ~20!

wherei c is the channel number anduPW & is the center of mass
momentum of the trinucleon system, which we will not wri
explicitly from now on. The coupling scheme of the chann
is

u i c&5u~@Lal a#La ,@Sasa#Sa!J&u~ I ai a!I&[u i c~J!&u i c~I!&.
~21!

The spin and angular momentum part is given
u(@Lal a#La ,@Sasa#Sa)J& with La (Sa) the angular momen-
tum ~spin! of the subsystem (bg) and l a (sa) the angular
momentum~spin! of particlea ~the spectator particle!. These
are coupled to formLa (Sa) and then toJ5 1

2 . The
u(I ai a)I& is the isospin, part, withI a being the subsystem
isospin which couples withi a , the spectator isospin, to form
I5 1

2 .

2pW a andqW a will sometimes be denoted aspW andqW when no con-
fusion arises.
1-4
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It is now clear thatc 3He (pW a ,qW a) in Eq. ~18! is just the

^ p̂,q̂u projection of Eq.~20!,

c 3He ~pW a ,qW a!5(
i c

c i c
~pa ,qa!^ p̂,q̂u i c&, ~22!

where

^ p̂,q̂u i c&5@YL l
L ~ p̂,q̂! ^ xSs

S #J
MJh I i

IMI . ~23!

Note that Eq. ~26! below defines the bipolar harmon
YL l

L ( p̂,q̂). x and h in the above equation are spinors a
isospinors, respectively. Their coupling method is exactly
same as the bipolar harmonic in Eq.~26!.

To put Mia in Eq. ~18! into a useful format, we have to
expandM (ka8 ,ka ,M p) nonrelativistically in powers of the

struck nucleon momentumkWa ~which equalsqW a upon setting
the initial center of mass momentum of the trinucleon ze!
and the d functions into angular momentum eigenstat
Upon settingmW 50 and denotingsW[nW 1kW , the d functions
can be expanded as@see Ref.@23# for definitions of spherical
Bessel functionsj l(x)]

~2p!3d (3)~pW a82pW a!

5~2p!3
d~pa82pa!

pa
2 (

l
~21! lA2l 11Yl l

0 0~ p̂a8 , p̂a!,

~24!

~2p!3d (3)S qW a82qW a1
2

3
sW D

5 (
l i ,m3

i 5123

A~4p!5~2l 111!~2l 211!

~2l 311!

3S l 3

0
U l 1 l 2

0 0D i l 12 l 21 l 3Yl 1l 2

l 32m3~ q̂a8 ,q̂a!Yl 3

2m3~ ŝ!*

3E j l 1
~qa8 r ! j l 2

~qar ! j l 3S 2

3
srD r 2dr, ~25!

Yl 1l 2

l 3m3~ x̂,ŷ![ (
m1 ,m2

S l 3

m3
U l 1 l 2

m3 m1 m2
DYl 1

m1~ x̂!Yl 2

m2~ ŷ!.

~26!

The notations used here are the same as Brink and Sat
@24# except that the Clebsch-Gordon coefficients are deno
by

S J

M
U J1 J2

M1 M2
D

as opposed tôJMuJ1J2M1M2&. The next thing after the
expansion is to couple all the spin and angular momen
operators in Eq.~18! into tensors of rank 0 or 1. Since th
total angular momentum of both initial and final states is1

2 ,
06550
e

.

ler
d

m

there is no need to couple the operators into tensors of o
ranks. There is also no need to couple operators into
parity quantities as both the initial and final states are of e
parity. Recognizing the total angular momentum of the
nucleon system in the IA as the spin in the EPM, one c
easily see that any operators of rank 1 in the IA correspon
~within a factor! sW matrices in the EPM, and operators
rank 0 in the IA correspond to identity hadronic operators
the EPM.

