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Soft electroweak bremsstrahlung: Theorems and astrophysical relevance
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We analyze the structure of the amplitudes for electroweak bremsstrahlung in nucleon-nucleon collisions, for
the charged |+ N—N+N+e™ +7e) and neutral N+N—N+N+ Vf+7f) weak current. Theorems are de-
rived for the matrix elements of the vector and axial-vector currents in the soft regime. A comparison is made
with previous work, usually performed in the nonrelativistic limit and by using a one-pion exchange two-
nucleon interaction in Born approximation. Such approaches are argued to be unrealistic. This is explicitly
shown for the neutrino-pair emission process in neutron-neutron scattering. Our results are relevant for calcu-
lations of neutrino emissivities in supernovae and in cooling scenarios of neutron stars.
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[. INTRODUCTION found to dominate over the neutrino-pair bremsstrahlung
processes. An interesting aspect of this Friman-Maxwell
The thermal evolution of neutron stars is governed by th&FM) work were the cancellations they observed for the vari-
electroweak interaction, in particular, by neutrino emissionous bremsstrahlung matrix elements in the “soft” limit, i.e.,
processes. In the dense neutron-rich matter in the interior Gbr the lepton-pair energy<m, wherem is the nucleon
the star, the one-body neutrino emission processes affiass. The contributions of the polar-vector part of the weak
strongly suppressed. The dominant cooling mechanisms forlﬂteractmn vanish for thewner, nnww, and npyw matrix

Bre:(:(raosr;esﬁtirz]a \r/?at?r?e?%Egﬁge?jev\}g,ikwc\:lsrrk:eonotly modified Urcg elements both for the OPE and the Landau-type interactions.
The axial-vector part of the weak interaction, on the other
hand, which involves the nucleon spin operator, receives a
finite contribution from the tensor force that arises from
OPE.
At the typical temperatures existing in neutron stars, the
neutrino bremsstrahlung can be classified as soft. For
neutnno -pair emission, the energy and momentum of the

vive pairs, 4= (o, q) are relatively small, up to about 10
MeV. For these processes, the leadidgl/q) contribution to
the bremsstrahlung amplitude is expected to be dominant.
For the modified Urca processes, the subleading-afi{dr)
contribution is likely to be significant, because the momen-
— tum of the emitted electron must be higher than the Fermi
n+p—n+p+vetvg, momentum of the electrons in the star. In this paper, we
derive the neutrino bremsstrahlung amplitudes on the basis
referred to as theanvvy andnpvv processes, respectively. In of theorems for the matrix elements of the weak vector and
this case, all three neutrino flavors, fu,7) contribute. We  axial-vector currents in the soft regime. Our framework is
will refer to these two-nucleon processes collectively as neuinspired by the soft-photon approach to electromagnetic
trino bremsstrahlung processes, and together with photobremsstrahlung. In this case, Low’s soft-photon theorem
bremsstrahlung as electroweak bremsstrahlung. states that both the leadin@(1/q) and subleading)(1)
More than twenty years ago, the neutrino emissivities dugerms of the bremsstrahlung amplitude are fixed from the
to the modified Urca and neutrino-pair bremsstrahlung proeorresponding nonradiative procés7]. By using an analo-
cesses were calculated by Friman and MaxW&Jb]. They  gous approach for the electroweak case, it is possible to in-
assumed, in Born approximation, a two-nucled\) inter-  clude the fullNN transition amplitude T matrix), instead of
action consisting of the long-range one-pion exchai@®E  just the Born approximation, and in its full complexity, in-
and a Landau Fermi-liquid-type of short-range interactionstead of just the OPE interaction. Special care has to be taken
The extreme nonrelativistic limit was used. The resultingto treat the exchange interactions correctly. In particular, we
emissivities were about one order of magnitude larger thawill follow Ref. [8] to take the Pauli principle into account.
previous calculation§2,3], which did not take into account Based on these theorems, we can then investigate to what
the OPE interaction. The modified Urca processes werextent previous approximations and assumptions are actually
valid.! A better understanding of these points in free space is

n+n—n+p+e +v,,
n+p—p+p+e +ve

(and the inverse reactions, suchrasp+e~—n+n+w),

referred to as thenev and npe? processes, respectively.
Also considered are the neutrino-pair bremsstrahlung pro-
cesse$3] via the neutral weak current,

n+n—n+n+wv;+v;,
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Ukraine. relation effects in neutrino scattering.
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mandated before turning to the neutrino emission processéhe validity of the standard model of the electroweak inter-

inside the nuclear mediuf®—-12]. actions will be assumed and the neutrinos will be taken to be
Our investigation was partly motivated by more recentmassless. The standard model implies the conserved vector

papers dealing with neutrino emission and scattering proeurrent(CVC) condition at the hadronic level. We will also

cesses in neutron-star cooling and in supernova ddrf@s  use the partially-conserved axial-vector current hypothesis

17]. These works demonstrate that the framework adopted ifPCAC) that is a consequence of the spontaneous breakdown

the pioneering FM paper has become the standard one. Howf chiral symmetry in QCD. S(2) isospin symmetrycharge

ever, for energies that are relevant in neutron stars, witlindependengeof the strong interaction will also be assumed.

nucleon momenta near the Fermi surface, it is not realistic to At low momentum transfeiw= andZ° exchange reduce

treat theN N interaction by OPE in Born approximation. The to four-fermion couplings. Urca processes via the charged

Burnett-Kroll extension[ 18,19 of Low’s soft-photon theo- current are described by the effectigedecay interaction,

rem states that the leading- and subleading-order bremsstrah-

lung cross sectiorisummed over spinss proportional to the Fo— W _

corresponding unpolarized nonradiatigeoss section This ﬁﬁzﬁ'[%’ (1+ys5)ve]l T\ +H.c @

implies that the use of a model that does not describé\tkie

phase shifts well already misses the bremsstrahlung crogs_~1.0x 10‘5/m§, with m,, the proton mass, is the Fermi

section by a corresponding factor. For OPE in Born approXitoupling constant. Neutrino-pair bremsstrahlung is described
mation this factor can be very significant, e.g., thiecross  py the effective four-fermion interaction
section at 300 MeV calculated with OPE in Born approxima-

tion is too large by roughly a factor of 5. Although the Gr o

Burnett-Kroll theorem does not apply to the axial-vector cur- L,=—i 2 [viyN(1+ y5)vf]jf, (2
rent, similar reduction factors could be expected for neutrino V2 7

bremsstrahlung. Recently, Hanhart, Phillips, and Rdad,

by using the leading term in the soft expansion, related th
bremsstrahlung process via phase shifts directly toNhe
scattering data. They found, in fact, a significant reduction o

é(vhere the sum is over the neutrino flavexg:, 7.
In Egs.(1) and(2), the charged and neutral weak hadronic
Furrents read

