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12C-12C elastic scattering at intermediate energies

I. Ahmad, M. A. Abdulmomen, and M. S. Al-Enazi
Department of Physics, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah, Saudi Arabia

~Received 10 April 2001; published 29 April 2002!

A microscopic study of12C-12C elastic scattering at 1.016, 1.449, and 2.4 GeV has been made within the
framework of the Coulomb modified Glauber model. The elasticS-matrix element has been evaluated consid-
ering the first two terms of the nuclear phase expansion series and using the realistic densities for the colliding
nuclei. The effect of the phase variation of theNN scattering amplitude on the calculated elastic scattering
differential cross sections has been studied. We find that a very good description of the experimental data at
1.016 and 1.449 GeV is achieved by considering the second order term of the phase expansion series and the
phase variation of theNN scattering amplitude. However, at 2.4 GeV, although the second order phase term
provides some improvement over the optical limit calculation, still the theoretical situation remains unsatis-
factory.
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I. INTRODUCTION

Over the past 15 years or more, the Glauber multiple s
tering model@1–3# has been applied by many authors
analyze elastic scattering differential cross sections for
12C-12C system at low medium energies@4–8#. Since evalu-
ation of the full Glauber amplitude with realistic descriptio
for colliding nuclei is a prohibitively complex task, in mos
of these applications, the so-called optical limit approxim
tion ~OLA! has been employed to evaluate the Glauber e
tic S-matrix element. In this approximation only the leadin
term in an expansion of the nucleus-nucleus phase-s
function is considered. This term depends upon the one-b
densities of the colliding nuclei while the neglected ter
depend upon the two-body and other higher order densi
It is found that the OLA gives a reasonably satisfactory
count of the experimental data provided that the calculati
are made in the Coulomb modified Glauber model~CMGM!
in which the conventional Glauber model is suitably mo
fied to account for the deviation of the colliding partic
trajectories due to the Coulomb field@7,9#. More specifically,
it is observed that the CMGM calculation agrees well w
the experimental data at lower energies but not so wel
relatively higher energies especially at large moment
transfers~see, e.g., Ref.@7#!. This trend of the predictions o
the CMGM calculation may be understood by noting that
lower energies the inputNN total cross section (sNN) is quite
large. Due to this, the OLA phase-shift function is high
absorptive at lower energies. Moreover, the relatively la
Coulomb repulsion at lower energies keeps the nuclear o
lap region confined to large impact parameter values. Co
quently, the scattering is sensitive mainly to the very lo
density regions of the colliding nuclei in which case t
contributions of the neglected higher order terms may
negligibly small. As the energy increases,sNN decreases
making the OLA phase-shift function less absorptive. A
the Coulomb repulsion effect weakens. As a result, the s
tering now becomes sensitive to the inner surface region
where neglecting the higher order terms in the phase-s
function expansion, as is done in the OLA, may not be
0556-2813/2002/65~5!/054607~7!/$20.00 65 0546
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good approximation. Therefore, it is not unreasonable to
pect that the inclusion of some higher order terms in
CMGM scattering calculation may improve the theoretic
situation at relatively higher energies.

It may be mentioned that recently, El-Gogaryet al. @10#,
in an attempt to improve upon their earlier study@11#, have
reported a full Glauber series calculation of elastic scatter
differential cross sections for some light heavy-ion system
The calculations have been made using a single Gaus
model for the densities of the colliding nuclei in order to
able to perform a full Glauber series calculation incorpor
ing the c.m. correlation in a consistent manner. Their res
for 12C-12C scattering at 1.016 and 1.445 GeV show notic
able disagreement with experimental data especially at la
momentum transfers. However, this disagreement may
largely due to the use of the single Gaussian model den
which is quite unrealistic for12C for describing large mo-
mentum transfer observables.

In this work we undertake a study of12C-12C elastic scat-
tering at 1.016, 1.449, and 2.4 GeV in the CMGM consid
ing the first two terms of the expansion of the nuclear pha
shift function. The calculations have been performed us
the realistic ground state density for12C and invoking the
phase variation of theNN scattering amplitude. We find tha
consideration of the second order term in the phase-shift
pansion series greatly helps in achieving a good descrip
of the 12C-12C elastic scattering data at 1.016 and 1.449 G
However, at 2.4 GeV, despite significant improvement,
theoretical situation cannot be described as satisfactory.