All the coefficients inM (ka8 ,ka ,M p) are expanded to

O(qW /M p) except that ofgP . The kinematic end points o
RMC are quite close to the poles ofgP and thus might make
its value large at those places. Therefore, coefficients ofgP

are expanded toO(@qW /M p#2).
The correspondence between the IA and the EPM for

forms of operators up to first order in momentum is sho
below. Operators of higher order in momentum will not
shown owing to the lack of space. Note that the@•••# ’s are
actually reduced matrix elements between the initial and
nal states~i.e., results of integration of ‘‘internal’’ degrees o
freedom! and the numbers inside denote some specific s
and angular momentum combination. They will be defined
Eq. ~33!. For now, it is sufficient to note that the first digit o

@•••# is related to the nucleon momentumqW ~for example, 0
indicates no nucleon momentum, 1 indicatesqW ) and the sec-
ond digit comes from the spherical harmonics of thed func-
tion. These two terms couple together to an angular mom
tum value represented by the third digit. The fourth digit
related to the hadronic spin matrix and the subscript is
rank of the whole reduced matrix element.1 ~or sometimes
denoted as10) is defined as the hadronic identity matr
element in both the IA and the EPM. It differs from@1#0 ~see
Ref. @25#!, although they are related.

The IA expressions, after coupling and reexpressing
EPM format, become

1↔@$~0,0!0^ 0%0#1, ~27!

sW •vW↔2
3

A2
@$~0,2!2^ 1%1#sW • ŝvW • ŝ

1H 1

A2
@$~0,2!2^ 1%1#1@$~0,0!0^ 1%1#J sW •vW ,

~28!

sW •qW↔H 2A5

3
@$~1,1!2^ 1%1#2

1

2
@$~1,1!1^ 1%1#

2
1

A3
@$~1,1!0^ 1%1#J sW • ŝ, ~29!

qW •vW↔2
1

A3
@$~1,1!0^ 0%0#vW • ŝ

2
i

A2
@$~1,1!1^ 0%1#sW •vW 3 ŝ, ~30!
1-5



-

HO, FEARING, AND SCHADOW PHYSICAL REVIEW C65 065501
sW 3qW •vW↔H 2A 5

12
@$~1,1!2^ 1%1#1

1

2
@$~1,1!1^ 1%1#1A1

3
@$~1,1!0^ 1%1#J vW 3 ŝ•sW 1 iA2

3
@$~1,1!1^ 1%0#vW • ŝ,

~31!

qW •vW sW •uW↔HA 1

15
@$~1,1!2^ 1%1#2A1

3
@$~1,1!0^ 1%1#2

1

2
A2

5
@$~1,3!2^ 1%1#J sW •uW vW • ŝ

1H 2A 3

20
@$~1,1!2^ 1%1#1

1

2
@$~1,1!1^ 1%1#2

1

2
A2

5
@$~1,3!2^ 1%1#J sW •vW uW • ŝ

1H 2A 3

20
@$~1,1!2^ 1%1#2

1

2
@$~1,1!1^ 1%1#2

1

2
A2

5
@$~1,3!2^ 1%1#J sW • ŝuW •vW

1A5

2
@$~1,3!2^ 1%1#sW • ŝuW • ŝvW • ŝ1 iA1

6
@$~1,1!1^ 1%0#uW •vW 3 ŝ. ~32!

Note that whilesW on the left hand side acts on the spin of the spectator nucleon,sW on the right acts on the entirenucleusand
thatuW andvW are mutually commuting vectors that arenot concerned with the internal momenta~i.e. notpW nor qW ) and commute
with sW . Using Delorme’s@25# notation, @1#05@$(0,0)0^ 0%0#, @sW #0,15@$(0,0)0^ 1%1#, @sW #2,152@$(0,2)2^ 1%1#, @sW #1

5@sW #0,11A2@sW #2,1, and @sW #25@sW #0,12(1/A2)@sW #2,1. The precise relationship between@ iPW #1,1 and the reduced matrix ele
ments defined here is unclear, but has a magnitude of the order of@$(1,1)1^ 0%1# or @$(1,1)1^ 1%1#. As one will see later,
these two matrix elements are very small.

The definition of@$(a,b)c@ ā# ^ d%e# ~a function ofs[inW 1kW i) is

†$~a,b!c@ ā# ^ d%e‡[3
1

2p5 K 1

2 ITeI 1

2L 21K 1

2 I tW I 1

2L 21

(
i c ,i c8

(
l 1 ,l 2 ,L1

~21!L12 l 12 l 21bE H p2dp r2dr j bS 2

3
srD

3$c i
c8
* ~p,q8! j l 8~q8r !q82dq8%$c i c

~p,q! j l 2
~qr !q21ādq%J S b

0
U l 1 l 2

0 0D
3F~ l 1 ,l 2 ;a,b,c; i c8 ,i c!A~2L111!~2l 211!~2l 111!