}:h'a neutrino emissivity in thenvy process compared to JXVZ Cosgc(j)l\ﬂji),
This paper is organized as follows. In Sec. Il we specify ;s _ o1
the electroweak currents. Section Ill contains the derivation T5=Jy—2sirfoyJym— 5.7(5),

of the soft-bremsstrahlung theorems for the polar- and axial-
vector currents. Section IV is devoted to a discussion of the
general structure of the covariaNtN scattering amplitude
and its nonrelativistic limit. In Sec. V we study more closely
the structure of the bremsstrahlung amplitudes in the “ultra
soft” [i.e., O(1/q)] regime, and make the connection to the
nonrelativistic limit that is commonly used. For the reason
mentioned above, we focus here on the neutrino-pair pro- Je=Va+ AL, (4)
cesses. Next, in Sec. VI we recover from our our general
study the contributions from one-boson exchange and comyhere a=1,2,3; J°™ is the electromagnetic current. More
pare to the results obtained previously by FM for one-piongenerally, with the help of the quark-triplet fields
exchange. In Sec. VIl we calculate for one case,rhev =(u,d,s), one defines the octets of polar- and axial-vector
process, the cross section in free space and compare to calrrents
culations with only one-boson exchanges in Born approxi- o o
mation. We end with a summary of our conclusions and an VE=igy\2yl2, Al=igy,ys\2i2; 5)
outlook in Sec. VIII. A brief Appendix is devoted to a
subtlety in the treatment of the pion pole in the axial-vectorwherex® fora=1, ... ,8 are th&ell-Mann matrices. A pos-
current matrix element. sible contribution of the strange quarks to the neutral current
of the nucleons,7(®, will be ignored in this paper. The
Il. ELECTROWEAK CURRENTS electromagnetic current then reads, in terms of isovector and

isoscalar parts,
In the following, we need the structure of the electromag-

netic and weak currents and the single-nucleon matrix ele- JeM=V3+ V8 \3=32"(1=1)+ 31 =0). (6)
ments of the currents. In this section they will be specified.

T =isy\(1+ ys)s, ®3)

where the Cabibbo angle is given by &s=0.975, and the
‘Weinberg angle by sfi,,~0.231. The currents are the sum
of polar- and axial-vector parts, viz.

To derive the theorems below in Secs. IlI B and Il C, it
suffices to have the matrix elements of the currents between
?The space-time metrig,,, has elementg; =1(i=1,2,3) and or;—mass-shell nucleons. The matrix elgments_ of the current
o= —1; Dirac matrices are defined such tHat,,y,}=2g,,, Jx (@=1,2,3) of Eq.(4) are, at space-time poixt=0, de-
0,=[7u, v, 1121, and ys=ivoy17273. fined by the general Lorentz and isospin structures
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(Nz(p’)|Vi|N1(p))
=iU(p )Gy +Groe(P=P)°]
xu(p)(N37N,)/2,
(Nz(p’)|Ai|N1(p)>
=i u(p")[Gary¥s+Gpi vs(P—P' )]

Xu(p)(N372Ny)/2, 7

in terms of vector, axial-vector, weak magnetism, and in
duced pseudoscalar form factors, which are functions o

four-momentum transfer=—(p’ —p)2. N; (i=1,2) are the
isospin wave functions of the nucleons,=\, for a

=1,2,3 are the Pauli isospin matrices. In terms of isovecto

and isoscalar form factors, we write ff™ of Eq. (6)

(No(p")[IFMN1(p))
=i u(p)[FYyn+FYoyro(p—p")2Ju(p)(NI7°N;)/2
+iu(p")[Fiyy+F300(p—P")21u(p)(NINy)/2.
®)

The matrix element of the charged weak current of Bgin
beta decay is defined by

(p'|7VIny=i cosfcu(p’)[GEyy+ GEay,(n—p’)®
+GRy\ s+ GRiys(n—p ), Ju(n)(NS7'N,),
9)

where 7" =(1,+i7,)/2. For the proton, the matrix elements
of the neutral weak and electromagnetic current read

(p'|TLIP)=iu(p")[GYys+GRoo(p—p' )2+ GRY, 75
+GRiys(p—p ) Ju(p)(N/Np),
(p'133"p)
=iu(p [ Fiy+F80,o(p—p")Tu(p)(N/N,),
(10

and analogously for the neutron, whef¢/=FP—F! and
FP=FP+FD fori=1,2.
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Gl=—Gb2—2sirfoyF], Gh=-Ghi2,
Gl=—GE2—2sirfoFy, Gp=—GBl2. (12
CVC implies additionally that
GE=FY, GE=FY. (13)

It remains to fix the normalization of the various form factors
at t=0. Inspecting Eqs(11), (12), and (13), it suffices to
specify thatF}(0)=1 andF}(0)=0 for the Dirac form fac-
tors, while F5(0)=«,/2m and F5(0)= x,/2m for the Pauli
¥orm factors; the anomalous magnetic moments of the nucle-
ons arex,= 1.793 andk,= —1.913. Moreover, from neutron
beta decay we hav6§(0)=gA:1.257, the Gamow-Teller
oupling constant. The induced pseudoscalar form factor will
e further discussed below in Sec. Il C.

Ill. THEOREMS FOR SOFT ELECTROWEAK
BREMSSTRAHLUNG

A. Introduction

In this section, we will derive the theorems for the matrix
elements of the polar-vector curreévif and axial-vector cur-
rentA? in soft electroweak bremsstrahlung. The correspond-
ing theorem for electromagnetic bremsstrahlung, usually
called the soft-photon theoretBPhT),2 was first derived by
Low [6] and augmented by othelrg,18,19. It states that the
first two terms in an expansion of the bremsstrahlung ampli-
tude in photon momentumpare determined by the amplitude
for the corresponding nonradiative process.

From a general argument it can be understood that soft
electroweak bremsstrahlung theore(88T9 can be written
down. LetM{ be the matrix element of the pertinent elec-
troweak current andg the (timelike) four-momentum of the
photon or lepton pair. The divergence is givend3? . For
instance, when the current is conserved, onedias{=0.

We expandM? in powers ofq, starting with the singular
term of orderO(1/q) coming from radiation off the external
legs. Consider two different bremsstrahlung amplitudes con-
structed from the same amplitude for the nonradiative pro-
cess. The leading-ord€?(1/q) term in the expansion of the
two amplitudes, proportional to the nonradiative amplitude,
is identical. Therefore, the differenceM? of these two am-
plitudes must be analytical a*=0. It follows then from
g*AM{=0 that this difference is of the ord€?(q). Thus,

the first two terms in the amplitude, of ordék1/q) and
O(1), aremodel independent, and given by the correspond-

By using Eq.(3) and isospin symmetry, one finds that for ing nonradiative process. This is the content of the SBT. This
the proton the form factors of the neutral current are relate@'gument also makes clear that in order to derive a SBT it is

to the ones for beta decay and electromagnetism by
Gh=Gl2— 2 sirfo,F?, GR=GA/2,

GR=GE2—2 sirfo,Fh, GBR=GE/2, (12)

while for the neutron similarly

not necessary that the divergengeM? is zero. As pointed

3In our case, one could call the corresponding theorem a soft-
neutrino theorem. We avoid, however, the often used but confusing
term “low-energy theorem.” There is no restriction on the energy of
the nonradiative system considered: It is thadiated four-
momentumg® that is low.
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out by Adler and Dothanh7], it is sufficient that the diver- T'(q) =[G(G?) 7\ + G1(q?) 0),,q°] /2. (17)
gence is known in terms of hadronic quantities. This is the
case for the axial-vector current, for which the PCAC as-The covariantNN scattering amplitudesT( matrices with

sumption can be made. one nucleon off its mass shell are defined as
The SPhT was first applied to tHéN case by Nyman o, ) ) )
[21], and subsequently by a number of other autfi2®s23. T1=(P1,P2| TIP1—a,P2),  Ti=(P1+a,p2|T|p1.p2),

