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Soft electroweak bremsstrahlung: Theorems and astrophysical relevance
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We analyze the structure of the amplitudes for electroweak bremsstrahlung in nucleon-nucleon collisions, for

the charged (N1N→N1N1e21 n̄e) and neutral (N1N→N1N1n f1 n̄ f) weak current. Theorems are de-
rived for the matrix elements of the vector and axial-vector currents in the soft regime. A comparison is made
with previous work, usually performed in the nonrelativistic limit and by using a one-pion exchange two-
nucleon interaction in Born approximation. Such approaches are argued to be unrealistic. This is explicitly
shown for the neutrino-pair emission process in neutron-neutron scattering. Our results are relevant for calcu-
lations of neutrino emissivities in supernovae and in cooling scenarios of neutron stars.
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I. INTRODUCTION

The thermal evolution of neutron stars is governed by
electroweak interaction, in particular, by neutrino emiss
processes. In the dense neutron-rich matter in the interio
the star, the one-body neutrino emission processes
strongly suppressed. The dominant cooling mechanisms
neutron star are thought to be the two-body modified U
processes@1,2# via the charged weak current,

n1n→n1p1e21 n̄e ,

n1p→p1p1e21 n̄e

~and the inverse reactions, such asn1p1e2→n1n1ne),
referred to as thennen̄ and npen̄ processes, respectivel
Also considered are the neutrino-pair bremsstrahlung p
cesses@3# via the neutral weak current,

n1n→n1n1n f1 n̄ f ,

n1p→n1p1n f1 n̄ f ,

referred to as thennnn̄ andnpnn̄ processes, respectively. I
this case, all three neutrino flavors (e,m,t) contribute. We
will refer to these two-nucleon processes collectively as n
trino bremsstrahlung processes, and together with pho
bremsstrahlung as electroweak bremsstrahlung.

More than twenty years ago, the neutrino emissivities d
to the modified Urca and neutrino-pair bremsstrahlung p
cesses were calculated by Friman and Maxwell@4,5#. They
assumed, in Born approximation, a two-nucleon (NN) inter-
action consisting of the long-range one-pion exchange~OPE!
and a Landau Fermi-liquid-type of short-range interacti
The extreme nonrelativistic limit was used. The resulti
emissivities were about one order of magnitude larger t
previous calculations@2,3#, which did not take into accoun
the OPE interaction. The modified Urca processes w
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found to dominate over the neutrino-pair bremsstrahlu
processes. An interesting aspect of this Friman-Maxw
~FM! work were the cancellations they observed for the va
ous bremsstrahlung matrix elements in the ‘‘soft’’ limit, i.e
for the lepton-pair energyv!m, where m is the nucleon
mass. The contributions of the polar-vector part of the we

interaction vanish for thennen̄, nnnn̄, and npnn̄ matrix
elements, both for the OPE and the Landau-type interacti
The axial-vector part of the weak interaction, on the oth
hand, which involves the nucleon spin operator, receive
finite contribution from the tensor force that arises fro
OPE.

At the typical temperatures existing in neutron stars,
neutrino bremsstrahlung can be classified as soft.
neutrino-pair emission, the energy and momentum of

n f n̄ f pairs, q5(v,qW ), are relatively small, up to about 1
MeV. For these processes, the leadingO(1/q) contribution to
the bremsstrahlung amplitude is expected to be domin
For the modified Urca processes, the subleading-orderO(1)
contribution is likely to be significant, because the mome
tum of the emitted electron must be higher than the Fe
momentum of the electrons in the star. In this paper,
derive the neutrino bremsstrahlung amplitudes on the b
of theorems for the matrix elements of the weak vector a
axial-vector currents in the soft regime. Our framework
inspired by the soft-photon approach to electromagn
bremsstrahlung. In this case, Low’s soft-photon theor
states that both the leadingO(1/q) and subleadingO(1)
terms of the bremsstrahlung amplitude are fixed from
corresponding nonradiative process@6,7#. By using an analo-
gous approach for the electroweak case, it is possible to
clude the fullNN transition amplitude (T matrix!, instead of
just the Born approximation, and in its full complexity, in
stead of just the OPE interaction. Special care has to be ta
to treat the exchange interactions correctly. In particular,
will follow Ref. @8# to take the Pauli principle into accoun
Based on these theorems, we can then investigate to w
extent previous approximations and assumptions are actu
valid.1 A better understanding of these points in free spac

y,1Similar techniques also apply to the spacelike analogue,NN cor-
relation effects in neutrino scattering.
©2002 The American Physical Society07-1
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mandated before turning to the neutrino emission proce
inside the nuclear medium@9–12#.

Our investigation was partly motivated by more rece
papers dealing with neutrino emission and scattering p
cesses in neutron-star cooling and in supernova cores@13–
17#. These works demonstrate that the framework adopte
the pioneering FM paper has become the standard one. H
ever, for energies that are relevant in neutron stars, w
nucleon momenta near the Fermi surface, it is not realisti
treat theNN interaction by OPE in Born approximation. Th
Burnett-Kroll extension@18,19# of Low’s soft-photon theo-
rem states that the leading- and subleading-order bremss
lung cross section~summed over spins! is proportional to the
corresponding unpolarized nonradiativecross section. This
implies that the use of a model that does not describe theNN
phase shifts well already misses the bremsstrahlung c
section by a corresponding factor. For OPE in Born appro
mation this factor can be very significant, e.g., thenp cross
section at 300 MeV calculated with OPE in Born approxim
tion is too large by roughly a factor of 5. Although th
Burnett-Kroll theorem does not apply to the axial-vector c
rent, similar reduction factors could be expected for neutr
bremsstrahlung. Recently, Hanhart, Phillips, and Reddy@20#,
by using the leading term in the soft expansion, related
bremsstrahlung process via phase shifts directly to theNN
scattering data. They found, in fact, a significant reduction
the neutrino emissivity in thennnn̄ process compared t
FM.

This paper is organized as follows. In Sec. II we spec
the electroweak currents. Section III contains the derivat
of the soft-bremsstrahlung theorems for the polar- and ax
vector currents. Section IV is devoted to a discussion of
general structure of the covariantNN scattering amplitude
and its nonrelativistic limit. In Sec. V we study more close
the structure of the bremsstrahlung amplitudes in the ‘‘ult
soft’’ @i.e., O(1/q)# regime, and make the connection to t
nonrelativistic limit that is commonly used. For the reas
mentioned above, we focus here on the neutrino-pair p
cesses. Next, in Sec. VI we recover from our our gene
study the contributions from one-boson exchange and c
pare to the results obtained previously by FM for one-p
exchange. In Sec. VII we calculate for one case, thennnn̄
process, the cross section in free space and compare to
culations with only one-boson exchanges in Born appro
mation. We end with a summary of our conclusions and
outlook in Sec. VIII. A brief Appendix is devoted to
subtlety in the treatment of the pion pole in the axial-vec
current matrix element.

II. ELECTROWEAK CURRENTS

In the following, we need the structure of the electroma
netic and weak currents and the single-nucleon matrix
ments of the currents. In this section they will be specifie2

2The space-time metricgmn has elementsgii 51(i 51,2,3) and
g00521; Dirac matrices are defined such that$gm ,gn%52gmn ,
smn5@gm ,gn#/2i , andg55 ig0g1g2g3.
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The validity of the standard model of the electroweak int
actions will be assumed and the neutrinos will be taken to
massless. The standard model implies the conserved ve
current~CVC! condition at the hadronic level. We will als
use the partially-conserved axial-vector current hypothe
~PCAC! that is a consequence of the spontaneous breakd
of chiral symmetry in QCD. SU~2! isospin symmetry~charge
independence! of the strong interaction will also be assume

At low momentum transfer,W6 andZ0 exchange reduce
to four-fermion couplings. Urca processes via the charg
current are described by the effectiveb-decay interaction,

Lb5
GF

A2
i @ ēgl~11g5!ne#J l

W1H.c.; ~1!

