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Nuclear matter and neutron star properties calculated with a separable monopole interaction
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This paper presents a further application of a new model for the effective two-body nucleon-nucleon
interaction using a density-dependent separable monopole~SMO! interaction. This model has recently been
successfully used for calculating the ground-state properties of spherical, doubly closed-shell nuclei from16O
to 208Pb and is used here to calculate properties of infinite symmetric nuclear matter and the beta-stablen
1p1e1m matter of relevance for neutron stars. An equation of state~EOS! is constructed for this and is
joined smoothly onto the Baym, Pethick, and Sutherland EOS for baryon number densities belown
50.1 fm23 and onto the widely used Bethe-Johnson EOS atn50.5 fm23. Nonrotating, zero-temperature
neutron-star models have been calculated for this composite EOS and the results obtained are compared with
those for models calculated with the Skyrme effective interaction and with realistic nucleon-nucleon potentials.
The SMO interaction is shown to give excellent global agreement with a wide range of expected properties of
infinite nuclear matter and of neutron stars.
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I. INTRODUCTION

The goal of nuclear structure theory is to describe
properties of observed nuclei given some model of
nuclear interaction as input. The difficulties in performin
full-scale calculations, such as finding exact solutions of
many-body Schro¨dinger equation for finite nuclei, have le
to infinite nuclear mattercalculations becoming a standa
approach for examining the properties of nuclear potenti
Both symmetric infinite nuclear matter~with equal numbers
of protons and neutrons and with Coulomb effects being
glected! and also asymmetric nuclear matter@characterized
by an asymmetry parameterI 5(N2Z)/A# are of impor-
tance. Extrapolation of the density dependence of nuc
interactions to the subnuclear and supernuclear density
gions of relevance for neutron stars introduces another
spective for investigations of matter under extreme con
tions, which has direct relevance for studies of nuclei at
limits of stability with large values of isospin.

Since the 1970s two principal types of effective densi
dependent two-body nuclear potentials have mainly b
used in nonrelativistic Hartree-Fock mean-field calculatio
for finite nuclei: zero range Skyrme interactions@1# and finite
range Gogny interactions@2#. There are many known param
etrizations of these potentials that reproduce basic exp
mental data for finite nuclei and the observable propertie
infinite symmetric matter with more or less comparable s
cess. A more stringent test of the validity of these inter
tions, especially their isospin-dependent part, can come f
investigating asymmetric infinite and semi-infinite nucle
matter. A modified Skyrme interaction, emphasizing the
ovector term in the potential, has been used to model t
modynamical properties of hot, dense nuclear matter@3#;
Onsi, Przysiezniak, and Pearson@4# used several Skyrme in
0556-2813/2002/65~6!/064312~16!/$20.00 65 0643
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teractions in their investigation of the equation of sta
~EOS! of homogeneous nuclear matter under conditions
propriate for a collapsing star, employing the Extende
Thomas-Fermi-Strutinsky-Integral~ETFSI! approximation to
the Hartree-Fock method, and a modified SIII interacti
was used by Pethick, Ravenhall, and Lorenz@5# for describ-
ing the matter of a neutron-star crust in beta equilibrium.
attempt to determine parameters of a Skyrme interaction
scribing nuclear matter from subnuclear to neutron-star d
sities was presented by Chabanatet al. @6#.

Cold, nonrotating neutron stars offer an extraordina
laboratory for investigations of nuclear matter. Developi
an equation of state~i.e., the functional dependence of th
pressureP on the mass densityr! for the whole range of
densities relevant for neutron stars by means of a single
fied calculation is beyond the scope of all current studies
so it is common practice to make a composite EOS, cons
ing of different parts describing physical processes in p
ticular, density regions, matched smoothly at transit
points between the regions. It is standard to use the EO
Baym, Pethick, and Sutherland@7# for the density range be
low ;1014 g/cm3. The region up to two to three times th
nuclear saturation density~;2.731014 g/cm3—the density
corresponding to the minimum energy per nucleon in sy
metric nuclear matter! is well modeled as free nucleo
1 lepton matter and can be used for testing nonrelativi
mean-field models with phenomenological interactions~e.g.,
@6#! as well as realistic nuclear interactions@8–11#. For
higher densities, many attempts to construct an EOS for
region above the threshold for the creation of hyperons~and,
possibly, heavy mesons! can be found in the literature base
both on nonrelativistic approaches~e.g., @12–14#! and rela-
tivistic mean-field~RMF! ones@15–17#. Speculative models
considering the presence of deconfined quarks in the ce
©2002 The American Physical Society12-1
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TABLE I. Parameters of the separable monopole interaction.

Wa ~MeV fm3! aa ba aa ba

SMO1 21543.8 2.0 1.0 20.4295 20.4448
SMO2 21545.0 2.0 1.0 0.5000 20.2600

Wr (MeV fm12ar12br) a r b r ar br

SMO1 1778.0 2.2165 1.246 21.4788 20.3146
SMO2 1710.0 2.22400 1.240 20.45 20.1650

c ~MeV fm5! k ~MeV fm10!

SMO1 160.0 16.0
SMO2 190.0 16.0
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of neutron stars, have been presented in a number of re
publications@10,18–21#.

When an appropriate EOS has been constructed, nonr
ing neutron-star models can be calculated by integrating
Tolman-Oppenheimer-Volkoff~TOV! equations. Importan
properties of the models, such as the mass-radius rela
the binding energy, the total number of baryons, the mom
of inertia, and the maximum rotation speed can be calcula
and compared with values coming from observatio
Among the most important parameters are the mass of
maximum-mass model and the radius of a canonical 1.4 s
mass model~thought to be representative for many observ
neutron stars!. The properties of the maximum-mass mod
depend critically on the choice of the EOS at high densi
and thus are not a sensitive test of the EOS at around
nuclear saturation density. However, the properties of lo
mass models and the overall mutual consistency of the i
vidual components in a composite EOS serve as impor
indicators of the validity of the treatment in the various de
sity regions.

It is the aim of this paper to test the newly develop
separable monopole~SMO! interaction @22# by using it to
calculate a wide range of nuclear matter properties. Afte
brief description of the SMO approach in Sec. II, in Sec.
we calculate properties of infinite symmetric nuclear ma
(I 50) and pure neutron matter (I 51) as well as of asym-
metricn1p1e1m matter in beta equilibrium. In Sec. IV, a
SMO EOS is constructed and used for calculating nonro
ing neutron-star models. Section V is the Conclusion.

II. THE SEPARABLE MONOPOLE INTERACTION

This two-body interaction, used previously for finite n
clei @22#, consists of two main parts~attractive and repulsive!
that have the same mathematical form for the density
isospin dependence and differ only in the values of adju
able parameters. Having attractive and repulsive terms w
different ranges is a common feature of density-depend
effective interactions and it is these terms that are resp
sible for most of the binding energy in finite nuclei and f
the volume energy in nuclear matter.

Each term in the expression for the interaction is se
rable in the space coordinates~and in isospin where appli
cable!. This is the essential new property of this effecti
nucleon-nucleon interaction that makes it suitable for bu
06431
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ing a perturbation series in powers of the strength of
SMO interaction in order to include correlations in fini
nuclei, beyond the mean field, with convergent results.
will see that the separability also has an important con
quence for calculating perturbations in nuclear matter. T
interaction is written in coordinate space as

V~rW1 ,rW2!5Waf anba~rW1!nba~rW2!

3@11aa~ t1
1t2

21t1
2t2

1!14bat1zt2z#

1Wr f rn
br~rW1!nbr~rW2!@11ar~ t1

1t2
21t1

2t2
1!

