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Radiative corrections in neutrino-deuterium disintegration
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The radiative corrections of order for the charged- and neutral-current neutrino-deuterium disintegration
for energies relevant to the SNO experiment are evaluated. Particular attention is paid to the issue of the
bremsstrahlung detection threshold. It is shown that the radiative corrections to the total cross section for the
charged current reaction are independent of that threshold, as they must be for consistency, and amount to a
slowly decreasing function of the neutrino enekgy, varying from about 4% at low energies to 3% at the end
of the 8B spectrum. The differential cross section corrections, on the other hand, do depend on the brems-
strahlung detection threshold. Various choices of the threshold are discussed. It is shown that for a realistic
choice of the threshold and for the actual electron energy threshold of the SNO detector, the d&luced
flux should be decreased by about 2%. The radiative corrections to the neutral-current reaction are also
evaluated.
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[. INTRODUCTION undergo NC scattering on electrons. Assuming that this is
what is really happening, one arrives at the tdtBl solar
Solar neutrinos fronPB decay have been detected at theneutrino flux consistent with the standard solar md@ed].
Sudbury Neutrino ObservatofSNO) [1] via the charged- This agreement may be used as supporting evidence for the
current(CC) reaction oscillation hypothesis, which will be further tested by com-
paring the CC and NC reaction rates measured by the SNO
experiment alone.

In the next phase of the SNO experiment, currently under- The goal of the present work is the evaluation of the

way, the rate of neutral-currefiC) deuteron disintegration, O(a) radiative corrections to the cross sections of the CC
and NC reactions. Precise knowledge of these cross sections

v+d—p+n+o, (2)  has obvious relevance for the determination of #igeneu-
trino flux. Experimentally, one measures the number and en-
ergies of the electron events for the CC reaction or the num-
atBer of neutron events for the NC reaction, which after
corrections for cuts and experimental efficiencies is an inte-

ve+d—p+pte . (1)

will be also measured.
From the measurement of the CC reaction rate the flux
Earth of the®B solar v, was determined to bfgl]

HSC ve)=1.75+0.07 stap * 214 sysh gral over the incgming nggtrino energies'of tﬁB.soI'ar
' neutrino flux(possibly modified by the neutrino oscillations
+0.05theop X 10° cm 2s L. 3 times the differential cross section. Hence any error in the

8 ) ) .. cross section causes a corresponding error in the deduced
The °B solar neutrinos were also detected in the precision

measurement by the Super-Kamiokande Collabora(&i In analyzing the SNO CC data the theoretical cross sec-

Seneiive not oy 0 e Hhared current woak interaction by ©f REf.[5] was used. The assumed uncertinty of the
y 9 alculated cross section is reflected in the theoretical uncer-

also to th8e neutral-current interaction. From the SK measuret—ainty of the deduced flux, Eq3). However, radiative cor-
ment the®B solar v, flux was deduced to be . : :
rections were not applied to the CC cross section.
DEX(ve)=2.32+0.03 stah TS sysh x 10P cm 2571, The radiative corrections to the CC reactioh were
' (4)  evaluated by Townef6]. That analysis was recently ques-
tioned by Beacom and Park@], who noted that the total CC
The difference between these two flux determinations, at theross section for detected and undetected bremsstrahlung dif-
3.30 level, can be regarded as a “smoking gun” proof of fer, according to the analysis of R¢&]. Such a difference is
neutrino oscillations, independent of the solar model flux calunphysical. The observation of Réf/] has understandably
culation. By itself,vee NC scattering cannot account for the left experimentalists uncertain as to the appropriate radiative
difference between Eq$3) and (4). The excess ES events corrections to apply to the SNO data. While the published
must involve a neutrino species which contributes disproporSNO result did not include any radiative corrections, the
tionately to the NC rate. According to the oscillation hypoth-level of confidence in future CC and NC comparisons could
esis, some of théB solar v, oscillate into another active depend significantly on a proper treatment of the radiative
neutrino flavorv,, .. Thesev,, . neutrinos then cannot cause corrections. Thus, in what follows we revisit the analysis of
the charged-current reaction, E@.), but they can and do Ref.[6], in an effort to resolve the present controversy.
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While we have no quarrel with the basic treatment of thereaction rate and discuss the differences with their treatment
radiative corrections to the CC reaction [i6], we confirm in [6]. We conclude in Sec. VI. Finally, in the Appendix we
the observations of Ref7] and identify the origins of the collect the formulas necessary for the evaluation of the triple
inconsistency in Towner’s result§a) neglect of a strong differential cross sectiotin E,E, and the angle between
momentum dependence in the Gamow-Tefl§f— 1S, ma-  them) for an arbitrary bremsstrahlung threshold.
trix element and(b) improper ordering of limits involving
EJ'" and the infrared regulator. After correcting for these Il. GENERAL CONSIDERATIONS
issues, we obtain identical total CC cross sections for de- . i .
tected and undetected bremsstrahlung. The results imply an In the charged—current neutrino d|S|ntegr§t|on qf deuter-
E_-dependent correction to the total CC cross section whicfphs at restin the laboratory frame, H@), the Incomingve
varies from~4% to ~3% over the range of available neu- energy E,, corrected 'for the mass dlﬁerencA=Md
trino energies. —2M,=—-0.931 MeV, is shared by the outgoing electron

In addition to the foregoing, we also recast the treatmentgenergy Eze)’ the energy of the relative motion of the two
in Ref. [6] of hadronic effects in the radiative corrections protonsp /My, and by thgz energy (.)f a bremsstrahlung pho-
into the language of effective field theotgFT). Although  t©ON E (if such a photon is emittedi.e.,
the traditional treatments in R¢8] and EFT frameworks are
equivalent, the latter provides a systematic approach for

long-distance, hadronic effects presently uncalculable fromyyis energy conservation condition must always be obeyed.
first principles in QCD. As discussed in R¢8], matching  qr the neutrino energies we are considering the motion of
the asymptotic and long-distance calculatidits EFT) in-  the center of mass of the protons can be neglected.