GF.1.031025/mp
2 , with mp the proton mass, is the Ferm

coupling constant. Neutrino-pair bremsstrahlung is descri
by the effective four-fermion interaction

Ln5
GF

A2
i(

f
@ n̄ fg

l~11g5!n f #J l
Z , ~2!

where the sum is over the neutrino flavorse,m,t.
In Eqs.~1! and~2!, the charged and neutral weak hadron

currents read

J l
W5cosuC~J l

11 iJ l
2!,

J l
Z5J l

322 sin2uWJl
em2

1

2
J l

(s) ,

J l
(s)5 i s̄gl~11g5!s, ~3!

where the Cabibbo angle is given by cosuC.0.975, and the
Weinberg angle by sin2uW.0.231. The currents are the su
of polar- and axial-vector parts, viz.

J l
a5Vl

a1Al
a , ~4!

where a51,2,3; Jl
em is the electromagnetic current. Mor

generally, with the help of the quark-triplet fieldsc
5(u,d,s), one defines the octets of polar- and axial-vec
currents

Vl
a5 i c̄gllac/2, Al

a5 i c̄glg5lac/2; ~5!

wherela for a51, . . . ,8 are theGell-Mann matrices. A pos-
sible contribution of the strange quarks to the neutral curr
of the nucleons,J l

(s) , will be ignored in this paper. The
electromagnetic current then reads, in terms of isovector
isoscalar parts,

Jl
em5Vl

31Vl
8/A3[Jl

em~ I 51!1Jl
em~ I 50!. ~6!

To derive the theorems below in Secs. III B and III C,
suffices to have the matrix elements of the currents betw
on-mass-shell nucleons. The matrix elements of the cur
J l

a (a51,2,3) of Eq.~4! are, at space-time pointx50, de-
fined by the general Lorentz and isospin structures
7-2
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^N2~p8!uVl
auN1~p!&

5 i ū~p8!@GVgl1GTsl%~p2p8!%#

3u~p!~N2
†taN1!/2,

^N2~p8!uAl
auN1~p!&

5 i ū~p8!@GAglg51GPig5~p2p8!l#

3u~p!~N2
†taN1!/2, ~7!

in terms of vector, axial-vector, weak magnetism, and
duced pseudoscalar form factors, which are functions
four-momentum transfert52(p82p)2. Ni ( i 51,2) are the
isospin wave functions of the nucleons;ta[la for a
51,2,3 are the Pauli isospin matrices. In terms of isovec
and isoscalar form factors, we write forJl

em of Eq. ~6!

^N2~p8!uJl
emuN1~p!&

5 i ū~p8!@F1
Vgl1F2

Vsl%~p2p8!%#u~p!~N2
†t3N1!/2

1 i ū~p8!@F1
Sgl1F2

Ssl%~p2p8!%#u~p!~N2
†N1!/2.

~8!

The matrix element of the charged weak current of Eq.~3! in
beta decay is defined by

^p8uJ l
Wun&5 i cosuCū~p8!@GV

bgl1GT
bsl%~n2p8!%

1GA
bglg51GP

b ig5~n2p8!l#u~n!~Np
†t1Nn!,

~9!

wheret15(t11 i t2)/2. For the proton, the matrix elemen
of the neutral weak and electromagnetic current read

^p8uJ l
Zup&5 i ū~p8!@GV

pgl1GT
psl%~p2p8!%1GA

pglg5

1GP
pig5~p2p8!l#u~p!~Np

†Np!,

^p8uJl
emup&

5 i ū~p8!@F1
pgl1F2

psl%~p2p8!%#u~p!~Np
†Np!,

~10!

and analogously for the neutron, whereFi
V5Fi

p2Fi
n and

Fi
S5Fi

p1Fi
n for i 51,2.

By using Eq.~3! and isospin symmetry, one finds that f
the proton the form factors of the neutral current are rela
to the ones for beta decay and electromagnetism by

GV
p5GV

b/222 sin2uWF1
p , GA

p5GA
b/2,

GT
p5GT

b/222 sin2uWF2
p , GP

p5GP
b/2, ~11!

while for the neutron similarly
06400
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GV
n52GV

b/222 sin2uWF1
n , GA

n52GA
b/2,

GT
n52GT

b/222 sin2uWF2
n , GP

n 52GP
b/2. ~12!

CVC implies additionally that

GV
b5F1

V , GT
b5F2

V . ~13!

It remains to fix the normalization of the various form facto
at t50. Inspecting Eqs.~11!, ~12!, and ~13!, it suffices to
specify thatF1

p(0)51 andF1
n(0)50 for the Dirac form fac-

tors, whileF2
p(0)5kp/2m and F2

n(0)5kn/2m for the Pauli
form factors; the anomalous magnetic moments of the nu
ons arekp51.793 andkn521.913. Moreover, from neutron
beta decay we haveGA

b(0)5gA.1.257, the Gamow-Teller
coupling constant. The induced pseudoscalar form factor
be further discussed below in Sec. III C.

III. THEOREMS FOR SOFT ELECTROWEAK
BREMSSTRAHLUNG

A. Introduction

In this section, we will derive the theorems for the matr
elements of the polar-vector currentVl

a and axial-vector cur-
rentAl

a in soft electroweak bremsstrahlung. The correspo
ing theorem for electromagnetic bremsstrahlung, usu
called the soft-photon theorem~SPhT!,3 was first derived by
Low @6# and augmented by others@7,18,19#. It states that the
first two terms in an expansion of the bremsstrahlung am
tude in photon momentumq are determined by the amplitud
for the corresponding nonradiative process.

From a general argument it can be understood that
electroweak bremsstrahlung theorems~SBTs! can be written
down. Let Ml

a be the matrix element of the pertinent ele
troweak current andq the ~timelike! four-momentum of the
photon or lepton pair. The divergence is given byqlMl

a . For
instance, when the current is conserved, one hasqlMl

a50.
We expandMl

a in powers ofq, starting with the singular
term of orderO(1/q) coming from radiation off the externa
legs. Consider two different bremsstrahlung amplitudes c
structed from the same amplitude for the nonradiative p
cess. The leading-orderO(1/q) term in the expansion of the
two amplitudes, proportional to the nonradiative amplitud
is identical. Therefore, the differenceDMl

a of these two am-
plitudes must be analytical atql50. It follows then from
qlDMl

a50 that this difference is of the orderO(q). Thus,
the first two terms in the amplitude, of orderO(1/q) and
O(1), aremodel independent, and given by the correspo
ing nonradiative process. This is the content of the SBT. T
argument also makes clear that in order to derive a SBT
not necessary that the divergenceqlMl

a is zero. As pointed

3In our case, one could call the corresponding theorem a s
neutrino theorem. We avoid, however, the often used but confu
term ‘‘low-energy theorem.’’ There is no restriction on the energy
the nonradiative system considered: It is theradiated four-
momentumql that is low.
7-3
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out by Adler and Dothan@7#, it is sufficient that the diver-
gence is known in terms of hadronic quantities. This is
case for the axial-vector current, for which the PCAC a
sumption can be made.

The SPhT was first applied to theNN case by Nyman
@21#, and subsequently by a number of other authors@22,23#.
In the real-photon case, one can derive@8# a soft-photon
amplitude that provides a good description of the availa
experimentalpp bremsstrahlung cross sections up to t
pion-production threshold at 280 MeV@23#. Since neither the
relation q250 nor the relation«lql50 (« is the photon
polarization vector! is needed in the derivation, it is obviou
that the theorem also holds for virtual timelike photons (q2

,0), that is, dilepton (e1e2-pair! production. A specific
amplitude for the latter case has been constructed, for
stance, in Ref.@24#.

We consider the electroweak bremsstrahlung proces
NN collisions, viz.

