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Mesonic y scaling
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The concept ofy scaling has been demonstrated in the scattering of high-energy electrons to the nuclear
continuum, demonstrating the incoherent elastic scattering of the projectile from individual bound nucleons.
Scattering of intermediate energyp2 andK1 from complex nuclei also shows scaling for cases of low density
or small cross sections, but not for all nuclei. These results are used to evaluate the use of such mesonicy
scaling as a means to measure meson-nucleon elastic differential cross sections within the nuclear medium.
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I. INTRODUCTION

Inclusive inelastic electron scattering at high beam m
menta has been shown to follow ay-scaling response. Unde
assumptions of incoherent, single nucleon elastic scatte
kinematic relations have been shown to transform spectra
a range of beam momenta and scattering angles into
samey-scaled responses@1,2#. The transformations of doubly
differential cross sections and energy lossv ~all in the labo-
ratory frame! at each momentum transferq are defined to be
@3#

y5y`F12
y`

2~A21!mN

AmN
2 1~qeff1y`!2

y`1qeff
G ~1!

with

F~y!5
d2s/dVdv

ds/dV~ free!

1

Aeff

qeff

AmN
2 1~qeff1y!2

, ~2!

with

y`5Aṽ~ṽ12mN!2qeff , ~3!

ṽ5v2SE,

qeff5qF16
4Za\c

3Er0A1/3G , r 051.12 fm. ~4!

Separation energies~SE! are listed in Table I, as used in Re
@3# or interpolated from values reported there. Free nucl
massesmN are used throughout. At sufficiently largeq, the
observabley may be thought of as the component of t
nucleon’s internal momentum along the direction ofq at the
moment it was struck.

Thus we know that the nucleus offers us thisy-scaling
responseF(y). We here address the question of whether t
scaling can be seen in the scattering of high-energy mes
differing from the electrons in their strong interactions w
nucleons and nuclei, and whether such meson data ca
used to extractds/dV, the in-medium elastic meson
nucleon differential cross section, from continuum spectra
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so, thesey-scaling spectra would offer a direct measure
this important ‘‘medium effect,’’ searching for differences
the interactions of mesons within complex nuclei from tho
measured in free space.

Moreover, electron scattering has been demonstrate
show a ‘‘superscaling’’ response, whereby the continu
spectra of all nuclei have been shown to be the same und
certain transformation@3#. If similar methods can be show
to be valid for meson scattering, we could even measure
nuclear target, or density, dependence of these medium
fects.

II. METHODS

Most pion data for this analysis come from Refs.@4,5#,
wherep2 at beam momenta from 780 to 1050 MeV/c were
scattered from targets of D,6Li, C, Ca, Zr, and208Pb. Mo-
mentum transfers ranged from 350 to 650 MeV/c, binned
into steps 25 MeV/c wide. Somep1 data from Ref.@6# are
also used, at a beam momentum of 624 MeV/c. K1 con-
tinuum scattering data at 715 MeV/c from Ref.@7# are used,
at the maximum momentum transfer of 480 MeV/c from
that work. In each case, the absolute normalization of
cross sections was very secure, being calibrated on scatte

TABLE I. Numerical values used to evaluate the scaling tra
formations in the text. Separation energies~SE! are from Ref.@3#,
or interpolated from values there. Fermi momenta for electron s
tering are from Ref.@3#; those forp2 are from Refs.@4,5#, and
those forK1 from Ref. @7#. All are obtained by fits to the shape o
the quasielastic peak to the form of the relativistic Fermi gas, w
kf in MeV/c. Interpolated values are in parantheses. Effective nu
bers of nucleons are from an eikonal calculation.

Target SE~MeV! kf(ee8) Aeff(p
2) kf(p

2) Aeff(K
1) kf(K

1)

D 2.0 1.27 53 2.0 73
6Li 10.0 2.66 147
C 15.0 220 2.66 183 6.1 190
Ca 17.0 ~232! 4.95 199 14.9 220
Zr 22.0 ~236! 6.68 214
Pb 25.0 240 8.68 193 33.3 230
©2002 The American Physical Society01-1
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from free protons and using the known elastic cross sect
@8#.

Figure 1 shows representativep2 spectra for C and208Pb
at three momentum transfers. The prominent quasifree p
is noted at all values ofq. At 350 MeV/c we still see traces
of coherent elastic and inelastic scattering at low ene
losses. The energy resolution of these spectra was 2.5 M
@full width at half maximum~FWHM!#.

