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Radiative muon capture by *He
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The rate of the nuclear reactiotHe+ u~—3H+ y+ v, has been calculated using both the elementary
particle model(EPM) approach and the impulse approximati®) approach. Using the EPM approach, the
exclusive statistical radiative muon captyRMC) rate for photon energy greater than 57 MeV is found to be
0.245 s! and the ordinary muon captu(®@MC) rate is found to be 1503 $. The IA calculation exhibits a
slight dependence on the type of trinucleon wave functions used. The difference between the IA and EPM
calculation is larger for RMC than for OMC. To resolve the difference between the two approaches, a more
detailed investigation including meson exchange corrections will be required.
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I. INTRODUCTION with charge or magnetic momefgtee also Ref.12] for early
work on this topic and Ref.13] for an alternative presenta-

A recent TRIUMF experimenitl,2] designed to measure tion of the Adler and Dothan procedyreThe elementary
the rate of the radiative muon captui®MC) reaction®He  particle model approach is discussed in Sec. lll, where both
+u”—3H+ y+ v, has sparked a renewed interest in this 3He and®H nuclei are treated as single entities with internal
process. Since it is more sensitive to the nucleon pseudastructure revealed only by the phenomenological nuclear
scalar form factogp than its nonradiative counterpdRefs.  form factors taken from experiments. We will then discuss
[3,4] are two reviews on ordinary muon captyré is an  the impulse approximation approach in Sec. IV. The essence
ideal candidate for checking the value of this form factor,of the impulse approximation is that it regards the radiative
which is theoretically predicted by PCA@artial conserva-  capture process as taking place on the constituent nucleons.
tion of axial current With the experiment going on, it is Assuming that the nucleons are free, one then uses a tri-
necessary to have a modern theoretical calculation of thg,cleon wave function to integrate out the internal degrees of

process to interpret the anticipated experimental results. _'ﬂeedom. The resulting amplitude will be one that only de-
this paper, we have calculated the ra'ge of _the Process USiNGh s on the EPM, or external degrees of freedom. The re-
two perspectives: a nuclear perspective via the elementaé/ '

particle modeKEPM) and a nucleon perspective via the im- ults will be presented in Sec. V and a summary in Sec. VI.
pulse approximatiorilA).

The only similar calculation for this process was done by
Klieb and Rood5,6] about 20 years ago but the accuracy of

their calculation is constrained by the facts thak the tri- _ The fundamental terms of the transition amplitude are ob-
nucleon wave function they used is inadequate by today'gyineq by inserting a photon on all particles carrying charge
standard§(2) some of the nucleon momentum terms were, magnetic moment. Figure 1 shows the Feynman diagrams
Puallln gﬁgr'g:g gg?r:gﬁlrgr?p?lim?jﬁ gﬁ?im{ d((jalg ggltyussgrg;eof corresponding to these terms. Note that this general approach
is common to both EPM and IA so that the form of the
the Adler and Dothan terms. As a consequence of better conl it litude derived h il b lied to th
puter technology and better methods of calculation of realist 2'>'1oN amplitude derived here will be applied to the
tic trinucleon wave functions, it has been possible in thisnucleus n the EPM, but to the_ nucleon in _the IA, -
calculation to improve on the approximations they made. "€ amplitudes corresponding to the diagrams in Fig. 1
The analogous nonradiative, or ordinary muon capturé®
(OMC), reaction has been considered by several authors.

See, for example, Ref§7—10] and references cited therein.

Il. THE TRANSITION AMPLITUDE

In Sec. Il we will briefly discuss various hypotheses gov- M1=U(»)¥4(1—y®)u(u)
erning the weak hadronic current and the Adler and Dothan — o
[11] procedure, which provides terms in addition to the terms XU(P)W*(Q™)Se(Pi—k) Qiu(Py),

generated by a naive insertion of photons on each particle

Mo=u(») ya(1=¥°)u(p)
*Present address: Cap Gemini Ernst and Young, Hamborner Str. .
55, D-40472 Dsseldorf, Germany. X U(P¢) QtSe(Ps+ K)W*(QMu(Py),
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FIG. 1. The fundamental radiating diagrams.

Mg=u(v)yo(1— y®)u(s)

S e

(—i)(2Q"—k)- €G}

X%YSU(PO,
M4=u(¥) yo(1— ¥®)Se(u—K)(—ié)u(p)
X u(P)W*(QLu(P)), (1)

where S¢ is the Feynman propagator for spin particles
(Se(Pi—Kk)=il(P; —k—M,), for example, v, u, andk are

the four-momenta of the neutrino, muon, and emitted photon,

respectively, andV*(Q) is the weak hadronic vertex, which
is parametrized by four form factors

[e3

: Q Q
WA(Q)=Gyy"+ Gyi 0™ 5o+ Gay*y*+Gpy®—,
n
2
()

with all the G;’s being functions ofQ?, the square of the

i
o P=S (v =Py

momentum transfer at the weak hadronic vertex. Specifically,

we denoteQ"= u— v as the momentum transfer at the had-
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which comes from PCAC and the Goldberger-Treiman rela-
tion for ordinary muon capture. The quanti¢gycan be re-
garded as a constant over ti@’ concerned[5-8]. The
PCAC value ofGp is defined ax=0. G, is the pioni-f
coupling constant. In the EPM, the hadronic vertex is at the
nuclear level. ThereforeR;=Psy.(four-momentum of the
3He nucleus and P;=Psy (four-momentum of the3H
nucleus. In the IA, the hadronic weak interaction operator
acts on the constituenhucleons and so P,=p (four-
momentum of the protgrandP;=n (four-momentum of the
neutron. Note also thaM , is the mass of the nucleus in the
EPM but the mass of the nucleon in the IA amd(m,,) is
used to denote the mass of the mioharged pionthrough-
out.