2b11

3^ i c8~J!i$@YL1 ,L1

0 ~ p̂8,p̂! ^ Yl 8,l
c

~ q̂8,q̂!# ^ ~10^ Td!%ei i c~J!&^ i c8~I!i~10^ tW !i i c~I!&, ~33!

TABLE I. Various OMC and RMC statistical rates calculated withgP or FP at the PCAC value. The

numbers in the second column are the values obtained by using the ‘‘nW /3’’ prescription up toO(qW /M p) terms.

The numbers in the third column are obtained via the correct approach up toO(qW /M p) terms. The fourth

column has values of the OMC rates using ‘‘nW /3’’ prescription up toO(@qW /M p#2) terms. Numbers in the fifth

column are the values obtained by the correct approach up toO(@qW /M p#2) terms; the sixth and rightmost
columns containGstat

RMC(k.5 MeV) andGstat
RMC(k.57 MeV), respectively. CD Bonn stands for charge de-

pendent Bonn and AV14 for Argonne V14 potentials.

Potentials OMC rate~statistical! (s-1) Gstat
RMC (s-1)

OS qW

M p
D ;

nW

3
OS qW

M p
D ; full OS qW 2

M p
2D ;

nW

3
OS qW 2

M p
2D ; full k.5 MeV k.57 MeV

Bonn A 1368.6 1368.1 1367.8 1357.9 0.6255 0.1691
Bonn B 1341.3 1340.8 1340.4 1330.7 0.6164 0.1666
CD Bonn 1336.1 1335.7 1335.3 1326.1 0.6153 0.1663
Nijmegen I 1298.0 1297.5 1297.1 1288.2 0.6023 0.1626
Paris 1270.9 1270.4 1270.1 1260.3 0.5932 0.1602
AV14 1271.0 1270.6 1270.2 1260.0 0.5929 0.1601
EPM 1503 0.8263 0.2451
065501-6
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where Td(e)510 for d(e)50 and sW for d(e)51; tW is the isospin operator. Noticeā specifies the~mass! dimension of
the matrix element. Whenā is not shown explicitly on a reduced matrix element,ā5a; that is, @$(a,b)c^ d%e#
[@$(a,b)c@a# ^ d%e#. F( l 1 ,l 2 ;a,b,c; i c8 ,i c) is defined as

F~ l 1 ,l 2 ;a,b,c; i c8 ,i c![S c

mc
U a b

ma mb
D 21E Y

l 8,l

c,mc~ ŷ,x̂ !* Y0,a
a,ma~ ŷ,x̂ !Yl 1 ,l 2

b,mb~ ŷ,x̂ !dŷdx̂

5
1

4p
~21! l 11 l 21bH l 1 l 2 b

a c l J S l

0
U l 2 a

0 0DA~2l 211!~2a11!

2b11
d l 1l 8 , ~34!
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ŷ,x̂ being some dummy angular variables.

^ i c8(J)i„@YL1 ,L1

0 ( p̂8,p̂) ^ Yl 8,l
c (q̂8,q̂)# ^ (10^ Td)…ei i c(J)

is the spin and angular momentum part of the reduced ma
element between the helion and triton channels. Its calc
tion is tedious but standard.

^ i c8~J!i„@YL1 ,L1

0 ~ p̂8,p̂! ^ Yl 8,l
c

~ q̂8,q̂!# ^ ~10^ Td!…ei i c~J!&

54p~21!L812l 1c1L81S81
1
2 1S81d$~2L11!~2L811!

3~2S11!~2S811!~2c11!~2e11!%1/2

3H 1

2

1

2
e

L8 L c

S8 S d

J H L L8 c

l 8 l L 8
J H S S8 d

1

2

1

2
S8J

3dSS8K 1

2 ITdI 1

2L ^L8 0iYL1 ,L1

0 ~ p̂8,p̂!i0 L&. ~35!