Since we desire to use the incoherent scattering from
dividual nucleons for this study, we need care with the kin
matic conditions. These are spelled out in Chap. 11 of R
@9#. The momentum transferq must satisfy both

q@A8mT/3>255 MeV/c

and

q2/2m@uUu540 MeV,

FIG. 1. Doubly differential cross sections measured for scat
ing of 950 MeV/c p2 from C and208Pb are shown at three value
of the laboratory frame momentum transferq @4,5#. Coherent scat-
tering is noted at low energy lossesv, and a broad incoheren
quasielastic peak dominates the continuum.
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with T the nucleon Fermi level in the nucleus andU the
average nucleon-nucleus potential. At the nominal mom
tum transfer ofq5500 MeV/c, the first is probably, but no
decisively, satisfied.

The beam momentumk, both incoming and outgoing
must satisfy 1/k!L, the mean spacing between nucleon
with about 1.9 fm between the centers of objects each ab
0.6 fm in radius. This scale requiresL50.7 fm, or k
@280 MeV/c. If nucleons were larger in the nucleus than
free space, with smaller spacings between their surfaces,
standard becomes stricter. We study the low density
amples of D and6Li to vary these densities or spacings.

The effective number of nucleonsAeff sensed by the me
sonic beams is less than the total number in the nuclear
gets because of absorptions and distortions. This quanti
here computed by a Glauber or eikonal method@10#, com-
pared to the present pion data in Ref.@4# and toK1 data in
Ref. @7#. A different set of geometrical parameters for th
target nuclei is used here, compared to Ref.@4#, so values for
Aeff differ slightly. Meson-nucleon total cross sections us
for these calculations are from Ref.@8#, evaluated for each
nucleus including the nuclear Coulomb effect on the be
energy and averaged over neutrons and protons. Value
Aeff are listed in Table I.

Resonances in the fundamentalp-nucleon cross section
are a prominent feature in the beam energy range we co
Within a complex nucleus, however, these resonances o
than the delta are not visible in measurements of total cr
sections@14#, compared to an eikonal calculation. Figure
shows the world data set for carbon@11,12# compared to a
curve computed for energies above 300 MeV by the eiko
method. Bumps expected from free space interactions are
found for the carbon target, but the overall agreement w
the magnitude of the data confirms the reliability of the
konal method we use at our beam energies near 800 Me
similar conclusion was reached in an isobar model of pi
nucleus total cross sections between 400 and 1000 MeV@13#,

r-

FIG. 2. The world’s supply ofp-carbon total cross sections i
shown, with circles forp2 and crosses forp1 @11,12#. Above the
delta resonance the solid line shows results from the eikonal me
used here to computeAeff in Eq. ~2!. Squares showK1-carbon total
cross sections@15#, with a corresponding eikonal theory curve.
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MESONIC y SCALING PHYSICAL REVIEW C 65 054601
with theoretical cross sections somewhat lower than th
shown here. Also shown in Fig. 2 areK1-nucleus total cross
sections@14#, and the eikonal calculation.

Meson-nucleon differential cross sections appearing
Eq. ~2! were computed from a standard phase shift analy
kept up-to-date with the latest data@8#. Coulomb effects from
the nuclear targets were included to select the beam ene
for these evaluations. Except aty50, the meson is colliding
with a moving nucleon, and the scattering is off the ma
shell. The method of evaluating such off-shell cross secti
in the optimum frame@15# minimizes the difference betwee
on and off-shell scattering. For the extreme cases in the
of Fig. 1, we find differential cross sections for theq
5650 MeV/c case to vary by no more than 4% across
full range of the spectrum for the range of beam energ
appropriate to the optimum reference frame for each ene
loss v. For q5500 MeV/c differential cross sections ar
12% higher at the low energy loss side forv530 MeV, and
larger by 29% for the large energy loss limit ofv
5260 MeV. Since the resonances that provide these va
tions are damped within the nuclear targets, and since
effects are not large, we use only free space differential e
tic p-nucleon cross sections in Eq.~2!, averaged over neu
trons and protons in the complex nucleus.