volves use of a hadronic scalé,,q whose choice introduces  gjnce radiative corrections are only a few percent in mag-
a small theoretical uncertainty into the radiative correctionspii,de. we follow Towner6] and use for the “tree-level”
We argue that the choice &,,4 made in Ref[6] is possi- ifferential cross section the formula based on effective
bly inappropriate for the process at hand and attempt t‘?ange theory(see[10,11)):

qguantify the uncertainty associated with the choice of an ap-

propriate value. Given the SNO experimental error, this the- doce
oretical uncertainty is unlikely to affect the interpretation of ( dE
the CC results. It may, however, be relevant to future, more €

recise determinations of Gamow-Teller transitions in other . .
Eontexts where for p? we should substitutdVl ,(E,+A—E,). It is

Finally, for completeness, we revisit the analysis of theimportant to remember that the radial integral, the overlap of

NC radiative correction computed in RéB]. In this case, the radial wave function of the two continuum protons and

bremsstrahlung contributions are highly suppressed, the co}Ije bound state

rection is governed by virtual gauge boson exchange, and the

result is esssentiallf,, independent. We obtain a correction I(pz)zf Uond Prug(r)dr, (7)

to the NC cross section that is a factor of 4 larger than given

in Ref.[6], which neglected the dominant graph. The impli-

cation of a complete analysis is the application of 4.5%

correction to the tree-level NC.: cross section. . We plot in Fig. 1 the quantityl (p*)|* evaluated as in Ref.
Our discussion of these points is organized in the remaln[1

der of th foll S ¢ | 0], i.e., using the scattering length and effective range ap-
er of the paper as follows. In Sec. Il we present our formaly,yimation as well as the Coulomb repulsion of the two

E,+A=E.+p*M,+(E,). (5)

26% 2 52 22
=TvudgAMppeEep||(p )| ) (6)

tree

also depends on the momentyof the relative motion of

the two protons.
2) |2

discussion of this formalism in Rdf6], we restrict ourselves d
to only a brief explanation of the basic formalism that is usedg

:ﬁ e]:/aluatle trf]e (t:r? rrz_sf;f;onditr)gl Feynmant_graplhssand Iﬂedu %\sy to understand the width of the curve as demonstrated in
e formulas for the differential cross section. In Sec. Ill wey, figure. The dashed line represents the sarp?)|?

d‘SCHSS the delicate issue"of bremsstrahlgng thresholds arE—E(ii/aluated neglecting the Coulomb repulsion as well as the
the d(_atector dependence of the_CC radiative COITections g e cfive range. In that case a simple analytic expression
In particular, we derive the corrections for two extreme Ccasegains:

of very high and very low thresholds and for an intermediate, '

more realistic cas9]. We show in Sec. Ill where our results

disagree with those of Reff6] and trace the origin of these [1(p?)|2= '
discrepancies. A detailed tabular evaluation of the modifica- (1+a§pp2)(1+ p2/ExM p)2
tion of the differential CC cross section for the “realistic”

bremsstrahlung threshold is provided as well. In Sec. IV wewhere E,, is the deuteron binding energy and the proton-
consider the effects of the electron spectrum distortion. Irproton scattering length &,,=—7.82 fm. The value of the
particular, we consider the test of the oscillation null hypoth-proportionality constant is irrelevant in the present context.
esis, where the unperturbeq spectrum of theé’B decay is Thus the width is determined essentially by
expected. In Sec. V we derive the corrections to the NC~(ﬁc)2/(a§pM p)~ 0.7 MeV (the term withpZ/EbMp con-

ence is its width when expressed in the relevant units of
2/Mp, the kinetic energy of the continuum protons. It is

const

®
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FIG. 1. Radial integrall (p?/M)|2. The exact resultsolid line)
and scaled approximation with Coulomb repulsion and effective
range set to zer@ashed lingare shown.

tributes very little to the widthin agreement with the more
accurate evaluation. We explain the relevance of this width
later, in Sec. Ill.
The radiative corrections consist of two components: the
exchange of virtual photons arfibosons and the emission
of real bremsstrahlung photons. The Feynman graphs for th
exchange of virtualy quanta and bosons are shown in Fig. (b)
2. The bremsstrahlung graphs are shown in Fig. 3. The pho-
ton emission by the moving electron is dominégitaph (b)
in Fig. 3], but the complete set of graphs must be considere
to maintain gauge invariance. The treatment of radiative COlz e ctions proceeds along the well-tested lines developed for
the treatment of beta decdégee Ref[8] for a review.
Let us consider the virtual exchange corrections first.
While the treatment of corrections involving only leptons is
straightforward, those involving hadronic participants re-
quire considerable care. To that end, it is useful to adopt the
framework of an EFT, valid below a scgle~1 GeV. Long-
distance physics f=u) associated with nonperturbative
strong interactions is subsumed into hadronic matrix ele-
(a) (b) ments of appropriate hadronic operators. Short-distance
physics p=u) contributions are contained in coefficient
functions C(u), multiplying the effective operatorgsee,
e.g., the discussion in Rdf12]). In the present case, the CC
reaction of Eq.(1) is dominated by the pure Gamow-Teller
transition 3S,—1S,. Thus, for the low-energy EFT, we re-

+... quire matrix elements of the effective, hadronic axial current.
The resulting CC amplitude is

FIG. 3. Orderer corrections due to bremsstrahlung emission.
gee caption to Fig. 2.