N~p1!1N~p2!→N~p18!1N~p28!1Bl~q!, ~14!

whereB is the vector boson,in casuthe photon or theW6 or
Z0 bosons, which decays into two leptons (e1e2, e2n̄e ,
n f n̄ f!, B(q)→ l 1(q1)1 l 2(q2). Energy-momentum conserva
tion readsp11p25p181p281q for the four-vectors. In our
case of interest, the radiated four-momentumq is small,
which implies that the vector bosonsW6 andZ0 are far off
their mass shells, and the effective four-fermion interactio
specified in Sec. II can be used. We denote byMl

a the matrix
element of the electroweak currentJ l

a of Eq. ~4!. Contracted
with the photon polarization or with the leptonic current,
gives the bremsstrahlung amplitude. We write the brem
strahlung amplitude asMl

a5Ml
vec,a1Ml

ax,a , and focus first
on the polar-vector part. It is implied in this section that t
nucleon spinors are present, so one should always read

Ml
a→ū~p18!ū~p28!Ml

au~p1!u~p2!. ~15!

Isospin wave functions will also not be written explicitly.

B. Soft-bremsstrahlung theorem for the vector current

Not surprisingly, the derivation of the SBT for the ele
troweak vector current is entirely analogous to the stand
SPhT. Complications only arise due to the flavor~isospin!
structure of the currents. For completeness, we summa
here the main points as an introduction to the more comp
case of the axial-vector current in the following section.

Following Low @6#, we split the matrix element into th
sum of external and internal contributions,Ml

vec,a5Ml
ext,a

1Ml
int,a . The expression for radiation off the external legs

given by

Ml
ext,a5T1iS~p12q!Gl

a1Gl
aiS~p181q!T18

1T2iS~p22q!Gl
a1Gl

aiS~p281q!T28 , ~16!

where S(p)5( ig•p1m)21, and the vector-current vertex
cf. Eq. ~7!, is
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Gl
a~q!5@GV~q2!gl1GT~q2!sl%q%#ta/2. ~17!

The covariantNN scattering amplitudes (T matrices! with
one nucleon off its mass shell are defined as

T15^p18 ,p28uTup12q,p2&, T185^p181q,p28uTup1 ,p2&,

T25^p18 ,p28uTup1 ,p22q&, T285^p18 ,p281quTup1 ,p2&.
~18!

Equation~16! is expanded in powers ofq to orderO(1).
In the expansion of the form factorsGV and GT , only the
zero-momentum terms are kept, since the corrections of
der q2dG/dq2 contribute only at orderO(q) in the brems-
strahlung amplitude. TheT matrices are expanded around
conveniently chosen kinematical pointT0 that corresponds to
elastic NN scattering. As argued above, differences due
the specific choice of these points show up only at or
O(q), and are expected to be small for the neutrino emiss
processes under the conditions that exist in neutron stars.
Lorentz and isospin structures of theT matrices will be
specified later. We get

T15T02q•
]

]p1
T01 . . . , T185T01q•

]

]p18
T01 . . . ,

~19!

and similarly for nucleon 2. We also introduce the mome

r 152p12q, r 1852p181q, ~20!

and likewise for nucleon 2.
The expansion of Eq.~16! gives three terms,

Ml
ext,a5Ml

conv,a1Ml
spin,a1Ml

deriv,a1O~q!, ~21!

where

Ml
conv,a52T0

r 1l

r 1•q

ta

2
GV~0!

1GV~0!
ta

2

r 1l8

r 18•q
T01~1
2!, ~22!

Ml
spin,a52T0G8~0!

isl%q%

r 1•q

ta

2

1
ta

2

isl%q%

r 18•q
G8~0!T01~1
2!, ~23!

and

Ml
deriv,a5q•

]T0

]p1

r 1l

r 1•q

ta

2
GV~0!

1GV~0!
ta

2

r 1l8

r 18•q
q•

]T0

]p18
1~1
2!, ~24!

with
7-4
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G~0!5GV~0!1L1~p1!GT~0!,
~25!

G8~0!5GV~0!1L1~p18!GT~0!.

We defined here, for any momentum, the operator

L1~p!52 ig•p1m. ~26!

The ‘‘convection current’’ termMl
conv,a has vanishing diver-

gence, since

qlMl
conv,a52T0

ta

2
GV~0!1GV~0!

ta

2
T01~1↔2!

52GV~0!@T0 ,I a#50, ~27!

from conservation of isospin. The ‘‘spin’’ termMl
spin,a

clearly has zero divergence by itself. However, the term t
contains the derivatives ofT0 , Ml

deriv,a , does not. Therefore
we add a nonsingular ‘‘internal’’ term,

Ml
int,a52

]T0

]p1
l

ta

2
GV~0!2GV~0!

ta

2

]T0

]p18
l

1~1
2!,

~28!

such that the sum does have zero divergence. Introducing
derivative operators

D l
15

r 1l

r 1•q
q•

]

]p1
2

]

]p1
l

, D l
185

r 1l8

r 18•q
q•

]

]p18
2

]

]p18
l

,

~29!

and similarly for nucleon 2, which satisfyqlD l
15qlD l

18

50, we get

Ml
deriv,a1Ml

int,a5~D l
1T0!

ta

2
GV~0!

1GV~0!
ta

2
~D l

18T0!1~1
2!.

~30!

Thus, we finally have

Ml
vec,a5Ml

ext,a1Ml
int,a

5Ml
conv,a1Ml

spin,a1Ml
deriv,a1Ml

int,a1O~q!,

~31!

with qlMl
vec,a50, which is the CVC condition. In the evalu

ation of the derivative operators, derivatives in the off-ma
shell direction need not be considered, since they cance
the end; only derivatives with respect to any two Mand
stam variables are needed@6,7#.

C. Soft-bremsstrahlung theorem for the axial-vector current

Theorems for the charged axial-vector current were p
neered by Adler and Dothan@7#, and applied to, for instance
the process of pion production by neutrinos. For an excel
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review, see the authoritative Ref.@25#. After the discovery of
the neutral weak currents, this early work was extended
Adler to neutrino scattering processes@26#. In the context of
the linear sigma model, the charged axial-vector current p
cess was considered in Ref.@27#.

The derivation of the SBT for the axial current requir
the PCAC assumption for the matrix element of the div
gence of the axial current@25#, i.e.,

iqlMl
ax,a5

Fp

2

mp
2

q21mp
2

Mp
a , ~32!

where Mp
a is the pion emission matrix element;Fp

.185 MeV is the pion decay constant. As for the vect
current case, the derivation starts by splitting the matrix e
ment of the axial-vector current into an external and an
ternal part,Ml

ax,a5Ml
ext,a1Ml

int,a . The external part reads

Ml
ext,a5T1iS~p12q!Gl

a1Gl
aiS~p181q!T181~1
2!,

~33!

where the axial-vector-current vertex, cf. Eq.~7!, is

Gl
a~q!5@glGA~q2!1 iqlGP~q2!#g5ta/2, ~34!

and theT matrices are given in Eq.~18!. The pion emission
matrix element is likewise split into an external and intern
part, Mp

a 5Mp
ext,a1Mp

int,a . The external part reads

Mp
ext,a5T1iS~p12q!Gp

a 1Gp
a iS~p181q!T181~1
2!,

~35!

where the pion-nucleon strong-interaction vertex is given

Gp
a ~q!5g5GNNp~q2!ta; ~36!

the pion-nucleon coupling constant is defined at the p
pole asgNNp[GNNp(2mp

2 ). Consistent with PCAC applied
to neutron decay, we assume the pion-pole dominance o
induced pseudoscalar form factor, viz.

GP~q2!5
2mGA~q2!

q21mp
2

5
FpGNNp~q2!

q21mp
2

, ~37!

and, correspondingly, the Goldberger-Treiman relation

gA /Fp.gNNp/2m5A4p f NNp /mp1, ~38!

where f NNp is the ~rationalized! pion-nucleon coupling con-
stant in pseudovector notation. Withf NNp

2 50.0750(9)@28#,
this relation is well satisfied.

The external partMl
ext,a in Eq. ~33! is written as the sum

of two terms,

Ml
ext,a5Ml

gt,a1Ml
ps,a , ~39!

where, with the momenta as defined in Eq.~20!, and the
operatorsL1 as defined in Eq.~26!, the ‘‘Gamow-Teller’’
part is
7-5
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Ml
gt,a52T1

L1~p12q!

r 1•q
GAiglg5

ta

2

1GAiglg5

ta

2

L1~p181q!

r 18•q
T181~1
2!, ~40!

and the induced pseudoscalar term is

Ml
ps,a5T1

L1~p12q!

r 1•q
GPqlg5

ta

2

2GPqlg5

ta

2

L1~p181q!

r 18•q
T181~1
2!. ~41!