14brt1zt2z#

1k¹1
2n~rW1!¹2

2n~rW2!, ~1!

where the functionf j , which ensures the correct mass num
ber dependence of the potential@22#, is defined as

f j5F E d3rWnaj~rW !G21

~2!

for subscriptsj5a andj5r ; t1, t2 and tz are isospin rais-
ing and lowering operators and thez-axis projection operator
The one-body spin-orbit potential is given by

Vs2o~r !5c
1

r

]n

]r
lW•sW ~3!

and the Coulomb potential has the standard form@22#. Wa ,
aa , ba , aa , ba , Wr , a r , b r , ar , br , k, andc are param-
eters whose values have been fixed by fitting to the gro
state properties of 14 doubly closed-shell~subshell! finite
nuclei @22#. The parameter set, labeled as SMO1, is given
Table I. In nuclear matter, for which the density is taken
be constant, the derivative and the spin-orbit terms are id
tically zero.

In line with the notation normally used for studies
nuclear matter in astrophysics, we usen5np1nn for baryon
number densities in fm23 rather thanr5rp1rn , which is
used in this paper to denote mass densities in g/cm3.
2-2
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III. INFINITE SYMMETRIC AND ASYMMETRIC
NUCLEAR MATTER

A. Properties and observables

In this section we detail the properties that any mo
needs to predict for comparing with quantities extracted fr
observable data.

Thebinding energy per particleE of infinite nuclear mat-
ter can be written as a function of the baryon number den
n and the asymmetry parameterI 5(N2Z)/A. In this way,
the same expression can be used for symmetric and a
metric matter. For the SMO interaction, we get

E~n,I !5cp

1

25/3~12I !5/3n2/31cn

1

25/3~11I !5/3n2/3

1
1

2
Wan2ba2aa111

1

2
Wrn

2br2ar11

1
1

2
Waban2ba2aa11I 21

1

2
Wrbrn

2br2ar11I 2

~4!

~for a full derivation and explanation of the notation see A
pendix A!. The value ofE at saturation~i.e., the minimum
value! is usually taken to be the coefficient of the volum
termav in the liquid-drop model, obtained by fitting with th
binding energies of a large number of nuclei. This proced
gives E052(16.060.2) MeV @6#. However, a somewha
lower value@E052(15.660.2) MeV# has been quoted re
cently by Heiselberg and Hjorth-Jensen@11#. The densityn0
of symmetric nuclear matter at saturation is expected to
n050.1660.005 fm23 @6# based on calculating the charg
distribution in heavy nuclei. A more conservative value
0.1760.02 fm23 is given in Ref.@23# where the error bar
includes uncertainties in the neutron density distribution a
a correction for possible density inhomogeneity in t
nuclear interior. The value quoted in Ref.@11# (0.16
60.02 fm23) is of the same precision as that in Ref.@23#.

The pressure Pin nuclear matter is defined as@11#

P~n!5n2
]E
]n

5n
]e

]n
2e, ~5!

wheree5n(E1mc2) is the total energy density andm is the
nucleon mass.

Another property of interest in discussing nuclear ma
and equations of state is theincompressibility modulus Kof
symmetric nuclear matter. This is defined as a funct
of n @6#:

K~n!59n2
]2E
]n2 118

P~n!

n
. ~6!

The value ofK` , at saturation (P50), represents an impor
tant constraint on models of nuclear matter. HoweverK is a
derived quantity and its ‘‘best’’ value is model depende
Nix and Moller estimate K`.240 MeV @24#, while
Hartree-Fock1random phase approximation~RPA! calcula-
06431
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tions of the giant isoscalar monopole resonance~the breath-
ing mode! @25# imply K`5(210620) MeV both with the
use of Skyrme interactions@26# and with the Gogny potentia
@27#. The generalized Skyrme interactions@28#, fitted both to
finite nuclei and the breathing mode energies, give the b
results forK`5(215615) MeV.

For the SMO interaction, the generalized incompressi
ity modulus is given as

K~n!522akn
2/31

9

2
Wa~2ba2aa11!

3~2ba2aa!n2ba2aa11

1
9

2
Wr~2b r2a r11!

3~2b r2a r !n
2br2ar11118

P~n!

n
. ~7!

In the nonrelativistic approximation, thespeed of ordinary
soundin the nuclear medium is related to the incompressib
ity modulusK by @11#

vs

c
5

dP~n!

de
5A K~n!

9S mc21E1
P~n!

n D . ~8!

It is desirable to follow the density dependence of the sp
of sound as it may exceed the velocity of light at high
densities in nonrelativistic models@11# and this unrealistic
feature must be taken care of. Theadiabatic indexG can also
be calculated from the EOS@11#:

G5
n

P

]P

]n
. ~9!

Another important variable in any discussion of asymm
ric nuclear matter is thesymmetry energy, defined as the
difference in energy between symmetric and pure neut
matter. This is directly related to theasymmetry coefficient as
in the well-known Bethe-Weizsa¨cker semiempirical mass
formula @29#. For the SMO interaction,as is expressed as

as5
5

36
cpn2/31

5

36
cnn2/31

1

2
Waban2ba2aa11

1
1

2
Wrbrn

2br2ar11. ~10!

The value ofas ~532.560.5 MeV @30#! is found by fitting to
a large set of experimental data in the finite-range-drop
model. More recently, Tondeuret al. @31# have advocated a
lower value of 28 MeV from their fit of nuclear ground sta
binding energies in a mean-field model with a Skyrme int
action. Heiselberg and Hjorth-Jensen@11# put typical values
of as in the region of 27–38 MeV, as obtained with nonre
ativistic Hartree-Fock theories, and Li, Ko, and Ren@32#
quote a 35–42 MeV range of predictions foras coming from
RMF models.
2-3
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In addition, one may consider pure neutron matter.
though no observables as such are known, due to the fac
neutron matter is not bound by nuclear forces, this very f
is an important constraint, i.e.,neutron matter should not b
predicted to be boundby the model. The energy per partic
of pure neutron matter is given by Eq.~4! with I 51 andn
5nn :

E~n,1!5cn22/3n2/31
1

2
~11ba!Wan2ba2aa11

1
1

2
~11br !Wrn

2br2ar11. ~11!

B. Perturbation calculations

The SMO interaction has been shown to give a conve
ing perturbation series describing nucleon correlations
yond the mean field in finite nuclei@22#. In the case of infi-
nite nuclear matter with constant density in space,
Hartree-Fock solution consists of a Slater determinant
plane wave states~see Appendix A!. For a separable, density
dependent interaction, the perturbative corrections to
ground state binding energy are given by a series of ter
each containing a product of a number of interaction ma
elements commensurate with the order of the perturba
@22#. In every case, however, one of these matrix eleme
contains only particle states in the bra (^p1p2u) and hole
states in the ket (uh1h2&). This matrix element has the form

^p1p2ug„n~r 1!…g„n~r 2!…uh1h2&5g2^p1uh1&^p2uh2&,
~12!

where g„n(r i)… stands here symbolically for the densit
dependent function in the interaction@see Eq.~1! and Ref.
@22## and is a finite constant in space in the nuclear ma
due to the constant density. Because the particle and
states are always orthogonal, the overlap matrix elem
calculated in the above expression are zero. Thus pertu
tions to the wave functions, representing contributions fr
correlations in nuclear matter, are zero to all orders fo
density-dependent separable interaction.

This result is a direct consequence of the separability
the interaction, which dictates the particular form of t
terms in the perturbation series. Physically, SMO mod
nuclear matter as a system of nucleons interacting o
through the mean field with no residual nucleon-nucleon
teraction beyond it. We show in the following sections th
this model is fully adequate for giving a correct detail
description of nuclear matter properties in the relevant ra
of baryon number densities.

