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Staggering behavior of the low-lying excited states of even-even nuclei
in a Sp„4,R… classification scheme
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We implement a high order discrete derivative analysis of the low-lying collective energies of even-even
nuclei with respect to the total number of valence nucleon pairsN in the framework ofF-spin multiplets
appearing in an algebraic sp(4,R) classification scheme. We find that for the nuclei of any givenF multiplet the
respective experimental energies exhibit aDN52 staggering behavior and for the nuclei of two united neigh-
boring F multiplets well pronouncedDN51 staggering patterns are observed. Those effects have been repro-
duced successfully through a generalized sp(4,R) model energy expression and explained in terms of the
steplike changes in collective modes within theF multiplets and the alternation of theF-spin projection in the
united neighboring multiplets. On this basis we suggest that the observedDN52 and DN51 staggering
effects carry detailed information about the respective systematic manifestation of both high order
a-particle-like quartetting of nucleons and proton~neutron! pairing interaction in nuclei.
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I. INTRODUCTION

The systematic behavior of the low-lying collective sta
of even-even nuclei has been extensively studied in diffe
phenomenological and microscopic model approaches@1–4#.
In particular, some algebraic classification schemes provi
convenient way to systematize the general collective cha
teristics of these states in terms of the basic nuclear struc
quantities, such as the nuclear mass number, the proto
neutron numbers, as well as the total number of neutron
proton pairs in nuclear valence shells@1,5,6#. These quanti-
ties and their combinations can naturally be treated as
quantum numbers of the irreducible representations ass
ated with the respective groups of symmetry. In this fram
work the low-lying collective energy levels exhibit variou
kinds of smooth systematic dependence on the diffe
quantum numbers, which can be evaluated empirically@1,5#.

From another point of view, however, the current stud
of various fine effects in the structure of collective intera
tions and the respective energy spectra suppose the pre
of quite a complicated behavior of nuclear collective char
teristics. Thus, the application of the discrete approximat
of a high order derivative of given nuclear characteristics
a function of particular physical quantity reveals vario
kinds of staggering effects that carry detailed informat
about the fine properties of nuclear interactions and the
spective high order correlations in the collective dynamics
the system.

Typical examples are theDI 51 staggering effects~with I
being the angular momentum! in the collectiveg bands@7,8#
and nuclear octupole bands@9#, theDI 51, 2, and 4, stagger
ing in superdeformed nuclear bands@10–13# and theDI
52 staggering in the ground-state bands~GSB! of normally
deformed nuclei@14#.

Another example is the odd-even staggering in nucl
binding energies@15–17# or the behavior of the nuclea
masses@18# as a function of the atomic numberA, for which
0556-2813/2002/65~5!/054303~11!/$20.00 65 0543
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the influence of different pairing,a-like quartetting@19# and
mean-field effects are considered to play a role.

In the above aspect, a natural question is whether
application of a high order discrete derivative analysis to
low-lying collective states in wide range of nuclear cha
would provide any staggering behavior of the respective
ergies as functions of the quantum numbers of an approp
classification scheme. The answer of this question co
open a new fine tool in the interpretation and the system
study of nuclear collective interactions and their symmetri

The purpose of the present work is to examine the ab
problem with respect to the low-lying collective states
even-even nuclei in the framework of an algebraic Sp(4R)
classification scheme@20#. The basic assumption of thi
scheme is that the structure of nuclear proton and neu
valence shells can be characterized in a unique way by
quantum numbers of the irreducible representations~irreps!
of the algebra su(2) and the ladder representations of
algebra u(1,1) which are subalgebras of the boson repre
tation of Sp(4,R), considered as a classification group. As
result the even-even nuclei of each major~proton and neu-
tron! shell can be classified into sets ofF-spin multiplets@6#,
where any nucleus is uniquely identified by the total num
of valence bosonsN ~pairs of protons and neutrons! and the
third projectionF0 of the F spin. It is known that in each
F-spin multiplet the energies of the low-lying yrast stat
exhibit a smooth and periodic behavior as functions ofN. On
this basis, a unified theoretical description of GSB energ
in even-even nuclei has been obtained@5#.