In the real-photon case, one can derp@ a soft-photon
amplitude that provides a good description of the available T2=(P1,P2|TIP1,P2—a), T>=(P1,P2+d[T|p1,p2).
experimentalpp bremsstrahlung cross sections up to the (18)
pion-production threshold at 280 Md¥3]. Since neither the
relation g>=0 nor the relations*q,=0 (¢ is the photon

polarization vectoris needed in the derivation, it is obvious Zero-momentum terms are kept. since the corrections of or-
that the theorem also holds for virtual timelike photong ( 2 5 . Pt .
der g°dG/dqg” contribute only at orde©(q) in the brems-

<0), that is, dilepton ¢" e -pair) production. A specific . .
amplitude for the latter case has been constructed, for ingtrahlupg amplitude. ThE matrices are expanded around a
stance, in Ref[24]. conveniently chosen kinematical poifg that corresponds to

We consider the electroweak bremsstrahlung process i IastlcNN_scattgrlng. As argued_ above, differences due to
i . e specific choice of these points show up only at order
NN collisions, viz. : o
O(q), and are expected to be small for the neutrino emission
N(p1) +N(p,)—N(p})+N(py) +BNq), (14)  brocesses under the conditions that exist in neutron stars. The
Lorentz and isospin structures of the matrices will be

whereB is the vector bosorin casuthe photon or thav= or ~ SPecified later. We get
Z° bosons, which decays into two leptons’e™, e v,

Equation(16) is expanded in powers @f to orderO(1).
In the expansion of the form factofs,, and G;, only the

— J 7
vivs), B(q)—11(g1) +1,(g,). Energy-momentum conserva- T;=To—q-——To+ ..., T;=To+q- —To+ ...,
. VI ) Py P1
tion readsp;+ p,=p;+p,+q for the four-vectors. In our 1
case of interest, the radiated four-momentgnis small, (19

i hoimnli + 0
Wh'.Ch implies that the vector bo_som! andZ_ are far Oﬁ_ and similarly for nucleon 2. We also introduce the momenta
their mass shells, and the effective four-fermion interactions

specified in Sec. Il can be used. We denoteMfythe matrix r\=2p;—q, r;=2p;+q, (20)
element of the electroweak currefif of Eq. (4). Contracted

with the photon polarization or with the leptonic current, it and likewise for nucleon 2.

gives the bremsstrahlung amplitude. We write the brems- The expansion of E¢(16) gives three terms,
strahlung amplitude a®1$=M}°“?+M%*?, and focus first
on the polar-vector part. It is implied in this section that the
nucleon spinors are present, so one should always read

MEXLa oM Ay spina L yderisay o(q), (21)

where
MS—u(ppu(pz)Mu(ps)u(py). (15) eona 7 T T o
A - 0 rl' q 2 \
Isospin wave functions will also not be written explicitly.
a
T T
B. Soft-bremsstrahlung theorem for the vector current +Gv(0) P r.q Tot(1=2), (22)
g
Not surprisingly, the derivation of the SBT for the elec-
troweak vector current is entirely analogous to the standard . i0,00° 72
. . . . . Mspln,a:_-l- Gl(o) _
SPhT. Complications only arise due to the flavmospin N 0 —fl'q 2
structure of the currents. For completeness, we summarize
here the main points as an introduction to the more complex ™ i0y,9°
case of the axial-vector current in the following section. to— —G0O)Tet+(1=2), (23
Following Low [6], we split the matrix element into the 1

sum of external and internal contributiorig,;®%%=M§** and
+M}""2_ The expression for radiation off the external legs is

given by Vderiv.a_ .aTO Iy T—aGV(O)
N
MEXe=T,iS(py— ) IS+ TSiS(pi+a) T Pufia 2
. . , , a !
+ToiS(po~ QTS+ TRiS(Py+a) Ty, (16) royo = g T o (g
2119 dp;

where S(p) = (iy-p+m) %, and the vector-current vertex,
cf. Eq.(7), is with
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G(0)=G(0)+ A" (p1)G1(0),

PHYSICAL REVIEW C 65 064007

review, see the authoritative R¢R5]. After the discovery of

(25) the neutral weak currents, this early work was extended by
G'(0)=Gy(0)+ A" (p;)G1(0). Adler to neutrino scattering procesg@$]. In the context of
the linear sigma model, the charged axial-vector current pro-
We defined here, for any momentum, the operator cess was considered in RE27].
N _ The derivation of the SBT for the axial current requires
AT(p)=—iy-p+m. (26)  the PCAC assumption for the matrix element of the diver-

The “convection current” ternM $°™2 has vanishing diver- gence of the axial curreigs), i.e.,

gence, since Foom

HFN ax,a__

M = 2
q +m;

M3, (32

a a

; T
q)\Miom'a: _ TOEGV(O) +Gy(0) ?To‘i- (1<2)

where M2 is the pion emission matrix elemen€ .
=185 MeV is the pion decay constant. As for the vector-
current case, the derivation starts by splitting the matrix ele-
ment of the axial-vector current into an external and an in-
ernal partM@*@=Mta4 M3 The external part reads

=—Gy(0)[To,1?]=0, (27)

from conservation of isospin. The “spin” ternMS$P™™@

clearly has zero divergence by itself. However, the term th

contains the derivatives df,, M@ does not. Therefore,

we add a nonsingular “internal” term, M @=T,iS(p,— )2+ T2iS(p,+ )T, +(1=2),
(33

a Ta (9T0
G(0)=Gy(0) 5 ~—5
1 apy

+(1=2), where the axial-vector-current vertex, cf. E@), is

I(a)=[7Ga(d®) +iayGp(q*)1ys7%/2,
such that the sum does have zero divergence. Introducing the
derivative operators and theT matrices are given in Eq18). The pion emission

matrix element is likewise split into an external and internal
part, M2=M*t2+ M!"2 The external part reads

(289 (34)

T A
A

q -2 1 SN q d J
ri:g" ap gpt’ M 1l

apy  apyt

(29 M =T iS(p—)I5+T3iS(p1+q) T+ (1=2),

(39

. . . . 1_ 1’
an(()j S|m|IartIy for nucleon 2, which satisfy*D,=q"D) \yhere the pion-nucleon strong-interaction vertex is given by
=0, we ge

a I'2(9) = ysGnnal(d?) 75 (36)

. . T
Mderlu,a+M|nt,a: DlT G0
» v = (PiTo) 5 Gul0) the pion-nucleon coupling constant is defined at the pion
A pole asgnn-=Gnnr(— me). Consist(_ent with PCA_C applied
+Gy(0) ?(DA To)+(1=2). to neutron decay, we assume the p|(_)n-pole dominance of the
induced pseudoscalar form factor, viz.

(30

2mGA(q2) _ F’n'GNNﬂ'(qZ)

Gp(2) =
P(°) g%+ m? g%+ m?

(37)

Thus, we finally have

Mvec,a: Mexta+ M int,a
A A N . . .
_ _ _ and, correspondingly, the Goldberger-Treiman relation
— M;:\onu,a_i_ Mipm,a+ Mferw,a_F Ml}\nt,a+ O(q),

(31) (38

Ia/F »=OInna/2m= \/ETfNNﬂ'/mﬂn-*r
wherefyy, IS the (rationalized pion-nucleon coupling con-
stant in pseudovector notation. Wiff .= 0.0750(9)[28],
fhis relation is well satisfied.