With these definitions, the PCAC relation Eq.~32! reads

iqlMl
gt,a1 iqlMl

ps,a1 iqlMl
int,a

5
Fp

2

mp
2

q21mp
2 ~Mp

ext,a1Mp
int,a!. ~42!

This equation is expanded in powers ofq. In the external
amplitudes, we expand theT-matrices according to Eq.~19!,
as well as the form factors, settinggA5GA(0). Also the
internal amplitudes are expanded. On the right-hand sid
Eq. ~42!, we use the identitymp

2 /(q21mp
2 )512q2/(q2

1mp
2 ) in the term multiplyingMp

int,a . After a little algebra,
and by using the Goldberger-Treiman relation~38!, we arrive
at the two conditions

Fp

2
Mp

int,a~0!52gAT0ig5

ta

2
2gAig5

ta

2
T01~1
2!,

~43!

and

Ml
int,a~0!52gA

]T0

]p1
l

g5

ta

2
1gAg5

ta

2

]T0

]p18
l

1~1
2!

2 i
Fp

2

]

]ql
Mp

int,a~0!1 i
Fp

2

ql

q21mp
2

Mp
int,a~0!.

~44!

Equation~43! must be imposed on the internal pion emissi
matrix elementMp

int,a in order forMl
int,a to be analytic; it is

the analog of Adler’s ‘‘consistency relation’’ in pion-nucleo
scattering@7,25#. Furthermore, in order to calculate the m
trix element of the axial-vector current to orderO(1), we
need to evaluate the quantity]Mp

int,a(0)/]ql. This is the
derivative, atq50, of the internal part of the pion emissio
amplitude inNN scattering.~In order to extrapolate the am
plitude toq50, a smoothness assumption typical for ‘‘so
pion’’ physics is required. The limitq→0 can be performed
by first settingqW 50 and then takingv→0 @25#.! The last
term in Eq. ~44!, proportional toMp

int,a(0), is formally of
orderO(q) for a finite pion mass and, therefore, beyond t
SBT. However, it may vary fast due to the smallness of
06400
of

e

pion mass, and following Ref.@7# one can keep in the tota
amplitude the pion-pole term in Eq.~44!. As for the vector
case, only theT matrix for on-mass-shell nucleons enters.
particular, antiparticle~‘‘negative-energy’’! states only con-
tribute in orderO(q) and higher, that is, beyond the SBT.

IV. ELASTIC SCATTERING AMPLITUDE

So far, we have succinctly denoted theNN T matrices by
T0. In Secs. V B, V C, and V D, we need to specify th
Lorentz and isospin structures. We also reinstate the nuc
spinors, cf. Eq.~15!. Care should be taken of the Pauli prin
ciple for the interchange of the nucleon variables in the fi
~or the initial! state.4 It is convenient to follow Ref.@8#,
which treats thepp bremsstrahlung case, and start from t
Goldberger-Grisaru-MacDowell-Wong~GGMW! representa-
tion of the ~antisymmetrized! NN scattering amplitude
@29,30#. For the processN(p1)1N(p2)→N(p18)1N(p28),
this amplitude can be decomposed in isospin space as

T5 (
I 50,1

(
a51

5

Fa
(I )~s,t,u!@ ū~p28! Vau~p2!3ū~p18!Vau~p1!

1~2 !aū~p18! Vau~p2!3ū~p28!Vau~p1!#BI , ~45!

where the projection operators on isosinglet and isotrip
states are

B05~12tW1•tW2!/4, B15~31tW1•tW2!/4, ~46!

respectively. The five Fermi covariants~tensors! are

Va5~V1 ,V2 ,V3 ,V4 ,V5!5~1,smn /A2,ig5gm ,gm ,g5!.
~47!

Fa
(I )(s,t,u) are the invariant functions of the Mandelsta

variables s52(p11p2)2, t52(p182p1)2, and u52(p28
2p1)2, which satisfys1t1u54m2. The relation of these
functions to theNN helicity amplitudes and phase shifts
specified in Ref.@29#. The restriction put on the function
Fa

(I ) by the Pauli principle is

Fa
(I )~s,t,u!5~2 !a1IFa

(I )~s,u,t !. ~48!

For thennnn̄, npnn̄, nnen̄, andnpen̄ processes we nee
the isospin combinations

Fa
(nn)~s,t,u!5Fa

(pp)~s,t,u!5Fa
(1)~s,t,u!

Fa
(np)~s,t,u!5~Fa

(0)~s,t,u!1Fa
(1)~s,t,u!!/2, ~49!

for a51, . . . ,5. Wealso define the combination

Fa
(ce)~s,t,u!5~Fa

(1)~s,t,u!2Fa
(0)~s,t,u!!/2. ~50!

4See the discussion following Eq.~85!.
7-6
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The ~charge-!exchange contribution to thenp scattering am-
plitude is then, using Eq.~48!, (2)aFa

(np)(s,t,u)5

2Fa
(ce)(s,u,t). When, in the following, the dependence

theseF functions on the Mandelstam variables is suppress
the usual order (s,t,u) is implied.

For matrix elements with the nucleons on the mass sh
the most general nonrelativistic charge-independentNN in-
teraction @31,32# contains central, spin-spin, tensor, spi
orbit, and quadratic spin-orbit terms. For each value of
isospin, it can be written in configuration space as

T5TC1TS sW 1•sW 21TTS121TSOLW •SW 1TQ Q12, ~51!

where S1253 sW 1•rW sW 2•rW2sW 1•sW 2, and Q125(sW 1•LW sW 2•LW

1sW 2•LW sW 1•LW )/2. The coefficientsTi are functions ofr 2 and
the operatorsp2 andL2. In momentum space we define th
vectorskW5pW 82pW , kW85pW 81pW , andnW 5kW83kW . In our calcu-
lations in Sec. VII we use the corresponding decomposit
of the T matrix,

T5A1Bs1ns2n1Cs1ks2k1Ds1k8s2k81 iE~s1n1s2n!,
~52!

where s1n5sW 1•n̂, etc. The momentum-space coefficien
A, . . . ,E are in general functions ofkW , kW 8, nW , and
the energy.

V. ANALYSIS OF THE ULTRASOFT REGIME

A. Leading-order bremsstrahlung amplitudes

The amplitudes derived in the preceding section are L
entz covariant, consistent with the symmetries of the e
troweak currents in the standard model, and take into
count the terms of orderO(1/q) and orderO(1) in a model-
independent manner. They can, therefore, provide a g
starting point for calculating neutrino emissivities in neutr
stars. To analyze the bremsstrahlung amplitudes further
in particular, to make contact with the pioneering FM wo
@4#, we will consider in more detail the leading-order~‘‘ul-
trasoft’’! O(1/q) terms, in this section, which are domina
for low lepton-pair energiesv. ~In the photon case, this i
sometimes called external emission dominance.! These lead-
ing terms were previously studied in Ref.@20# for the nnnn̄
process.

The leading-orderO(1/q) part of the vector-current ma
trix element is obtained from Eq.~22!, by neglectingq2 in
the denominators, compared to the termsp•q, as

Ml
vec,a52gVT0

p1l

p1•q

ta

2
1gV

ta

2

p1l8

p18•q
T01~1
2!,

~53!

where gV[GV(0). The leading-orderO(1/q) term of the
purely isovector, axial-vector matrix element can be writt
from Eq. ~40!, as
06400
d,

ll,

e

n

r-
c-
c-

od

d,

,

Ml
ax,a52gAT0

L1~p1!

2p1•q
iglg5

ta

2

1gAiglg5

ta

2

L1~p18!

2p18•q
T01~1
2!. ~54!