However, the sum of these four diagrams is not gauge
invariant(Gl) and does not satisfy conserved vector current
(CVC) and PCAC by itself. Extra terms must be added in
order for the whole transition amplitude to be gauge invari-
ant and to satisfy CVC and PCAC up to a desired order. The
Adler and Dothan procedure is used to generate these terms
up to O(k? via the GI requirement ané(Q°) via the CVC
and PCAC hypotheses. The extra piece of amplitude that is
required is

AM:AM1+AM2+AM3, (5)

AM;=—u() y,(1—¥*)u(p)

ag €L

><U<Pf>(ekﬂia M +Gk%ys]u(Pi>, ®)

AM,=u(v) y,(1=¥*)u(w)

xu( Pf)[ —2(G{ 7+ Gay,y”) (ke —ke®)

ronic vertex when one of the hadrons is radiating and

Q-=u—v—k as the momentum transfer when the lepton
is radiating. Qi(f):iei(f)é'f'[Ki(f)/ZM n]O')\pka)\, where

ei(ef), ki(xs) denote the electric charge and anomalous

magnetic moment of the initigfinal) particle. The induced
pseudoscalar couplinGp, which originates from the pion
pole term has the forrfil4]

2m MnGA(QZ)(1+8)
GP(QZ): quT_Qz
m2 G .(Q?)/G,(0)
g=—"1{1- - (4)
-Q GA(Q?)/GA(0)

, 2k*
_GV(Kf_Ki)ZMnl(T k§6,5 U(Pi), (7)
AM3z=u(»)74(1-y°)u(n)
XU(Pf){ —2(Gyy,+GAY,. Y9 Q" €
- 2mM,Ga(1+e) 2QH € -
H
m-Qf m
Q4
—G&Aia"’gz—,\,,n(ZQH'e)}u(Pi). (8)

A prime on a form factor denotes the derivative with respect
to Q2. Since all the form factoréexceptGp, which contains

a pole term are almost linear ifQ? over the range of?
concerned in both the EPM and IA, it does not matter with

respect to whichQ? the derivative is taken. The pion pole

terms ofGp are treated exactly.
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with their respective spins. The four-momentum conserva-
tion relation is

Pay+ v+ k=Payt u. 9

The differential capture ratgphoton spectrumis given by
dar f dp
dK  photonpolarization) dK

XTI pM(Psp, Pape, M) ™M(Psyy, Pae, My)],
(10
wheredP is the differential phase space factor
|Vud?G2 d®Ps; d3» 1 d3k
2 (2w (2m® K (2m)°
X (2m) 46 (u+ Paye— Pasy—k—v)

FIG. 2. The “minimal coupling” diagram. d73=C|¢M(O)|2

The termAM; in AM arises when one does a minimal
substitution on the hadronic vertex, assuming constant form
factors, and corresponds to the usual fifth diagram included
in previous RMC calculationg=ig. 2). If the nuclei or nucle-
ons were elementary particles with no form factors, this
would be the only term needed &M in order to ensure Gl,

0
Vol °GE 2P3,

1
_ 2

|2k(1—cog 6))

: _ —2(m+My)| 13k, 6)dvkdkdk (11
CVC, and PCAC of the amplitude. The other termsAiv
involving derivatives of form factors are the terms to account cog 0)= -k (12)
for the composite nature of both the nudiii the EPM and '
the nucleongin the 1A). The termAM, is demanded by the 2k(m+M,) —m2—2mM,
CVC and PCAC while the terms iAM; are demanded by v(k,0)= , (13
the gauge invariance requirement in the case when form fac- 2k(1—cod )= 2(m+My
tors are included. M = 2808.66 MeV. (14

The full amplitude M=X,_;_,M;+AM satisfies Gl,

CVC, and PCAC up to, but not including, terms 6(kQ)  pere ¢,(0) denotes the muon wave function at the origin,
and this is the amplitude that we will use for later calcula-c = 0 978g[7,8] is the correction factor that accounts for the
tions. nonpointlike nature of the nucleus, aNgy is the CKM ma-
trix element, which connects the up and down quark, with
|V, =0.9735+0.000819]. G is the Fermi coupling con-
stant, p is the density matrix that describes the initial spin
The elementary particle modés probably the simplest configuration of the muonic atom, ad(Psy,Psye,M)y) is
method to calculate the RMC rate. It was first used by Kimthe transition amplitud®l that was discussed in Sec. Il with
and Primakoff[15,16] in calculating the beta decay of com- the following changes:
plex nuclei and was subsequently used by Fedrig and
Klieb and Rood5,6] in their RMC calculations. In this ap-
proach, both the’He and 3H are treated as “elementary
particles” of spin 3 and isospin up to a small isospin
breaking. The details of the structure of the nuclei are encap-
sulated in the nuclear form factors, which are determined by
experiments done on these nuclei. One of the major reasons
the EPM calculation is easier than the IA is that there are
many fewer degrees of freedom that one has to take care of . .
in the EPM than in the IA. The degrees of freedom in the\"’h('}re':i /! =V,M,A are the nuclear form factors which are
EPM approach are the four-momenta #fle (Pape), °H parametrized as
(Psy), photon ), neutrino (v), and muon f) together

Ill. THE ELEMENTARY PARTICLE MODEL

U(P;)—Uu(Pape ),
u(Pp)—u(Pay ),
M,— M, on the hadronic vertex,

Gi—>Fi, (15)

(16)

1 22
Fi=F;(0) 1+gRiQ
with Fy(0)=1, Ry=1.94 fm [7], Fu(0)= -
These are almost all the terms considered by Adler and Dothan. —8.3gé ?,]m_7.91v3 nm, RM=[1].72 ?Ang )[7f3HeFAIE(3)3|

[11], except that we have not considered the non-Born terms in the_ 1.212+0.004[8], Ry=1.703 fm[7].

pion photoproduction amplitude, which are thought to be small.

Klieb and Rood 5,6] did not have the last term iAM, and the last
two terms inAM .