The external partM$**2 in Eq. (33) is written as the sum
of two terms,

with g*M¥¢“?=0, which is the CVC condition. In the evalu-
ation of the derivative operators, derivatives in the off-mass
shell direction need not be considered, since they cancel i
the end; only derivatives with respect to any two Mandel-
stam variables are needggl7].

MEta= Mgt Mpsa, (39

C. Soft-bremsstrahlung theorem for the axial-vector current

Theorems for the charged axial-vector current were piowhere, with the momenta as defined in E80), and the
neered by Adler and Dothdi], and applied to, for instance, operatorsA™ as defined in Eq(26), the “Gamow-Teller”
the process of pion production by neutrinos. For an excellenpart is
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. AT (pi—q) _ . 72 pion mass, and following Ref7] one can keep in the total
MPHe=—T, g Calnrso amplitude the pion-pole term in E@¢44). As for the vector
. case, only thd matrix for on-mass-shell nucleons enters. In
2 AT (pi+q) particular, antiparticlg“negative-energy’) states only con-

+ Gl N5y TTH(l:Z), (400  tribute in order®(q) and higher, that is, beyond the SBT.
.

and the induced pseudoscalar term is IV. ELASTIC SCATTERING AMPLITUDE
A*(p1—q) 2 So far, we have succinctly denoted tN& T matrices by
Mgs,a:Tlﬁepqwi;E To. In Secs. VB, VC, and VD, we need to specify the
1

Lorentz and isospin structures. We also reinstate the nucleon
A A (pl+Q) s_pinors, cf. Eq(15). Care should be taken o_f the P_auli pri_n—
—Gplyys 5 ———T4+(1=2). (41) ciple for the interchange of the nucleon variables in the final
2 riq (or the initia) state? It is convenient to follow Ref[8],
] o ) which treats thep bremsstrahlung case, and start from the
With these definitions, the PCAC relation E§2) reads Goldberger-Grisaru-MacDowell-Won@GMW) representa-
C ANIOLA L ANADPSA L i Apainta tion of the (antisymmetrized NN scattering amplitude
Q"M+ ia M Fig MY [29,30. For the procesN(p;)+N(p2)—N(p1)+N(ps),

= m?2 this amplitude can be decomposed in isospin space as
=TT (Metag pinta
2 q2+m721_(M77 M7T ) (42) 5 B B
. . . T=2 > FO(st,wlu(py) Qau(py) X u(py) Q2 u(py)
This equation is expanded in powers @f In the external 1=01a=1
amplitudes, we expand thiematrices according to E¢19), e —
as well as the form factors, settirgn=G,(0). Also the +(=)%u(py) Q,uU(p2) XU(p2)2*u(py) 15, (45

internal amplitudes are expanded. On the right-hand side of o o o
Eq. (42), we use the identitym?/(q2+m2)=1—q?(q2 Where the projection operators on isosinglet and isotriplet

+m?2) in the term multiplyingM "2 After a little algebra, ~States are
and by using the Goldberger-Treiman relatiB8), we arrive . .
at the two conditions Bo=(1=171-1)/4, By=(3+ 7 7)/4, (46)
Fr o inta T .~ respectively. The five Fermi covariantensors are
TM z (0)=—gaTol Y55 9l 753T0+(1¢2),
(43) Qaz (Ql192193194105)2(110—;/,1//\/51i 757# ’ YM 1’)/5)'
g (47)
an

F((s,t,u) are the invariant functions of the Mandelstam
i ITo 7 ™ 9Ty variables s= — (p;+p,)?, t=—(p;—p1)? - (p!
intaqy_ _ o 200 T T . P1t+P2)% t=—(p1—py)°, and u=—(p;
My™(0) gAapg Y5 T9AYsS ap;> +(1=2) —p4)?, which satisfys+t+u=4m?. The relation of these
functions to theNN helicity amplitudes and phase shifts is
F, 9 specified in Ref[29]. The restriction put on the functions

i .o q)\ i
: M';t’a(o)“? qz+—sz'7?t’a(o)- F( by the Pauli principle is

i
q
(44) FO(s,t,u)=(—)*""FW(s,u,t). (48)

Equation(43) must be imposed on the internal pion emission
matrix elementM '™ in order forM|"? to be analytic; it is
the analog of Adler’s “consistency relation” in pion-nucleon
scattering[7,25]. Furthermore, in order to calculate the ma-
trix element of the axial-vector current to ordéx1), we
need to evaluate the quantigM'"?(0)/dg*. This is the

For thennvv, npry, nnev, andnper processes we need
the isospin combinations

FOV(s,t,u)=FPP(s,t,u)=FP(s,t,u)

derivative, atg=0, of the internal part of the pion emission FOP(s,t,u)=(FQ(stu)+FQ(s,tu))i2, (49
amplitude inNN scattering(In order to extrapolate the am-

plitude tog=0, a smoothness assumption typical for “soft- for =1, ... ,5. Wealso define the combination

pion” physics is required. The limig— 0 can be performed

by first settingg=0 and then takingo—0 [25].) The last FEst,u)=(FP(st,u-FP(stupiz. (50

term in Eq.(44), proportional toMi;”*a(O), is formally of
order©O(q) for a finite pion mass and, therefore, beyond the
SBT. However, it may vary fast due to the smallness of the “See the discussion following E¢85).
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The (chargeyexchange contribution to thep scattering am- AT (py). 2

plitude is then, using Eq.(48), (—)*F"P(st,u)= M8 = —QAToml MY

—F9(s,u,t). When, in the following, the dependence of !

theseF functions on the Mandelstam variables is suppressed, _ ™ A" (py)

the usual ordergt,u) is implied. TOANYs S Tot+(1=2). (59

!
For matrix elements with the nucleons on the mass shell, 2p1-q

the most general nonrelativistic charge-independéNtin- . . . :
9 g P The pion-pole term in the matrix element of the axial-

teraction [31,32 contains central, spin-spin, tensor, spin- A hy ¢ licitl ded in th inder of
orbit, and quadratic spin-orbit terms. For each value of th%?c or currtlatn ISI no be>'<pﬂICId.y nee % . mth :rema&n elr: N
isospin, it can be written in configuration space as IS paper. 1ts role IS briefly discussed In the Appendix. For-
mally, it is needed to obey PCAC in ordéX 1/q). However,
o oo in most cases of interest, the pion-pole contribution can be
T=Tc+Ts01-0,+ TS+ Tsol-S+TqQ12, (51)  neglected. For the neutral-current processes, it drops out
when contracted with the neutrino-pair current, since it is
where Sp=3 04T 0p-F— G109 and Qpp=(cy-Lop-L proportional to the radiated momentugy, and hence
+0,-L o;-L)/2. The coefficientd; are functions of 2 and — o= 3
the operatorp? andL2. In momentum space we define the ~ MU(AD1Y (1+y5)v(dz) = —=2m,u(qy) ysv(d2) =0,

ratore® andL”. In momentum spa (55)
vectorsk=p’'—p, k'=p’+p, andn=k’ Xk. In our calcu-
lations in Sec. VII we use the corresponding decompositiofor massless neutrinos. The reason, as is well known, is that

of the T matrix, the spin-zero pion cannot decay to two massless leptons, one
left handed and the other right handed. For the charged-
T=A+Bo1,0,+Cooo+ Doy oo HIE(o1n+ 02p), current(Urca) processes, the contribution is proportional to

(52  the lepton mass. For electrons, it is therefore small compared
to the leading-order ternpEq. (54)]. It would contribute,
where — R etc. The momentum-space Coefficientshowever, for muons, that are present at higher densities in
Tin= 1 B P - the neutron-star core.