Other ~nonseparable! effective nucleon-nucleon interac
tions ~e.g., the Skyrme potentials! also describe nuclear ma
ter properties well in mean-field models@6#. One usually
considers that short-range correlations are already inclu
in the Skyrme mean field. Identification and treatment
those correlations beyond the mean field is difficult; the
potentials are divergent in order-by-order perturbation the
and only a treatable subset of perturbation terms~e.g., the
RPA! can be studied.
06431
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This scenario is fundamentally different from mode
with a realistic nucleon-nucleon interaction, where the e
pirical saturation properties of nuclear matter cannot be
produced assuming this interaction between structure
nucleons alone~see, e.g., Ref.@10# and references therein!.
Correlations between nucleons should ideally be taken
account in the form of a perturbation expansion in powers
the strength of the nucleon-nucleon interaction. Howev
this series diverges because the interaction is too strong,
the expansion has to be rearranged by using partial sum
tions or similar techniques and this affects the accuracy
the calculation.

C. Results and discussion

1. The SMO parametrizations

In Ref. @22# we gave an extensive discussion of a para
etrization of the separable monopole interaction, which
refer to in this paper as SMO1~see Table I!. This gives
excellent agreement with observed one-body nuclear gro
state properties~charge radii and density distributions! and
gives ground state binding energies of doubly closed-s
nuclei from 16O to 208Pb, which are in fair agreement wit
experiment—the differences seen could probably be
moved by extending the present monopole potential to
clude terms with higher multipolarity~extending the pertur-
bation theory to include higher order correlations! and
making a more realistic description of the surface and sp
orbit terms. SMO1 also gives good agreement with the
servables of symmetric infinite nuclear matter with the e
ception of a rather high value for the asymmetry coefficie
as of 37.7 MeV ~see Table II! and a rather high radius for
canonical 1.4M ( neutron star of;12.10 km~see Table IV!.
The asymmetry energy is directly related to the choice of
parametersba and br of the isospin-dependent part of th
interaction and thus serves as an important constraint on
sible values of these two parameters, but the canon
neutron-star radius is dependent also on other factors

TABLE II. Properties of infinite nuclear matter at equilibrium
for the SMO1 and SMO2 interactions. Results for the SLy230a
MSk6 Skyrme interactions@6,31# are included for comparison. Th
observables listed are the equilibrium density,n0 ~fm23!, the Fermi
momentumkF ~fm21!, the mean distance between two nucleons
the fluid, r 05(9p)1/3/2kF ~fm!, the energy per particle of symme
ric nuclear matter at the saturation densityn0 , E0 ~MeV!, the in-
compressibility modulus of symmetric infinite nuclear matter
saturation,K` ~MeV!, the effective massm*̀ /m, and the asymme-
try coefficientas ~MeV!. For empirical values see text.

Interaction SMO1 SMO2 SLy230a MSk6

n0 0.155 0.170 0.160 0.158
kF 1.320 1.360 1.333 1.326
r 0 1.154 1.120 1.143 1.148
E0 215.55 16.0 216.0 215.8
K` 218 221 230 231

m*̀ /m 1.0 1.0 0.7 1.05
as 37.7 31.7 32.0 28
2-4
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TABLE III. Parameters of maximum-mass neutron-star models:nc andrc are the central number densit
and mass density,R is the radius,M is the mass,A is the total baryon number,Ebind is the binding energy, and
zsurf is the surface gravitational redshift~see Ref.@6#!. All of the EOS’s were matched to the BPS EOS at lo
densities~see text!. Results in the first two columns are for the full composite SMO EOS, including
Bethe-Johnson EOS at high densities. Results for a realistic potential from Akmal, Pandharipand
Ravenhall@10# and a Skyrme interaction Sly230a@6# are included for comparison.

Interaction
SMO1

1BPS1BJ
SMO2

1BPS1BJ
SMO1
1BPS

SMO2
1BPS

A181dv
1UIX* SLy230a

nc ~fm23! 1.29 1.31 1.26 1.31 1.14 1.14
rc (1014 g cm23) 29.98 30.58 29.68 30.73 27.28 27.00
R ~km! 10.01 9.87 10.03 9.81 10.0 10.22
M (M () 1.86 1.85 1.92 1.88 2.20 2.09
A (/1057) 2.56 2.56 2.64 2.60 3.21 2.96
Ebind (1053 erg) 5.01 5.08 5.08 5.24 8.59 6.80
zsurf 0.487 0.497 0.503 0.516 0.689 0.589
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improve the results, we performed a simultaneous fit to
asymmetry coefficientas and to the following quantities fo
symmetric infinite nuclear matter: the saturation densityn0 ,
the energy per particleE, and the incompressibility modulu
K` . We also included in the fit the density dependencies
the energy per particle of symmetric and pure neutron ma
and the electron chemical potentialme of beta-equilibrium
nucleon1 lepton matter, as calculated using the A181dv
1UIX* realistic potential@10#. The new parametrization
SMO2, givesas530.9 MeV and the radius of a 1.4M ( neu-
tron star as 11.67 km, both closer to the expected val
SMO2 was then used without change for finite nuclei. A fit
the one- and two-body properties of doubly closed shell
clei of comparable quality to that obtained for SMO1 w
achieved by adjustment of the parameters that do not c
tribute to nuclear matter properties~aa andar and the spin-
orbit strengthc!. The values of the parameters for SMO2 a
the results obtained with this for nuclear matter and neutr
star properties are shown in Tables I–IV.

2. Infinite nuclear matter

In Table II we show calculated values for the observab
of infinite symmetric nuclear matter. Results for the Skyrm
SLy230a interaction@6# are given for comparison. The de
pendence of the energy per particleE @Appendix A, Eq.
~A14!# on baryon number density for symmetric and pu
neutron matter is shown in Fig. 1. The saturation densityn0
06431
e

f
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s
e

for symmetric nuclear matter occurs within the limits of th
inferred empirical value for both SMO1 and SMO2 as can
seen from Table II. Also, pure neutron matter remains
bound over the whole region of densities shown in Fig
~right panel! as required.

The characteristic properties of asymmetric nuclear ma
vary as a function of the proton fractionyp , defined as the
ratio of the number of protons to the total number of ba
ons.~The parameteryp is frequently used in the astrophysic
literature and is related to the asymmetry parameterI, intro-
duced earlier byI 5122yp!. It is instructive to calculate the
energy per particleE, the incompressibility modulusK, and
the speed of soundvs as functions of a fixed~i.e., density-
independent! proton fractionyp , for nuclear matter consist
ing only of protons, neutrons, and electrons.

It is expected that any reasonable nuclear interac
should exhibit the following behavior@6,33#.

~i! The saturation densityn0 should decrease with an in
creasing proportion of neutrons.

~ii ! The incompressibility modulusK should increase with
increasing isospin asymmetry and the value ofK at satura-
tion should decrease with increasingyp .

~iii ! The sound velocityvs at any density should increas
with an increasing proportion of neutrons.

The above features are demonstrated in Fig. 2 for
SMO2 interaction~the SMO1 gives very similar results!. It is
gratifying to observe that the separable interaction, which
TABLE IV. The same as Table III, but for a ‘‘standard’’ 1.4M ( neutron star.