In the present paper, we apply the high order discr
derivative analysis to the both experimental and theoret
21

1 energies as functions of the quantum numberN in the
framework of the respectiveF multiplets appearing in the
Sp(4,R) scheme. The same analysis is also applied to
next higher 41 and 61 levels of the yrast bands of the cla
sified nuclei and some typical results are presented. As it
be seen the experimental data exhibit considerableDN52
©2002 The American Physical Society03-1
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staggering behavior in all consideredF multiplets ~with N
even or odd! and also very well pronouncedDN51 stagger-
ing effect in the cases when two neighboringF multiplets are
united into one single multiplet~with both even and oddN).
In addition, we extend the study in some isotopic chai
where a tediousDN51 staggering effect can be observ
also, but its general magnitude is quite small compared to
patterns observed in theF-spin multiplets.

We will see that these phenomena are reproduced t
retically by a generalized phenomenological energy exp
sion derived in the framework of the classification schem
On this basis we are able to provide an adequate phys
interpretation of the observed staggering patterns in term
the related collective model characteristics and the high o
a-like quartetting and pairing nucleon interactions as we

In Sec. II we briefly outline the algebraic base of t
Sp(4,R) classification scheme. The high order discrete
rivative formalism and its meaning in the context of t
present theory is given in Sec. III. Experimental and theo
ical staggering patterns withDN52 in theF multiplets and
with DN51 in the combined~neighboring! F multiplets and
isotopic chains are presented in Sec. IV. A detailed anal
of their form and amplitudes in the different multiplets
also given. In Sec. V the obtained results are analyzed
terms of the model characteristics of the classificat
scheme. Some comments and conclusions are given in
VI.

II. LOW-LYING COLLECTIVE STATES IN THE Sp „4,R…

CLASSIFICATION SCHEME

Symplectic algebras are used in physical problems, wh
the number of particles~bosons or fermions! changes in a
pairwise fashion@21#. In this particular case the Sp(4,R)
classification scheme is based on the use of two kinds
bosons, proton (p) and neutron (n) bosons, interpreted a
pairs of the respective nucleons, confined in the valence
bits. The boson representation of the algebra sp(4,R) is gen-
erated through the respective creation and annihilation op
tors as follows@5#:

p†p†, n†n†, p†n†, pn, nn, pp,

Np5p†p, Nn5n†n, F15p†n, F25n†p. ~1!

The following subset of the above operators~1!

F1 , F2 , F05 1
2 ~Np2Nn! ~2!

generates a suF(2) algebra so that aF spin quantum numbe
is assigned to the considered boson system with a m
ematical structure similar to that of the isospin.

The operatorN5Np1Nn commutes with all the opera
tors ~2! acting in this way as a first order invariant of a
u(2).suF(2)^ uN(1) @6,22#. The spaceH, in which the bo-
son representation of sp(4,R) acts is reducible and the oper
tor (21)N splits it into two irreducible spacesH1 andH2 ,
corresponding toN even or odd, respectively. Acting o
these spaces the operator of the total number of particleN
reduces them to a direct sum of a totally symmetric unit
05430
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irreps of suF(2), labeled byN50,2,4, . . . , for H1 and N
51,2,3,. . . , for H2 . The operatorF0 ~2! does not differ
essentially from the first order Casimir operator of the no
compact u(1,1),sp(4,R). Hence it reduces the spacesH1

andH2 to the ladder series defined by its fixed eigenvalu
The states from a given ladder, are defined by the eigenv
of F0 and are obtained by the subsequent action of the
eratorp†n† on the lowest weight state. The operatorF0 re-
duces each u(2) representation~with fixed value ofN) to the
representations of up(1)% un(1) labeled byNp and Nn~1!,
respectively. The same is obtained by reducing the u(1
ladders with the operatorN.