3 1 Cr,, =
M(S$—"S) =~ Evude'y)\(l_ ¥5)vC(w)

() d

1c |AN3
FIG. 2. Ordere radiative corrections to the charged-current X{ Sol A S+ C)

breakup of the deuterond+ v,—p+p+e involving virtual y is the sh . ici ; .
quanta an@-boson exchange. The large shaded oval represents tH’_elere C(u) is t €s ort-dlst_ance_ coe IClent_ unction men-
vertex with all its hadronic complications. The- - - indicate re-  tioned aboveA* is an effective, isovector axial current op-

maining contributionge.g.,| v loops. erator built out of low-energy degrees of freeddevg.,
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nucleon and pion fields the +--- denote contributions dependence appearing elsewher€{mu) and that appearing
from higher-order effective operators; and fa&lependence in the matrix element ofi, . Explicit expressions for the
of C(x) compensates for that of the axial current matrixshort-distance QCD contributiond,(x) may be found in
element, leading to a-independent result. In effect, the Ref. [8]. We note that the second term of E@2) (“6)
presence ofC(u) is needed for matching of the effective arises from the sum of box diagrams involving,¥) and
theory onto the full theoryQCD plus the electroweak stan- (Z,W) pairs, while the third term arises from QED external

dard model. . . leg and vertex corrections. When long-distan®é) virtual
Note that we have normalized the amplitude to the Fermj ¢ . arising from the matrix elements in EE) are in-

constant determ_|2ed fr%m the muon Ilfetnhe,GF cluded along with those appearing @(u), the u depen-

=1.166 39(5)10°" GeV 7 [13]. Thus,C(x) contains the  yence of the third term in Ed12) cancels completely.

difference Long-distance virtual photon contributions also contain an
ArAP=H) _ Ay (10) infrared singularity which is conventionally regulated by in-

B me cluding a photon “mass’A. The resultingh dependence is

where Ar4P=#) contains the short-distance virtual correc- canceled by correspondingdependence in the bremsstrah-

tions to the axial vector semileptonic amplitude and, ~ !Ung cross section, yielding a-independent correction to

denotes the standard model electroweak radiative correctio§€ total CC cross section. In what follows, then, it is con-

to the muon decay amplitude. In the differer(@@), all uni- ~ vVenient to consider th&(«) correction to the tree-level

versal short-distance effediigs. 2a)—2(c)] cancel, leaving ~ Cross section:

only contributions from the nonuniversal parts of diagrams

in Fig. 2(d).

As a corollary, we emphasize that care must be exercised

in choosing a value for the axial coupling constgptused in

computing(lsolkA*PSl). Typically, g, is determined from Where the correction factay depends o, andE, as well

the experimental rati14] as onE, when bremsstrahlung photons are detected. This

function receives contributions fro@(u),

— tree|
docc=docc

1 « 14
+—9), (14

Gs Ga(l+ArY) G
=— u~—A(1+Ar’;—mrg), (12)

)\_ = ~
G, Gu(1tArp Gy %gfﬂzz[c(ﬂ)—l], (15)

whereArY, (Ar%), denotes the total radiative correction to _ _ o _
the vector(axial vectoy semileptonic amplitude. The con- long-distance §=<u) virtual contributions to the the axial

served vector currerfiCVC) relation impliesGy=GgV,q, ~ Current matrix element in Eq9), gj=*, and the bremsstrah-
while the axial coupling constant iglefined via G,  lung differential cross sectiogy, .
=gaGgVyq. To the extent thaAr);:Argy the ratio\ is just In the analysis of Ref.6], the long-distance contributions

ga. As we note below, however, hadronic contributions toarising from virtual processes are obtained by treating the

Arg andArg are in general not identical. While we speculate”Udeon as a pointlike, relativistic particle. The result is

that the differences are considerably smaller than relevant

here, arriving at a reasonable estimate requires a future, more gpsﬂzgln

systematic study. v 2
The asymptotic(short-distance contributions toC(u)

+A 3
—5

M = [ M
M_p + 3Q|H<M—A

have been computed in RéB] using current algebra tech- 1 1+ M1 [1+8
niques and the short-distance operator product expansion. A= Eﬁm(m)—ﬂrmn(a) ﬁln 13 —1}
The result implies €
a M, 3 M, 1 +3In Mp) 11|n 1+5 2+1L 23)
C(w)=1+ 5 3Q|n7z+§|n72+§Ag(M) +b(p), 2°\me) pl27\1-8)] B\1+B)
(12 %
Ain(|1—x|)  [AI=1 K

whereQ is the average charge of the quarks involved in the L(B)= fo X dx = _kzl F (16)

transition

1 1 Here B=p./E. andL(x) is the Spence function. The 3/8
Q= 5(Qu+Qd)= 5 (13)  is added ing{~™* to obtain agreement with th@-decay cor-
rection[8] and neutrino capture reactian+p—e*+n as
Here A4(u) contains short-distance QCD correctiob$yu) calculated in Refs[15,16. Note that when this—3/8 is
must be included to correct for any mismatch betweerythe added taA, the resulting expression agrees with the calcula-
tions of Refs[8,15,18.
We observe that the sugP~*+gP=* is independent of
'This value is sometimes denoted By, in the literature. M. It does, however, contain the logarithm

055501-4



RADIATIVE CORRECTIONS IN NEUTRINO-DEUTERIUM . .. PHYSICAL REVIEW 5 055501

M, chiral perturbation theory, since we have no independent
M. 17 measurements from which to fix the relevant low-energy
A constants. Moreover, the dependence introduced through

whereM , has been chosen in RdB] as a hadronic scale the short-distance QCD correctiody(x) must be canceled
associated with the long-distance part of th¥, §) box dia- Py a corresponding.-dependent term i (). To date, no
gram. Neglecting terms proportional E andm,, the sum  calculation has produced such a cancellation. While the ef-

of the box and crossed-box diagrams depends on the an]ﬁect of this uncorrected mismatch between short- and |0ng-
symmetricT product of currents: distance effects is likely to be small, we are unable to quan-

tify it at the present time.
4 ikl \ ) 3 In contrast to the virtual corrections, the bremsstrahlung
fnvxpf d*xe" *("S| TLIem(¥) IE(O)IIPSy),  (18)  correctiong, is relatively free from hadronic uncertainties.
In order to evaluate the bremsstrahlung part, one has to add,
where J},, and J%. denote the electromagnetic and weakin principle, the contribution of all graphs with photon lines
charged currents, respectively, and whereghendv indices  attached to all external charged particles. Only the sum of
are contracted with loop momentum and the lepton currenthese graphs is gauge invariant. However, for the low ener-
In order that the antisymmetri€ product appearing in Eq. gies relevant to the SNO experiment, the electron brems-
(18) produce a Gamow-Teller transition, only the vector cur-strahlung dominates over the proton, deuteron,\afistems-
rent part ofJ2 . must be retained. In contrast, for pure Fermistrahlung.
transitions as considered in R¢B], only the axial-vector Writing again the correction to the cross section in the
charged-current operator contributes. In that work, a choicéorm 1+ a/7g,(Ee,E,) one obtains the differential brems-
for the hadronic scale was made based by consideriggy ~ Strahlung correction in the form
decay(a pure Fermi transitionand a vector meson domi-
nance model for the axial-vector charged-current operator,