Note also that

(
L1

~21!L1A2L111^L8 0iYL1 ,L1

0 ~ p̂8,p̂!i0 L&5
1

4p
dLL8 .

~36!

^ i c8(I)i10^ tW i i c(I)& is the isospin contribution of the re
duced matrix element, which equals

2~21! I 8H 1/2 1/2 1/2

1/2 1/2 I 8 J d II 8K 1

2 I tW I 1

2L . ~37!

By following through all the procedures mentioned in th
section, it is possible to match the IA amplitude piece
piece with its EPM counterparts and thus make a direct c
parison between each piece. In other words, we have
ranged the nonzero terms ofMia to depend only on the EPM
degrees of freedom. We then obtaindG/dk via Eq.~10! with
M (P3H ,P3He,M t) replaced byMia .
06550
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V. RESULTS AND DISCUSSION

A. Results

We have calculated the rate for OMC, and the pho
spectrum and integrated rate for RMC, in both IA and EP
approaches, using the formalism described in the prece
sections. Table I shows various RMC and OMC statisti
rates, with the final results given in the last three colum
Figure 3 shows the IA RMC spectra for various wave fun
tions together with the EPM spectrum.

One sees immediately that the IA results are significan
lower than the EPM results both for OMC and RMC. This
consistent with the OMC results of Refs.@7,8#. For OMC the

FIG. 3. RMC photon spectra from two EPM calculations, o
with the full Adler and Dothan amplitudeDM and the other with
only the termsDM11DM3 necessary for gauge invariance. Als
included are RMC photon spectra from the full IA calculation usi
various model potentials, along with one example with onlyDM1

1DM3. All wave functions used have 22 Faddeev components
the permutation is projected on the same set of states. The infr
divergent part is not shown. The KR values come from Klieb a
Rood @5,6# and are their IA calculation results.
1-7
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HO, FEARING, AND SCHADOW PHYSICAL REVIEW C65 065501
difference is understood to arise from various meson
change corrections, which are included implicitly in the EP
approach but which must be put into the IA by hand
specific corrections.@9#. Presumably a similar explanatio
holds for RMC.

B. Importance of various ingredients

We can see from these results the importance of som
the specific ingredients and improvements that we have
cluded in the calculations. In particular, Table I shows
results obtained for the IA statistical OMC rate using fo
different methods of treating the nucleon momentum ope
tor qW . The most common way of treating this operator is
replaceqW with nW /3 @26# ~second column! and virtually all
existing OMC calculations used this method. However, t
method is strictly correct only forS waves to first order in
nucleon momentum. Using the correct approach discusse
Sec. IV and keeping terms up toO(qW /M p) decreases the
OMC statistical rate by about 0.5 s21 ~third column! as
compared to the results from thenW /3 prescription. The small-
ness of the effect is primarily due to the minute contributi
of the P-state wave function to the trinucleon wav
function.3 There is a difference of about 10 s21 between
using thenW /3 approach~fourth column! and the correct ap
proach~fifth column! when terms up toO(qW 2/M p

2) are kept.
Although in percentage terms it is just about 0.6%, it is mu
larger than the 0.5 s21 difference between the numbers
the second and third columns. This is perhaps to be expe
as thenW /3 approach cannot be applied to terms higher th
first order in nucleon momentum.

Table I and Fig. 3 also show the dependence of both
IA OMC and RMC calculations on various trinucleon pote
tials. In general, the Bonn-type potentials seem to g
higher ~and perhaps better! RMC and OMC results than th
other potentials. To analyze this properly, let us take a loo
the three dominant reduced matrix elements,@1#0, @sW #0,1,
and@sW #2,1, which are shown as a function ofs in Figs. 4–6.
All the curves produced by non-Bonn potentials seem to b
bit separated from the curves of the Bonn-type potenti
especially in the region wheres is large. For@1#0 the prob-
lem may be partly associated with the numerical normali
tion since@1#0 (s50) should be unity, in principle. How
ever, even though one takes this into account~say, for
example, by scaling the curves so that they agree with e
other ats50) the values of@1#0 for the non-Bonn potentials
are still smaller than that of the Bonn potentials, as can

3Note that this effect is agenuineeffect and not an effect cause
by numerical calculation. To prove this, a two channel Yamagu
wave function consisting solely ofS waves is used to gauge th
numerical uncertainty in wave function integration. There is anin-
creaseof the rate~due only to numerical integration! by 0.1 s21,
out of a total 1600 s21, for the correct approach. This difference
much smaller than the difference~stemming from errors inboth the

numerical integration and thenW /3 approach! of the calculations of
the other regular 22-channel wave functions.
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easily seen from the fact that the fractional deviation of
reduced matrix element among various wave functions
larger at large values ofs.