The photon polarization vect(frA, which is defined by
e,=(1/\2)(x+i\y), with k=2, has the property
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kX €,=—i\ke, . 17) P=K,+kg+k

Thus the = noton polarizationin EQ. (10) can be replaced by -
Zn=—141-

The big advantage of the EPM is its simplicity. It also
includes, to some extent at least, part of the meson exchange .
corrections that are missing in the IA. It, however, does have Pa=5Ks— 5K, (19
a major flaw as applied to a two step process such as RMC in
that the intermediate states have to be treated as elementgeyt the initial nucleus, with an identical transformation law

particles as well. Thus effects coming from the excitation Offor the final nucleus. It is obvious thé&t (a EPM degree of
the intermediate nucleus, which are implicitly partially in- freedom is the center of mass momentum vector of the

cluded in the IA, are not included in the EPM. A full inves- | - EPM d f freedoris th
tigation of this is beyond the scope of this paper, though seBUCIEUS andj, (a non- egree of freedoris the mo-

Ref.[18]. However one should keep this in mind as a caveafentum of nucleonx (spectator with respect to the center
with respect to the EPM of mass momentum of the other two nucledssbsystem

while p,, (a non-EPM degree of freedoris the momentum
of particle 8 with respect to particley.> The 3 comes from
the antisymmetrization of the wave function and it allows

The impulse approximation method provides a simple®ne to let the current operator _act on a particular.nucleon
“microscopic” picture of the nuclear reaction in terms of (chosen to be nucleom) three times instead of acting on
nucleons. In this picture, the constituent nucleons inside thach nucleon of the nucleus. _
nucleus are approximated as fréhis is probably a good The parametrization of the nucleon form factors is exactly
approximation as the binding energy of the trinucleon systenihe same as that of the nuclear ofiese Eq(16)]. For con-
is ~8 MeV, which is about 0.3% of the mass of the VEnience in notation, we changg—g; andR,—r; in Eq.
nucleus and the nuclear reactiotHe+ u~—3H+ v,+yis (16) to denote the nucleon case. The various parameters for
viewed as the sum of its nucleon counterpapts,~—n  nucleon form factors are,(0)=1, ry=0.7589 fm [7],
+v,+ v (that is, only one-body currents are considered and@w(0)=xp—r,, T1y=0.8781 fm [7], ga(0)=—-1.267
two-body meson exchange currents are neglected or put ifr 0-0035[19], r4=0.6580 fm[7]. .
later as a correction The extra degrees of freedom which ~ The momentum space trinucleon wave functif28,21]
arise from considering each nucleon of the nucleus instead &ie realistic wave functions derived from the Faddeev equa-
treating the nucleus as a whole are integrated out using redion (see, for example, Reff22]) with different model poten-
istic trinucleon wave functions. Given these assumptions, th#2!S. Each one of them has 22 channels that contain all pos-
whole problem boils down to separating the EPM and nonSible states up to and including=2, whereJ is the total
EPM degrees of freedom and finding the 1A equival@te- angular momentum of the subsystem particles. They can be
note it asM,,) of M(P3y,Pspe,M,) in the EPM. More ex- Written as
plicitly, we want the M (Psy,Psye,M;) in Eq. (10) to be
replaced _Withl\/_lia in order to find the 1A version oﬂ_l“/d k. |\1/>:2 ¢ic(pa ,qa)|ic>||5>, (20)

The relationship betweel (Psy,Psye,My) andM, is ic

IV. THE IMPULSE APPROXIMATION

M(Pay ,Pape ,M)) wherei, is the channel number an@) is the center of mass
' ' momentum of the trinucleon system, which we will not write
explicitly from now on. The coupling scheme of the channels
Hsf |(27T)35(3)(5a’—5a)(277)3 is
5 i) =[([Lala]La [SaSalS) NN ai D=1 (D)]i (D).
x 69| q—d.+ §<E+E—ﬁ>) (21
. . The spin and angular momentum part is given by
X lﬂ:H(pa',%) ¥3pe (Parda) |([L ol o] L0 [ SeSalSa) 7 with L, (S,) the angular momen-
tum (spin of the subsystemfgy) andl, (s,) the angular
d3q/, d%p,’ d3q, d3p, momentum(spin of particlea (the spectator particleThese
XM(Kg Ka M p)—— 3 3 3] are coupled to formZ, (S,) and then toJ=3%. The
(2m) (2m)” (2m)* (2m) |(1,4i,)Z) is the isospin, part, with, being the subsystem
=Mia, (18 isoslpin which couples with,, the spectator isospin, to form
7=1.

wherek, kg k, (k; kg k) denote the four-momenta of

the three initial(final) nucleonsa, B, and y. The (three)

momentum transformation separating the EPM and non-?p_ andq, will sometimes be denoted @sandq when no con-
EPM degrees of freedom is fusion arises.
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It is now clear thatysye (5a ,ﬁa) in Eq. (18) is just the thereis no negd to couple the operators into tensors of other
<F3 a| projection of Eq.(20) ran!<s. Therg_ is also no negd_ to couple operators into odd
' ' parity quantities as both the initial and final states are of even
R L parity. Recognizing the total angular momentum of the tri-
U3pe (pa,qa)zz wic(pa,qa)<p,q|ic>, (22 nucleon system in the IA as the spin in the EPM, one can
'e easily see that any operators of rank 1 in the IA correspond to
where (within a facto) o matrices in the EPM, and operators of
rank 0 in the IA correspond to identity hadronic operators in

A,Ai — YE ""‘ ® S M7 IMI_ 23 the EPM.
(Palic)=[YLi(P.0) Xsslg 3 All the coefficients inM(k/, ,k,,M,) are expanded to

Note that Eq.(26) below defines the bipolar harmonic O(G/Mp) except that ofgp. The kinematic end points of

Y£,(p,0). x and 7 in the above equation are spinors and RMC are quite close to the poles @ and thus might make
isospinors, respectively. Their coupling method is exactly thdts value large at those places. Therefore, coefficientgpof
same as the bipolar harmonic in HGS6). are expanded t@([q/Mp]z).

To putM;, in Eqg. (18) into a useful format, we have to The correspondence between the IA and the EPM for all
expandM (k; ,k,,Mp) nonrelativistically in powers of the forms of operators up to first order in momentum is shown

struck nucleon momentuik, (which equalsy, upon setting below. Operators of higher order in momentum will not be
the initial center of mass momentum of the trinucleon zero Shown owing to the lack of space. Note that fhe-]'s are

and the 8 functions into angular momentum eigenstates.aCtua"y reduced matrix elements between the initial and fi-
nal statedi.e., results of integration of “internal” degrees of

freedonm) and the numbers inside denote some specific spin
and angular momentum combination. They will be defined in
Eq. (33). For now, it is sufficient to note that the first digit of

(277)35(3)(5;_ 5a) [---]is related to the nucleon momentuir(for example, O

indicates no nucleon momentum, 1 indicatgsand the sec-
S(pL,—Pa) o ond digit comes from the spherical harmonics of thiinc-
=(27T)3p—2p Z (—1)'V21+ 1Y, (Pl Po), tion. These two terms couple together to an angular momen-
Pa tum value represented by the third digit. The fourth digit is
(24)  related to the hadronic spin matrix and the subscript is the
rank of the whole reduced matrix elemeht(or sometimes
s 22 2. denoted asly) is defined as the hadronic identity matrix
(2m)°6™) Q= Qat §S element in both the 1A and the EPM. It differs frdr]° (see
Ref.[25]), although they are related.