3QIn

leading to the appearance of thg meson mas$/, as the dgy(Ee,E, k) |E,+A—E.—E, vz K2
long-distance hadronic scale. dk E,+A—E, 2E,
In the present case, such a choice appears inappropriate,

since the relevant current operator is a vector, rather than +1 E,
axial vector current. To the extent that the vector meson 1 X E2(E.,— BkX)
dominance picture is as applicable to nucleons as to pions, a ey
more reasonable choice for the hadronic scale woulthpe E.+E. 1—Kk2x%/E2

. . e Y Y
However, such a choice is unabashedly model dependent and 2 E S| (20
calls for some estimate of the theoretical uncertainty. On e (E,—Bkx)

general grounds, it is certainly reasonable to choose a had-
ronic scale anywhere between the chiral scalg=47F ; _ 0 oap
~ 1.17 GeV and\ ocp~ 200 MeV. Indeed, the latter choice Wherek is the photon momentunt, = (k“+A%)"*—i.e., x
could arise naturally frorh -intermediate-state contributions is as before the “photon mass”—and where we have omitted
to the W, y) box diagrams. Thus, we replace the logarithmthe negligible terms arising from Fig. (8. Also, x

in Eq. (17): =C0S(be,,).

The dependence on the “photon mass”is eliminated
only when one adds to the-dependent part of the virtual
correction A an integral over the bremsstrahlung spectrum
up to someE_';“">)\. We will discuss the various possible
where the central value correspondsvtq,q=m,, the upper  choices ofEr;“n in the next section, but here as an example
value corresponds thl,,4=Agcp, and the lower value is  we evaluate one of the integrals that appears in that context:
obtained with M,,4=A . This range corresponds to a
spread of 0.2% in predictions for the cross sectidihile
this uncertainty is too small to affect the determination of the _min K2dk [+1 dx
8B neutrino flux, it could affect more precise determinationsf v — >
of Gamow-Teller transitions for other purposes. 0 VATHKkT/-1(E,—Bkx)

The choice ofM ;4 amounts to use of a model fow). in K2dk
A source of potentially larger theoretical uncertainties liesin  —o | E» d

2
possible additional, model-dependent contributions to this 0 AZ+K2(\2+ mZEXK?)
constant. While a complete study of these effects goes be-
yond the scope of the present work, we observe that the
hadronic uncertainty cannot be finessed away using, e.g.,

Mz

Mhad

3QIn—==2.39"3%7, (19

fE';‘i” dk E’;‘i” Ndk
o WK Jo WEHKE(\Z+mZEXK?)

. 2E§ | 2B 1 [1+p
- . . - _ _ n
We note that a similar estimate of the hadronic uncertainty in the — X _2,8 _l—,B

box contributions to the Fermi amplitude was made in R&d]. Me

Ec
=2—
me

: (21)
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where the last integral, which is independentEﬂji”, was ' ' ' '

evaluated after the substition=k/\ in the limit EJ'"/\ 27 non 7

—o. One must not use the limE}'""—0 before all terms Iy

containing\ are eliminated. s by Foa/ '
To evaluate the full radiative correction, we assume that &

in an experiment one measures the number of events Wit|§ Lr T

energyEqps+ dEyps. Here Eyps= E. when the bremsstrah-
lung photon(if such a photon is emittgchas an energy less
thanEJ'". We will also assume that whe, =ET"", then
Eops=EetE, . (In the next section we will also consider a
modification to the latter rule, making it closer to the actual
conditions of the SNO experimef@].)

Thus the radiative correction to the cross section can be
expressed as

( dO'CC
dEobs

3(do/dE,, )/c™

|
—

2 4 6 8 10
_“ low min high min E._ (MeV)
—;[gv“l‘gb (E,y<Ey )+gb (EVZEV )] ‘obs
rad

(22 FIG. 4. Corrections to the differential cross sections as a func-
tion of the observed energy, normalized to the total tree-level cross
We describe in the next section how to evaluate these thresection. The solid line corresponds Eij"”—wo (Eops=Es), the
functions in general as well as for three particular choices ofiashed line tdE';"”—>0 (Eobs=EetE,), and the dot-dashed line is
ET'. obtained by setting,ps=Ee+(E,—1 MeV)§(E,—1 MeV) with
EJ"=1 MeV. All lines are evaluated fd€,=10 MeV.
”#OR ?3? EZEngngS%TCI:?:\éSI\I in the SNO detectd@] when only part of the photon energy
i min
is recorded—namely, Eyps=(Ec— M) O(Ee—Eg ™) + Mg
We reiterate that the treatment of radiative corrections in-+ (E.,— E’;“”) 6(E,— Er;””). Here 6(x) is the step function.
volving virtual photon exchange as well as bremsstrahlung We simplify the case$A) and (B) even further by con-
photon emission is a delicate issue due to the appearence §fiering an idealized detector Wiﬁgin:me; i.e., all elec-
infrared divergences. In our analysis we follow the conven+trons and, thus, all neutrino interaction events are detected.
tional approach of introducing an infrared regulator in theafter integrating ovefE,, one arrives at the total number of
form of a photon masa and split the bremsstrahlung con- events caused by a neutrino of enefy. That quantity,
tributions into two piecesE, below and above the threshold naturally, must be independent of the bremsstrahlung thresh-
valueE]'" as explained above. When the contribution from|g Ef;ﬂnl This is the consistency requirement imposed by

virtual photon exchange is added to the piece wWih Beacom and Parkgr]. We verify that our results fulfill this