The pion-pole term in the matrix element of the axia
vector current is not explicitly needed in the remainder
this paper. Its role is briefly discussed in the Appendix. F
mally, it is needed to obey PCAC in orderO(1/q). However,
in most cases of interest, the pion-pole contribution can
neglected. For the neutral-current processes, it drops
when contracted with the neutrino-pair current, since it
proportional to the radiated momentumql , and hence

qlū~q1!igl~11g5!v~q2!522mnū~q1!g5v~q2!50,
~55!

for massless neutrinos. The reason, as is well known, is
the spin-zero pion cannot decay to two massless leptons,
left handed and the other right handed. For the charg
current~Urca! processes, the contribution is proportional
the lepton mass. For electrons, it is therefore small compa
to the leading-order term@Eq. ~54!#. It would contribute,
however, for muons, that are present at higher densitie
the neutron-star core.

In the following sections, we will consider separately
more detail thennnn̄, npnn̄, nnen̄, andnpen̄ processes. In
order to gain more insight, and especially in order to co
pare to FM, we will, for the neutrino-pair bremsstrahlun
processes, make the nonrelativistic expansion of the am
tudes. Let us introduce the vectorVW 5qW /v. Neglecting the
lepton masses, its magnitude,

uVW u5AqW 1
21qW 2

212uqW 1uuqW 2ucosu l l̄ /~v11v2!, ~56!

is bounded between 0 and 1;q15(v1 , qW 1) and q25(v2 ,
qW 2) are the four-momenta of the two leptons;u l l̄ is the angle
betweenqW 1 andqW 2. The expansion of a typical pole term i
Eqs.~53! and ~54! is

1

p•q
52

1

mv F11
pW

m
•VW 1S pW

m
•VW D 2

2
pW 2

2m2
1•••G .

~57!

Two parameters are important in the expansions of the
plitudes:~i! upW u/m, related to the nonrelativistic reduction o
the covariant expressions and~ii ! v/mp , wheremp is the
range of the two-nucleon interaction, related to the soft
pansion. The nucleon momentumupW u is of the order of the
Fermi momentum, which for neutron matter is typical
around 300 MeV/c. For neutrino-pair bremsstrahlung th
energy of the neutrinos is of the order of the temperature
the star, i.e., several MeV. It is then sufficient to consid
only the leading term in the soft expansion. For the modifi
Urca processes the lepton-pair energy can be significa
7-7



a

ar
th

.
r

q.

r

in
.

a
om
in

p
m

e

n-

to
ci

ole

he

rms
ed

rib-
.
ef.

e-

e,

ct

TIMMERMANS, KORCHIN, VAN DALEN, AND DIEPERINK PHYSICAL REVIEW C 65 064007
higher. In that case, not only the leadingO(1/q) terms, but
also the subleadingO(1) terms need to be considered in
calculation based on the SBT.

B. The nnnn̄ process

We consider first the processn1n→n1n1n f1 n̄ f . The
ppnn̄ process, which is much less relevant in neutron st
can be treated in an analogous manner. It differs only in
coupling of the proton to the neutral current as compared
the neutron, and becauseT(nn) differs fromT(pp) due to elec-
tromagnetic and small charge-symmetry breaking effects

The leading-orderO(1/q) vector-current amplitude fo
the nnnn̄ process takes the form, combining Eqs.~45! and
~53!,

Ml
vec5gV

nS 2
p1l

p1•q
1

p1l8

p18•q
2

p2l

p2•q
1

p2l8

p28•q
D T(nn),

~58!

where, cf. Eq.~12!, gV
n[GV

n(0)521/2, and

T(nn)[ (
a51

5

Fa
(nn)@ ū~p28!Vau~p2!ū~p18!Vau~p1!

1~2 !aū~p18!Vau~p2!ū~p28!Vau~p1!# ~59!

is thenn scattering amplitude in the GGMW notation of E
~45!. To the extent that we can make the replacementp•q

5pW •qW 2mv.2mv, that is, ignore the recoil terms of orde
O(upW u/m) and higher in Eq.~57!, we obtain from Eq.~58!
Ml

vec50, independent of any approximation made for thenn
T matrix. Thus, the vector-current contribution vanishes
leading-orderO(1/q) in the extreme nonrelativistic limit
This generalizes the FM result, where this cancellation w
observed for Landau-type interactions and OPE, to the c
pletenn Tmatrix. The CVC condition was required to obta
this result.

While the vector-current contribution vanishes in the a
proximation of FM, the corrections are easily obtained fro
Eq. ~58!. When we include the recoil terms of Eq.~57!, we
get for the space and time components of the matrix elem
Ml

vec5(M0
vec ,MW vec),

MW vec5
2gV

n

v

pW ~pW •VW !2pW 8~pW 8•VW !

m2
T(nn),

M0
vec52VW •MW vec, ~60!

with pW 5pW 152pW 2 and pW 85pW 1852pW 28 in the center-of-mass
~c.m.! frame of the nucleons, andT(nn) is given by the non-
relativistic reduction of Eq.~59!, as in Eq.~52!. ~The minus
sign in the second line is due to the metric, i.e.,M0

vec

52M vec,0.! Due to the fact that identical particles are i
volved, the terms of orderO(upW u/m) cancel. This is analo-
gous to the absence of electric-dipole radiation in pho
bremsstrahlung processes when the center of mass coin
06400
s,
e

to

s
-

-

nt

n
des

with the center of charge of the radiating system, e.g., inpp
bremsstrahlung, where at low energies electric-quadrup
radiation dominates.

The leading-order axial-current matrix element for t
nnnn̄ process reads, combining Eqs.~45! and ~54!,

Ml
ax52

gA

2 (
a51

5

Fa
(nn)F ū~p28!Vau~p2!ū~p18!

3S 2Va
L1~p1!

2p1•q
iglg51 iglg5

L1~p18!

2p18•q
VaD u~p1!

1~2 !aū~p18!Vau~p2!ū~p28!

3S 2Va
L1~p1!

2p1•q
iglg51 iglg5

L1~p28!

2p28•q
VaD u~p1!G

1~1
2!, ~61!

where we usedGA
n(0)52gA/2, cf. Eq. ~12!. In contrast to

the vector-current case in Eq.~58!, the axial-current matrix
element does not factorize into bremsstrahlung pole te
and theT matrix, and the exchange terms have to be includ
explicitly.

In the nonrelativistic limit, the expression~61! simplifies
considerably. By usingp•q.2mv, we can write

MW ax5
gA

v
@T(nn),SW #,

M0
ax50, ~62!

where SW 5(sW 11sW 2)/2 is the total spin of thenn system.
Pauli spinors are not written explicitly in Eq.~62!. We con-
clude that for thennnn̄ process of the generalT matrix, only
the tensor, spin-orbit, and quadratic spin-orbit terms cont
ute, and only the spin-tripletnn partial waves contribute
This result generalizes FM and is in agreement with R
@20#.

C. The npnn̄ process

Next, we consider the processn1p→n1p1n f1 n̄ f . To
distinguish neutrons from protons, the momenta will be d
noted in this section byn andn8 (p andp8), for the neutron
~proton! in the initial and final states, respectively. Henc
energy-momentum conservation readsn1p5n81p81q.

The vector-current matrix element, including four dire
(n→n8,p→p8) and four exchange (n→p8,p→n8) dia-
grams takes the form

Ml
vec5FgV

nS 2
nl

n•q
1

nl8

n8•q
D 1gV

pS 2
pl

p•q
1

pl8

p8•q
D GT(np),

~63!

where as beforegV
n521/2 and, cf. Eq.~11!, gV

p[GV
p(0)

51/222 sin2uW, and
7-8
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T(np)[ (
a51

5

Fa
(np)@ ū~p8!Vau~p!ū~n8!Vau~n!

1~2 !aū~n8!Vau~p!ū~p8!Vau~n!# ~64!

is thenp scattering amplitude in the GGMW notation of E
~45!. It is easily checked from Eq.~63! that the vector curren
is conserved, i.e.,qlMl

vec50.
In the nonrelativistic limit we find for the vector-curren

matrix element,

MW vec52
gV

n2gV
p

v

kW

m
T(np),

M0
vec52VW •MW vec, ~65!

where kW5nW 82nW 5pW 2pW 8. We conclude that for thenpnn̄

case the vector-current contribution is of orderO(upW u/m),
whereas for thennnn̄ case it is of orderO(pW 2/m2). As men-
tioned, this is analogous to the case of photon bremsst
lung in NN scattering, where electric-dipole radiation
dominant for thenp case, but suppressed for thepp case.
Moreover, since the momentum transferukW u runs up to 2upW u
the factorkW /m is not small for nucleon momenta at the Fer
surface. It is, therefore, questionable to drop the vec
current terms for thenpnn̄ process, as was done in FM fo
OPE in Born approximation.