Electron scatteringy-scaling responses can sense eit
the proton charges incoherently or the~largely! isovector
magnetic moments. Our meson scattering is sensitive pri
rily to an isoscalar, nonspin, coupling to the nucleons in
nuclear medium, with about 60% of the cross section aq
5500 MeV/c @8#. The smaller pieces do not include an
term from pion exchange; the mesons scatter from nucle
only with a short range interaction. If a single meson we
responsible for the largest part of thep-N interaction, it
would be the putative sigma.

III. RESULTS

The transformations of Eqs.~1!–~4! have been applied to
p2 spectra such as shown in Fig. 1 to form they-scaling
plots of Figs. 3 and 4. Only spectra at selected values oq
have been used here. The incoherent quasifree peak is fo
centered very neary50. In contrast to some electron sca
tering spectra, these pion data also decrease and sca
positive y. This is because the small scattering angle
precluded spin transfers, and thus quenched pion produc
which destroys they scaling for transverse electron scatteri
for y.0.

The very light nuclei D and6Li show very good scaling
responses. The sharp peaks neary52130, 2180, and
2210 MeV/c in the D spectra are from elastic deuter
scattering. The6Li sample shows good scaling down toy
52200 MeV/c.

For the carbon sample, however, scaling is not obser
for q less than about 500 MeV/c. The heavier targets show
decreasing agreement with the scaling hypothesis, eve
largeq.

Another way to sensey scaling is by plotting spectra a
fixed q, but varying beam energy and scattering angle. Fig
5 showsp2 data from the same experiment as Refs.@4,5#, as
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well as p1 data from Ref.@6#. Scaling is only approached
for the higher beam momenta, as we might expect from
kinematic conditions. Note that the freep-nucleon cross sec
tions are changing strongly in this resonance range of be
momenta. Although optimum frame considerations@15# will

FIG. 3. Scaling functions for 950 MeV/c p2 scattered from
light nuclei are shown at selected values of the momentum tran
q. The sharp peaks neary52130, 2180, and2210 MeV/c in the
deuteron spectra are from elastic deuterium scattering. The D
6Li spectra show goody-scaling responses, but the carbon ca
scales only for larger values ofq. Data are from Ref.@4#.
1-3
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R. J. PETERSONet al. PHYSICAL REVIEW C 65 054601
be more important at the lower beam energies, they hav
effect aty50.

Scaling responses should be approached from below
the momentum transfers increase@1#. Figure 6 shows these
approaches for the light targets aty50 and at y

FIG. 4. Scaling functions for the heavier nuclei of our study a
shown. The spike atop the Ca spectrum atq5350 MeV/c is the
result of some hydrogen contamination in the sample. These c
do not showy scaling except near the largest values ofq obtained in
our measurements. Data are from Ref.@4#.
05460
no

as

52100 MeV/c. In a similar plot of electron scattering
y-scaling responses, the charge response is found to be
F(y50)50.0027 MeV21 for carbon@1#.

Longitudinal electron scattering responses for carb
were treated with the same scaling transformations used
for pions. Specifics used here are described in the Appen
Data from Ref.@16# at q5400 and 550 MeV/c result in the
scaling responses shown in Fig. 7, with magnitudes much
shown in other analyses of these data with not exactly
scaling transformation used here@17,18#. The p2 scaling
responses for carbon scale much as these electron data
with a magnitude larger by a factor of 3.5. This will b

es

FIG. 5. Scaling spectra are shown forq5500 MeV/c at five
combinations of beam momentum and scattering angle. The
highestp2 curves are from Refs.@4,5#, while the 624 MeV/c case
is for p1 @6#. Scaling is only apparent for the higher bea
momenta.

FIG. 6. Values of the scaling data aty50 and y5
2100 MeV/c are shown for the light nuclei for each of the bins
momentum transfer measured in our experiment@4#. Results for D
and 6Li approach an equilibrium value, whiley50 values continue
to increase withq for C. No Ca data are shown fory50 because of
some hydrogen contamination in the target.
1-4
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MESONIC y SCALING PHYSICAL REVIEW C 65 054601
discussed in Sec. V. A difference in the location of the sc
ing maximum is also noted in comparing Figs. 7 and 3~c!.

IV. SUPERSCALING

A means to compare a larger body of meson and elec
scattering results is by way of the concept of ‘‘superscalin
@3#. They-scaling resonses are further transformed by

Y5y/kf , ~5!

f ~Y!5kfF~y!. ~6!