<ET/“”, the dependence on the infrared regulatds elimi-  condition.
nated. However, it is effectively replaced by a dependence on As an example we plot in Fig. 4 the normalized radiative
E. correction to the differential cross section,

The thresholE™" is a detector-dependent quantity and
may vary depending on the experimental conditions. In ad-
dition, the experimental conditions also dictate how to com-
bine the piece withE,<EJ" (g,+gy") and the E, -
>E}'" part. Thus, it is impossible to give a completely gen-for E,=10 MeV and two extreme cas@s) "~ (brems-
eral recipe here. strahlung never detected, solid ljnand E]'""—0 (brems-

With this caveat in mind, in our analysis we adopt thestrahlung always detected, dashed )ifiéhe two correspond-
following framework. Each detected CC event is charactering curves are quite different, reflecting the different
ized by the recorded energy,, which, in general, is a dependence d,,sonE. andE, . However, the areas under
function of the electron enerdy, and, if present, the photon the curves are equal as they must be for consistency.

dU(EviEObS)) 1

Sogu(E, .E =5( ,
diff obs) dEobs O_H)eie(EV)

energyE.,: Egps=EopdEe,E,). We concentrate in particu- It is interesting to note that evaluation by Towih6ét con-
lar on the role played in this context by the threshold energyiders the same limiting cases. However, the results of Ref.
E™" and consider the following situations. [6] give different corrections to the total cross sectiéat®",

(A) The electrons are always recorded above the electroff€reby failing the consistency check. In fact, our results and
detection thresholdzg““, and the bremsstrahlung photons Ref.[6] differ in both extremes. We now trace the origin of

are never detected, i.eE,Ti“HOO. these discrepancies.
(B) The electrons are always recorded above the electron min
detection thresholdE]"", and the bremsstrahlung photons A. Case ofE;"—=, no brems§trah|ung detected
are also always detected, i.&)""—0. Let us first consider the limiE}""—. In this case we

(C) A more realistic case, resembling the actual situatiorhave to integrate the bremsstrahlung spectrum over the pho-
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ton momentum from 8-, At the same time, the energy 5
conservation condition, Eq5), must be obeyed. Since now
Eobs=Ee, then for a fixedE,+A—E, the quantityp?M,
must be varied together Wltﬁ As noted above and |Ilus—
trated in Fig. 1, the quantrt})l(pZ/Mp)|2 is a rapidly varying
function which falls off quickly for p? IMp,= 0.7 MeV.
Therefore to account correctly for this dependence we writ

(do'cc) _Of(do'cc)

dEe b T dEe tree
FTmll(EﬁA—Ee—Eﬁ)IZ
0 [I(E,+A—Eo)|?

(oum) g(E,,.) (%)

d E,Ey,k 1 1 1 1 1 1 1 1 1
gb(g—k)dk, (23) 2012345678910

obs (MeV)
wheregy(Ee,E, k) is given in EqQ.(20). If |I(E,+A—E, FIG. 5. Corrections to the cross section 8]"—0. Note that
—E,)|? could in fact be treated as a constant, the ratio of thdn this case the corrections does not dependon

two 12 would be unity, and Eq23) would be identical to Eq. ] ] o
(13) in [6]. To make the connection with RéB] even more ~ Of the calculatior?. This leads to a nonintuitive result that the

concrete we writdnote that forE < EMn E Eope=Eo) second ternrnn in Eq(22) hes a nonzero contripution even in
the limit E""—0. In particular, one must write the follow-
ing expression corresponding to the second term on the RHS

H min.
(dUcc) _(do_cc)[Towneﬂ o ( dchc) of Eq. (22), i.e., forE, <E}™:
dEObS b dEObS ™ dEObS tree do—CC do—CC mln 1 1+B
dE dE 21n 25151
JETm( ||(EV+A—E0bS— El;)|2 1) obs/ obs/ tree B B
0 [1(E,+A—Eqpg|” i
do (e E +C(B) [ +O(E,™), (25)
% gb( obs:=v» )dk. (24)
dk with
[In Egs. (23) and (24) the upper limit of the integral obvi- _ +5 1+8
ously should not extend beyond the corresponding C(8)=2In(2) —ﬂln "y —1j+1+ —Bln iy
bremssstrahlung end poipt. )
The first term on the right-hand sidBHS) of Eq. (24) is 1-p 1 o
the contribution present in Reff6]. It contains the infrared x| 2+In 4 * E[L(’B) L(=8)]
divergence that disappears after the contributions from vir-
tual photons are added. The second term is infrared finite. As ( 1- ,3) 1+p (26
a result of the shape ¢f(E,+A—E.— E';)|2, this term en- ZB 2 2
hances the contribution of the low-energy tail in _ _
(docc/dEypdp . The overall result of the lovie,, tail en- The \-dependent terms in Eq25) will be canceled by

hancement is that the total cross section is increased by aboutdependent pieces from virtual photon contributions, and

3% compared to the corresponding resulfém for the con-  the logarithmic divergence |E”“” will disappear after the

sidered case dE, =10 MeV. piece withE > E™"is added to the cross sectifthird term

in Eq. (22)]. OnIy after this is done is one allowed to take

Em'n 0. The most striking feature of E@26) is that it is

_ " o mdependent oET™. Consequently, it survives in the limit
If one wants to study the opposite extre@g"—0, it is EN'"—0. It appears that this procedure was not followed in

crucial in Eq.(22) to first add all three terms, eliminate in- Ref. [6] and, therefore, Eq44) and Table Il in[6] must be

frared cutoff dependence, and only then take the IBft"  mogified accordingly. We plot in Fig. 5 the cross section
—0. The order of limits\—0 and Em'“—>0 is important

because the upper limit of integrals Ilke QD) is Em'“/)\

Since\ ultimately is an infinitesimal unphysical parameter 3 \ were truly the photon mass, the requirement tAgt-\
it is mandatory to malntalEm'“>)\ during the entire course would be obvious.