Interaction
SMO1

1BPS1BJ
SMO2

1BPS1BJ
SMO1
1BPS

SMO2
1BPS

A181dv
1UIX* SLy230a

nc ~fm23! 0.57 0.59 0.54 0.59 0.55 0.51

rc (1014 g cm23) 10.49 10.92 10.19 10.97 9.93 9.26

R ~km! 12.09 11.77 12.11 11.76 11.47 11.77
M (M () 1.40 1.40 1.41 1.41 1.40 1.39
A (/1057) 1.83 1.85 1.84 1.86 1.86 1.84
Ebind (1053 erg) 2.29 2.54 2.28 2.55 2.74 2.55
zsurf 0.233 0.243 0.234 0.244 0.250 0.240
2-5
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inherently very different from the realistic or Skyrme pote
tials, behaves in the expected way even for these deta
features. The velocity of sound is well below the velocity
light in the region of applicability of the present model~up to
about twice the nuclear saturation density!.

3. Beta-stable n¿p¿e¿µ matter

The parameters of beta-stable nucleon1 lepton matter~see
Appendix B! have been calculated as a function of t
baryon number density. For any model it is particularly im
portant to predict the correct density dependence of
asymmetry coefficientas ; this coefficient is directly related
to the proton fractionyp in beta-equilibrium matter and i
thus relevant for the composition of the neutron-star mat
In Fig. 3 we show calculated values ofas for the SMO1 and
SMO2 interactions and compare them with values given
selected Skyrme interactions. Good agreement is found
tween the dependence of the asymmetry energyas and the

FIG. 1. The energy per particle for symmetric nuclear mat
SNM, ~left panel! and pure neutron matter, PNM,~right panel! are
plotted as functions of the baryon number densityn for the SMO1
and SMO2 interactions. The same quantities for the Skyr
SLy230a interaction@6# and the A181dv1UIX* interaction@10#
are included for comparison.
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proton fractionyp on the particle density for SMO2 an
some of the Skyrme interactions~SLy230a@6# and SkO@34#!
and the behavior predicted by calculations@11# ~see Fig. 4!
made with a variety of realistic effective potentials. The pr
ton fractionyp rises steadily through the density region up
n51.0 fm23, reaching about 15%. The asymmetry coef
cient increases from;20 to 80–100 MeV in the same den
sity region.

A quite different behavior is exhibited by some Skyrm
interactions~SkX @35# and MSk6@31#!; in particular, nega-
tive symmetry energies and a sharply decreasing numbe
protons at densities below two to three times the nucl
saturation density are predicted. Similar effects were
served by Onsi, Przysiezniak, and Pearson@4# for neutral
nuclear matter (n1p1e1n), where the SkSC4 interactio
predicted a rapid decrease of the proton fraction at dens
;0.2 fm23. The authors quote a comment by Lattimer th
this result would imply a nonphysical collapse of neutr
stars.

The disappearance of protons was also observed by
inga, Fiks, and Fabrocini@8# for the AV141UVII, UV14
1UVII, and UV141TNI potentials, although at densitie
higher than 1.5 fm23 for the first two potentials. This effec
was attributed to a particular feature of the potentia
namely, the greater short-range repulsion in isospin sin
nucleon pairs as compared with isospin triplet pairs. It w
argued that at high densities, the short-range repulsion m
dominate and thus pure neutron matter is favored. Howe
as discussed above, many current realistic potentials pre
that the proton fractionyp increases up to at leastn
51.0 fm23, as illustrated in Fig. 4.

The presence of protons in nuclear matter at supernuc
densities is directly relevant for modeling the composition
neutron-star matter at densities higher than two to three ti
n0 . There are two main issues to be discussed in this con

First, if protons are not present at densities of (2 – 3)n0 ,
neutron-star matter is then a on e component medium c
sisting only of interacting, homogeneous unpolarized n
trons. The EOS for pure neutron matter is seen as a
approximation for calculating parameters of neutron st

r,

e

-

n.
FIG. 2. The energy per particleE/A ~left
panel!, the incompressibility coefficient K
~middle panel!, and the velocity of soundvs

~right panel! for various fixed values of the pro
ton fraction yp are plotted as functions of the
baryon number density for the SMO2 interactio
The saturation densitiesn0 ~and incompressibility
K! for yp50.25 and 0.40 are 0.129~137! and
0.163~207! fm23 ~MeV!, respectively.
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~see Refs.@36# for a review of early works,@37,38# and ref-
erences therein!. The usual consequence of using a pure n
tron matter EOS is the prediction of a rather high maxim
mass because of lacking the ‘‘controlling’’ effect on the pre
sure that some other constituents~e.g., hyperons! may have
@39#. However, it has been pointed out by Pandharipa
@40# that under certain circumstances~e.g., if the average
heavy baryon-baryon interaction is less attractive than
n-n interaction! the pure neutron equation of state is a fai
good approximation to that of hyperonic matter.

The present consensus favors models of neutron-star
ter including new hadronic degrees of freedom in addition
neutrons and protons. These can come from the formatio
hyperons~strange baryons!, meson condensation, or forma
tion of a deconfined quark phase@39#. In cold, beta-stable
and neutrinoless neutron-star matter, hyperons should ap
at densities as low as 2n0 and form a considerable fraction o
the total baryon population byn53n0 @39#. All models in-
cluding hyperons estimate the hyperon-hyperon a
hyperon-nucleon interactions using growing experimen
data for hypernuclei withyp;10% atn51.2 fm23. All of
these results are dependent on models of the hype
hyperon interaction~see, e.g.,@41#!, which are not yet very
well constrained despite the increasing amount of exp
mental data on hypernuclei@42# and hyperon-nucleon sca
tering @43#. The basic effect of having hyperons in matter
high density is a softening of the equation of state becaus
the increase in the number of degrees of freedom, wh
relieves some of the pressure of the nucleons@39#. This in
turn implies a lower maximum mass for neutron stars, as
will discuss in the following section.

The second issue for which the proton fraction as a fu
tion of matter density is important regards neutron-star co
ing either just after their birth in supernovae or after heat
in an accretion episode. A detailed discussion of this co
plex problem is beyond the scope of the present pa
~for a review see, e.g.,@44,45#. Although many models
of cooling exist, ~mainly involving emission of neutrinos

FIG. 3. The asymmetry energy coefficientas and the proton
fraction yp for beta-stablen1p1m1e matter are plotted as func
tions of the baryon number densityn. Results for some selecte
Skyrme interactions are included for comparison. See text for m
details.
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from the stellar core! observational evidence does not y
conclusively point to any particular one of them. We on
comment here that if, for example, the rapid neutrino cool
connected with the direct Urca process~involving weak
interactions between nucleons! were demonstrated to be tak
ing place in neutron stars, this would provide a power
constraint on nuclear potentials.~There are indeed som
recent indications that this may have been seen@46#.! The
minimum proton concentrations for the reactions in t
direct Urca process to proceed are;11% in n1p1e
beta-stable matter below them2 threshold and;15% in
n1p1e1m above it@44#.

An interesting suggestion has recently been made for
taining experimental data about the proton concentration
neutron-star matter from neutron-rich heavy-ion collisions
intermediate energies, and the first data for this has alre
been published@32#. Another possible nuclear physics a
proach can involve studies of the density distribution
neutron-rich nuclei@47#.

Figure 5 shows the electron chemical potential in be
stablen1p1e1m matter as a function of the baryon num
ber density, as calculated with the SMO models, in comp
son with results for the SLy230a Skyrme interaction@6# and
the A181dv1UIX* realistic potential@10#. It can be seen
that the SMO results agree well with those obtained with
other potentials. All of the models also predict the thresh
density form2 production to be in a narrow range aroun
0.17 fm23 with the exception of the SMO1 model, where th
threshold is slightly lower.