Upon settinge=0 and denotings=»+Kk, the & functions
can be expanded &see Ref[23] for definitions of spherical
Bessel functiong,(x)]

3 \/(477)5(2I1+ 1)(21,+1) The IA expressions, after coupling and reexpressing in
__li%‘S (2153+1) EPM format, become
=13 15[{(0,00®0}0]1, (27)
I3 | 11 1o\ A A
x(o 0 0)l'l—'2+'3Y:j.2"“3(qa,qaw.;"%s)* .. 3 L
o-v———=[{(0,22®1},]o-sv-s
2 \/E
xf nl(q;r)j'z(qar)j's(gsr)rzdr, (25 L
+{E[{(0,2)2®1}1]+[{(0,0)0®1}1]]0~v,
| I I
lgmg, &~ 3 1 2 My, 2\ My, 2
Yioy= 2, (m3 my m2>Y'1 (YY), (28)

(26) o 5 1
U~q<—>[ - \@[{(1,1)269 1ha]=5H(L,)101},]

The notations used here are the same as Brink and Satchler
[24] except that the Clebsch-Gordon coefficients are denoted
by 1

[{(1)0& 1}1]}5&, (29
J Ji J V3
M| My M, .- 1 - A
g-ve———=[{(1,)0®0}4]v-s
as opposed tdJM|J,J,MM,). The next thing after the V3

expansion is to couple all the spin and angular momentum

operators in Eq(18) into tensors of rank 0 or 1. Since the _i_[{(l 1)1®0}1](;,5><§ (30)
total angular momentum of both initial and final stateg js V2
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I 5 1 1 .. 2 .
an-UH[ - \Ez[{(l,l)2® ]+ 5[{(1D19 1]+ \[5[{(1,1)0@9 1},]10XS o+i \[5[{(1,1)1@9 1}o]0-S,

(31
dvo-ue) e [{(LD201)]- \3 HLD0e 1] -5\ g [{(1.3201h] 0 uv-s
\F 1 1\F I
- %[{(1.1)2®1}1]+5[{(1,1)1®1}1]—§ g[{(1,3)2®1}1] o-vu-s
\F 1 1\F e
- %[{(1.1)2691}1]—5[{(1,1)1691}1]—5 g[{(1,3)2®1}1] o-su-v
5 I (1 I
+ \[5 [{(1,32®1},]o-su-sv-s+i \[E [{(1,D)1®1}y]u-vXs. (32

Note that whileg on the left hand side acts on the spin of the spectator nucieom, the right acts on the entiraicleusand
thatd ando are mutually commuting vectors that aret concerned with the internal momerita. notp nor §) and commute
with . Using Delorme’s[25] notation, [1]°=[{(0,0)020},], [¢]%!=[{(0,0)021},], [¢]*'=—[{(0,2)221},], [&¢]"
=[] V2[]?Y and[ o] =[o]% 1~ (1/V2)[ 1%L The precise relationship betwegiP ]! and the reduced matrix ele-

ments defined here is unclear, but has a magnitude of the ord¢(Iol)1®0},] or [{(1,1)1®1},]. As one will see later,
these two matrix elements are very small.

The definition of{ {(a,b)c[a]®d}e] (a function ofs=|v+K|) is
1\ 11
2/ \2

| — (b |1yl
x{w;:(p,a")jir(a' 1) qu,}wic(p,q)]—Iz(qr)q“""dq}](0‘ 01 ;)

->

_ 1 /1
[{(avb)c[a]®d}e]53ﬁ<§H Te

-1
%> 2 (—1>L1'1'2*bf[p2dpr2drjb(§sr)
i 1

Y P P
C,|612

2L, +1)(21,+1)(21,+1)

oo
XF(Il,Iz;a,buC;IC!IC)\/ 2b+1

X(AUDIHIYE, L, (P PI®Y] (@ D] (L@ Tl dlic(DNiDI( Lo D)i(D), (33

TABLE |. Various OMC and RMC statistical rates calculated with or Fp at the PCAC value. The
numbers in the second column are the values obtained by usingjtﬂép‘rescription up toO(ﬁ/Mp) terms.
The numbers in the third column are obtained via the correct approach @potv p) terms. The fourth
column has values of the OMC rates using/3” prescription up toO([ﬁ/Mp]z) terms. Numbers in the fifth

column are the values obtained by the correct approach @(ﬁdlMp]z) terms; the sixth and rightmost

columns contaif R¥C(k>5 MeV) andTI'}¥C(k>57 MeV), respectively. CD Bonn stands for charge de-
pendent Bonn and AV14 for Argonne V14 potentials.

Potentials OMC ratéstatistical (s?) RMC (sY

- - - 2\ 7 32

O(i) v o(i); full O(q—z); - o(q—z); full k>5 MeV k>57 MeV

M,/ 3 Mp M5/ 3 M3
BonnA 1368.6 1368.1 1367.8 1357.9 0.6255 0.1691
BonnB 1341.3 1340.8 1340.4 1330.7 0.6164 0.1666
CD Bonn 1336.1 1335.7 1335.3 1326.1 0.6153 0.1663
Nijmegen | 1298.0 1297.5 1297.1 1288.2 0.6023 0.1626
Paris 1270.9 1270.4 1270.1 1260.3 0.5932 0.1602
AV14 1271.0 1270.6 1270.2 1260.0 0.5929 0.1601
EPM 1503 0.8263 0.2451
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where Tg)=1, for d(e)=0 and o for d(e)=1, 7 is the isospin operator. Notica specifies thelmas$ dimension of
the matrix element. Whera is not shown explicitly on a reduced matrix elemeat=a; that is, [{(a,b)c®d}.]

=[{(a,b)c[a]®d}.]. F(I1,l;;a,b,c;i(,i.) is defined as

o c | a b\1?
F(l1.lz;a,b,cig,ic)= m. | m, my fY
1 PR P}
R SN PES PEY
477( b (a c

v, x being some dummy angular variables.
(i(DICYL, L, (PP @Y} (@, a)]® (L@ Ta)dlic(N)

) YT 0 YT R () dadd

0a

(34)

P

lo|

l, a \/(2|2+1)(2a+1)
0 0 2b+1

V. RESULTS AND DISCUSSION
A. Results

is the spin and angular momentum part of the reduced matrix We have calculated the rate for OMC, and the photon
element between the helion and triton channels. Its calculaspectrum and integrated rate for RMC, in both IA and EPM

tion is tedious but standard.