In terms of the well known and rather successful langua
of IBM-2 @23#, the algebraic operators~1! obtain the physical
meaning of basic nuclear characteristics inherent for
Sp(4,R) classification scheme. Thus the eigenvalues of
operatorsNp5 1

2 (Np2Np
(1)) andNn5 1

2 (Nn2Nn
(1)) are natu-

rally interpreted as the numbers of valence proton and n
tron pairs for a nucleus of a given shell. HereNp

(1) andNn
(1)

are the proton and neutron numbers, respectively, of
double magic nucleus at the beginning of the shell, cons
ered as the ‘‘vacuum state’’ for the symplectic represen
tions. A basic point in the present classification scheme
that the major shells, which are defined by their border
magic numbers (Np

(1) ,Nn
(1)uNp

(2) , Nn
(2)) ~with Np

(2).Np
(1) and

Nn
(2).Nn

(1)) are mapped on two Sp(4,R) multiplets
(Np

(1) ,Nn
(1)uNp

(2) , Nn
(2))6 , with N being even (1) or odd

(2). In these terms the total number of valence bosonsN,
and the third projection of theF spin, F0, are exactly the
operators that reduce the sp(4,R) spaces to a definite vecto
in one of the up(1)% un(1) subspaces, corresponding to
given nucleus with fixedN andF0. In this way the nuclei of
a given major shell are naturally classified intoF0 multiplets
~with fixed F0 andN taking all its possible values@6#!, uni-
fied in each of the symplectic spacesH1 and H2 . This is
illustrated in Table I, where part of the even-even nuclei fro
the rare-earth region are ordered in theH1 space. TheF0
50,1,2 multiplets form the column of the table and nuc
with the sameN are in each of the rows. The nuclei belon
ing to each of these multiplets differ byDN52, ana-like
cluster~two protons and two neutrons! created by the opera
tor p†n† ~1!. It is important to remark that another kind o
DN52 nuclear sequences@24# can be defined in the sym
plectic spacesH1 and H2 by the action of the operator
p†p† ~or n†n†) on the minimal weight states of eachF0
multiplet. These sequences correspond to the even-even
clei from a given isotonic~or isotopic! chain, which differ by
four protons~or neutrons! with F0 differing by DF0511
~or 21).

Furthermore, if the anticommutation relations of the b
son creation and annihilation operatorsp†,p andn†,n @25#
are formally introduced, one can easily see that sp(4,R) is
the even part of a superalgebra, which has the single bo
operators as odd generators. These operators practicall
late the even and odd symplectic multiplets. On this ba
any two neighboringF0 multiplets fromH1 andH2 , can be
united into one single odd-evenF0 multiplet. An example
of the ordering of nuclei in such combined multipl
3-2
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F05$1,3
2 % from the rare-earth shell is presented on Table

In these multiplets the neighboring nuclei are determined
the subsequent alternative action of the operatorsp†(DF0
51 1

2 ) and n†(DF052 1
2 ) and thus differ alternatively by

DF056 1
2 . In addition the nuclei belonging to such od

evenF0 multiplets differ byDN51. In the same way the
isotonic and isotopic nuclear chains of even-even nuclei w
DN51 can be obtained by the respective consecutive ac
of p†(DF051 1

2 ) and n†(DF052 1
2 ) without a change in

the sign ofDF0.
All the even and odd symplectic multiplets, constructed

this way, are given in the tables of@5#. Moreover, it has been
shown that the low-lying yrast energies exhibit a smo
behavior in eachF0 multiplet, which allows their unified
description in terms of the nuclear collective characteris
inherent for the Sp(4,R) classification scheme. On this bas
the following generalized energy expression has been
posed@5#:

Eyrast~hk ,I ,v!5a$hk%I ~ I 1v!. ~3!

The second term of Eq.~3! represents the generalized colle
tive interaction characterized by the geometrical param
v. The values of this parameter for the nuclei presented
Tables I and II are given in parentheses. The latter has
physical meaning of a measure for the interplay between
vibrational (v.20) and the rotational (v51) collective
modes~3! and reflects the respective changes in the nuc
shape. Since in heavy nuclei the shape is changed from
most spherical at the beginning of given shell to axially d
formed in the midshell region and back towards spherica
its closure, the parameterv changes, respectively, fromv
.20 tov51 and then again tov.1. The values ofv have

TABLE I. Nuclei from multiplets withF050,1,2 from the shell
(50,82u82,126)1 mapped on the evenH1 (N even! subspace of
Sp(4,R). The values of the parameterv are given in parentheses