II. FORMALISM

According to the Glauber multiple scattering model t
elastic S-matrix elementSel(b), in the impact paramete
space for the collision of a projectile nucleus of mass num
B from a target nucleus of mass numberA, described, respec
tively, by the ground state wave functionsF0 and C0 , is
given by ~see, e.g., Refs.@3,12,13#!

Sel~b!5S F0C0U)
i 51

A

)
j 51

B

@12G~b2si1sj8!#UC0F0D ,

~1!
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I. AHMAD, M. A. ABDULMOMEN, AND M. S. AL-ENAZI PHYSICAL REVIEW C 65 054607
whereb is the impact parameter,si andsj8 are, respectively,
the projections of the target and projectile nucleon coo
natesr i and r j8 in the impact parameter plane, andG is the
nucleon-nucleon profile function, which is the two dime
sional Fourier transform of theNN scattering amplitude
f (q).

It is well known that evaluation ofSel(b) as given by Eq.
~1! is a difficult task for realistic descriptions of collidin
nuclei. However, there exist several schemes in the litera
to evaluate it approximately@12–15#. Here we follow the
method developed by Franco and Varma@13#, which seems
more appropriate for the present study. In this method
introduces a nucleus-nucleus phase-shift functionx(b)
through the relation

Sel~b!5eix~b! ~2!

and expandsx(b) as

x~b!5 (
m51

`

xm~b!. ~3!

The first term in this expansion, namely,x1(b), gives the
so-called OLA. It depends upon the one-body densities
the colliding nuclei and it is this term that has been used
most of the applications of the Glauber model to heavy-
scattering at medium energies as stated before. The next
x2(b) depends upon the two-body densities and we will
clude it in the present analysis. These terms may be
pressed as@13,15#

ix1~b!52ABḠ~b!, ~4!

ix2~b!52
1

2
@ABḠ~b!#21

AB

2
@~B21!G21~b!1~A21!

3G12~b!1~A21!~B21!G22~b!#, ~5!

where

Ḡ~b!5
1

ik E0

`

dqqJ0~qb! f ~q!FA~q!FB~q!, ~6!

G12~b!5S 1

2p ik D 2E dq1dq2e2 i ~q11q2!.bf ~q1! f ~q2!

3FA
~2!~q1 ,q2!FB~2q12q2!, ~7a!

G21~b!5S 1

2p ik D 2E dq1dq2e2 i ~q11q2!.bf ~q1! f ~q2!

3FA~q11q2!FB
~2!~2q1 ,2q2!, ~7b!

G22~b!5S 1

2p ik D 2E dq1dq2ei ~q11q2!.bf ~q1! f ~q2!

3FA
~2!~q1 ,q2!FB

~2!~2q1 ,2q2!. ~7c!
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i-

re

e

f
n
n
rm
-
x-

In the above expressionsFA(B)(q) andFA(B)
(2) (q1 ,q2) are the

one- and two-body form factors of the target~projectile!
nucleus,

FA~B!~q!5E dreiq.rrA~B!~r !, ~8!

FA~B!
~2! ~q1 ,q2!5E dr1dr2ei ~q1 .r11q2 .r2!rA~B!

~2! ~r1 ,r2!, ~9!

whererA(B)(r ) and rA(B)
(2) (r1 ,r2) are the ground state one

and two-body densities of the target~projectile! nucleus,
f (q) the NN scattering amplitude, andq the momentum
transfer.

The quantityf (q) is one of the main ingredients of th
Glauber model calculation and it is related to theNN profile
function G(b) that enters into the expression forSel(b) as
given by Eq.~1! as

f ~q!5
ik

2p E dbeq.bG~b!. ~10!

It is generally taken to be of the form@16#

f ~q!5
iksNN~12 iaNN!