(e(DICYD (P DY) (@ D]e (Lo Ta)dlid( D)

’ r r 1 r
:477(_1)C +2l+c+L"+S +§+S +d{(2£+1)(2£’+1)
X(25+1)(28" +1)(2c+1)(2e+1)}1?

L1 e S & d
2 2 L L ¢ L1
“Neoocoeflr 1 vl 2 s
2 2
S S d
1 1 ’ 0 A
Xbss( 5| Td 5 )L 012, L (B"B)I0 L). (39

Note also that

A A 1
,Ll(p’,p)||0 |—>:4_5|_L/-

(36)

> (—D2L+ (L oYY,

Ly

(iL(D e 7i(Z)) is the isospin contribution of the re-
duced matrix element, which equals

1

E .

1) 12 12 1 5 1
DN 2 1 [\3

-

T

(37

By following through all the procedures mentioned in this 5y the termsAM,+AM,

approaches, using the formalism described in the preceding
sections. Table | shows various RMC and OMC statistical
rates, with the final results given in the last three columns.
Figure 3 shows the IA RMC spectra for various wave func-
tions together with the EPM spectrum.

One sees immediately that the 1A results are significantly
lower than the EPM results both for OMC and RMC. This is
consistent with the OMC results of Ref§,8]. For OMC the

0.014 . , : : .
0.012 | 4
0.01 [ 4
T
<° 0.008 | ]
>
o} N
E i “,..
% 0006 f] EPM, full .
5 EPM, AM+AM; xaxes. A
= Ly
IA, full (Bonn—-A) -------- \‘(‘ 5
1A, full (Bonn—B) - W
0.004 IA, full (CD-Bonn) -~~~ i\ -
IA, full (Nijmegen) ------- %
¥, IA, full (Paris) ——- -
IA, full (AV14) -~
0.002 - IA, AM +AM;  +
KR values %
1 1 1 1
0 20 40 60 80 100
k [MeV]

FIG. 3. RMC photon spectra from two EPM calculations, one
with the full Adler and Dothan amplitudAM and the other with
necessary for gauge invariance. Also

section, it is possible to match the IA amplitude piece byjqjyded are RMC photon spectra from the full IA calculation using
piece with its EPM countgrparts and thus make a direct comyarious model potentials, along with one example with ah,
parison between each piece. In other words, we have arg Am,. All wave functions used have 22 Faddeev components and

ranged the nonzero terms bf,, to depend only on the EPM
degrees of freedom. We then obtaih/dk via Eq.(10) with
M(P3sy,Pspe,My) replaced byMi, .

the permutation is projected on the same set of states. The infrared
divergent part is not shown. The KR values come from Klieb and
Rood[5,6] and are their IA calculation results.

065501-7



HO, FEARING, AND SCHADOW PHYSICAL REVIEW (65 065501

difference is understood to arise from various meson ex- 1 T T T T T

change corrections, which are included implicitly in the EPM Egﬁﬁ:‘g‘ .......
approach but which must be put into the IA by hand as CD-Bonn -

Nijmegen -

specific corrections[9]. Presumably a similar explanation e

holds for RMC. 0.95

B. Importance of various ingredients

. 09 |
We can see from these results the importance of some of

the specific ingredients and improvements that we have in- =
cluded in the calculations. In particular, Table | shows the

results obtained for the IA statistical OMC rate using four 085
different methods of treating the nucleon momentum opera-

tor ﬁ The most common way of treating this operator is to

replaceﬁ with /3 [26] (second columnand virtually all 08 F .
existing OMC calculations used this method. However, this
method is strictly correct only fos waves to first order in

nucleon momentum. Using the correct approach discussed in 075 , .

Sec. IV and keeping terms up '@(E]/Mp) decreases the 0 0.1 0.2 0.3 0.4 0.5
OMC statistical rate by about 0.5 § (third column as s [fm™]

compared to the results from thé3 prescription. The small- _ )

ness of the effect is primarily due to the minute contribution  FIG- 4. Plot of(1]° vs s for different nuclear potentials.

of the P-state wave function to the trinucleon wave

function® There is a difference of about 10 s between easily seen from the fact that the fractional deviation of the

using the;/3 approac[‘(fourth Co|umr) and the correct ap- reduced matrix element among various wave functions is

proach(fifth column) when terms up t(!D(ﬁZ/MS) are kept. larger at large values of

Although in percentage terms it is just about 0.6%, it is mucrbin-g?r']s :ﬁg;nf‘eéo rg%ti:é)?eing]%gromd:n;vgznt-rll?,eor?éﬁecr)?g;-
larger than the 0.5 ¢ difference between the numbers in 9 gies p y P

) o tials. The non-Bonn potentials generally underbind the tri-
the second and third columns. This is perhaps to be eXpeCten(%cleon by about 0.5 to 1 MeV. Congleton and Trutj

as thev/3 approach cannot be applied to terms higher tharbointed out thdt [1]°~1—const<(r?)s? and that (r2)

first order in nucleon momentum. scales like the inverse of the binding energy, and thus argued
Table | and Fig. 3 also show the dependence of both th@,ot gne can expect a lower value fit]° when a wave
IA OMC and RMC calculations on various trinucleon poten- . . - . ~.01
unction with a lower binding energy is usédzor [ o]%?,

tials. In general, the Bonn-type potentials seem to giv hev further arqued that since it is a reduced matrix element
higher (and perhaps betteRMC and OMC results than the €y further argued that Since It IS a reduced matrix eleme
or one-body currentghis IA calculation contains only one-

other potentials. To analyze this properly, let us take a look a&)ody currentl; the Bonn potential’s weak tensor force makes
H : 0 ~10,1 ! A N ) A A
the three dominant reduced matrix elemets)”, [o]™  this matrix element large in magnitude. If their analysis is

and[ ]2, which are shown as a function sfin Figs. 4-6.  correct, this would potentially explain why the Bonn-type
All the curves produced by non-Bonn potentials seem to be potentials consistently give higher results in both OMC and
bit separated from the curves of the Bonn-type potentialsgpyic A calculations. The quadraticlike curve Df;]z,l is