The electron and neutron chemical potentials are two
dependent quantities determining the chemical equilibri
in multicomponent matter~e.g.,@39,48#!. The density depen-
dence of the neutron and proton chemical potentials is
lated to the choice of the model for the nucleon-nucle
interaction. Figure 6 shows the behavior ofmn , mp , andme
and the corresponding relative particle fractions in be
stablen1p1e1m matter for three different effective inter

re

FIG. 4. The proton fractionyp for beta stable nucleon1 lepton
matter, as calculated using various realistic potentials, is plotted
function of the baryon number densityn. The data have been take
from Refs. @8,10,11#. These curves should be compared with t
SMO1 and SMO2 results shown in Fig. 3.
2-7
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actions. We see that despite the differences in the den
dependence ofmn andmp for the SMO2 and SLy230a inter
actions, the concentrations of particles in the matter
rather similar and comparable, for example, to the comp
tion calculated with the A181dv1UIX* realistic potential
@10#. This can be understood because particle fractions
dependent only on thedifferencemn2mp5me5mm . How-
ever if mp increases abovemn , the electron chemical poten
tial becomes negative, thus preventing the production of
tons, and the matter undergoes an unphysical transition
pure neutron system~see Fig. 6, for the MSk6 interaction!.

The electron and neutron chemical potentials control
threshold densities for the production of heavy mes
and baryons in matter in chemical equilibrium. However,
the interactions of these particles amongst themselves
with the nucleons are poorly known, these thresholds
uncertain. However, some interesting results can be obta

FIG. 5. The electron chemical potentialme for beta-stable mat-
ter as calculated with the SMO, SLy230a Skyrme@6#, and A18
1dv1UIX* @10# interactions.
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even without an exact calculation of the hyperon chemi
potential. The minimum value of the potential for a noni
teracting S2 hyperon ~which, in all models of hyperonic
matter, appears at the lowest density inn1p1e1m matter!
is equal to its rest mass. The threshold depends on the su
mn andme ,

mS25mn1me5mS2. ~13!

For the models shown in Fig. 6 and takingmS2

51197 MeV, we get threshold densities of 0.30 and 0
fm23 for SMO2 and SLy230a, respectively. These estima
assume a noninteractingS2 hyperon, although some recen
experimental work suggests a strong isoscalar repulsio
the interaction ofS hyperons with bulk nucleons@49#. In the
MSk6 model, only hyperons whose decay involves proto
can appear. As can be seen in Fig. 6,mn never rises above
1000 MeV in the region of densities where then1p1e
1m matter model is valid and soS2 hyperons are not pro
duced.

The adiabatic indexG and the velocity of sound in units
of c, as calculated for the SMO interactions, are shown
Fig. 7. Results for the SLy230a and MSk6 Skyrme inter
tions have been included for comparison. The small jump
G at densities;0.17 fm23 for the SMO models correspond
to the threshold ofm2 production. When no new particle
are created,G exhibits a steady trend as a function of densi
as expected. These results are very similar to those obta
with the SLy230a interaction except that the effect of t
onset of muon production is not visible there. The dot-das
curve in the top part of the figure represents the parts of
G(nb) curve for the MSk6 model which lie in the expecte
range of values between 1–3~for a discussion of expecte
limiting values ofG see, e.g.,@10#!. It is clear that this model
does not predict formation of any stable neutron stars w
central baryon number densities belownb50.8 fm23. Con-
cerning the calculated speed of sound~the bottom part of
Fig. 7!, all of the models givevs /c as being less then 1 up t
n
ns
he
FIG. 6. The neutron, proton, and electro
chemical potentials and relative particle fractio
for beta-stable matter as calculated with t
SMO, SLy230a@6#, and MSk6@31# interactions.
2-8



f

t

-

itie
a
c

ro
t o
r

p

up
o
ee
on

tro
st
m
a

a
ti

ro

-

OS
onto
at

ym-

two
the

on-

and
the

is

u-
y-

e of

or-

he

tar

eing
ch

sar
or
ave

ntly
sar

e

her

ge

ed

fo

NUCLEAR MATTER AND NEUTRON STAR PROPERTIES . . . PHYSICAL REVIEW C 65 064312
a density of;1 fm23, which is well beyond the range o
densities where then1p1e1m description is believed to be
valid. This is to be expected, as the speed of sound is de
mined mainly by the incompressibility modulusK, Eq. ~8!,
which is within empirical limits for all of the models consid
ered in Fig. 7.

IV. NEUTRON STARS

A. Properties and observables

A neutron star is an object composed of matter at dens
ranging from that of terrestrial iron up to several times th
of nuclear matter. For describing this theoretically, it is ne
essary to use models of atomic and nuclear interactions, f
a Fermi gas model for noninteracting particles in the crus
the star, up to ones for hadronic and possibly quark matte
the center of the star. In going from the lowest densities u
r;4.331011 g/cm3 ~the neutron drip density@7#!, the matter
changes from being a nuclear lattice of mainly iron-gro
nuclei to a system of nuclei that become progressively m
neutron rich with the lattice becoming immersed in a fr
electron gas. Beyond the neutron drip point, free neutr
appear. At densities above;231014 g/cm3, nuclei no
longer exist and the matter consists of nucleon and elec
fluids. With further increases ofr, muons appear and coexi
with the neutrons, protons, and electrons in beta equilibriu
At even higher densities, heavier mesons and strange b
ons are believed to play a role~see, e.g.,@36# and references
therein, @8–17,40#!. Ultimately, at the center of the star,
quark matter phase may appear, either alone or coexis
with hadronic matter@18–21#.

We have constructed an equation of state for ze
temperature beta-stable nucleon1 lepton matter using the
SMO nucleon-nucleon interaction~both SMO1 and SMO2
parameter sets!. Details of the derivation are given in Appen

FIG. 7. The adiabatic indexG and the sound speed as calculat
with the SMO1 and SMO2 models. Results for the SLy230a@6# and
MSk6 @31# Skyrme models are shown for comparison. See text
explanation.
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dix B. As discussed above, the nucleon1 lepton phase forms
only a small part of the matter of the star and the SMO E
needs to be matched, both at lower and higher densities,
equations of state reflecting the composition of matter
those densities. For lower densities, we used the Ba
Pethick-Sutherland~BPS! EOS @7#, matching onto the SMO
EOS at ;0.1 fm23 and going down to 6.0310212 fm23.
There are many EOSs available for densities higher than
to three times nuclear saturation density, as mentioned in
Introduction. We chose to use the Bethe-Johnson~BJ! @50#
EOS in the density region 0.50–5.02 fm23, smoothly joining
onto the SMO EOS at 0.50 fm23. The BJ EOS~based on a
modified Reid soft core potential and calculated using a c
strained variational principle! is now quite old but it has
frequently been used as a standard representative one
seems suitable for the present purposes, bearing in mind
continuing uncertainties with ‘‘state of the art’’ EOSs for th
density range. It treats composite matter consisting ofn, p,
L, S6,0, D6,0, andD11 in the high density region.

Using a tabulated form of the composite EOSs, we n
merically integrated the general relativistic equation of h
drostatic equilibrium for nonrotating stars~the TOV equation
@51#!,

dP

dr
52

Gmr

r 2

~11P/rc2!~114pr 3P/mc2!

122Gm/rc2 ~14!

with

m~r !5E
0

r

4pr 2r~r !dr ~15!

to obtain sequences of neutron-star models with a rang
values for the central density. Integration of Eqs.~14! and
~15!, for any specified central density, gives directly the c
responding values for the total gravitational massM and ra-
diusR of the star~the surface being at the location where t
pressure vanishes!.