F0

N 2 1 0

0 132Sn
2 136Xe 136Te
4 140Ce 140Ba(26) 140Xe(17)
6 144Nd(27) 144Ce(19) 144Ba(8)
8 148Sm(24) 148Nd(13) 148Ce(6)
10 152Gd(13) 152Sm(4) 152Nd(1)
12 156Dy(4) 156Gd(2) 156Sm(1)
14 160Er(4) 160Dy(1) 160Gd(1)
16 164Yb(4) 164Er(1) 164Dy(1)
18 168Hf(3) 168Yb(1) 168Er(1)
20 172W(3) 172Hf(2) 172Yb(1)
22 176Os(3) 176W(2) 176Hf(1)
24 180Pt 180Os(3) 180W(2)
26 184Hg 184Pt(4) 184Os(3)
28 188Pb 188Hg 188Pt(8)
30 192Pb 192Hg
32 196Pb
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been determined@5# for each of the classified nuclei by usin
the experimental yrast energy ratios (EI 12)/EI , which are
known to provide a reliable criteria@26# of nuclear collectiv-
ity. So, the assigned integer values ofv for each of the
classified nuclei~fixed values ofN and F0) determine its
type of collectivity.

The first term in Eq.~3!, a$hk%, is a dynamical~inertial!
coefficient determined as a function of the six quantum nu
bershk , k51,2, . . . ,6, which are specific for each nucleu
in a given shell. Generally, the variableshk depend on the
number of protonsNp and neutronsNn and the four magic
numbersNp

1 , Nn
1 , Np

2 , N,n
2 and can be expressed in terms

the classification quantum numbersN and F0. Thus for a
fixed nuclear shell the inertial parameter is given by the
pression

a$hk%5A11A2N1A3F01A4N21A5F0
21A6NF0 , ~4!

where Ai ,i 51,2, . . . ,6 arephenomenological paramete
determined overall for all nuclear shells@5#.

TABLE II. The nuclei from odd-even multiplet withF0

5$1,3
2 % from the shells (50,82u82,126)6 , with the values of the

parameterv in parentheses.

H1 H2

N/F0 1 3
2

2 136Xe
3 138Ba
4 140Ba(26)
5 142Ce(30)
6 144Ce(19)
7 146Nd(20)
8 148Nd(13)
9 150Sm(13)
10 152Sm(4)
11 154Gd(4)
12 156Gd(2)
13 158Dy(2)
14 160Dy(1)
15 162Er(3)
16 164Er(1)
17 168Yb(2)
18 168Yb(1)
19 170Hf(2)
20 172Hf(2)
21 174W(3)
22 176W(2)
23 178Os(3)
24 180Os(3)
25 182Pt(4)
26 184Pt(4)
27 186Hg
28 188Hg
29 199Pb
30 192Pb
3-3
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In general, the geometrical parameterv has its specific
values for each of the classified nuclei. The inertial para
etera$hk% is a function only ofN in eachF0 multiplets, and
of the two classification numbers in the combined odd-e
and isotopic multiplets.

III. HIGH ORDER DISCRETE DERIVATIVE ANALYSIS OF
COLLECTIVE ENERGIES IN THE Sp „4,R… SCHEME

As it became clear from Sec. II, the even-even nuclei
givenF0 multiplet appearing in the considered Sp(4,R) clas-
sification scheme are uniquely determined by the subseq
even ~or odd! values of the valence boson numberN. This
allows us to apply the high order discrete derivative analy
to the low-lying GSB energiesE(N) for a given angular
momentumI 52,4,6 in any consideredF0 multiplet, as a
function of the quantum numberN, by analogy to the stag
gering analysis of rotational band energies applied in te
of the angular momentumI @8,9,27#.

Since for any givenF0 multiplet ~see Table I! the values
of the quantum numberN of the neighboring members diffe
by DN52 (a particle!, the following quantity can be intro
duced:

Stg~2N!5 1
16 @6D2E~N!24D2E~N22!24D2E~N12!

1D2E~N14!1D2E~N24!#, ~5!

where

D2E~N!5E~N12!2E~N!. ~6!