. . . . 0 _ N
especially in the region wheris large. For{ 1]° the prob obvious if one notices,(x)~x2/15 forx<1. Since[ 121 is

lem may be partly associated with the numerical normaliza;[he result ofS-D overlap, a trinucleon wave function with a
tion since[1]° (s=0) should be unity, in principle. How- P,

ever, even though one takes this into acco(say, for larger compongnt ob wave would probably have a larger
example, by scaling the curves so that they agree with eadRagnitude .Of[‘f]z’la which seems to be the case for the
other ats=0) the values of 1]° for the non-Bonn potentials 9enerally highetD-wave components of the non-Bonn po-

are still smaller than that of the Bonn potentials, as can béentials(see AppendixB)).
Recently Lahiff and Afnarj27] suggested that the Bonn-

type potentials might be a better choice than the Nijmegen
3Note that this effect is genuineeffect and not an effect caused potential because ,the energy dependence of propggat(_)rs is
by numerical calculation. To prove this, a two channel Yamaguchiréated exactly(during the evaluation of the potential via

wave function consisting solely d waves is used to gauge the
numerical uncertainty in wave function integration. There idgran

creaseof the rate(due only to numerical integratiorby 0.1 s2, “To see this, expand o(%SI’) in polynomials and note that
out of a total 1600 s, for the correct approach. This difference is const>0.

much smaller than the differen¢stemming from errors iboththe 5To define the term “lower binding energy,” note that Appendix B
numerical integration and the/3 approach of the calculations of ~shows that the Bonn potentials have the highest binding energy
the other regular 22-channel wave functions. predictions among all the wave functions.
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Bonn-A

T
Bonn-A —— e
Bonn-B ------- Bonn-B -------
CD-Bonn - CD-Bonn -
Nijmegen ................. e Nljmegqn
0.8 - Paris -——-- Paris -
-------- -0.005 | omeme
—-0.85
= =
0'6‘ E -0.01
-0.015 %
-0.95 - .
-1 ! 1 L ! ' -0.02 . L . L L
0 0.1 02 0.3 0.4 05 0 0.1 0.2 0.3 0.4 0.5
s [fl’l’l_l] S [fm_l]

- 12,1
FIG. 5. Plot of[¢]%! vs s. FIG. 6. Plot of[ 0] vs s

. . . . the nuclear case as opposed to the nucleon case. However
time-ordered perturbation thegrin the Bonn-type potential, there is also a relative sign flip betwe&n(0) andga(0),

but the Nijmegen group removes this energy dependence. _ . . : . :
Thus to summarize, the reason that the Bonn-type IOOtenvyhlch might play a role. To investigate this further we have

s e Higher s for ot RC an OVC may .l ' 110% W6 eve artfcly pease . ond
marily be due to its higher binding energy and possibly its_# ' P

weak tensor force. The high@-wave components of those and calcglated the resulting IA photon spectra using these
] ] > 01 values(Fig. 7). We have calculated another set of photon
non-Bonn potentials may give a boost fo ]~ but the

- spectra by flipping the sign af, in the IA (Fig. 8). We also
smallness off ¢]?* as compared to the other two would provide the IA photon spectra whémth of these effects are
make its effect on the IA capture rates small. present(Fig. 9).

The effects of the Adler and Dothan terms can also be By looking at Figs. 7—9, one concludes that the IA RMC
seen in Fig. 3. The upper two curves show the RMC specealculation would have shown a sensitivity to the additional
trum including the fullAM of Eq. (5) and including only terms in the fullAM if the nucleon radii were of a size
AM+AMj, the part required by GIl. There is clearly a sig-
nificant difference between these two photon spectra in the
EPM. The photon spectrum with the full Adler and Dothan
amplitude is 5—25 % higher for photon momentum starting
from 20 MeV than the one with terms only to ensure Gl. 0.01

The figure also shows six IA photon spectra for different
trinucleon wave functions using the full set of Adler and
Dothan terms plus an IA photon spectrum with just terms of =
AM;+AMj; necessary to ensure Gl. For this latter case a—"
trinucleon wave function from the BonA-potential was 2
used for the calculation. For the IA case there is almost no 2, 0.006
observable change in the photon spectrum produced by in 2

~

cluding the full set of Adler-Dothan terms as opposed to just =

0.012 T T T T T

0.008

those required for Gl. = 0004 1 ’
If one considers IA and EPM spectra with only the terms

from AM;+AMg, i.e., only those necessary to ensure Gl, 0.002 - |

the ratio of 1A to EPM RMC total capture rate is similar to ' IA, AM+AM; - N

that of the corresponding OMC quantity-83—90 %). How-

ever, as a result of the increased importance of the full set o 0 . . . .

Adler and Dothan terms in the EPM case, once these addi 0 20 40 60 80 100
tional terms are included, the IA to EPM RMC capture rate K [MeV]
ratio drops by more than 10% to around 73%.

An obvious reason for this increased sensitivity in the FIG. 7. Effect of increased nucleon radii on the full 1A photon
EPM case might be the more rapidly varying form factors inspectrum and on the spectrum with oy, +AMs.
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001 T T T T T T T T T T
0016 | _
A IA,Afull
IA, AM [ +AM}; ---eene
0014 | -
0.008 -
0.012 | _
T —
T 0.006 |- T ootk |
|
s 2
é é 0008 Fp=1.75 FRCAC —— i
T 0004 = o beac
= 5 Fp=1.50 FpAC «amee.
~ 0.006 - Fp=1.25 FI;CAC ........ 7
Fp=1.00 FpAC o
0.002 0.004 FP=0'75 F;CAC _______ 1
Fp=0.50 FpCAC -mom.
0.002 Fp=0.25 F‘;CAC........ .
0 KR values +
0 1 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100
k [MeV] k [MeV]