In Ref. @3# the required Fermi momentakf were obtained
from fits of the shape for a relativistic Fermi gas to t
widths of the electron scattering quasielastic peaks; va
are listed in Table I. Thep2 data were also so fitted@4#, as
were theK1 data @7#. This form was also used for D, a
though the Fermi gas model is not appropriate. Results
compared in Table I. Thep2 interact at larger radii and
lower density and lower Fermi momenta than theK1 and the
electrons.

Figure 8 shows theK1 superscaling responses atq
5480 MeV/c, the largest momentum transfer reached
that experiment@7#. Although statistical error bars are larg
these data scale well neary50, for y.0, and ~except for
Pb!, for y,0. Although several data points for D seem to
below the trend for the other targets, these are fluctuat
because of poor statistical accuracy. Many of the D po
are in the same band as the many other points, and ha
distinguish. In the simplest nonrelativistic Fermi gas mod
with all scaling conditions met, the universal superscal
response would be a parabola reaching betweenY521 and
11, with a magnitude of 0.75.

In Fig. 9 we showp2 superscaling responses atq5500,
600, and 650 MeV/c. These data seem to approach a u
form response for heavier targets. Uncertainties in the Fe
momenta used for this analysis will not change the mag

FIG. 7. Separated longitudinal electron scattering response
for carbon are transformed by the methods of this work to
y-scaling format. Crosses are for 400 MeV/c and diamonds for
550 MeV/c from Ref. @16#.
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tude of these plots by more than 10%. Cross sections fo
and 6Li track remarkably closely.

In Fig. 10 the values off (Y) are plotted for each targe
mass forK1 andp2 at Y50 and forp2 at Y520.5. Lon-
gitudinal electron scattering responses for C@16#, Ca @19#,
and Fe@17# were transformed by the present usages to
superscaling responses shown in Fig. 11. Pion,K1, and lon-
gitudinal electron superscaling responses are very sim
but the pion data are larger by a factor of 3 than the elect
data, and theK1 data are larger by a factor of 1.8.

For bothy-scaling and superscaling responses, we find
meson responses to exceed those measured with elect
Might this be evidence for a ‘‘medium dependence’’?

V. DISCUSSION

It was observed in the electron scaling and supersca
responses that longitudinal~charge! scattering data scale
well, but transverse (S51, T.1) data increase withq @1,3#.
Pion scattering also shows a sensitivity toS51 scattering,
roughly proportional to sin2(u) whereu is thep2-N center-
of-mass scattering angle for quasifree scattering@8#. The ap-
proaches to scaling at a fixed beam momentum
950 MeV/c shown in Fig. 6 could also be thought to ind
cate this, since the increase inq is provided by larger scat
tering angles, but the increase is far below proportionality
sin2u. The scaling data at fixedq with varying beam energy
shown in Fig. 5, however, indicate otherwise;F(y) at its
maximum decreases with scattering angle for the low
beam momentum. The present data set at lower energie
limited in its kinematic suitability to the scaling hypothesi
but we conclude that we can provide no evidence forS51
enhancements with pions.

It is striking that our piony scaling and superscaling re
sponses lie above similar results from electron scattering
about a factor of 3. A major difference in the analyses is o
need to use both computed values ofds/dV andAeff in Eq.
~2!. If in-mediump-N total cross sections increase,Aeff de-

ta
e

FIG. 8. ContinuumK1 spectra atq5480 MeV/c are shown
transformed as in the text to the superscaling format. Although
tistical uncertainties are large, these data do superscale. Dat
from Ref. @7#.
1-5
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R. J. PETERSONet al. PHYSICAL REVIEW C 65 054601
crease. The eikonal model used to computeAeff assumes only
small angle collisions with negligible energy losses. T
model is used here for angles as large as 45°, and may n
reliable for heavy nuclei. This could explain the observ
failure to scale for larger momentum transfers. In particu
the outgoing pion energy for the case of 624 MeV/c is such

FIG. 9. Superscaling data forp2 for all of our samples are
shown at three values of the effective momentum transfer. All sh
the same trend, shifting somewhat to lower values ofY and increas-
ing to saturation for heavier nuclei.
05460
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as to incur a larger probability of a second scattering tha
provided by the eikonal method; this would lead to a sma
value ofAeff and would raise the diamond points in Fig. 5