This seems to have something to do with the differe
binding energies produced by the Bonn and non-Bonn po
tials. The non-Bonn potentials generally underbind the
nucleon by about 0.5 to 1 MeV. Congleton and Truhlik@9#
pointed out that4 @1#0;12const3^r 2&s2 and that ^r 2&
scales like the inverse of the binding energy, and thus arg
that one can expect a lower value for@1#0 when a wave
function with a lower binding energy is used.5 For @sW #0,1,
they further argued that since it is a reduced matrix elem
for one-body currents~this IA calculation contains only one
body currents!, the Bonn potential’s weak tensor force mak
this matrix element large in magnitude. If their analysis
correct, this would potentially explain why the Bonn-typ
potentials consistently give higher results in both OMC a
RMC IA calculations. The quadraticlike curve of@sW #2,1 is
obvious if one noticesj 2(x);x2/15 for x!1. Since@sW #2,1 is
the result ofS-D overlap, a trinucleon wave function with
larger component ofD wave would probably have a large
magnitude of@sW #2,1, which seems to be the case for th
generally higherD-wave components of the non-Bonn p
tentials~see Appendix~B!!.

Recently Lahiff and Afnan@27# suggested that the Bonn
type potentials might be a better choice than the Nijmeg
potential because the energy dependence of propagato
treated exactly~during the evaluation of the potential vii

4To see this, expandj 0( 2
3 sr) in polynomials and note tha

const.0.
5To define the term ‘‘lower binding energy,’’ note that Appendix

shows that the Bonn potentials have the highest binding ene
predictions among all the wave functions.

FIG. 4. Plot of@1#0 vs s for different nuclear potentials.
1-8
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RADIATIVE MUON CAPTURE BY 3He PHYSICAL REVIEW C 65 065501
time-ordered perturbation theory! in the Bonn-type potential
but the Nijmegen group removes this energy dependenc

Thus to summarize, the reason that the Bonn-type po
tials give a higher result for both RMC and OMC may p
marily be due to its higher binding energy and possibly
weak tensor force. The higherD-wave components of thos
non-Bonn potentials may give a boost to@sW #2,1 but the
smallness of@sW #2,1 as compared to the other two wou
make its effect on the IA capture rates small.

The effects of the Adler and Dothan terms can also
seen in Fig. 3. The upper two curves show the RMC sp
trum including the fullDM of Eq. ~5! and including only
DM11DM3, the part required by GI. There is clearly a si
nificant difference between these two photon spectra in
EPM. The photon spectrum with the full Adler and Doth
amplitude is 5–25 % higher for photon momentum start
from 20 MeV than the one with terms only to ensure GI.

The figure also shows six IA photon spectra for differe
trinucleon wave functions using the full set of Adler an
Dothan terms plus an IA photon spectrum with just terms
DM11DM3 necessary to ensure GI. For this latter cas
trinucleon wave function from the Bonn-A potential was
used for the calculation. For the IA case there is almost
observable change in the photon spectrum produced by
cluding the full set of Adler-Dothan terms as opposed to j
those required for GI.

If one considers IA and EPM spectra with only the term
from DM11DM3, i.e., only those necessary to ensure G
the ratio of IA to EPM RMC total capture rate is similar
that of the corresponding OMC quantity (;83–90 %). How-
ever, as a result of the increased importance of the full se
Adler and Dothan terms in the EPM case, once these a
tional terms are included, the IA to EPM RMC capture ra
ratio drops by more than 10% to around 73%.