4p
e2~bNN1 igNN!q2/2, ~11!

wheresNN is theNN total cross section,aNN is the ratio of
the real to the imaginary parts off (0), andbNN andgNN are
the slope and phase variation parameters, respectively
present our knowledge of the phase variation parameter
introduces an overallq-dependent phase in the scattering a
plitude is very poor, therefore in scattering calculations it h
been mostly ignored or treated in a phenomenological m
ner.

III. EVALUATION OF Sel„b…

In this work we will evaluateSel(b) as given by Eqs.
~1!–~3! by considering only the first two termsx1 andx2 of
the expansion forx(b) as given by Eq.~3!. To evaluatex1
and x2 one needs the nuclear form factorsFA(B)(q) and
FA(B)

(2) (q1 ,q2). For a light nucleus such as12C the former
may be obtained from the charge form factor after apply
corrections for the finite charge distribution of the proton.
is convenient to use the form factor in the following sum-o
Gaussian parametrization form:

Fv~q!5(
j 51

Nv

cv je
2bv j q

2
, v5A,B, ~12!

wherecv j and bv j are the fitting parameters, andNv is the
number of Gaussian terms required to reproduce the real
form factor.

As regards the nuclear two-body form fact
Fv

(2)(q1 ,q2), it differs from the product of two one-body
form factorsFv(q1)Fv(q2) because of the presence of co
relations in nuclei. Generally speaking, three types of co
lations have been discussed in connection with nuclear s
7-2
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12C-12C ELASTIC SCATTERING AT INTERMEDIATE . . . PHYSICAL REVIEW C 65 054607
tering, namely, center-of-mass~c.m.!, Pauli, and dynamica
short-range correlations@17#. Their effects on nucleon
nucleus and nucleus-nucleus scattering have been studie
several authors~see, e.g., Refs.@15,17,18#!. It is found that
for light nuclei the c.m. correlation is most important. Co
sidering only this correlation the two-body form factor m
be written as@15#

Fv
~2!~q1 ,q2!5expS q1•q2

2vaMv
2 DFv~q1!Fv~q2!, v5A,B,

~13!

whereaMv
2 is the oscillator constant of the nuclear harmon

oscillator model. Substituting Eqs.~11!–~13! in Eqs.~4!–~7!,
closed expressions forx1 and x2 , which determineSel(b),
can be derived easily.

IV. CALCULATION OF CROSS SECTION

To calculate the elastic scattering differential cross sec
in the CMGM we, following Ref.@7#, replaceb in Sel(b) by
b8, which is the distance of closest approach in Rutherf
orbits and is given by

Kb85h1~h21K2b2!1/2, ~14!

whereK is the c.m. momentum of the nucleus-nucleus s
tem andh5ZAZBe2/\v is the Sommerfeld parameter wit
ZA (ZB) as the target~projectile! charge number andv the
projectile velocity.

Next, the diagonalS-matrix elementSl in the angular mo-
mentum representation is obtained fromSel(b8) using Eq.
~14! and the correspondenceKb↔( l 11/2):

Sl5Sel~b8!uKb85h1@h21~ l 11/2!2#1/2. ~15!

Finally, the elastic scattering differential cross section for
12C-12C system is calculated using the expression for t
identical bosons:

ds

dV
5uF~u!1F~p2u!u2 ~16!

with

F~u!5FCoul~u!1
i

2K (
l 50

`

~2l 11!e2is l~12Sl !Pl~cosu!,

~17!

where u is the scattering angle,FCoul the Coulomb ampli-
tude, ands l the Coulomb phase shift.