FIG. 10. The RMC photon spectrudi;,;/dk calculated in the
EPM approach using the full Adler-Dothan amplitude with various
values ofFp, in units of FS“A¢ as determined from Eq4) with
£=0. The KR values are those of Klieb and Rood, taken from the
c_omparabl_e tQ the nuc!ear_ ones, regardle_ss 9f whether tr}Slativistic calculation of Ref[6], which are not shown in Ref5]
sign ofg, is flipped(as in Fig. 9 or not(as in Fig. 7. The
flipping of the sign ofg, decreases both spectfall IAand  terms inAM involving derivatives of form factors are miss-
calculation with only terms to ensure JGbut the difference ing. This might be problematic when those derivatives are

between them is relatively small, provided the variouslarge, as in the EPM. _ _
nucleon radii are not artificially increaségig. 8). A final remark should be made regarding the comparison

One notes that there are some additional deficiencies d¥f the IA and EPM approaches. A major difference probably
the Adler and Dothan procedure that may be relevant. IfPriginates in the fact that the 1A as described here uses only
particular, O(kQ) terms inAM, which are formally of the one-body currents. To elucidate this difference one needs to

same size as some terms that are kept, cannot be determi gfform a more detailed investigation of the interactions of
' the nucleons using a model, say, involving meson exchanges

uniquely by Gl or CVC and PCAC alone. As a result Someand adding twofor morej body currents. These steps would
0.01 entail a much more complicated calculation than that here,
: ' ' ' ' ' which considers only one-body currents. Congleton and
IA, full Truhlik [9] calculated the meson exchange currédEC)
IA, AM | +AM;y ------— contribution to the simpler problem of OMC byHe and
0.008 § found that the IA-MEC prediction of the exclusive OMC
statistical rate agrees with both the EPM calculation and ex-
periment[28].% Clearly something similar needs to be done
for RMC. Finally one should note that there are also diffi-
culties with the EPM as applied to RMC relating to the treat-
ment of intermediate nuclear states, as was discussed in Ref.
[18].

FIG. 8. Effect of changing the sign of, on the two sets of IA
photon spectrum.

0.006

0.004

dry/dk [MeV s

C. Dependence orfF,

One of the main motivations for examining RMC is to

T obtain information about the induced pseudoscalar coupling

constant and hence we have obtained results for various val-

ues of this coupling. Figure 10 shows the EPM calculation of

0 ! ! ! ! the RMC photon spectrum for several different choices of
0 20 40 60 80 100 Fp. There is an increase in the total capture rate and a slight

k [MeV]

0.002 |

FIG. 9. Two sets of IA photon spectrum usibgththe increased 5They used a trinucleon wave functi¢29] that was derived in a
nucleon radiiand the sign change fog, slightly different way than those we use.
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0014 T T T T T 1 T T T T T
0012 -
09
0.01
- 0.8
|
< 0008 |
>
s _
=
= 07 -
5 0.006 Al
=
=
0.004 06 |
0.002 -
0.5
0 KR values +
0 20 40 60 80 100
K [MeV] 0.4 1 1 1 1 1
0 20 40 60 80 100
FIG. 11. Photon spectra from IA calculations for various values k [MeV]
of gp, in units of go“A°, as determined from Ed4) with £=0. FIG. 13, Ph arization f _ |
Wave functions derived from BonA- potential are used for the G. 13. Photon polarization for various valuesky.
calculation.

trum, i.e., the RMC capture rat&¥57 MeV) with respect

shift of the peak of the spectrum to higher photon energy a$0 the variation ofp (for the EPM andgp (for the 1A). The
one increasebp from 0.25 to 1.75 times its PCAC value. increase in the total capture ratefs or gp increases from
Figure 11 shows the same quantity as in Fig. 10 but fol0.25 to 1.75 times its PCAC value is slightly more rapid in
the IA calculation using wave functions derived from thethe EPM than in the IA.
Bonn-A potential. The qualitative features are essentially the Another quantity which is sensitive t6p in RMC and
same as for the EPM case, though the absolute magnitude ¢&n, in principle, be considered, though the experiment is
different, as was discussed above. difficult, is the photon polarization. This is defined as the rate
Figure 12 shows the sensitivity of the integrated spec{or spectrum for particular photon polarization minus that
for the reversed polarization divided by the sum. Figure 13
' ' ' ' ' ' ' shows this photon polarizatioR (k) using the EPM for
various values ofp. Clearly there is a very strong depen-
dence onFp, particularly for the highest energy photons.
These photon polarizations for different values o all
seem to converge to a limit &—0. This is due to the fact
that in this limit the amplitude is determined by soft photon
theorems. In the usual transverse gauge and for the initial
muon and nucleus at rest, the leading term in the squared
amplitude isO(1/k?) and has the fornP;- €, /M ,k|? (from
the diagram with the final hadron emittindt is thus inde-
pendent of the sign of the photon polarization, which makes
P,(k)—0 ask—0.
Note that, although we have not calculated it explicitly,
similar sensitivities td=p would be expected in the photon

r /-FPCAC

A — asymmetry relative to the muon sig0].
EPM for comparison -------
0.6 - ] D. Comparison with other works
' ! ' ! L L ! The EPM photon spectruitiFig. 10 and total RMC rate,
04 06 0.8 1 1.2 14 1.6 given in Table |, are in good agreement with the results of
X : 1
Fp/(FIIZCAC) or gP/(gECAC) Klieb and Rood 5,6], who obtained a total rate of 0.814" s

[6] via a nonrelativistically approximated amplitude. Thus
FIG. 12. Sensitivity o RMC (k>57 MeV) toFp orge. The  the extra terms included here but not included by Klieb and

Bonn-A potential was used for the 1A calculations and the AN Rood seem not to contribute significantly to the photon spec-
was included for both IA and EPM results. trum. The agreement of the EPM OMC rate of 1503 s
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with Congleton and Fearing®8] is also good, though this potentials are employed for the IA calculatigi8) the non-
agreement is perhaps not surprising given that the values eélativistic reduction of the IA amplitude contains second
the form factors used here, and the basic approach, are awder nucleon momentum terms for coefficientsgef, (4)
most the same as theirs. the nucleon momentum terms in the IA are treated exactly
The IA calculation of the OMC rate using wave functions without using the commos/3 approach.

derived from Paris or AV14 potentials agrees with these of In general, our results agree well, when comparisons
Klieb and Rood. However, the two IA RMC spectra are can be made, with the older calculations of Klieb and Rood
about 4% loweT than theirs. At first it looks a bit contradic- [5,6]. In particular, using the EPM model approach, the RMC
tory that more or less the same IA OMC rates, but slightlystatistical rate obtained in this work agrees with that of Klieb
lower RMC results, are obtained in this work, but a closerand Rood. The photon polarizatidh (k) disagrees signifi-
look reveals that Klieb and Rood used a lot of approxima-cantly with their results, which probably is a consequence of
tions for evaluating the reduced matrix elements for thethe fact that they truncated a lot 61(1/M %) terms in the