i 1 " " . . . . .
A,...E are in general functions ok, k', n, and In the following sections, we will consider separately in

the energy. more detail theanvy, nprv, nnev, andnper processes. In
order to gain more insight, and especially in order to com-
V. ANALYSIS OF THE ULTRASOFT REGIME pare to FM, we will, for the neutrino-pair bremsstrahlung
processes, make the nonrelativistic expansion of the ampli-
tudes. Let us introduce the vectdt=q/w. Neglecting the
The amplitudes derived in the preceding section are Lortepton masses, its magnitude,
entz covariant, consistent with the symmetries of the elec-
troweak currents in the standard model, and take into ac-
count the terms of ordeP(1/q) and order®(1) in a model-
independent manner. They can, therefore, provide a good -
starting point for calculating neutrino emissivities in neutron!S Pounded between 0 and G; = (w1, q;) and q;=(w;,

stars. To analyze the bremsstrahlung amplitudes further anéy) are the four-momenta of the two leptorgg;is the angle
in particular, to make contact with the pioneering FM work betweenq, andg,. The expansion of a typical pole term in

A. Leading-order bremsstrahlung amplitudes

IV|=Va2+a2+2|qy]|ds cosiif (0 + wz),  (56)

[4], we will consider in more detail the leading-ordéul- Eqgs.(53) and(54) is

trasoft”) O(1/q) terms, in this section, which are dominant

for low lepton-pair energiew. (In the photon case, this is 1 1 5 R 5 RE 52

sometimes called external emission dominantaese lead- —=——1+—=-V+| =-V| ———

; . Lo — p-q Mw m m 2m?

ing terms were previously studied in R§20] for the nnvv (57)
process.

The leading-orde)(1/q) part of the vector-current ma-
trix element is obtained from Ed22), by neglectingg? in
the denominators, compared to the tenmsj, as

Two parameters are important in the expansions of the am-

plitudes: (i) |p|/m, related to the nonrelativistic reduction of
the covariant expressions affi) w/m,, wherem,_ is the
a range of the two-nucleon interaction, related to the soft ex-

P 7 T . L
oi > tovo %T0+(l:2), pansion. The nucleon momentum| is of the order of the

1 Fermi momentum, which for neutron matter is typically

(53 around 300 MeW¢. For neutrino-pair bremsstrahlung the
energy of the neutrinos is of the order of the temperature of

where g,=G,/(0). The leading-orderO(1/q) term of the the star, i.e., several MeV. It is then sufficient to consider
purely isovector, axial-vector matrix element can be written,only the leading term in the soft expansion. For the modified
from Eq. (40), as Urca processes the lepton-pair energy can be significantly

M3ee8=—gyT
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higher. In that case, not only the leadif}{1/q) terms, but ~ Wwith the center of charge of the radiating system, e.gppn
also the subleading)(1) terms need to be considered in a bremsstrahlung, where at low energies electric-quadrupole

calculation based on the SBT. radiation dominates.
The leading-order axial-current matrix element for the
B. The nnww process nnvv process reads, combining Eq45) and (54),
We consider first the processt-n—n+n+wv;+v;. The A 5 L L
ppvv process, which is much less relevant in neutron starsMy = — > 2 FO u(ppQ,u(p2)u(p))
can be treated in an analogous manner. It differs only in the “t
coupling of the proton to the neutral current as compared to A*(py) A*(pl)
the neutron, and becau$&€™™ differs fromT(°P) due to elec- _qel PU, Yo ys+i Vs Ve L 0| u(py)
tromagnetic and small charge-symmetry breaking effects. 2p1-q 2p;-q
The leading-order®(1/q) vector-current amplitude for — —
the nnvv process takes the form, combining E¢45) and +(=)"u(p) Q.u(p2)u(p)
3. Ay AT(py
, , x| —Q TR Py YstiMYs o Q% u(py)
Mmee—gn| — Paix N Pix Pax N Pax (). P2-q
P14 pi;-q P24 p;-q +(1=2), (61)
(58)
n_ ~n where we useds,(0)=—ga/2, cf. Eq.(12). In contrast to
where, cf. Eq(12), gy=Gy(0)=~1/2, and the vector-current case in E(9), the axial-current matrix
5 element does not factorize into bremsstrahlung pole terms
TON="» Fgﬂn)[j( pé)Qau(pz)U( p;)Q%u(p,) and theT matrix, and the exchange terms have to be included
a=1

explicitly.
i — e In the nonrelativistic limit, the expressidel) simplifies
+(=)"u(p)Qau(pu(p2)Q%u(p)] (539 considerably. By using-q=—mw, we can write

is thenn scattering amplitude in the GGMW notation of Eq.

(45). To the extent that we can make the replacengerg Max:%[-r(nn),g],
=p-g—Mmw=— Mo, that is, ignore the recoil terms of order @
O(|p|/m) and higher in Eq(57), we obtain from Eq(58) M&%=0 62)

M}€°=0, independent of any approximation made for nime

T mgtnx. Thus, the v_ector—current contrlbutlon .vgnls'he.s 'nwhere §=(51+52)/2 is the total spin of thewn system.
leading-orderO(1/q) in the extreme nonrelativistic limit. Pauli spinors are not written explicitly in E¢62). We con-
This generalizes the FM result, where this cancellation was P — plcitly T
observed for Landau-type interactions and OPE, to the conf:lude that for theanvw process of the generalmatrix, only

pletenn Tmatrix. The CVC condition was required to obtain the tensor, spin-orbit, and quadratic spin-orbit terms contrib-
this result. ute, and only the spin-triplebn partial waves contribute.

While the vector-current contribution vanishes in the ap-This result generalizes FM and is in agreement with Ref.
proximation of FM, the corrections are easily obtained from 20},
Eqg. (58). When we include the recoil terms of EG7), we
get for the space and time components of the matrix element C. The npww process

vec_ vec ppve —
MYZ= (M™M=, Next, we consider the process-p—n+p+vi+v;. TOo

2q" 5(5_\7)_5,(5, V) disting_uish_neutr(_)ns from protons, the momenta will be de-
Mivec—= 2V TN, noted in this section by andn’ (p andp’), for the neutron
® m? (proton in the initial and final states, respectively. Hence,
energy-momentum conservation readsp=n’+p’+q.
MyeC= — V. MveC, (60) The vector-current matrix element, including four direct

(n—n’,p—p’) and four exchangen—p’,p—n’) dia-
with p=p;=—p, andp’ =p;=—p, in the center-of-mass grams takes the form
(c.m) frame of the nucleons, anE"" is given by the non-
relativistic reduction of Eq(59), as in Eq.(52). (The minus n ny ny p Px Py
sign in the second line is due to the metric, i.M3%° 9v _ﬁJr n'-q +0v _f+_,
=—Mve%%) Due to the fact that identical particles are in- (63)
volved, the terms of orde®(|p|/m) cancel. This is analo-
gous to the absence of electric-dipole radiation in photorwhere as beforeg)=—1/2 and, cf. Eq.(12), g{=G{(0)
bremsstrahlung processes when the center of mass coincidesl/2— 2 sirfé,,, and

vec_
My~ =
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> At(n'

TP= 2 FEPlu(p")Q,u(p)u(n’) @ u(n) —inys q)m)uwﬁ(p'mau(n)l. (68)