As mentioned previously, many measured neutron-s
masses are close to the canonical value of 1.4M ( ~see@52#!
but there are persistent suggestions for some masses b
significantly higher than this. The highest mass for whi
there is solid observational evidence is the 1.44M ( for the
more massive component of the Hulse-Taylor binary pul
PSR 1913116 @53#. However, model-based estimates f
neutron-star sources showing quasiperiodic oscillations h
given some values as high as 1.8M ( and 2.0M ( @54,55#.
The best case for a neutron star having a mass significa
higher than the canonical value is probably the X-ray pul
Vela X-1, whose mass has been measured kinematically@56#
giving a best value of 1.86M ( ~although the uncertainties ar
sufficiently great that a mass of around 1.4M ( cannot be
excluded!. Observational constraints on the radius are rat
uncertain at present~see@57# for a review! but one hopes for
improvements in the coming years. Values in the ran
10–13 km are generally thought to be reasonable.

r
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We also calculated a number of other key properties
our neutron-star models. The total baryon number is given

A5E
0

R 4pr 2n~r !dr

~122Gm/rc2!1/2 ~16!

and the binding energy released in a supernova core coll
forming the neutron star is approximatelyEbind5(Am0
2M )c2, wherem0 is the mass per baryon of56Fe. Analysis
of data from supernova 1987A leads to an estimate ofEbind
53.861.231053 erg @58#. The gravitational redshift of pho
tons emitted radially outwards from a neutron-star surfac
given by

zsurf5S 12
2GM

Rc2 D 21/2

21. ~17!

Other quantities of interest for possible comparison with
servational data are the minimum rotation periodtmin ~see
@59#! and the moment of inertiaI ~see@60#!. The minimum
period is given by the centrifugal balance condition for
equatorial fluid element~i.e., the condition for it to be mov-
ing on a circular geodesic!. While determining this accu
rately requires using a numerical code for constructing g
eral relativistic models of rapidly rotating stars, quite go
values can be obtained from results for nonrotating mod
using the empirical formula@61,62#

tmin50.820S Mmax

M (
D 21/2S Rmax

10 kmD 3/2

ms, ~18!

whereMmax andRmax are the gravitational mass and radi
of the maximum-massnonrotating model for the given EOS
The shortest period so far observed is 1.56 ms@59# but it is
possible that this limit may be connected with the techniq
used for measuring pulsar periods rather than being a g
ine physical limit. The moment of inertia is calculated in
somewhat indirect way. For all pulsars so far observed,
rotation is sufficiently slow that the general relativisticslow
rotation approximation@63# gives a rather accurate descri
tion of the star and the surrounding space-time. Working
first order in the angular velocityV of the star, the space
time metric can be written as

ds252e2nc2dt21e2ldr21r 2@du21sin2 u~df2vdt!2#,
~19!

where

e2l5
1

122Gm/rc2 ~20!

and

dn

dr
5

G~m14pPr3/c2!

r ~rc222Gm!
~21!

with all quantities referring to the nonrotating reference co
figuration ~before applying the rotational perturbation! apart
from v, which represents thedragging of the inertial frames
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of the space-time in the vicinity of the star. This is the on
rotational modification appearing at first order inV; rota-
tional deformation of theshapeof the star and of other com
ponents of the metric do not appear until second order.
frame dragging angular velocityv is calculated from the
equation

1

r 3

d

dr S r 4 j
dv

dr D24
d j

dr
~V2v!50, ~22!

where j 5e2(l1n). In the vacuum outside the star, this h
the analytic solution

v5
2GJ

c2r 3 , ~23!

whereJ is the angular momentum of the star. It is convenie
to work in terms ofv/V. By integrating Eq.~22! out from
the center and matching bothv and dv/dr at the surface
with the exterior analytic solution, one can calculate the c
tral value ofv/V and the moment of inertia (I5J/V).

B. Results and discussion

Construction of satisfactory neutron-star models requ
a detailed knowledge of particle interactions in the nucl
and supernuclear density ranges. As there is still a lot
uncertainty about the details of these interactions, and
available observational data for neutron stars does not
provide very stringent constraints, all equations of st
yielding data within a rather broad range of ‘‘acceptabl
values for relevant observables are viewed as possible
scriptions of neutron-star matter. However, while the test
the SMO model provided by neutron-star observations is
fortunately not yet very precise, it is nevertheless valuable
see what predictions this model gives and to compare th
with those obtained with other models containing differe
physics.

We show first in Fig. 8 the calculated gravitational mass
of neutron-star models, plotted as a function of radius,
tained for beta-stable nucleon1 lepton matter using the
SMO1 and SMO2 interactions supplemented by the B
EOS at low densities and extrapolated up to a density of
fm23. Equivalent results for the SLy230a@6# Skyrme inter-
action and the A181dv1UIX* potential of Akmal, Pan-
dharipande, and Ravenhall@10# are shown for comparison. I
can be seen that all of these EOSs give a maximum mas
around 2M ( with a similar corresponding radius, but th
the values for the radius of a 1.4M ( ‘‘standard’’ star vary
significantly ~see Tables III and IV!. The SMO1 and SMO2
interactions giveR1.4.12.10 and 11.76 km, respectively, a
compared withR1.4.11.5 km for the SLy230a and A18
1dv1UIX* models.

As discussed earlier, the EOS for the beta-stable nucl
1 lepton matter is not expected to give a realistic descript
at densities higher than (2 – 3)n0 , since particles other than
neutrons, protons, and leptons are probably present in m
at higher densities. In Fig. 9 we show examples of the re
tion between gravitational mass and radius for neutron-
2-10
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NUCLEAR MATTER AND NEUTRON STAR PROPERTIES . . . PHYSICAL REVIEW C 65 064312
models constructed using EOSs for such multicompon
matter above the threshold for production of heavy baryo
The results given by the SMO1, SMO2, SLy230a, and A
1dv1UIX* composite EOS’s~extended to low densitie
using BPS and to high densities using BJ in exactly the sa
way! are compared with those of the original BJ EOS,
RMF EOS of Glendenning~see Table 5.9 in Ref.@18#—this
includes the baryon octet together with electrons and mu
in generalized beta equilibrium!, and two recent calculation
using realistic potentials: Av181TBF ~TBF stands for three-
body force! and Paris1TBF @13#. As expected, the maxi
mum mass calculated with the BJ EOS is essentially
same as those for the composite ones, because the max
mass is mainly determined by the high density part of
EOS. On the other hand, there are significant difference
the calculatedradii for lower-mass stars. The composi
SMO models show a very similar behavior to that for t
original Bethe-Johnson EOS over the whole range of cen
densities represented here. In contrast, the compo
Skyrme-type models~it should be remembered that Akma
Pandharipande, and Ravenhall@10# use a generalized
Skyrme interaction to construct their EOS from the energ
of symmetric nuclear matter and pure neutron matter ca
lated using the A181dv1UIX* realistic potential! yield
smaller radii and give a steeper decrease in mass, with
creasing radius for stars with masses in a region aro
1M ( . Although both the SMO and Skyrme interactions a
effective models giving very similar saturation properties
infinite symmetric nuclear matter, they are inherently ve
different. The main point is that their density dependence
not at all the same and so it is not surprising that the co
sponding curves for mass against radius should be diffe
in view of the fact that each curve represents a sequenc
neutron-star models with a range of central densities. As
phasized by Lattimer and Prakash@57#, accurate measure

FIG. 8. Gravitational mass plotted against radius for neutr
star models calculated using beta-equilibriumn1p1m1e matter
extrapolated to higher densities. At low densities, the BPS@7# EOS
was used in all cases. For further details and references, see
Note that here and in the following two figures the unitMs stands
for M ( .
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ments of the radii of neutron stars could provide a power
diagnostic for constraining the equation of state at arou
nuclear matter density, and Fig. 9 shows how such meas
ments could give a pointer to the relative merits of the SM
and Skyrme pictures.