An obvious reason for this increased sensitivity in t
EPM case might be the more rapidly varying form factors

FIG. 5. Plot of@s¢ #0,1 vs s.
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the nuclear case as opposed to the nucleon case. How
there is also a relative sign flip betweenFA(0) andgA(0),
which might play a role. To investigate this further we ha
done three things. We have artificially increasedr V , r M , and
r A to 1.95 fm~a value comparable to various nuclear rad!
and calculated the resulting IA photon spectra using th
values ~Fig. 7!. We have calculated another set of phot
spectra by flipping the sign ofgA in the IA ~Fig. 8!. We also
provide the IA photon spectra whenbothof these effects are
present~Fig. 9!.

By looking at Figs. 7–9, one concludes that the IA RM
calculation would have shown a sensitivity to the addition
terms in the fullDM if the nucleon radii were of a size

FIG. 6. Plot of@s¢ #2,1 vs s.

FIG. 7. Effect of increased nucleon radii on the full IA photo
spectrum and on the spectrum with onlyDM11DM3.
1-9
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HO, FEARING, AND SCHADOW PHYSICAL REVIEW C65 065501
comparable to the nuclear ones, regardless of whether
sign of gA is flipped ~as in Fig. 9! or not ~as in Fig. 7!. The
flipping of the sign ofgA decreases both spectra~full IA and
calculation with only terms to ensure GI!, but the difference
between them is relatively small, provided the vario
nucleon radii are not artificially increased~Fig. 8!.

One notes that there are some additional deficiencie
the Adler and Dothan procedure that may be relevant
particular,O(kQ) terms inDM , which are formally of the
same size as some terms that are kept, cannot be determ
uniquely by GI or CVC and PCAC alone. As a result, som

FIG. 8. Effect of changing the sign ofgA on the two sets of IA
photon spectrum.

FIG. 9. Two sets of IA photon spectrum usingboth the increased
nucleon radiiand the sign change forgA .
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terms inDM involving derivatives of form factors are miss
ing. This might be problematic when those derivatives
large, as in the EPM.

A final remark should be made regarding the comparis
of the IA and EPM approaches. A major difference proba
originates in the fact that the IA as described here uses o
one-body currents. To elucidate this difference one need
perform a more detailed investigation of the interactions
the nucleons using a model, say, involving meson exchan
and adding two-~or more-! body currents. These steps wou
entail a much more complicated calculation than that he
which considers only one-body currents. Congleton a
Truhlik @9# calculated the meson exchange current~MEC!
contribution to the simpler problem of OMC by3He and
found that the IA1MEC prediction of the exclusive OMC
statistical rate agrees with both the EPM calculation and
periment@28#.6 Clearly something similar needs to be do
for RMC. Finally one should note that there are also dif
culties with the EPM as applied to RMC relating to the tre
ment of intermediate nuclear states, as was discussed in
@18#.

C. Dependence onF P

One of the main motivations for examining RMC is
obtain information about the induced pseudoscalar coup
constant and hence we have obtained results for various
ues of this coupling. Figure 10 shows the EPM calculation
the RMC photon spectrum for several different choices
FP . There is an increase in the total capture rate and a sl

6They used a trinucleon wave function@29# that was derived in a
slightly different way than those we use.

FIG. 10. The RMC photon spectrumdGstat /dk calculated in the
EPM approach using the full Adler-Dothan amplitude with vario
values ofFP , in units of FP

PCAC as determined from Eq.~4! with
«50. The KR values are those of Klieb and Rood, taken from
relativistic calculation of Ref.@6#, which are not shown in Ref.@5#
1-10
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RADIATIVE MUON CAPTURE BY 3He PHYSICAL REVIEW C 65 065501
shift of the peak of the spectrum to higher photon energy
one increasesFP from 0.25 to 1.75 times its PCAC value.

Figure 11 shows the same quantity as in Fig. 10 but
the IA calculation using wave functions derived from t
Bonn-A potential. The qualitative features are essentially
same as for the EPM case, though the absolute magnitu
different, as was discussed above.

Figure 12 shows the sensitivity of the integrated sp

FIG. 11. Photon spectra from IA calculations for various valu
of gP , in units of gP

PCAC, as determined from Eq.~4! with «50.
Wave functions derived from Bonn-A potential are used for the
calculation.