+(—)“U(n’)Qwu(p)U(p’)Q“u(n)] (64) Note that corresponding neutron and proton légs, both
_ ) ) ) ) incoming or both outgoingdiffer by a minus sign, since
is thenp scattering amplitude in the GGMW notation of Eq. GR(0)=—GR(0)=ga/2, cf. Eqs.(11) and (12).
(49). Itis easily che;ckegcfrom E@63) that the vector current " ‘the nonrelativistic limit we find for this axial-current
is conserved, i.eq*My™"=0. _ matrix element, withp- q=—mo,
In the nonrelativistic limit we find for the vector-current

matrix element, N e A N
Maxz%([T(d”),D]JrPU{T(eX),D}),

n_ 4p »
Mvec= — 9v gV_ KT(HD)
o m M2*=0, (69)
MUeC= /. NveC, (65) whereD=(a;—a,)/2, andT" and T¢*¥ are operators in

spin space given by the nonrelativistic reduction of the direct
where k=n’—n=p—p’. We conclude that for thepyy  and exchange parts of thep T matrix of Eq. (64). Pauli

case the vector-current contribution is of ord8(|p|/m), ~ SPinors are not written explicitly?, = (1+ ;- 7,)/2 is the
whereas for thenwv case it is of orde)(p2/m?). As men- spin-exchange operator. Equatit@9) is a generalization of

tioned, this is analogous to the case of photon bremsstrafibe FM result for thenpyv process in several ways. First, it
lung in NN scattering, where electric-dipole radiation is includes the completep T matrix. Second, as a conse-
dominant for thenp case, but Suppressed for tp@ case. quence, the commutator term receives contributions not Only

Moreover, since the momentum transtr Funs up to 25| from the spin-spin and the tensor force, as in FM, but also

he f i It | he E . from the spin-orbit interaction, not present in FM. The anti-
the factork/m is not small for nucleon momenta at the Fermi .., ator term represents the corresponding exchange dia-
surface. It is, therefore questionable to drop the vector:

grams. This term receives contributions from the central and
current terms for th@pvy process, as was done in FM for spin-spin forces, taken into account in FM by Landau inter-

OPE in Born approximation. - actions, and also from tensor and spin-orbit forces.
The axial-current matrix element for thepvv process
fO”OWS from Eqs(45) a.nd (54) We Write in th|S case D. The modified Urca processemne; and npe;
M= M0 4\ (&3 (66) Consider first the process+n—n+p+e~ + v,. We in-
troduce the notations; andn, for the momenta of the initial
where neutrons, andh’ andp’ for the final neutron and proton, so

energy-momentum conservation reaustn,=n’+p’'+q;

the Mandelstam variables are definedtby— (n’ —n;)? and
u=—(p’—n;)% The matrix element includes three direct
and three exchange diagrams, and takes the following form

5
M= 5, FR| u(p) 0 u(p)u(n)

A*(n) _ A*(n") for the vector current:
“ on.g | YT IMYsT Q*u(n)
q 2n'-q M§e°=cos¢9c
— A" (p) “(p") n '
+u(p’)(—Q”‘ invvystiyys——Q° % F(ce) 2 c(np) P F(nn)
2pq 2pq 2 q nz.q Ie% p,q a
xu(p)a(n/mau(n)l, 67) x[u(p")Qu(n)u(n’)Qeu(ny)

+(=)*u(n")Qu(ny)u(p’)Q%(ny)]. (70)

and . . . .
It is seen that for the modified Urca processes the isospin

. o decomposition of thd matrix is more involved than in the
u(n")Qu(p)u(p’) case of the neutral current. By using E49) and(50), it is
easily checked that CVC is obeyed.

The axial-vector matrix element for theney process

5
9a o
M{er =2 azl (—)oF P

A + !
X<Qa on (q)|7x75+'7’>\7’5 > P Qa) u(n) reads
p q MiX:Mgdir)"‘ M;\ex), (71)
+u(n’ )( |7A75 where
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M id") =QaCOSHc glected (iii) The T matrix was replaced by adN interaction
that is assumed to be velocity independent; in particular, all

> _ — momentum-dependent terms, such as spin-orbit forces, were
x 2 | =F$9u(p’)Qeu(nyu(n’)Q, discarded.
o« In this situation, depending on the time ordering of the
AT(ny) . D e weak- and_ the strong-interaction vertices in the bremsstrah-
Xm'?’AYSU(nl)_Fa u(p’)Q lung amplitude, the off-mass-shell nucleon propagators be-

have as*+ 1/w. As a result, one finds that there is no contri-
_ _ bution to the vector-current matrix element, and that the only

iy, ysu(nu(n)Qu(ny)+FUu(p’) contribution to the axial-current matrix element comes from
the nonvanishing commutator of the weak axial spin

(Gamow-Telley operator with ther-k operator of the strong
pion-nucleon vertexor anticommutator in case of thep
system. This has led to the widely accepted point of view in
and the literature that only spin correlations induced by the tensor
force play a role for soft bremsstrahlung. In addition, it is
M{®)=g,cosfc often assumed that the strength of these correlations is given
5 by the OPE potential in free space.
N (€O e Second, in order to get an idea about the relevance of the
Xazl (=) —Fa7u(n)Q%(ny) contributions from other mesons, we will consider the
isovector-vector o(770) and the isoscalar-scalar [or
A*(ny) . £(760)] mesons. The reason for considering one-rho ex-
aml Y ysu(ng) change(ORE) is that, as is well known, its tensor force cuts
down the OPE tensor force at short distance. We will take
= s aA+(n2)_ — into account only the part of rho-exchange that gives rise to
—Fau(n)Q 2n,-q Eyaysu(n2)u(p)QaU(n1)  this tensor force. The reason for considering one-sigma ex-
o o change(OSEH is that it contributes to the spin-orbit interac-
+FMVy(n)Q%u(ny)u(p’) tion (we will ignore the quadratic spin-orbit temSuch a
term has also a nonvanishin@nti-)commutator with the
axial spin operator, and hence could contribute to the neu-
3 Qqu(nyg)|. (73 trino emissivities at the same order as OPE. A spin-orbit
q interaction is allowed by Galilean covariance and, therefore,
The vector and axial-vector matrix elemenid?®® and ~ OCCUrs in the general nonrelativistic matrix [31], cf.. Egs.
M, are antisymmetric under the interchange of the initial(51.) and(52)..0ne—boson e_xchar}ge models for Ml inter-
neutrons, as can be verified using EG8)—(50). action contain strong spin-orbit forces from vector- aqd
As was stressed in Sec. V A, th@(1/q) approximation scalar_-meson excha_nge. Al_so the more fundame_ntal c_h|ral
efwo-pion exchange interactiof28] has a strong spin-orbit

of-magnitude estimate, since the contribution of the terms o??%‘?gem' For Slmp|IC{;{\)//, we will tarlfe or;]ly the tenzor force
order O(1) is likely significant. The process+p—p+p ° Into_account. We stress that these one-boson ex-

_ . - — L i changegOBES in Born approximation are used for illustra-
+e” + v, is very similar to thennev case. In fact, it is easily

: . S , tive purposes only.
seen that the same isospin combinations offtheatrix enter To obtain the nonrelativistic amplitudes, we neglect the

as in thennev process. lepton momenta and work in the c.m. frame of the nucleons.
We definek=p’—p andk’=p’+p, with k-k'=0, and
—t=k? and —u=k’2. We also introduce the total spin op-
A. Motivation erator S= (o, +,)/2, and the vector operator®= (o