RMC spectrum, which they did not use for OMC. squared amplitude, which contribute significantlyRg(k).
In particular, instead of evaluating the reduced matrix el-The |A OMC results derived from wave functions of the

. . A non-Bonn potentials roughly agree with Klieb and Rood’s
ements directly in terms o they exprAessesIAm terms of an but the RMC photon spectra from the same wave functions
infinite sum of spherical harmonics efandk and imposed  are slightly lower than Klieb and Rood’s. This seems to have
an artificial cutoff on this expansion. They also did not fully to do with the fact that they made some IA RMC specific
square the resulting matrix element. Only products of anyapproximations in evaluating their photon spectrum.

two of the most dominant terms and products of one domi- We summarize our results as follows. As expected there is
nant and one small term were considered. In expanding the strong dependence of the results on the value of the in-
plane wave exp§-r), they only included the term having duced pseudoscalar coupling constBptor gp. There is a
jo(vr)jo(kr) and they used this approximation as theslight dependence of the IA calculations on nuclear poten-
premise in deriving several relationships between variou$als. The dependence can possibly be accounted for by the
reduced matrix elements for RMC. They also do not seenglifference in the three-body binding energy resulting from
to have expanded the spinor normalization factorghe different potentials, by details of the nuclear potentials
\/W (for the neutron spingr and Such as stronger/weaker tensor force, etc., and by differing

) ) ) partial wave characteristics of the resulting trinucleon wave
V(M+ koa)/2k°a (for the proton spindrquite consistently. ¢,-tions.

None of these approximations were used here. Also SOme There js quite a significant difference between the EPM
terms inAM that are present here but not included by Klieb5n4 |A RMC calculations. A first look at the spectra would
and Rood tend to decrease the resulting photon spectrumeg,qgest that the difference is caused by the fact that the EPM
bit. Given these differences, the agreement within 4% for th 5jculation is much more sensitive than the IA to the

rates is quite satisfactory. L O(k,k?) terms inAM, which are larger in the EPM because
The EPM photon polarizatioR, (k) obtained in this work ¢ the ‘much larger magnitude of the various nuclear radii

does differ from that of Klieb and Rood quite significantly {han their nucleon counterparts. This hints at a poor conver-
(see Fig. 13 The reason behind this is that while the non- gence of these Adler and Dothan terms in the EPM and
relativistically reduced amplitude used by Klieb and ROOdsuggests that the higher order pieces, which cannot be calcu-
produces the correct spectrum within a few percent, it cannqliaq via the Adler-Dothan procedure, might be important.
produceP,(k) accurately. Fearing30] noted that the f2irst Further problems with the EPM have been discussed be-
order contribution toP,(k) actually comes fronO(1/M")  fore in Ref.[18]. Probably the most important effect contrib-
terms in the squared Hamiltonian. Klieb and Rood apparyting to this difference, however, is the meson exchange
ently compromisedP,(k)'s accuracy by fruncating many corrections. These accounted for the difference between IA
O(1M ) terms when they squared their already nonrelativ-gn,d EPM in the OMC casp9]. Such a calculation will be

istically reduced amplitude. much more complicated for RMC, but is clearly needed to
fully understand the differences between the IA and EPM
VI. SUMMARY AND CONCLUSION approaches.
We have performed a theoretical calculation of the pro- ACKNOWLEDGMENT

cess®He+ u~ —3H+ y+ v, using two separate approaches,
the elementary particle model and the impulse approxima- This work was supported in part by the Natural Sciences
tion. Our calculation contains a number of improvementsand Engineering Research Council of Canada.
over the previous ones, name({) the full Adler and Dothan
amplitude is used for both the EPM_and IA calcu_latio@, APPENDIX A: M(Psy ,Pspe ;M) IN THE EPM
better momentum space wave functions from various nuclear
Using the Dirac representation of the matrices,
M(P3y,Pshe,M) (up to a constant phase factaran be
"This already takes into account the fact that they took the valuavritten in the form below, which operates on the product
of C=0.965, whileC=0.9788 is used in this work. space of the leptonic and hadronic spinors,
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Wherer;L is the leptonic spin matrix and is the hadronic spin matriXN’ is the spinor normalization factor, which equals
%,/(P3UH+ Mt)IZPSHe(the factor; comes from the normalizations of the photon and the neytriflee infrared divergent part

comes from 14, where
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TABLE Il. Some important quantities of trinucleon wave functions. The binding enEggig in MeV.
P(S) denotes the probability d&wave component of the wave function and so on.

Potential E, P(S) P(S) P(P) P(D) () num
BonnA 8.29 92.59% 1.23% 0.030% 6.14% 0.994
BonnB 8.10 91.61% 1.19% 0.044% 7.16% 0.993
CD Bonn €He) 7.91 91.61% 1.35% 0.041% 7.01% 0.993
CD Bonn €H) 7.96 91.63% 1.31% 0.041% 7.01% 0.993
Nijmegen | 7.66 90.31% 1.29% 0.065% 8.34% 0.990
Paris 7.38 90.11% 1.40% 0.069% 8.42% 0.988
AV14 7.58 89.86% 1.15% 0.082% 8.90% 0.987
f F\",' (16m3 ( . K )] ,[ 16m3 } APPENDIX B: WAVE FUNCTION CHARACTERISTICS
=Y = e —— R
° PgH+Mt cv M, Y (PgH+Mt)V Table Il lists several important quantities that depend on
EH 3 the potential used to generate the wave function. They are,
M 4m k ) th} respectively, the binding energy given by the wave functions
o — 1| 2+ iy | = . 3 . :
P§H+ M, | M P2 M ¢ various partial wave probabilities, and the numerical normal-
ization { /| /) num Of the wave functions. The numerical nor-
) 8m* H 8m3\k malizations of all the wave functions are not unity because
tFwy — Mt(PO + M) v Fay Ki M ( po 4 M) v : the antisymmetrization of the wave functions is projected on
3H 3H a finite set of states. The experimental binding endtgyf
(A2)  °Heis 7.72 MeV and ofH is 8.48 MeV[31].
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