The maximum mass for the RMF model is just above
expected lower limit 1.44M ( . Surprisingly low maximum
masses of;1.2M ( have been calculated in the work o
Baldo, Burgio, and Schulze@13#; this seems to rule out thei
model since neutron stars have been observed with ma
greater than this and rotation speeds that are not sufficie
raise the maximum mass significantly@53#. Comparison of
Figs. 8 and 9 illustrates the softening effect on the E
caused by the presence of additional types of particles, le
ing to lower predictions for the maximum mass with mul
particle matter than with nucleon1 lepton matter, as dis-
cussed in the preceding section. Hyperon populations
dense matter reduce the energy of the baryon Fermi sea
account of the Pauli principle and consequently reduce
total energy. The baryon pressure, which opposes gravit
also reduced giving lower maximum masses. Predictions
neutron-star radii, both for maximum-mass models and
1.4M ( models differ with different EOS’s. Unfortunately

-

xt.

FIG. 9. Gravitational mass plotted against radius for neutr
star models calculated using a high density EOS for hadronic ma
containing heavy baryons. All of the EOS’s were extended to l
densities using the BPS EOS. Results for the SMO1, SM
SLy230a, and A181dv1UIX* models are compared to predic
tions from the Bethe-Johnson~BJ! EOS, the RMF EOS@18#, and
the recent work of Baldo, Burgio, and Schulze@13# based on real-
istic potentials including three-body forces. For more details
text.
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FIG. 10. Results of the neutron-star mod
calculations for the SMO21BPS1BJ model.
Gravitational mass versus central baryon numb
densitync is shown~top left! as well as the bind-
ing energy~top right!, the gravitational redshift
~bottom left!, and the moment of inertia~bottom
right! plotted versus stellar mass.
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however, as mentioned above, the observational limits
radii are rather imprecise and all of the EOS’s discussed
this paper give acceptable radii.

In Fig. 10 we show results obtained with the SMO
1BPS1BJ EOS for the gravitational mass plotted as a fu
tion of the central baryon number densitync and the depen-
dence on stellar mass of the binding energyEbind, the sur-
face gravitational redshiftzsurf, and the moment of inertiaI.
For the most part, these do not depend significantly on
high density part of the EOS and the curves are almost id
tical for the SMO21BPS and SMO21BPS1BJ models.
Comparison with the results of Chabanatet al. @6# for the
SLy203a model shows very similar behavior and the res
are consistent with expectations for neutron stars.

The numerical results for the neutron-star models ca
lated using the SMO interactions are summarized in Table
for neutron stars with the maximum mass, and in Table
for 1.4M ( models. Again, these are very consistent w
expected values and with the results obtained with
SLy230a model. This outcome can be interpreted as a
cess for the SMO model, which is clearly as adequate
modeling neutron stars as the other models with effec
and realistic nucleon-nucleon interactions. Although
present observational constraints on the properties of ca
lated neutron-star models are not very precise, this situa
may well improve greatly in the coming years with advanc
in observing technology. In particular, gravitational wa
data may be extremely useful for constraining neutron-
parameters@65#.

V. CONCLUSION

We have here calculated the properties of infinite symm
ric and asymmetric nuclear matter using the newly dev
oped separable monopole interactions SMO1 and SM
Both interactions give an adequate fit to data for finite nuc
and give excellent agreement with accepted inferred em
06431
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cal values of nuclear matter observables. For nucle
1 lepton matter in beta equilibrium, they predict that the p
ton fractionyp would increase with increasing baryon num
ber density, which is in line with present understanding a
the predictions of models using a variety of current realis
effective potentials. We have also constructed neutron-
models using a composite EOS, which employs these in
actions in the appropriate density range and joins onto o
well-established EOS’s at lower and higher densities. T
different regimes can be made to match well, and the pr
erties of the models calculated in this way are consistent w
observational data for real neutron stars. Hence, the s
rable interaction approach has been shown to work very w
both for finite nuclei and for nuclear matter and is now rea
for detailed application to a variety of phenomena in nucl
structure.
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APPENDIX A

We give here a calculation for the observables of symm
ric and asymmetric nuclear matter using the separable mo
pole interaction. We consider general asymmetric nucl
matter characterized by the parameter
2-12



dy

a

of
ied

the
ing

NUCLEAR MATTER AND NEUTRON STAR PROPERTIES . . . PHYSICAL REVIEW C 65 064312
I 5
N2Z

A
. ~A1!

The proton and neutron number densities are defined
terms of theI parameter as

np5
1

2
~12I !n, ~A2!

nn5
1

2
~11I !n, ~A3!

wheren is the total number density~n5nn1np in nuclear
matter!. The kinetic energy per particle for generalI is

T

A
5

\2

2mp

3

5
~3p2!2/3

1

25/3~12I !5/3n2/3

1
\2

2mn

3

5
~3p2!2/3

1

25/3~11I !5/3n2/3

5cp

1

25/3~12I !5/3n2/31cn

1

25/3~11I !5/3n2/3, ~A4!
06431
in

where we have introduced two constantscp and cn , which
will be used later.

We evaluate the potential energy due to our two-bo
separable interaction in a basis of plane wave states

^rWstul&5
1

AV
eikWl•rWxsjt . ~A5!

The total potential energy due to a two-body interaction in
many-body system may be expressed as

V5
1

2(lm
@^lmuV~1,2!ulm&2^lmuV~1,2!uml&#5ED2EE ,

~A6!

wherel andm each represent all of the quantum numbers
the individual particles and the sums run over all occup
states.ED is referred to as the direct term andEE as the
exchange term. Considering first the direct term, with
isospin-independent part of the two-body interaction act
between the plane wave states, the energy is
nt terms
is the
terms
ED5 (
j5a,r

1

2 (
klsltl

k,kF

(
kmsmtm

k,kF

^klsltlkmsmtmuWj f aj
~n!nbjnbjuklsltlkmsmtm&

5 (
j5a,r

1

2
Wj

1

*najd3r S 4(
k

1

V E d3re2 ik•rnbjeik•r D 2

. ~A7!

Using the fact that in infinite nuclear matter the density is constant, the quantitiesn may be taken outside the integrals:

ED5 (
j5a,r

1

2
Wj

16

najV
n2bjS (

k

kF

1D 2

5 (
j5a,r

8Wjn
2bj2ajV21S 1

3 kF
3V

1

~2p!3D 2

5 (
j5a,r

A
1

2
Wjn

2ba2aj11, ~A8!

and so the contribution to the energy, per nucleon, is

ED

A
5

1

2
Wan2ba2aa111

1

2
Wrn

2br2ar11. ~A9!

The exchange termEj is given by

Ej5 (
j5a,r

1

2 (
klsltl

k,kF

(
kmsmtm

k,kF

^klsltlkmsmtmuWj f aj
~n!nbj~rW1!nbj~rW2!ukmsmtmklsltl&

5(
j

1

2
Wj

1

*d3rn (
klsltl

k,kF

(
kmsmtm

k,kF U1V E d3re2 ikl•rnbeikm•rdsmsl
dtmtl

U2

. ~A10!

Again takingn to be constant, the integral just gives ad function:

Ej5 (
j5a,r

1

2
Wj

4

najV
n2bj(

kl

kF

(
km

kF

dklkm
5 (

j5a,r
2Wjn

2bj2ajV21S V

~2p!3 E
0

kF
4pk2dkD 5 (

j5a,r

1

2
n2bj2aj11 ~A11!

and the exchange energy per nucleon (Ej /A) tends to zero asA→`.
When considering asymmetric nuclear matter, there is a contribution to the total energy from the isospin-depende

in the interaction. The terms with coefficientsaa andar contribute only to the exchange. In this case, the space exchange
same as the above case~A11! and so no contribution arises from this term in nuclear matter. The direct energy due to the
with parametersba andbr now depends on the nucleon species. The derivation proceeds as for Eqs.~A7! and ~A8!, giving
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ED5 (
j5a,r

1

2
Wjbjn

2bj2ajV~np2nn!2, ~A12!

and the energy per particle is

ED /A5 (
j5a,r

1

2
Wjbjn

2bj2aj21~np2nn!2. ~A13!