B. CaseE’{,“”-»O, bremsstrahlung always detected
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FIG. 6. Radiative corrections to the CC total cross section as
function of neutrino energy.

correction @/ m)g(E,pg, which is forE7'""— 0 independent
of the neutrino energf, . Note that it differs in slope com-
pared with its analog in Table Il of Ref6].

The two aforementioned modifications to the treatment i
Ref. [6] allowed us to bring the two casds]'"—>= and
E}'"—0 in agreement in terms of the correction to the tot
cross section and resolve the discrepancy pointed out in R
[7]. In either of these extreme cases, by integrating &gt
we obtain the QED correction to the total cross section as
function of the neutrino energl,, da'°Y(E,), displayed in
Fig. 6.

C. Realistic bremsstrahlung threshold

The treatment of the more realistic case is now straight-

forward. The first and second termrtual andE., < Er;‘“f)
on the RHS of Eq.(22) are evaluated by setting’"
=1 MeV[9] andE.=Eps. In the third term one has to set

E,+Ee=EqnstE}'" equal to a constant and integrate over

Ee

cross section fod+ v,—p+p+e+y asd?o/(d E.dE,)
=f(E.,E,). Then the total cross section with,>E"" is

J

min

i dEobs

E,+A—-Eg
Enﬂn
Y

E,+A
m dE f(Ee,E,)dE,

(U%C)tot:f
E,+A-E

K

Eobs ;
xf f(Ee,Eopst E?'”—Ee)dEe, (27)
Me

e

PHYSICAL REVIEW (65 055501

a . i [
;grb]lgh(E)/? Er;:nn) — f En(;bsf(Ee , EObS+ ET'“_ Ee)d Ee .
(28)

The result, as expected, is a function Bfys only. In
order to generalize to the ca&g"">m, one has to exercise
care because the change of variables frol,E,) to
(Eops,Ee) becomes less trivial. It is possible to show, how-
ever, that the following relationship holds:

[& 2 . .
— ~high min E=min
ng (E,= E, " .Ee >meg)

a . . .
=g *"(E,=E}" EQ"=m)

Emin .
+f ¢ [f(Eeanbs+E$|n_me)

me
a ~f(Ee Eops E}'"~ Ee) JdEe, (29
where f(x,y) is the function defined before in Eq27).
Equation(29) allows one to obtain the correct spectrum, Eq.
(22), for any electron threshold in terms of the ideal case
where all electrons are detected. We note that it is only the

hird term in Eq.(22) that (implicitly) depends oE™". The
i q phcity p e

impact of the refinement in Eq29) is rather small for low

gqvalues of E™". We evaluated it forEf""=1.5 MeV (1
JMeV kinetic energy. The effect of the second line in Eq.

(29) is a 0.03% maodification of the differential cross section.
gonsequently, we neglect this refinement in our analysis.
The spectrum for cas€) is shown in Fig. 4 as the dash-
dotted line. As expected, the upper 1 MeV of that spectrum
coincides with theE’'"—o case. Note that the areas under
all three cases in Fig. 4 are the same, as they must be for
consistency.
In Table | we provide detailed tabular information on the
correction to the differential cross section for the full range
of neutrino energie& , andE, for case(C).

IV. FOLDING WITH THE 8B SPECTRUM

In an actual solar neutrino experiment, like SNO, the re-

In particular, suppose we write the double differential cgrded quantity is the number of events with enegy (or

the total number of events integrated o¥gy,J. This is an
integral over the product of the incoming neutrino spectrum
and the differential cross section, i.e.,

do —dea(EV)f(E )dE (30
dEobs 0 dEobs v .

where f(E,) is the properly normalized incoming neutrino
spectrum, possibly modified by neutrino oscillations. When
testing the “null hypothesis,” that is, asking whether neutri-
nos oscillate, one takes for the incoming neutrino spectrum
simply the shape of the, spectrum from®B decay[17]

where we have performed the change of integration variable@ormalized to unity over the whole range Bf).

from (E¢,E,) t0 (Eqps: Ee) in the spirit of Ref[6]. Now we
can write, in the notation of Eq22),

In Fig. 7 we show the folded correction to the differential
cross section, Eq30) (solid line). Case(C) (realistic brems-
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TABLE |. Values of the correction to the differential cross sectiéhdo(E, ,Eqpd/dEqpel/°(E,),
normalized to the total tree-level cross section, in %/MeV. The neutrino eriejgyn MeV labels the

columns, while the total energy observed in the dete&gy,, in the formE,+ A —E,,salso in MeV, labels
the lines. The dash-dotted curve in Fig. 4 corresponds to the columrByiti10 MeV.

E,+A-Eps E,c2 3 4 5 6 7 8 9 10 11 12 13 14 15

0.10 6.15 1.44 059 0.21 -0.02 -0.18 -0.31 -0.40 -0.48 -0.55 -0.62 -0.67 -0.72 -0.79
10.64 3.22 1.60 0.83 0.36 0.02 -0.23 -0.43 -0.60 -0.75 -0.88 -0.99 -1.10 -1.25

0.20

0.30 10.57 4.17 231 1.37 0.77 0.35 0.02 -0.24 -0.47 -0.66 -0.82 -0.98 -1.11 -1.26
0.40 788 445 273 1.78 116 0.71 0.35 0.07 -0.17 -0.38 -0.57 -0.73 -0.88 -1.02
0.50 400 432 292 206 147 103 0.69 041 0.17 -0.04 -0.23 -0.39 -0.54 -0.67
0.75 3.16 2.71 222 182 149 122 100 0.80 0.63 048 0.34 0.21 0.10
1.00 1.84 210 193 1.72 152 134 118 1.04 091 0.80 0.69 0.60 0.51
1.25 0.81 166 186 191 192 191 189 188 186 185 183 1.82 1381
1.50 0.16 1.08 142 159 169 175 180 184 188 191 194 196 1.98
1.75 0.54 097 116 129 137 144 149 154 158 161 165 1.68
2.00 0.29 0.63 0.82 094 103 110 115 1.20 124 127 131 134
2.25 0.13 0.40 0.57 0.69 0.77 0.83 0.89 093 096 1.00 1.03 1.05
2.50 0.03 0.25 0.40 050 058 0.64 068 0.72 0.75 0.78 0.81 0.83
2.75 0.13 0.27 0.37 043 049 053 056 059 0.62 0.64 0.66
3.00 0.07 0.18 0.27 0.33 0.37 041 0.44 0.47 049 0.51 0.53
3.50 0.01 0.08 0.14 0.19 0.23 0.26 0.28 0.30 0.32 0.34 0.35
4.00 0.02 0.07 0.11 0.14 0.16 0.18 0.20 0.22 0.23 0.24
4.50 0.03 0.06 0.08 0.10 0.12 0.14 0.15 0.16 0.17
5.00 0.01 0.03 0.05 0.07 0.08 0.09 0.10 0.11 0.12