If differential cross sections increase in proportion to to
cross sections, the product in the denominator of Eq.~2!
changes little. This is demonstrated in Fig. 12, showing f
ds/dV for q5500 and 650 MeV/c and Aeff computed for
p2 in the eikonal method using free-space total cross s
tions for a range of beam energies. Resonances are se
both terms of the denominator of Eq.~2!, but with a product
that varies too slowly to be the cause of our excess inF(y)
and f (Y) near 820 MeV. No resonances are found for t
K1-N system near our beam momentum. Both differen
elastic and totalK1-nucleus cross sections are above exp
tations based on freeK1-N scattering, and again the mutu

w

FIG. 10. At our largest effective momentum transferqeff

5650 MeV/c, the superscaling responses are plotted for e
nuclear target forY50 for K1 ~diamonds! and p2 ~circles!, and
for Y520.5 for p2 ~squares!. A rise to a saturating value is see
Longitudinal electron scattering superscaling responses are nea
at Y50.

FIG. 11. Separated longitudinal electron scattering response
are superscaled by the methods of this work. Circles are for car
at q5550 MeV/c @16#, squares for Ca at 400 MeV/c @19#, and
diamonds for Fe at 570 MeV/c @17#.
1-6
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MESONIC y SCALING PHYSICAL REVIEW C 65 054601
changes will have little effect on the magnitude of theK1

scaling.
The present analysis finds that continuump meson scat-

tering does exhibity scaling for light nuclei, but fails for
larger systems.K1 data do seem to superscale. The mag
tudes of f (Y50) for pions are larger than observed wi
electrons by a factor of 3, while forK1 the maximum is
larger than found for electrons by a factor of 1.8. The lon
mean free path ofK1 within nuclei gives them a penetratio
intermediate between pions and electrons. Pion respons
largeq do show a larger continuum fory.0 than do electron
charge responses.

If the radial extent of nucleons in the interior were
increase, an effect hypothesized to account for a large b
of K1 data@20#, but their ingredients remain the same, w
might suppose thatp-N total cross sections in the nucle
medium do not increase, nor do values ofAeff . Diffraction of
the pions around a larger radiusR would concentrate the
in-medium differential cross sections to smaller angles
increase their magnitude at fixed values ofqR. By this

FIG. 12. The solid curve showsAeff computed in our eikona
model, reflecting the large freep-N total cross sections near tw
prominent resonances. Pi-N isospin averaged differential cross se
tions atq5500 MeV/c and 650 MeV/c are also shown, as dashe
and dot-dashed curves, the latter multiplied by 2. Their product
appears in the denominator of Eq.~2!, changes little. If medium
effects altered bothp-N total and differential cross section
equally, our scaling responses would show little sensitivity
changes from free-space values.
u.
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means the resultingF(y) and f (Y) would increase in our
range of energies and angles, as noted in the data.

We have definitely seen some ‘‘medium effect’’ in m
sonic y scaling in differential cross sections. This result
apparently more sensitive to medium effects than shown
the 31–42 % increase inp-N interaction strength in all chan
nels estimated from total cross sections@13#. The failure to
scale for heavy nuclei may indicate an inadequacy in
methods used to generate scaling functions, but enha
ments are also seen for light nuclei exhibiting good scali
Data at higher beam energies may remove this kinem
impediment in the future and provide a surer react
mechanism.
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APPENDIX

Separated longitudinal electron scattering responses
often shown in the literature, and several methods have d
onstrated how these scale and superscale@1#. In the present
work, the transformations given in the body of the pap
transform cross sections. Here we specify how we scale p
lished electron responses to generate the data shown in
7 and 11, for a clear comparison of the data using sev
projectiles.

ResponsesRL are defined from separated electron scatt
ing longitudinal cross sections using the Mott electro
nucleon cross section. Scaling responses use the a
electron-nucleon elastic diferential cross sections, includ
the proton form factor for longitudinal or charge scatterin
Here we use the dipole charge form factor for the prot
with ap5840 MeV/c. With Q25q22v2 we create longitu-
dinal scaling functions by

F~y!5RL~q,v!
K

Z S Q

q D 4S 11
Q2

4mN
2 D S 11

Q2

ap
2 D 4

~A1!

with RL(q,v) from the literature,Z as the nuclear charge
andK as in Eq.~2!. Superscaling functions are created in t
same fashion as used for mesons, withkf from published fits
to the widths of electron scattering quasifree cross sectio
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