In this section, we illustrate the main points of the previ- —02)/2 and Q=(o1X0,)/2. The OPE, ORE (spin-
ous sections by replacing the two-nuclébmatrix by one-  dependent partand OSE potentials read
meson exchange in Born approximation. This discussion is . e o
for illustrative purposes only, since, as argued before, it V. =57 Ul'kUZ'kv (K2)
clearly is not realistic. Our aim in this section is twofold. & Y2 am? e

First, we wish to reexamine the contribution from one-
pion exchange, since it was used in the pioneering FM work, A o
and also practically in all the more recent calculations of V(gSp'”)=—Tl~7-2
neutrino emissivities. In thatFM) approach, the following
simplifications were maddi) Both the weak-interaction op- KR!
erators and the nucleon propagators were treated iethe i S (kX )(3+4K )
treme nonrelativistic limit.(ii) All lepton momenta were ne- 4m? ¢

AT(ny)
2n;-q

+ '

Xinys_ - Q. u(nyu(n’)Q%u(n,) (72)

Xu(p)Q

+ ’

X0 yyy
x52

VI. ONE-BOSON EXCHANGE CONTRIBUTIONS

o1 X Koy X K

2 (1+kp)?

vo(K?), (74)
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k2 k2 S(kxK) The matrix element between the Pauli spinors is implied
V== 1+ ———— i 5 v, (K?), in the above expressions. The Pauli principle is satisfied by
8m~ 8m 4m explicit antisymmetrization of the matrix element.

, . , , _ , The formulas for ORE can easily be written down analo-
with Uw(kz)ZgNNw/(k2+r2nw)a 2Ug(k2=ggmg/(k2+ mp), gously by using G1XK) (G, XK) =K3( G- Gp) — (04-K)
ko= fng /ONNg » @Ndu (k) =g,/ (K= +mg). X (a5-K).

B. The nnww process C. The an; process

This corresponds to the isospirF1 channel, sor;- 7, This process differs in two ways from the previous one:
=1. Up to orderO(p%m?) OPE does not contribute to the both isospind =0 and 1 contribute, and the weak vertices
vector-current amplitude. The contribution of OSE to thefor neutron and proton have opposite signs. This results in
space components of this amplitude is the following expressions that include both direat’(o)

and exchange 7t*) contributions. We take the incoming

= hec gy L e neutron as particle 1, and the incoming proton as particle 2,
M :_wmz (K" (k-V)+k(k’-V)) so that the operators below are sandwiched between the
) spinorsX;(l)Xs*;(Z) andys (1)xs (2). The OPEcontribu-
X[v(r(kz)_vu(krz) P(r]! (75) tion is given by
and from CVC,M?%%= —V.M?¢¢. The OPE contribution s . OA
=i

o e
to the space components of the axial-vector current matrix M @ (k)[(o1- k) (kX a2)

' ; . . . Awm?
element is obtained by using tli@ntijcommutation relations @

of the Pauli spin matrices. We get _((;2.E)(gx(;l)]_%ﬁ(k,z)gf(@E,))_ (79
|\7|§Tx:i 9a ~© (K)[(01-K) (KX 00) + (00 K) (KX 07)] The OSE contribution to the space part of the matrix element
wm IS

—0 (KD [(1-K ) (K X o)+ (02K ) (K X a1)]); .
(76) M= — va(kz)(—2(E~\7)§+—[IZ(I5~IZ’)
2mom 2m

in this order the contribution to the time component van- 2

ishes. OSE gives two contributions to the axial-vector cur- —K'(D-K)]— =(K-V)(K’ .\7)5>, (80)

rent matrix element. The first one, of ord@(Ez/mZ) comes m

from the commutator of the spin-orbit interaction of OSE _ o _ _
with the axial spin operator of the weak vertex. The secondnd the corresponding contribution to the time component is

one, of orderO(|k|/m), is due to the expansion of the
nucleon propagator. We have da .. 1L
M X0 Zw—mvo(kz) 28-k+ —[(D-K)(k'-V)

- da RV - WIRYiYe
M 3= — —2v,(k?)(k-V)D—2iv(k'?)(k"-V)Q
20m +(5.E')(R-\7)]). (81

1 I I
+ —vaff)(kz,k’z)[k(S«k’)—k’(S-k)]
In this order the vector-current matrix element is

—Ev(_)(kz k'?)(k-V)(k'-V)S (77)
m-7 o ' - ee. VolK)
. o Mo
with v (k% k'?) =v,(k?) +v,(k'?). The time component .
coming from OSE is given by - Oytoy - - oL
X[ (95— gD+ =5 (K(K V) +K' (K-V)) .
Jda - ) .
ax,0_ 2 . 12 ! 82
M3*0= 5| 20, (k3)(D -K) +2iv,, (k') (Q-K") (82
1 e o . . . .
+ EUET—)(kz,klz)[(S_ K)(K V) + (S K (K- V)| D. Comparison with previous results

To compare in detail with previous resuf#,5] for OPE,
(78) we contract the bremsstrahlung matrix elemight with the
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leptonic currentsee the following sectionsquare the result-

: : _ m* d3p; dp,
ing amplitudes, and sum over the nucleon and lepton spins. o= — SJ - - d*qé*(Ps—P))
Keeping close to the notation used by Maxwél), the final 4j(2m) E: E;
results, i.ncluding the exchange contributions, can be ex- d3q, d3q, 2
pressed in the form Xf - — 2 sMq-q,— Qz) E IM|2,
2 1 @2 spins
C > M2 (86)
2 spins

where the flux factor isj=/s(s—4m?)/2, with s=4m?

+ 2T, m; T, is the kinetic energy of the bombarding nucleon
in the laboratory framepP;=p,;+p, and P;=p;+p5;+q.

The sum runs over the spins of all particles in the final state,
for unpolarized initial nucleons the usual average over spins
(83 is implied. The squared matrix element has been defined as

k12 2

k’24+m

Wi
—128)? 122

C

2

m

2 2
! k2+m2) e
C3k2k' 2+ Cy(k- k)2
(K+m2)(k'2+m?) |

IM[Z=M\M3L(0;.02), (87)
With @=w,+ w, and, cf. Eq.(38) with the symmetric lepton tensor given by
L*(qy,02) =Tr (—iy-dy+my)iy"(1+ ys)
Ge fan. X (=iy Gzt myp)iy?(1+ys)]
Y== 2 ’ (84) ) Naop
V2 m? =8(q108 + 703~ A1 020" +ie "0, 0z).
(88)

where 6=g, for the neutral-current processes, a®d We first isolate the leptonic part given by the tensor
=gacos6. for the charged-currenrca) processes. Equa-

tion (83) holds for one neutrino flavor. The coefficier®s 1Ne(q )_J d*q; d’q, 2 54— gy— d2)L 9(dy, )

(i=1,...,4) aregiven by w3
|G Cy Cs Ca =—(q q?—q g”e)f 0 d 54(q 91— p)
nnyy 1 1 1 -3
” 1 2 -2 2 167
npvv = (g g2—qa2gre
ned 4 4 _3 1 3 (9"9°—qg°g*©). (89
npev 4 4 —3 1 The cross section E86) then reduces to
4 2 3 3
(85) do=—" m_”%fd 1 4702 4
4j2m?® 3 2J) E; E)

These results agree with Refgl,5,9 only for the nnvwy _p Mm@ _ 42MNOY N *

process and the direct contributioB,, for the other pro- X 8 (Py=P)M(0'a%~ o’ Mg - (20
cesses. The differences can be traced back to the exchangais result is exact. Since we have all along assumed that the
contribution. Our formulas agree with R¢6]. However, our momentumg is soft, we dropﬁ in

C;s for i=2,3,4 disagree with the Tables of R¢b] for
several entries. They agree with RE33]. 5 P¢—P))

= 53(51+52_51_5é_a)5(E1+ E,—Ej—E;—w).