strahlung detection threshgltias been used to produce the analysis, Eomgg_ me=6.75 MeV, the solid line represents

solid curve. For comparison we also show the similarlyyoyghly a 2% increase of the total total cross section and,
folded tree-level cross section, scaled by a factor 1/40 so thagerefore, about a 2% decrease of the deduced flux(3Eg.

it fits in the same figurédashed ling One can see that the \yhen the radiative corrections are properly included. If it
two curves are similar in shape which is basically dictated byyere possible to reduce the threshold to very low values, the
the incoming®B spectrum, but the QED correction is shifted reduction of the flux would be close to 3%.

toward smalletE s, roughly by the valu€}""=1 MeV. These relative increases of the total cross section obvi-

When integrated from the threshold used in the SNQously differ somewhat from the values displayed in Fig. 6
that were obtained for monochromatic neutrinos. The differ-

ence is caused by the effect of the shape of the radiative

5.50 . . . .
correction to the differential cross section in combination
450 | i with the shape of théB v, spectrum. In particular, for the
actual SNOE}: threshold one could have expected an in-
S sl | crease_of the cross sectigar count rat_éz due to_radiative
= 7 corrections of about 3% based on Fig. 6 while the fold-
g ing with the incoming®B spectrum reduces this value to
~ 250} 1 roughly 2%.
g
)
E 150 - 1 V. RADIATIVE CORRECTIONS TO THE NC
= CROSS SECTION
050 1 N i The NC cross section is governed by the effective four-
== fermion low-energy Lagrangiafi8]
-0.50 . . . . . .
2 4 6 8 10 12 14 16
E,, (MeV) Gr — 1 T 0w T
£ oy (e VT V)

FIG. 7. Radiative corrections to the total CC cross section
folded with the incoming®B v, spectrum as a function of the +§T=1AT=1+ T=0,T=0
detected energ¥,s (solid line). Also shown is similarly folded A © £A H 1
tree-level CC reaction cross section, scaled by a factor of 1/40

(dashed ling where

(31)
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VIl L Gy dyd], V0= S [uy,ut dy,d
m _E[u'yluu Yu ]! m _E[U’Y,uu Yu ]u
(32)

ATl —dy, vsd
“w _z[u’yM’YSu 7/}.75 ]1
(a) (b)
AT:O—1 u- +dy,ysd 33
w —plUuyuysutdy,ysd], (33

and where only the effects of up and down quarks have beel
included. At the tree level in the standard model, one has

$=l=2(1_28irﬁgw), $=O=_4 sinZHW, (34)
Tlo_p  g0=0. (35 (©)

The incident and scattered neutrinos do not contribute to the "
bremsstrahlung cross section(a¢G,2:a), while radiation of

real photons from the participating hadrons is negligible.
Thus, the dominant radiative corrections involve virtual ex-
changes, which modify thg\T,yA from their tree-level values:

‘ﬂ,AH f\T/,A|tree(1+ R\T/,A), (39

(d)
where theRQA contain theO(«) corrections. Since the NC o .
amplitudes are squared in arriving at the cross section, the FIG. 8. Feynman graphs relevant for the radiative correction to
total correction to the NC cross section will go as twice theth® NC cross sectiofsee text for explanationThe + - - - indicate
relevant R\T/A- [In the notation of Ref.[6] RX=1 other contributions not showie.g., ete” and qq loops in
=(a/277)gN¢ ] diagram(a)].
g
As emphasized in Refl6], considerable simplification T=1_ NC
follows when one considers only the dominant breakup Ra™"=puN+ Aar— Aurt Ao = AgL = 1~0.0077, (37)

channel:3S;(T=0)—1S,(T=1). As aAT=1, pure spin- . .
flip transition, this amplitude is dominated at low energies byWhere we have followed the notation of REE3]. In particu-

i 0 ]
the Gamow-Teller operator. Magnetic contributions are otjar' theWW box graph contributes roughly 80% of the total:
recoil order and, thusy/c suppressed. Consequently, we s 5q

. T=1 . . = — ~
need retalq onI)T/:trllé\M term in Eq.(31) and consider only Ry~ (WW box) 87 sifoy, 0.0063. (39
the correctionR,™ .

The source of corrections ®, " include corrections to  The net effect of the total correction is therefgt®=6.63,
the W- andZ-boson propagatoif§-ig. 8@)], electroweak and e  about a 1.5% increase in the NC cross section, as com-