The axial-current matrix element for thenpnn̄ process
follows from Eqs.~45! and ~54!. We write in this case

Ml
ax5Ml

(dir )1Ml
(ex) , ~66!

where

Ml
(dir )5

gA

2 (
a51

5

Fa
(np)F ū~p8!Vau~p!ū~n8!

3S Va
L1~n!

2n•q
iglg52 iglg5

L1~n8!

2n8•q
VaD u~n!

1ū~p8!S 2Va
L1~p!

2p•q
iglg51 iglg5

L1~p8!

2p8•q
VaD

3u~p!ū~n8!Vau~n!G , ~67!

and

Ml
(ex)5

gA

2 (
a51

5

~2 !aFa
(np)F ū~n8!Vau~p!ū~p8!

3S Va
L1~n!

2n•q
iglg51 iglg5

L1~p8!

2p8•q
VaD u~n!

1ū~n8!S 2Va
L1~p!

iglg5
2p•q

06400
h-

i
r-

2 iglg5

L1~n8!

2n8•q
VaD u~p!ū~p8!Vau~n!G . ~68!

Note that corresponding neutron and proton legs~i.e., both
incoming or both outgoing! differ by a minus sign, since
GA

p(0)52GA
n(0)5gA/2, cf. Eqs.~11! and ~12!.

In the nonrelativistic limit we find for this axial-curren
matrix element, withp•q.2mv,

MW ax5
gA

v
~@T(dir ),DW #1 P̂s$T(ex),DW %!,

M0
ax.0, ~69!

whereDW 5(sW 12sW 2)/2, andT(dir ) andT(ex) are operators in
spin space given by the nonrelativistic reduction of the dir
and exchange parts of thenp T matrix of Eq. ~64!. Pauli
spinors are not written explicitly.P̂s5(11sW 1•sW 2)/2 is the
spin-exchange operator. Equation~69! is a generalization of
the FM result for thenpn̄n process in several ways. First,
includes the completenp T matrix. Second, as a conse
quence, the commutator term receives contributions not o
from the spin-spin and the tensor force, as in FM, but a
from the spin-orbit interaction, not present in FM. The an
commutator term represents the corresponding exchange
grams. This term receives contributions from the central a
spin-spin forces, taken into account in FM by Landau int
actions, and also from tensor and spin-orbit forces.

D. The modified Urca processesnnen̄ and npen̄

Consider first the processn1n→n1p1e21 n̄e . We in-
troduce the notationsn1 andn2 for the momenta of the initial
neutrons, andn8 andp8 for the final neutron and proton, s
energy-momentum conservation readsn11n25n81p81q;
the Mandelstam variables are defined byt52(n82n1)2 and
u52(p82n1)2. The matrix element includes three dire
and three exchange diagrams, and takes the following f
for the vector current:

Ml
vec5cosuC

3 (
a51

5 S 2
n1l

n1•q
Fa

(ce)2
n2l

n2•q
Fa

(np)1
pl8

p8•q
Fa

(nn)D
3@ ū~p8!Vau~n2!ū~n8!Vau~n1!

1~2 !aū~n8!Vau~n2!ū~p8!Vau~n1!#. ~70!

It is seen that for the modified Urca processes the isos
decomposition of theT matrix is more involved than in the
case of the neutral current. By using Eqs.~49! and~50!, it is
easily checked that CVC is obeyed.

The axial-vector matrix element for thennen̄ process
reads

Ml
ax5Ml

(dir )1Ml
(ex) , ~71!

where
7-9
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Ml
(dir )5gAcosuC

3 (
a51

5 S 2Fa
(ce)ū~p8!Vau~n2!ū~n8!Va

3
L1~n1!

2n1•q
iglg5u~n1!2Fa

(np)ū~p8!Va

3
L1~n2!

2n2•q
iglg5u~n2!ū~n8!Vau~n1!1Fa

(nn)ū~p8!

3 iglg5

L1~p8!

2p8•q
Vau~n2!ū~n8!Vau~n1!D ~72!

and

Ml
(ex)5gAcosuC

3 (
a51

5

~2 !aS 2Fa
(ce)ū~n8!Vau~n2!

3ū~p8!Va

L1~n1!

2n1•q
iglg5u~n1!

2Fa
(np)ū~n8!Va

L1~n2!

2n2•q
iglg5u~n2!ū~p8!Vau~n1!

1Fa
(nn)ū~n8!Vau~n2!ū~p8!

3 iglg5

L1~p8!

2p8•q
Vau~n1!D . ~73!

The vector and axial-vector matrix elements,Ml
vec and

Ml
ax , are antisymmetric under the interchange of the ini

neutrons, as can be verified using Eqs.~48!–~50!.
As was stressed in Sec. V A, theO(1/q) approximation

for the modified Urca processes can serve only as an or
of-magnitude estimate, since the contribution of the terms
order O(1) is likely significant. The processn1p→p1p

1e21 n̄e is very similar to thennen̄ case. In fact, it is easily
seen that the same isospin combinations of theT matrix enter
as in thennen̄ process.

VI. ONE-BOSON EXCHANGE CONTRIBUTIONS

A. Motivation

In this section, we illustrate the main points of the pre
ous sections by replacing the two-nucleonT matrix by one-
meson exchange in Born approximation. This discussio
for illustrative purposes only, since, as argued before
clearly is not realistic. Our aim in this section is twofold.

First, we wish to reexamine the contribution from on
pion exchange, since it was used in the pioneering FM wo
and also practically in all the more recent calculations
neutrino emissivities. In that~FM! approach, the following
simplifications were made:~i! Both the weak-interaction op
erators and the nucleon propagators were treated in the~ex-
treme! nonrelativistic limit.~ii ! All lepton momenta were ne
06400
l

er-
f
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is
it

-
k,
f

glected.~iii ! TheT matrix was replaced by anNN interaction
that is assumed to be velocity independent; in particular,
momentum-dependent terms, such as spin-orbit forces, w
discarded.

In this situation, depending on the time ordering of t
weak- and the strong-interaction vertices in the bremsst
lung amplitude, the off-mass-shell nucleon propagators
have as61/v. As a result, one finds that there is no cont
bution to the vector-current matrix element, and that the o
contribution to the axial-current matrix element comes fro
the nonvanishing commutator of the weak axial sp
~Gamow-Teller! operator with thesW •kW operator of the strong
pion-nucleon vertex~or anticommutator in case of thenp
system!. This has led to the widely accepted point of view
the literature that only spin correlations induced by the ten
force play a role for soft bremsstrahlung. In addition, it
often assumed that the strength of these correlations is g
by the OPE potential in free space.

Second, in order to get an idea about the relevance of
contributions from other mesons, we will consider t
isovector-vector %(770) and the isoscalar-scalars @or
«(760)# mesons. The reason for considering one-rho
change~ORE! is that, as is well known, its tensor force cu
down the OPE tensor force at short distance. We will ta
into account only the part of rho-exchange that gives rise
this tensor force. The reason for considering one-sigma
change~OSE! is that it contributes to the spin-orbit interac
tion ~we will ignore the quadratic spin-orbit term!. Such a
term has also a nonvanishing~anti-!commutator with the
axial spin operator, and hence could contribute to the n
trino emissivities at the same order as OPE. A spin-o
interaction is allowed by Galilean covariance and, therefo
occurs in the general nonrelativisticT matrix @31#, cf. Eqs.
~51! and~52!. One-boson exchange models for theNN inter-
action contain strong spin-orbit forces from vector- a
scalar-meson exchange. Also the more fundamental ch
two-pion exchange interaction@28# has a strong spin-orbi
component. For simplicity, we will take only the tensor for
of ORE into account. We stress that these one-boson
changes~OBEs! in Born approximation are used for illustra
tive purposes only.