V. RESULTS AND DISCUSSION

The formalism discussed in previous sections will now
applied to analyze12C-12C elastic scattering data at 1.01
1.449, and 2.4 GeV. The reason for the choice of this data
is that the OLA does not give satisfactory results at th
energies. The input required for calculating the cross sect
05460
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are ~i! the parameterscj andbj of the sum-of-Gaussian pa
rametrization of the12C form factor given by Eq.~12!, ~ii !
the oscillator model constantaM

2 for 12C, and~iii ! the NN
scattering amplitude parameterssNN , aNN , bNN , andgNN .
The values ofcj and bj used in the calculation arec1

51.494, b150.741 fm2, c2520.494, andb250.417 fm2.
These values have been taken from Ref.@15# and they repro-
duce the12C nuclear form factor up to momentum transf
q>2.7 fm21 very nicely. ForaM

2 we use the value 0.38 fm22

as given in Ref.@19#.
As regards theNN scattering parameters, namely,sNN ,

aNN , bNN , and gNN , the first three can, in principle, b
obtained from NN scattering experiments. The last on
namely, the phase variation parametergNN , gives an overall
q-dependent phase to the scattering amplitude and pres
little is known about it. Therefore, in most earlier studies
has been ignored to make the Glauber calculation param
free. One of the aims of the present study is to highlight
importance in Glauber calculations in the energy range un
consideration.

The values of the quantitysNN have been calculated us
ing the parametrization ofspp andsnp in the energy range
of about 10–1000 MeV/nucleon as given in Ref.@20#. The
values ofsNN so obtained are very closely the same as u
by Hostachyet al. @21# from whose work we take the value
of the parameteraNN .

Coming tobNN , it is not a very well determined quantit
in the energy range under consideration. Some authors~see,
e.g., Refs.@7,22#!, in their analyses of elastic scattering di
ferential cross-section data, have assumed it to be zero
the other hand, the value ofbNN at 210 MeV/nucleon, taken
as the simple average ofbpp andbnp , for the spin indepen-
dent part of theNN scattering amplitude as determined b
Wallace @23# from the phase shifts, is 1.24 fm2. Schwaller
et al. @24# have given a plot ofbNN as a function of incident
nucleon kinetic energy in the energy range 0.15–2.0 G
from which it follows that bNN>0.8 fm2 at 200 MeV/
nucleon. Charagi and Gupta@20# in their analysis of the
12C-12C total reaction cross section in the energy ran
0.01–1.0 GeV/nucleon have takenbNN50.42 fm2. Ray
et al. @25# has determinedbpp andbpn from the phase shifts
of Arndt, Hackman, and Roper~AHR! @26# in the energy
range 0.1–2.2 GeV from which it follows that the values
bNN at 0.1, 0.15, and 0.2 GeV are 0.51, 0.58, and 0.62 f2,
respectively. In view of this we performed exploratory ca
culations with different values ofbNN at the energies con
cerned. It is found that a value ofbNN50.85 fm2 gives sat-
isfactory results in the energy range of our interest. T
suggests that perhaps the energy dependence ofbNN is quite
weak in this energy region. Therefore, in this work, we ha
usedbNN50.85 fm2, which is very close to the value give
by Schwalleret al. @24#. The values of the parameterssNN ,
aNN , and bNN that have been used in our calculation a
listed in Table I.

It may be mentioned that the approximation off (q) by
the Gaussian form generally used at intermediate energie
numerical convenience has been borrowed from the desc
tion of NN scattering at high energies where the small an
7-3
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I. AHMAD, M. A. ABDULMOMEN, AND M. S. AL-ENAZI PHYSICAL REVIEW C 65 054607
scattering is peaked in the forward direction so that the sl
parameter can be determined to a good degree of accu
At low intermediate energies the Gaussian parametriza
may not work as well as at high energies, causing so
ambiguity in the determination ofbNN . However, the study
of Rayet al. @25# shows that the spin independent part of t
NN amplitude generated from the AHR phase shifts can
described by the Gaussian parametrization reasonably we
momentum transfers less than 1.5–2.0 fm21 down to at least
100-MeV incident nucleon energy.