QED vertex corrections to thevy andZqq couplings[Fig.  pared to the 0.4% increase quoted in Réi.
8(b)], external leg correctiong=ig. 8(c)], and box diagrams

involving the exchange of twdV's or two Z’s [Fig. 8d)].
The presence diV-boson propagator corrections arises when
the NC amplitude is normalized to the Fermi const&pt The O(«) radiative corrections for the charged- and
determined from muon decay. Only the difference betweemeutral-current neutrino-deuterium disintegration and ener-
the gauge boson propagator corrections entersR@]g in gies relevant to the SNO experiment are consistently evalu-
this case. Note tha-y mixing does not contribute tR;~*  ated. For the CC reaction the contribution of the virtyal
since the neutrino has no electromagnetic charge and thnd Z exchange is divided into high- and low-momentum
photon has no axial coupling to quarksgit=0. Similarly, ~ parts, and the dependence on the corresponding acald
one encounters n@y box diagrams for neutrino-hadron GeV separating the two regimes is discussed in detail. For
scattering. bremsstrahlung emission we discuss the important role of the
In the analysis of Refl6], only theZZ box contribution ~ bremsstrahlung detection threshd&]"". In particular, we
was included, yielding a correctioR;~'~0.002. Inclusion ~ consider the two extreme casg§'"— and E}'"—0, as
of all diagrams, however, produces a substantially larger corvell as a more realistic intermediate case. We show that our
rection. From the updated tabulation of effectivey cou-  treatment, unlike Ref.[6], gives a consistent(i.e.,
plings given in Ref[13], we obtain E';"'”—independer)t correction to the total cross section,

VI. CONCLUSIONS
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shown in Fig. 6. This correction, slowly decreasing with in- detection threshold of the SNO collaboration, the solar
creasing neutrino enerdy,, amounts to~ 4% at low ener- 8B v, flux deduced neglecting the radiative correction
gies and~ 3% at the end of théB spectrum. would be overestimated by about 2%.

The magnitude of this correction is in accord with the Next we consider the effect of radiative corrections to the
correction to the inverse neutron beta decay;p—n neutral-current deuteron disintegration, so far not analyzed
+e* evaluated in Refd.15,16 and with the correction for py the SNO _Collabo.ration. In that case the radiativ_e correc-
the pp fusion reaction evaluated in RéLL9]. We note thatin ~ tions, associated with the Feynman graphs in Fig. 8, are
these references only the “outer radiative correctiofte ~ dominated by the virtuaZ andW exchange, in particular by
low-momentum part of the virtual photon exchangeas the box graph in Fig. @). The corresponding neutrino-
considered. The high-momentum part, which is independerfn€rgy-independent correction to the NC total cross section
of the incoming or outgoing lepton energies, and which isiS roughly 1.5%.

universal for all semileptonic weak reactions involving a  Finally, we provide in the Appendix a set of formulas
d<u quark transformation, amounts te 2.4%[20] and 'elevantfor the case of an arbitrary bremsstrahlung threshold

should be added to the results quoted in REFS,16,19. ET'". These formulas allow one to evaluate the CC differen-
We identify the origin of the inconsistency in the treat- tial cross section in terms of the electron enefgly, the
ment of Ref.[6]: (a) neglect of a strong momentum depen- photon energyE,, and the angle between the momenta of
dence in the Gamow-TelletS, — 1S, matrix element, which  the electron and photon.
affects the case oE’'"—, and (b) improper ordering of
limits involving Erynin and the infrared regulator, which af-
fects the case oEry”"‘—>0. For the more realistic choice of
E7"" we provide a detailed evaluation of the correction to the  We would like to thank John Beacom, Art McDonald, and
differential cross section. Hamish Robertson for valuable discussions. This work was
We also discuss the effect of folding the cross section wittsupported in part by NSF Grant No. PHY-0071856 and by
the (unobserved directlyspectrum of thé’B decay. We con- U.S. Department of Energy Grant Nos. DE-FGO03-
clude that for the realistic choice Ef,’/"” and for the electron 88ER40397 and DE-FG02-00ER4146.
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Here we provide a recipe for obtaining the radiative correction to differential cross section for the relactign- e+ p
+p. The prescription is infrared finite and allows arbitrary values of cutoffs for the detection of electrons and photons.

Unlike the discussion in the main text, here we do not choose any particular model for what an experiment can detect. Our
only assumption is that the bremsstrahlung photons cannot be seen below a certair’E&Hlartherefore, contributions from
all photons with energies below this cutoff are added, and the only quantity available for detection is the electron energy.

We make no assumptions as to how photons W&tp>E'" are recorded. For their contribution we provide the triple
differential cross section that depends on electron energy, photon energy, and the angle between the direction of the electron
and emitted photon. This expression can be incorporated in the detector-specific simulation software for appropriate analysis.

We combine the contributions from photons wih < E';"” with virtual photon and Z exchanges to get an infrared finite
result[first two terms in Eq(22)]

do(Ee,E,) _[do(Ee.E,) a Emax|| 1 1+p
SR P b= e me) 28"\ 1-p) "

3 _ 3
+12(EmaxE) +C(B) + A'(B)— g+ g™+ 5n

+1 1(EmaX1EV)

il
Mp

+36In(MLA)

Emax |1 (E,+A—Egps—E,)|? d0y(Egps.E, ,E
J’ [1( obs 72)| 1 996(Eops 7)dE | (A1)
0 [1(E,+A—Egp| dE, !

Emax=Min[ET"" E,+A—E,]. (A2)

Here,C(B) is defined in Eq(26), gP=* is taken from Eq(15), and A’ (8), 11(Emax,E,), andl,(Epay, E,) are defined as
follows (see[6]):

o1 1+ 3 (My\ 11 [1+pB\]* 1 [ 28
AB)=5p1=5/71%3 '”(E)‘E z'”(m) et Tg)
_ 1 | 1+ﬁ (EV+A_EG)2 Emax Emax 32
'1(EmaX'Ev)__ﬁE§'” 1-8 15 5-3{ 1~ E,+A—E, 1= E,+A-E, —20
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1 [1+8 Ema Q 12 Q dQ
I2(EmaX,EV)—2[ﬁln m —1}f0 (1—m) 1+E—e -1 6 (A3)
ForE,> E’;““ we write the triple differential cross section
do(Ee,E,) aGt , ) )
(EEHEE; = Vid9aMpB(Ee) EMy(E, +A—E.—E,)]¥]I(E,+A~E.~E,)|’E,
(E,>ED'™)
1 Ec+E, 1—x2
x| = el (Ad)
Ee(1-8 X) EeEy (1-px%)

wherex is the cosine of the angle between the photon and electron momenta. We have integrated over the corresponding

azimuthal angle.
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