To obtain the nonrelativistic amplitudes, we neglect t
lepton momenta and work in the c.m. frame of the nucleo
We definekW5pW 82pW and kW85pW 81pW , with kW•kW850, and
2t5kW2 and 2u5kW82. We also introduce the total spin op
erator SW 5(sW 11sW 2)/2, and the vector operatorsDW 5(sW 1

2sW 2)/2 and QW 5(sW 13sW 2)/2. The OPE, ORE ~spin-
dependent part!, and OSE potentials read

Vp52tW1•tW2

sW 1•kWsW 2•kW

4m2
vp~k2!,

V%
(spin)52tW1•tW2S sW 13kWsW 23kW

4m2
~11k%!2

2 i
SW •~kW3kW8!

4m2
~314k%!D v%~k2!, ~74!
7-10
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Vs52S 11
kW2

8m2
2

kW82

8m2
2 i

SW •~kW3kW8!

4m2 D vs~k2!,

with vp(k2)5gNNp
2 /(kW21mp

2 ), v%(k2)5gNN%
2 /(kW21m%

2),

k%5 f NN% /gNN% , andvs(k2)5gNNs
2 /(kW21ms

2).

B. The nnnn̄ process

This corresponds to the isospinI 51 channel, sotW1•tW2

51. Up to orderO(pW 2/m2) OPE does not contribute to th
vector-current amplitude. The contribution of OSE to t
space components of this amplitude is

MW s
vec5

gV
n

vm2
„kW8~kW•VW !1kW~kW8•VW !…

3@vs~k2!2vs~k82!P̂s#, ~75!

and from CVC,Ms
vec,052VW •MW s

vec . The OPE contribution
to the space components of the axial-vector current ma
element is obtained by using the~anti!commutation relations
of the Pauli spin matrices. We get

MW p
ax5 i

gA

4vm2
„vp~k2!@~sW 1•kW !~kW3sW 2!1~sW 2•kW !~kW3sW 1!#

2vp~k82!@~sW 1•k8W !~k8W3sW 2!1~sW 2•k8W !~k8W3sW 1!#…;

~76!

in this order the contribution to the time component va
ishes. OSE gives two contributions to the axial-vector c
rent matrix element. The first one, of orderO(kW2/m2) comes
from the commutator of the spin-orbit interaction of OS
with the axial spin operator of the weak vertex. The seco
one, of orderO(ukW u/m), is due to the expansion of th
nucleon propagator. We have

MW s
ax52

gA

2vm S 22vs~k2!~kW•VW !DW 22ivs~k82!~kW8•VW !QW

1
1

2m
vs

(1)~k2,k82!@kW~SW •kW8!2kW8~SW •kW !#

2
2

m
vs

(2)~k2,k82!~kW•VW !~kW8•VW !SW D , ~77!

with vs
(6)(k2,k82)5vs(k2)6vs(k82). The time componen

coming from OSE is given by

Ms
ax,05

gA

2vm S 2vs~k2!~DW •kW !12ivs~k82!~QW •kW8!

1
1

m
vs

(2)~k2,k82!@~SW •kW !~k8W •VW !1~SW •kW8!~kW•VW !# D .

~78!
06400
ix
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The matrix element between the Pauli spinors is impl
in the above expressions. The Pauli principle is satisfied
explicit antisymmetrization of the matrix element.

The formulas for ORE can easily be written down ana
gously by using (sW 13kW )(sW 23kW )5kW2(sW 1•sW 2)2(sW 1•kW )
3(sW 2•kW ).

C. The npnn̄ process

This process differs in two ways from the previous on
both isospinsI 50 and 1 contribute, and the weak vertic
for neutron and proton have opposite signs. This results
the following expressions that include both direct (p0,s)
and exchange (p6) contributions. We take the incomin
neutron as particle 1, and the incoming proton as particle
so that the operators below are sandwiched between
spinorsxs

n8
1

(1)xs
p8

1
(2) andxsn

(1)xsp
(2). The OPEcontribu-

tion is given by

MW p
ax5 i

gA

4vm2
„vp~k2!@~sW 1•kW !~kW3sW 2!

2~sW 2•kW !~kW3sW 1!#24vp~k82!kW8~QW •kW8!…. ~79!

The OSE contribution to the space part of the matrix elem
is

MW s
ax52

gA

2vm
vs~k2!S 22~kW•VW !SW 1

1

2m
@kW~DW •kW8!

2kW8~DW •kW !#2
2

m
~kW•VW !~kW8•VW !DW D , ~80!

and the corresponding contribution to the time componen

Ms
ax,05

gA

2vm
vs~k2!S 2SW •kW1

1

m
@~DW •kW !~kW8•VW !

1~DW •kW8!~kW•VW !# D . ~81!

In this order the vector-current matrix element is

MW s
vec5

vs~k2!

mv

3F ~gV
n2gV

p !kW1
gV

n1gV
p

2m
„kW~k8W •VW !1kW8~kW•VW !…G .

~82!

D. Comparison with previous results

To compare in detail with previous results@4,5# for OPE,
we contract the bremsstrahlung matrix elementMl with the
7-11
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leptonic current~see the following section!, square the result
ing amplitudes, and sum over the nucleon and lepton sp
Keeping close to the notation used by Maxwell@5#, the final
results, including the exchange contributions, can be
pressed in the form

GF
2

2 (
spins

uMpu2

5128g2
v1v2

v2 FC1S k2

k21mp
2 D 2

1C2S k82

k821mp
2 D 2

1
C3k2k821C4~kW•k8W !2

~k21mp
2 !~k821mp

2 !
G , ~83!

with v5v11v2 and, cf. Eq.~38!,

g[
GF

A2

f NNp
2

mp
2

d, ~84!

where d5gA for the neutral-current processes, andd
5gAcosuC for the charged-current~Urca! processes. Equa
tion ~83! holds for one neutrino flavor. The coefficientsCi
( i 51, . . . ,4) aregiven by

~85!

These results agree with Refs.@4,5,9# only for the nnnn̄
process and the direct contribution,C1, for the other pro-
cesses. The differences can be traced back to the exch
contribution. Our formulas agree with Ref.@5#. However, our
Cis for i 52,3,4 disagree with the Tables of Ref.@5# for
several entries. They agree with Ref.@33#.

VII. NEUTRINO EMISSION CROSS SECTION

In this section, we will use the leading-orderO(1/q) am-
plitudes to calculate the neutrino emission cross section
free space. We will compare these results with theNN T
matrix to those that are obtained when OPE in Born appro
mation is used.

The cross section for the electroweak bremsstrahlung
cess N(p1)1N(p2)→N(p18)1N(p28)1 l (q1)1 l (q2), with

q5q11q25(v,qW ), integrated over the kinematics of th
two leptons, is given by
06400
s.

x-

nge

in

i-

o-

ds5
m4

4 j ~2p!8E d3p18

E18

d3p28

E28
d4qd4~Pf2Pi !

3E d3q1

v1

d3q2

v2
d4~q2q12q2!

GF
2

2 (
spins

uM u2,

~86!

where the flux factor isj 5As(s24m2)/2, with s54m2

12TLm; TL is the kinetic energy of the bombarding nucleo
in the laboratory frame;Pi5p11p2 and Pf5p181p281q.
The sum runs over the spins of all particles in the final sta
for unpolarized initial nucleons the usual average over sp
is implied. The squared matrix element has been defined

uM u25MlM%* Ll%~q1 ,q2!, ~87!

with the symmetric lepton tensor given by

Ll%~q1 ,q2!5Tr@~2 ig•q11m1!igl~11g5!

3~2 ig•q21m2!ig%~11g5!#

58~q1
lq2

%1q1
%q2

l2q1•q2gl%1 i«la%bq1aq2b!.

~88!

We first isolate the leptonic part given by the tensor

I l%~q!5E d3q1

v1

d3q2

v2
d4~q2q12q2!Ll%~q1 ,q2!

5
8

3
~qlq%2q2gl%!E d3q1

v1

d3q2

v2
d4~q2q12q2!