FIG. 12. Sensitivity ofGstat
RMC (k.57 MeV) to FP or gP . The

Bonn-A potential was used for the IA calculations and the fullDM
was included for both IA and EPM results.
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trum, i.e., the RMC capture rate (k.57 MeV) with respect
to the variation ofFP ~for the EPM! andgP ~for the IA!. The
increase in the total capture rate asFP or gP increases from
0.25 to 1.75 times its PCAC value is slightly more rapid
the EPM than in the IA.

Another quantity which is sensitive toFP in RMC and
can, in principle, be considered, though the experimen
difficult, is the photon polarization. This is defined as the r
~or spectrum! for particular photon polarization minus tha
for the reversed polarization divided by the sum. Figure
shows this photon polarizationPg(k) using the EPM for
various values ofFP . Clearly there is a very strong depen
dence onFP , particularly for the highest energy photon
These photon polarizations for different values ofFP all
seem to converge to a limit ask→0. This is due to the fact
that in this limit the amplitude is determined by soft phot
theorems. In the usual transverse gauge and for the in
muon and nucleus at rest, the leading term in the squa
amplitude isO(1/k2) and has the formuPW f•eWl /Mnku2 ~from
the diagram with the final hadron emitting!. It is thus inde-
pendent of the sign of the photon polarization, which mak
Pg(k)→0 ask→0.

Note that, although we have not calculated it explicit
similar sensitivities toFP would be expected in the photo
asymmetry relative to the muon spin@30#.

D. Comparison with other works

The EPM photon spectrum~Fig. 10! and total RMC rate,
given in Table I, are in good agreement with the results
Klieb and Rood@5,6#, who obtained a total rate of 0.814 s-1

@6# via a nonrelativistically approximated amplitude. Th
the extra terms included here but not included by Klieb a
Rood seem not to contribute significantly to the photon sp
trum. The agreement of the EPM OMC rate of 1503 s21

s

FIG. 13. Photon polarization for various values ofFP .
1-11
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HO, FEARING, AND SCHADOW PHYSICAL REVIEW C65 065501
with Congleton and Fearing’s@8# is also good, though this
agreement is perhaps not surprising given that the value
the form factors used here, and the basic approach, ar
most the same as theirs.

The IA calculation of the OMC rate using wave functio
derived from Paris or AV14 potentials agrees with these
Klieb and Rood. However, the two IA RMC spectra a
about 4% lower7 than theirs. At first it looks a bit contradic
tory that more or less the same IA OMC rates, but sligh
lower RMC results, are obtained in this work, but a clos
look reveals that Klieb and Rood used a lot of approxim
tions for evaluating the reduced matrix elements for
RMC spectrum, which they did not use for OMC.

In particular, instead of evaluating the reduced matrix

ements directly in terms ofs, they expressedŝ in terms of an

infinite sum of spherical harmonics ofn̂ and k̂ and imposed
an artificial cutoff on this expansion. They also did not fu
square the resulting matrix element. Only products of a
two of the most dominant terms and products of one do
nant and one small term were considered. In expanding
plane wave exp(isW•rW), they only included the term havin
j 0(nr ) j 0(kr) and they used this approximation as t
premise in deriving several relationships between vari
reduced matrix elements for RMC. They also do not se
to have expanded the spinor normalization fact
A(M p1ka8

0)/2ka8
0 ~for the neutron spinor! and

A(M p1ka
0)/2ka

0 ~for the proton spinor! quite consistently.
None of these approximations were used here. Also so
terms inDM that are present here but not included by Kli
and Rood tend to decrease the resulting photon spectru
bit. Given these differences, the agreement within 4% for
rates is quite satisfactory.

The EPM photon polarizationPg(k) obtained in this work
does differ from that of Klieb and Rood quite significant
~see Fig. 13!. The reason behind this is that while the no
relativistically reduced amplitude used by Klieb and Ro
produces the correct spectrum within a few percent, it can
producePg(k) accurately. Fearing@30# noted that the first
order contribution toPg(k) actually comes fromO(1/M t

2)
terms in the squared Hamiltonian. Klieb and Rood app
ently compromisedPg(k)’s accuracy by truncating man
O(1/M t

2) terms when they squared their already nonrela
istically reduced amplitude.