VII. NEUTRINO EMISSION CROSS SECTION Then we find, in the c.m. frame of the nucleons,

In this section, we will use the leading-ord®(1/q) am- 3
plitudes to calculate the neutrino emission cross section in j dp; d°pj
free space. We will compare these results with M T E; E,
matrix to those that are obtained when OPE in Born approxi- R
mation is used. d3p’ , Ip’|

The cross section for the electroweak bremsstrahlung pro- = f _E’2 S(Vs—w—2E")= —

’ ’ . S—w
cess N(py) +N(p2)—N(py) +N(p2) +1(q:) +1(qz), with

q=0;+09,=(w,q), integrated over the kinematics of the where|p’|=[(\S— w)2/4—m?2]¥2? is the momentum of the
two leptons, is given by outgoing nucleon. We get

S (p1+p2—P1—Ps—0a)

dQ(p), (91
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FIG. 1. Cross sectioda/dw for the proces®i+n—n-+n-+ v FIG. 2. Various OBE contributions to the cross sectiindw

+v; as a function of neutron c.m. momentum, fer=1 MeV for the proces:i+n—n-+n+ v+ v; as a function of neutron c.m.
(summed over neutrino flavarsShown are the results for the com- momentum, foro=1 MeV (summed over neutrino flavors
plete T matrix (full curve), as well as the separate contributions Shown are the results for the complétenatrix (full curve), OPE

from the tenso(dashed curve quadratic spin-orbitdashed-dotted ~ (Iong-dashed curye OPE plus the tensor term of ORE&hort-
curve, and spin-orbitdotted curvé terms. dashed curve OPE plus the tensor term of ORE plus O@ibtted
curve, OPE without exchange termslashed-dotted curyeand

5 - OPE plus tensor term of ORE without exchange tefeasshed-
m* 167 GE |p’|
_ —F double-dotted curye
= — 8
4j2m)® 3 2 s . . .
for neutron matter at saturation density. We take a typical
neutrino-pair energy obh=1 MeV.
In Fig. 1 we plot the result for the full matrix as well as
92) the contributions from different spin interactions in E§_2).
It is seen that the contribution of the tensor tefithe C and

For OPE this can be simplified further using the indepenP terms in Eq.(52)] is fairly independent of nucleon mo-

. > mentum and that it dominates over the spin-oriiite E
dence of the matrix elements qf see Eqs(76) and (79). term) and the quadratic spin-orhithe B term) contributions

This allows one to perform integration overin Eq. (92, ahove 200 MeVe. The amplitudes for the tensor term@ (

><fdﬂ(ﬁ’)d“q(qukqug—qZMAM’{).

making use of and D) and the quadratic spin-orbit terf®) have opposite
4 signs at low momenta and thus cancel in the cross section.
J d3q(g*q?—q%g*9) = _Ww55xg, (93)  As a comparison, we show in Fig. 2 several results for the

dl=e > OBE contributions, for the samenvy process. The OPE

result strongly overpredicts the result obtained with theTull
matrix. In particular, at 300 Me\¢ OPE is larger by about a
factor of 5. This is in qualitative agreement with the recent
2 =, result of Ref.[20].
d_U: m'  64rw° % Pl As mentioned, the tensor force from OPE gets cancelled
do 4j2m?® 15 2 s—ow at short distance by the tensor force from ORE, which has an
opposite sign. Indeed, it is seen in Fig. 2 that when the ORE
2 INA12) i tensor force is added to OPE, the result is significantly closer
szf (IMo[*+IM[%)sin6p:d 0y 4 to that obtained with the full matrix, although the differ-
ence varies with momentum. We also show the result for
This result can be shown to be equivalent to that of FM if ingpE without the “exchangefantisymmetrizationcontribu-
addition the time component of the matrix element is dis-tion, that, apparently, is used in “standard cooling sce-
carded as being of higher order km. . narios,” and which is lower than the full OPE by about a
We calculate the cross section E§2) for thennvv pro-  factor of 5. The rationale for not taking this OPE exchange
cess(with unpolarized initial neutrons for OPE and with  contribution into account in FM was the observation that it is
the full T matrix. Equation(92) is multiplied by a factor of 3  largely cancelled by the tensor-force part of ORE. Finally, to
to take into account the three neutrino flavors. fimephase
shifts are, for simplicity, assumed to be equal toplpephase
shifts, which are taken from Reff34]. The results are pre-  SNumerical values are taken from the OBE model NijniS2];
sented in Figs. 1 and 2. We show the cross section(#2).  specifically, we usem,=488 MeV, g2, /47=4.8 for OSE, and
as a function of nucleon c.m. momenta in a range relevantgyy, + fyn,)*/4m = 22.0 for the tensor term of ORE.

where §"¢=1 if \=p, and 0 otherwise. In this way one
obtains
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give an estimate of the effect of other mesons, we also plotust be taken into account, such as the replacement af the
the contribution from OSE, which gives rise to a spin-orbit matrix by theG matrix and the use of effective masses and
force. effective couplings. This is under investigati8b.
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We compared our amplitudes to the pioneering FM work  AppENDIX: PION POLE IN THE AXIAL-VECTOR
based on OPE in Born approximation. It was shown that for MATRIX ELEMENT
the most generdN T matrix the lowest-order contribution
to the vector-current matrix element cancels. The finite The axial-vector amplitude in ord€?(1/q), see Eq(54),
subleading-order terms were also obtained in our approackebeys the relation
Leading- and subleading-order terms for the axial-vector cur- i raxa a
rent matrix elements were derived. Specifically, we pointed ig*M™"=F M7(0)/2. (A1)

out that spin-orbit forces contribute to thew?process, and

not just tensor forces. (F./12)M2(0)q, /(q%+m2) (see Sec. Il @ This term is

Our numerical estimate of the cross section for rilme v needed to obey PCAC in ord€(1/q), as can be seen as

process indicates large differences in a calculation based Wiiows. When the pion bole is incl in EGA th
NN phase shifts, compared to treatments restricted to OPE iBivgrgSe.nce ii fotur?drfrg bepoe s included @54, the

Born approximation. Similar differences may be expected for

In principle, one could add the pion-pole term

the npv? and modified Urca processes as well. This has E 2
implications for neutrino emissivities in neutron-star cooling. iq*Mfi""e‘=7’T 5 ul >MZ(0). (A2)
In the simplest approach, as used in the work of FM and in q°+mz

many later studies, one adopts the quasipartiolemean-

field) picture. This basically leads to a convolution of the This is the PCAC conditiodEq. (32)], where the limitq
free-space bremsstrahlung amplitudes squared with the>O is taken inM? .

Fermi-Dirac functions at finite temperature and density. In However, for the reasons mentioned in Sec. V A the pion
that case the reduction factor from OPE in Born approxima<contribution can be neglected. Moreover, fgf<m? the
tion to realisticT matrix discussed above is not affected. In variation of this term due to the pion propagator is also neg-
more consistent approaches additional “medium effectsligible and Eq.(A2) reduces to Eq(Al).
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