The energy per particle of general asymmetric nuclear ma
can be written in terms of the total density and the asymm
try parameterI using Eqs.~A4!, ~A9!, and~A13!:

E~n,I ![EN5
T1ED

A

5cp

1

25/3~12I !5/3n2/31cn

1

25/3~11I !5/3n2/3

1
1

2
Wan2ba2aa111

1

2
Wrn

2br2ar11

1
1

2
Waban2ba2aa11I 21

1

2
Wrbrn

2br2ar11I 2.

~A14!

We label the energy in Eq.~A14! as EN for use in the fol-
lowing section~Appendix B! to stress the fact that it repre
sents the nucleon component in beta-stable nucleon1 lepton
matter.

APPENDIX B

The equation of state of beta-stable nucleon¿ lepton matter

This matter, consisting of neutrons, protons, electro
and muons in equilibrium with respect to weak interactio
~making the usual assumption that neutrinos leave the sys
and thus are not contributing to the equilibrium conditions! is
characterized by the following processes:

n↔p1e2↔p1m2.

Equilibrium implies that the chemical potentials should s
isfy the following conditions:

mn5mp1me , mm5me , ~B1!

with eachm being defined by

m j5
]e

]nj
, ~B2!

wheree is the total energy density~including the rest masse
of the particles involved! and thenj ’s are the particle numbe
densities. The latter are used to define particle fractions w
respect to the total baryon number densitynb5nn1np :

y~nj !5
nj

nb
. ~B3!
06431
er
-

s,
s
m

-

th

The requirement of charge neutrality of the matter impl
np5ne1nm .

In order to obtain the equation of state, the total ene
density of then1p1e1m matter is written as the sum o
the nucleon and lepton contributions@6#:

e~np ,nn ,ne ,nm!5eN~np ,nn!1nnmnc21npmpc21ee~ne!

1em~nm!1nemec
21nmmmc2, ~B4!

whereeN5nbEN @see Appendix A, Eq.~A14!#. Given these
definitions and conditions, the EOS is determined by t
expressions:

r~nb!5
e~nb!

c2 , P~nb!5nb
2 d~e/nb!

dnb
, ~B5!

wherer is the mass density of the matter. The EOS is o
tained by eliminatingnb between Eqs.~B5! and giving the
pressure as a function of the mass density.

The expression for the nucleon energy density can
written, using Eqs. ~A14! and ~A1!–~A3! and setting
n5nb , as

eN~nb ,np ,nn!5cpnp
5/31cnnn

5/3

1
1

2
Wanb

2ba2aa12
1

1

2
Wrnb

2br2ar12

1
1

2
Wabanb

2ba2aa~nn2np!2

1
1

2
Wrbrnb

2br2ar~nn2np!2 ~B6!

or, in terms ofnb and the baryon fractions~B3!, as

eN~nb ,yp ,yn!5cpnb
5/3yp

5/31cnnb
5/3yn

5/31
1

2
Wanb

2ba2aa12

1
1

2
Wrnb

2br2ar12
1

1

2
Wabanb

2ba2aa12

3~yn2yp!21
1

2
Wrbrnb

2br2ar12
~yn2yp!2.

~B7!

To simplify the calculation, the constantscp andcn @defined
in Eq. ~A4! of Appendix A# are taken to have the same valu
b, using an average nucleon massm5 1

2 (mp1mn). The first
two terms in Eq.~B7! then becomebnb

5/3(yn
5/31yp

5/3).
Expression~B7! is then used to calculate the chemic

potentials

m i5
]e

]ni
5

]~e/nb!

]~ni /nb!
5

]E
]yi

, ~B8!
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whereE5EN1Ee1¯5e/nb is the total energy per baryo
of the n1p1e1m matter. Using expression~B7! and EN
5eN /nb the proton and neutron chemical potentials a
given by

mp5
]EN

]yp
5

5

3
bnb

2/3yp
2/32Wabanb

2ba2aa11

3~yn2yp!2Wrbrnb
2br2ar11

3~yn2yp! ~B9!

and

mn5
]EN

]yn
5

5

3
bnb

2/3yn
2/31Wabanb

2ba2aa11

3~yn2yp!1Wrbrnb
2br2ar11

3~yn2yp!. ~B10!

The expressions for the lepton chemical potentials can
obtained using expression~B8! and the energy densities~cal-
culated with the Fermi-gas model for noninteracting ferm
ons @64#!,

ee'
1

4p2

me
4

~\c!3 ~B11!

em5
1

4p2~\c!3 FmmkS mm
2 2

1

2
mm

2 c4D2
1

2
mm

4 c8 lnS mm1k

mmc2 D G ,
~B12!

wherek5(3p2ymnb)1/3\c. The electron energy is that fo
the ultrarelativistic limit. Also, there is a contribution from
the Coulomb interaction. The direct term is zero due to
charge neutrality of the system, but the exchange term
vides a small contribution@4#:

ece52
3

2 S 3

p D 1/3

e2~yenb!4/3. ~B13!

It follows that

me5\c~3p2yenb!1/3 ~B14!

and

mm5A~mmc2!21\2c2~3p2ymnb!2/3. ~B15!

Below the threshold for the creation ofm2, the equilib-
rium condition holds:

mn2mp2me50. ~B16!

Charge neutrality of the matter implies thatyp5ye ; since
yp1yn51, condition~B16! can be rewritten as a function o
yp only and solved for the equilibrium value ofyp at a given
densitynb .

Above the muon threshold~i.e., when the difference be
tween the neutron and proton chemical potentials exce
the rest mass of the muon! we have
06431
e

e

-

e
o-

ds

mn2mp5mm , mm5me , ~B17!

together with the charge neutrality requirement,

yp5ye1ym giving yn512yp512ye2ym .
~B18!

The equilibrium electron fraction and muon fraction can
related via Eqs.~B14! and ~B15!:

ye5F S mmc2

\c D 2 1

~3p2nb!2/31ym
2/3G3/2

, ~B19!

and by combining Eqs.~B17!–~B19!, the equilibrium rela-
tive fractionsyp , ye , andym can be calculated for any give
baryon number densitynb .

Now that the entire expression for the energy dens
is known, the pressure can be evaluated. Since the pro
and neutrons interact strongly, their separate partial pr
ures cannot be defined. Instead, the nucleon pres
is calculated:

PN5nb
2 ]~eN /nb!

]nb

5nb
2 ]EN

]nb

5
2

3
bnb

5/3~yn
5/31yp

5/3!

1
1

2
~2ba2aa11!Wanb

2ba2aa12

1
1

2
~2b r2a r11!Wrnb

2br2ar12

1
1

2
~2ba2aa!Wabanb

2ba2aa12
~yn2yp!2

1
1

2
~2b r2a r !Wrbrnb

2br2ar12
~yn2yp!2. ~B20!

The electron and muon pressures and the Coulomb exch
pressure are calculated in the same way to be

Pe5
1

12p2

me
4

~\c!3 , ~B21!

Pm5
1

12p2

1

~\c!5 FmmkS mm
2 2

5

2
mm

2 c4D
1

3

2
mm

4 c3 lnS mm1k

mmc2 D G , ~B22!

Pce52
1

2 S 3

p D 1/3

e2~yenb!4/3, ~B23!

where the momentum in the expression for the muon p
sure isk5(3p2ymnb)1/3\c.
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