VI. SUMMARY AND CONCLUSION

We have performed a theoretical calculation of the p
cess3He1m2→3H1g1nm using two separate approache
the elementary particle model and the impulse approxim
tion. Our calculation contains a number of improveme
over the previous ones, namely,~1! the full Adler and Dothan
amplitude is used for both the EPM and IA calculations,~2!
better momentum space wave functions from various nuc

7This already takes into account the fact that they took the va
of C50.965, whileC50.9788 is used in this work.
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potentials are employed for the IA calculation,~3! the non-
relativistic reduction of the IA amplitude contains seco
order nucleon momentum terms for coefficients ofgP , ~4!
the nucleon momentum terms in the IA are treated exa
without using the commonsW/3 approach.

In general, our results agree well, when compariso
can be made, with the older calculations of Klieb and Ro
@5,6#. In particular, using the EPM model approach, the RM
statistical rate obtained in this work agrees with that of Kli
and Rood. The photon polarizationPg(k) disagrees signifi-
cantly with their results, which probably is a consequence
the fact that they truncated a lot ofO(1/M t

2) terms in the
squared amplitude, which contribute significantly toPg(k).
The IA OMC results derived from wave functions of th
non-Bonn potentials roughly agree with Klieb and Rood
but the RMC photon spectra from the same wave functi
are slightly lower than Klieb and Rood’s. This seems to ha
to do with the fact that they made some IA RMC speci
approximations in evaluating their photon spectrum.

We summarize our results as follows. As expected ther
a strong dependence of the results on the value of the
duced pseudoscalar coupling constantFP or gP . There is a
slight dependence of the IA calculations on nuclear pot
tials. The dependence can possibly be accounted for by
difference in the three-body binding energy resulting fro
the different potentials, by details of the nuclear potenti
such as stronger/weaker tensor force, etc., and by diffe
partial wave characteristics of the resulting trinucleon wa
functions.

There is quite a significant difference between the EP
and IA RMC calculations. A first look at the spectra wou
suggest that the difference is caused by the fact that the E
calculation is much more sensitive than the IA to t
O(k,k2) terms inDM , which are larger in the EPM becaus
of the much larger magnitude of the various nuclear ra
than their nucleon counterparts. This hints at a poor con
gence of these Adler and Dothan terms in the EPM a
suggests that the higher order pieces, which cannot be ca
lated via the Adler-Dothan procedure, might be importa
Further problems with the EPM have been discussed
fore in Ref.@18#. Probably the most important effect contrib
uting to this difference, however, is the meson exchan
corrections. These accounted for the difference between
and EPM in the OMC case@9#. Such a calculation will be
much more complicated for RMC, but is clearly needed
fully understand the differences between the IA and EP
approaches.
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APPENDIX A: M „P3H ,P3He ,M t… IN THE EPM

Using the Dirac representation of theg matrices,
M (P3H ,P3He,M t) ~up to a constant phase factor! can be
written in the form below, which operates on the produ
space of the leptonic and hadronic spinors,
e

1-12
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TABLE II. Some important quantities of trinucleon wave functions. The binding energyEb is in MeV.
P(S) denotes the probability ofS-wave component of the wave function and so on.

Potential Eb P(S) P(S8) P(P) P(D) ^cuc&num

Bonn A 8.29 92.59% 1.23% 0.030% 6.14% 0.994
Bonn B 8.10 91.61% 1.19% 0.044% 7.16% 0.993
CD Bonn (3He) 7.91 91.61% 1.35% 0.041% 7.01% 0.993
CD Bonn (3H) 7.96 91.63% 1.31% 0.041% 7.01% 0.993
Nijmegen I 7.66 90.31% 1.29% 0.065% 8.34% 0.990
Paris 7.38 90.11% 1.40% 0.069% 8.42% 0.988
AV14 7.58 89.86% 1.15% 0.082% 8.90% 0.987
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APPENDIX B: WAVE FUNCTION CHARACTERISTICS

Table II lists several important quantities that depend
the potential used to generate the wave function. They
respectively, the binding energy given by the wave functio
various partial wave probabilities, and the numerical norm
ization ^cuc&num of the wave functions. The numerical no
malizations of all the wave functions are not unity becau
the antisymmetrization of the wave functions is projected
a finite set of states. The experimental binding energyEb of
3He is 7.72 MeV and of3H is 8.48 MeV@31#.
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