In Fig. 1 we present a study of the effect of introduci
the phase variation of theNN scattering amplitude on th
calculation of the scattering cross section in the optical li
approximation. The importance of the phase variation
Glauber model calculations at higher energies was first h
lighted by Franco and Yin@16# who found that its consider
ation greatly helps in reproducing alpha-light ion elastic sc
tering data at Elab51.05 GeV per nucleon withgNN
50.4 fm2. Later, Lombard and Maillet@27# and Auger and
Lazard @28# who analyzedp-4He elastic scattering data a
1.0 and 0.8 GeV, respectively, also found that considera
of the phase factor withgNN'0.25 fm2 considerably im-
proves the theoretical situation~it may be pointed out tha
although the authors in Refs.@27,28# have applied an overal
phase factor withgNN'0.4 fm2, the effective value ofgNN
in their calculation is about 0.25 fm2 as has been clarified in
Ref. @29#!. Existence of such a phase factor has also b
demonstrated using a simpleNN potential model@29#. From
Fig. 1, it is seen that the phase variation that has been
nored in some earlier studies~see, e.g., Ref.@7#! has a sig-

TABLE I. Values ofNN scattering amplitude parameters.

Elab ~GeV! Elab/nucleon~MeV! sNN ~mb! aNN bNN ~fm2!

1.016 84.7 60.1 1.33 0.85
1.449 120.7 42.53 1.34 0.85
2.4 200 30.93 0.96 0.85
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nificant effect on the calculated cross section especially
larger angles. The solid lines show the calculated cross
tion without the phase variation (gNN50), while the other
curves show the results for different values ofgNN in the
range20.7–0.7 fm2. We note that forgNN.0, the calculated
curve goes down relative to thegNN50 case with increasing
gNN , and forgNN,0 the calculated curve goes upward
the absolute value ofgNN increases. In summary a decrea
in the value ofgNN pushes the calculated curve upward a
also fills the minima. We further note that consideration
the phase variation helps little in getting an improved the
retical situation as far as the calculation of the cross sec
in the optical limit approximation is concerned. Calculatio
at 1.449 and 2.4 GeV~not shown! give similar results.

In Fig. 2 we show the effect of including the second ord
phase-shift functionx2(b) on the calculated cross section
1.016 GeV. The dotted curve shows the calculated cross
tion in the OLA @i.e., considering onlyx1(b)# with gNN
50. The dashed curve shows the effect of includingx2(b) in
the analysis still withgNN50. It is seen thatx2(b) has a
large effect on the calculated cross section. It causes the
oretical curve to fall below the experimental values a
makes it more oscillatory. However, the decreasing trend
the calculated cross sections at larger angles is similar to
experimental one. Next, the phase variation parameter is
ied to find that a very good fit to the data is achieved w
gNN520.7 fm2 as may be seen from the solid curve. Thu
it may be said that consideration of both the second or
phase-shift function and the phase variation are important
a satisfactory description of12C-12C data at 1.016 GeV. It
may be clarified that the value ofgNN found here need no
necessarily be the same as one would obtain from the Ga
ian parametrization of theNN amplitude generated from th
phase shifts. This is because theNN scattering measuremen
determine the scattering amplitude, at best, only to within
overall q-dependent phase factor as pointed out by Fra
and Yin @16#. This is the reason that an overallq-dependent
phase factor was applied in Ref.@28# to the NN amplitude
6

FIG. 1. Effect of phase varia-
tion of the NN scattering ampli-
tude on the optical limit calcula-
tion of 12C-12C elastic scattering
differential cross section at 1.01
GeV.
7-4
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FIG. 2. 12C-12C elastic scatter-
ing differential cross sections a
1.016 GeV. Dotted curve: optica
limit calculation ignoring the
phase variation. Dashed curve
calculation withx2(b) but ignor-
ing the phase variation. Solid
curve: calculation including both
the second order phase-shift fun
tion x2(b) and the phase varia
tion.
os
rv
a
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e,
generated from the phase shifts.
In Fig. 3 we show the calculated and experimental cr

sections at 1.449 and 2.4 GeV. The descriptions of the cu
are the same as in Fig. 2. It is seen that at these energies
the second order phase-shift function affects the calcula
cross section significantly. As a matter of fact at 1.449 G
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the calculated cross sections withx2(b), keepinggNN50
~dashed curve!, agrees with the experimental data quite s
isfactorily except in the region of forward angle minima. O
attempt to get still better agreement with the data by vary
gNN helped only a little as is evident from the solid curv
which is calculated withgNN520.1 fm2. At 2.4 GeV, al-
t
V.
FIG. 3. Same as in Fig. 2 bu
at lab energies 1.449 and 2.4 Ge
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I. AHMAD, M. A. ABDULMOMEN, AND M. S. AL-ENAZI PHYSICAL REVIEW C 65 054607
though inclusion ofx2(b) with gNN50 brings the theoreti-
cal curve much closer to the experimental data, the theo
ical situation is still quite unsatisfactory. In this case al
variation of gNN helped little in getting convincingly bette
agreement with the experimental data as is evident from
solid curve that corresponds togNN50.04 fm2. Any other
larger or smaller value is found to deteriorate the situatio