5
16p

3
~qlq%2q2gl%!. ~89!

The cross section Eq.~86! then reduces to

ds5
m4

4 j ~2p!8

16p

3

GF
2

2 E d3p18

E18

d3p28

E28
d4q

3d4~Pf2Pi !Ml~qlq%2q2gl%!M%* . ~90!

This result is exact. Since we have all along assumed tha
momentumq is soft, we dropqW in

d4~Pf2Pi !

5d3~pW 11pW 22pW 182pW 282qW !d~E11E22E182E282v!.

Then we find, in the c.m. frame of the nucleons,

E d3p18

E18

d3p28

E28
d4~p11p22p182p282q!

5E d3p8

E82
d~As2v22E8!5

upW 8u

As2v
dV~ p̂8!, ~91!

where upW 8u5@(As2v)2/42m2#1/2 is the momentum of the
outgoing nucleon. We get
7-12
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ds5
m4

4 j ~2p!8

16p

3

GF
2

2

upW 8u

As2v

3E dV~ p̂8!d4q~MlqlM%* q%2q2MlMl* !.

~92!

For OPE this can be simplified further using the indep
dence of the matrix elements ofqW ; see Eqs.~76! and ~79!.
This allows one to perform integration overqW in Eq. ~92!,
making use of

E
uqW u<v

d3q~qlq%2q2gl%!5
4p

5
v5dl%, ~93!

where dl%51 if l5%, and 0 otherwise. In this way on
obtains

ds

dv
5

m4

4 j ~2p!8

64p2v5

15

GF
2

2

upW 8u

As2v

32pE ~ uM0u21uMW u2!sinup8dup8 . ~94!

This result can be shown to be equivalent to that of FM if
addition the time component of the matrix element is d
carded as being of higher order ink/m.

We calculate the cross section Eq.~92! for thennnn̄ pro-
cess~with unpolarized initial neutrons!, for OPE and with
the full T matrix. Equation~92! is multiplied by a factor of 3
to take into account the three neutrino flavors. Thenn phase
shifts are, for simplicity, assumed to be equal to thepp phase
shifts, which are taken from Ref.@34#. The results are pre
sented in Figs. 1 and 2. We show the cross section Eq.~92!
as a function of nucleon c.m. momenta in a range relev

FIG. 1. Cross sectionds/dv for the processn1n→n1n1n f

1 n̄ f as a function of neutron c.m. momentum, forv51 MeV
~summed over neutrino flavors!. Shown are the results for the com
plete T matrix ~full curve!, as well as the separate contributio
from the tensor~dashed curve!, quadratic spin-orbit~dashed-dotted
curve!, and spin-orbit~dotted curve! terms.
06400
-

-

nt

for neutron matter at saturation density. We take a typi
neutrino-pair energy ofv51 MeV.

In Fig. 1 we plot the result for the fullT matrix as well as
the contributions from different spin interactions in Eq.~52!.
It is seen that the contribution of the tensor terms@theC and
D terms in Eq.~52!# is fairly independent of nucleon mo
mentum and that it dominates over the spin-orbit~the E
term! and the quadratic spin-orbit~the B term! contributions
above 200 MeV/c. The amplitudes for the tensor terms (C
and D) and the quadratic spin-orbit term~B! have opposite
signs at low momenta and thus cancel in the cross sec
As a comparison, we show in Fig. 2 several results for
OBE contributions, for the samennnn̄ process.5 The OPE
result strongly overpredicts the result obtained with the fulT
matrix. In particular, at 300 MeV/c OPE is larger by about a
factor of 5. This is in qualitative agreement with the rece
result of Ref.@20#.

As mentioned, the tensor force from OPE gets cance
at short distance by the tensor force from ORE, which has
opposite sign. Indeed, it is seen in Fig. 2 that when the O
tensor force is added to OPE, the result is significantly clo
to that obtained with the fullT matrix, although the differ-
ence varies with momentum. We also show the result
OPE without the ‘‘exchange’’~antisymmetrization! contribu-
tion, that, apparently, is used in ‘‘standard cooling sc
narios,’’ and which is lower than the full OPE by about
factor of 5. The rationale for not taking this OPE exchan
contribution into account in FM was the observation that it
largely cancelled by the tensor-force part of ORE. Finally,

5Numerical values are taken from the OBE model Nijm93@32#;
specifically, we usems5488 MeV, gNNs

2 /4p54.8 for OSE, and
(gNN%1 f NN%)2/4p522.0 for the tensor term of ORE.

FIG. 2. Various OBE contributions to the cross sectionds/dv

for the processn1n→n1n1n f1 n̄ f as a function of neutron c.m
momentum, for v51 MeV ~summed over neutrino flavors!.
Shown are the results for the completeT matrix ~full curve!, OPE
~long-dashed curve!, OPE plus the tensor term of ORE~short-
dashed curve!, OPE plus the tensor term of ORE plus OSE~dotted
curve!, OPE without exchange terms~dashed-dotted curve!, and
OPE plus tensor term of ORE without exchange terms~dashed-
double-dotted curve!.
7-13
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give an estimate of the effect of other mesons, we also
the contribution from OSE, which gives rise to a spin-or
force.

VIII. CONCLUSIONS AND SUMMARY

In this paper, we studied the structure of the electrow
NN bremsstrahlung amplitude in the soft regime, based
theorems for the matrix elements of the weak polar- a
axial-vector currents, both charged and neutral. The resu
amplitudes are considerably more complicated than for
photon bremsstrahlung case. Especially the exchange co
butions require careful treatment. A main conclusion is tha
appears possible to calculate reliably and accurately s
neutrino bremsstrahlung by using the symmetries of the e
troweak currents in the standard model and the availa
knowledge of theNN interaction.

We compared our amplitudes to the pioneering FM wo
based on OPE in Born approximation. It was shown that
the most generalNN T matrix the lowest-order contribution
to the vector-current matrix element cancels. The fin
subleading-order terms were also obtained in our appro
Leading- and subleading-order terms for the axial-vector c
rent matrix elements were derived. Specifically, we poin
out that spin-orbit forces contribute to thennnn̄ process, and
not just tensor forces.

Our numerical estimate of the cross section for thennnn̄
process indicates large differences in a calculation base
NN phase shifts, compared to treatments restricted to OP
Born approximation. Similar differences may be expected
the npnn̄ and modified Urca processes as well. This h
implications for neutrino emissivities in neutron-star coolin
In the simplest approach, as used in the work of FM and
many later studies, one adopts the quasiparticle~or mean-
field! picture. This basically leads to a convolution of th
free-space bremsstrahlung amplitudes squared with
Fermi-Dirac functions at finite temperature and density.
that case the reduction factor from OPE in Born approxim
tion to realisticT matrix discussed above is not affected.
more consistent approaches additional ‘‘medium effec
.

ev

.

06400
ot
t

k
n
d
g
e
tri-
it
ft-
c-
le

k
r

e
h.
r-
d

on
in
r
s
.
n

he
n
-

’’

must be taken into account, such as the replacement of tT
matrix by theG matrix and the use of effective masses a
effective couplings. This is under investigation@35#.
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APPENDIX: PION POLE IN THE AXIAL-VECTOR
MATRIX ELEMENT

The axial-vector amplitude in orderO(1/q), see Eq.~54!,
obeys the relation

iqlMl
ax,a5FpMp

a ~0!/2. ~A1!

In principle, one could add the pion-pole ter
(Fp/2)Mp

a (0)ql /(q21mp
2 ) ~see Sec. III C!. This term is

needed to obey PCAC in orderO(1/q), as can be seen a
follows. When the pion pole is included in Eq.~54!, the
divergence is found to be

iqlMl
ax,a5

Fp

2

mp
2

q21mp
2

Mp
a ~0!. ~A2!

This is the PCAC condition@Eq. ~32!#, where the limitq
→0 is taken inMp

a .
However, for the reasons mentioned in Sec. V A the p

contribution can be neglected. Moreover, forq2!mp
2 the

variation of this term due to the pion propagator is also n
ligible and Eq.~A2! reduces to Eq.~A1!.
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