The good agreement between the presently calcul
cross sections and the experimental data at 1.016 and 1
GeV, but not similar agreement at 2.4 GeV, may be int
preted as follows. At 2.4 GeV, which corresponds to 2
MeV/nucleon, the inputsNN is much smaller than its value
at the two lower energies. Because of this the12C-12C system
is more transparent at this energy than at 1.016 and 1
GeV. At the lower energies the system is transparent only
a small range of large impact parameter values corresp
ing to the overlap of the surface tails of the two collidin
nuclei and is opaque for smaller impact parameter values
the higher energy the system remains transparent even
relatively smaller impact parameter values. Therefore,
scattering at 2.4 GeV is expected to be more sensitive to
details of the interior region than at the lower energies. N
if the higher order phase-shift functions neglected in
present analysis were important for relatively smaller imp
parameter values, their omission would manifest at
higher energies but not at lower energies. This appears t
the reason for the some disagreement between the pre
calculation and the experimental data at 2.4 GeV. It is ho
that the consideration of the higher order phase-shift fu
tions that are relatively difficult to evaluate with realist
densities would improve the theoretical situation at this
ergy. The higher order phase-shift functions, which dep
upon the expectation values of the products of severalG’s
with respect to the ground state densities of the collid
nuclei, can be more efficiently evaluated using the meth
developed by Yin, Tan, and Chen@30# and Zhong@31#, used
in Ref. @10#. Since the method is applicable to uncorrelat
densities, the higher order terms can be evaluated in term
appropriate uncorrelated densities and applying the pres
tion given in Ref.@13# to finally obtain the c.m. correlation
ev

.
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corrected higher order phase-shift functions.
The results of the present analysis suggest that the p

variation parametergNN decreases as the projectile ener
per nucleon decreases. It has the value of 0.4 fm2 at 1 GeV
@16#, 0.25 fm2 at about 0.8 GeV@25,26#, and assumes negli
gible values at about 0.2 GeV, where it appears to cha
sign to remain negative down to about 80 MeV. Howev
more studies at other energies in this energy range
needed to arrive at a definitive conclusion on this matter

It is generally believed that the12C nucleus is deformed in
its ground state. This aspect has been ignored in the ana
presented above. The effect of deformation on12C-12C scat-
tering can, in principle, be studied in a realistic way with
the framework of the Glauber model using the angular m
mentum projected wave function of the microscopic d
formed model for12C. However, this is a computationall
difficult task as is evident from the work of Abgrall, Laba
souque, and Morand@32# who used such a description of12C
to analyzep-12C elastic scattering data at 1.0 GeV. Intere
ingly, their results forp-12C scattering show that the elast
scattering and to a lesser extent the transition to
21(4.44-MeV) state are only weakly affected by the mul
step contributions. In view of this we do not expect that t
consideration of the ground state deformation of12C in a
realistic way would substantially affect the findings of th
present study.

In summary, we have made a microscopic study
12C-12C elastic scattering data at 1.016, 1.449, and 2.4 G
within the framework of the Coulomb modified Glaub
model using realistic densities of the colliding nuclei. A go
description of the experimental data at 1.016 and 1.449 G
is found by considering up to a second order term in
nuclear phase-shift expansion series and the phase vari
of the NN scattering amplitude. At 2.4 GeV, however, a
though consideration of the second order phase brings th
much closer to experiment, noticeable discrepancies
exist, suggesting the importance of the neglected higher
der phase shifts at this energy. The present study also s
some light on the energy dependence of the phase varia
parameter.
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