The point functionStg(2N) is proportional to the discrete
approximation of the fourth derivative of the functio
D2E(N), and obviously, to the fifth derivative of the energ
E(N),

Stg~2N!5 1
32 $10E~N12!15E~N22!1E~N16!

2@10E~N!15E~N14!1E~N24!#%. ~7!

As such, it naturally obtains zero values for any polynom
form of E(N) of power less or equal to 4. Therefore, a
nonzero values of the quantityStg(2N) will imply a higher
order functional dependence. Moreover, any staggering~zig-
zagging! behavior of theStg(2N) values will suggest the
presence of quite complicated nonpolynomial dependenc
the lowest collective energy and the respective nuclear in
actions on the quantum numberN.

On the above basis it is expected that the application
the quantityStg(2N) to the low-lying collective nuclear
states within theF0 multiplets of Sp(4,R) could provide a
detailed information about the possible influence
a-particle-like high order quartetting interaction (p†n†pn)
of nucleons on the systematic behavior of collective exc
tion energies.

We should remark that the application of the functi
Stg(2N) for the energies of the nuclei in the isotopic a
isotonic chains is restricted, since even in the larger sh
there is not enough number of points~observed excitation
energies!. Actually this is due to the circumstance that t
05430
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available data are separated in the two spacesH1 andH2 .
The above restriction is naturally released in the exten
regions of exotic nuclei~such as withNn5Np and close to
the drip lines!, where the number of newly obtained expe
mental data grows continuously.

Now, we can extend the framework of the fine systema
analysis of low-lying collective energies by considering t
unified odd-evenF0 multiplets ~see Table II!. Within these
multiplets the neighboring members differ byDN51 ~a pro-
ton or neutron pair! in a way that the increasingN corre-
sponds to asubsequent alternativeadding of proton and neu
tron pairs to the valence shells. In this case the system
behavior of the excitation energies can be characteri
analogously to Eq.~5! by a discrete approximation of th
fourth derivative of the energy difference forDN51,

Stg~1N!5 1
16 @6D1E~N!24D1E~N21!24D1E~N11!

1DE1~N12!1D1E~N22!#, ~8!

where

D1E~N!5E~N11!2E~N!. ~9!

The use of the same order in the discrete derivative
proximations~5! and ~8! for the F0 multiplets with DN52
and the combined odd-even and isotopic multiplets w
DN51, respectively, allows one to treat thea-particle quar-
tetting and the different kinds of nucleon pairing correlatio
in nuclei on the same footing, as well as to compare qua
tatively their fine systematic influence on nuclear collectivi
Also, in this way the present classification scheme allows
standard analysis of theDN51 staggering effect in isotopic
chains of even-even nuclei. In the isotonic chains this ana
sis is limited due to the Coulomb restriction on the possi
proton numbers, but nevertheless it seems to be perspe
in view of the current progress in the experimental inves
gations of proton rich nuclei.

IV. DNÄ2 AND DNÄ1 STAGGERING PATTERNS
FOR THE LOW-LYING COLLECTIVE ENERGIES:

EXPERIMENT AND THEORY

We have applied the functionsStg(2N) ~5! andStg(1N)
~8! for the analysis of the experimental data@28–30# on the
lowest collective energies of even-even nuclei classified
the respective symplectic multiplets. In all the consider
cases these functions are oscillating with respect to the
of their scale, with a changing amplitude, i.e., exhibit sta
gering patterns, which will be analyzed below.

The function~5! has been used in all possible cases,
which theF0 multiplets of the considered Sp(4,R) classifi-
cation scheme@5#, contain more than eight nuclei. For all o
them we observeDN52 staggering behavior of the 21

1 en-
ergy. Some typical staggering patterns including either o
or evenF0 multiplets are shown on Fig. 1.

We see that for the differentF0 multiplets the genera
scale of the staggering amplitude depends essentially on
particular valence shells. Thus, for the two multipletsF0
53/2 @Fig. 1~a!# andF050,1,2 @Fig. 1~c!#, belonging to the
3-4



STAGGERING BEHAVIOR OF THE LOW-LYING . . . PHYSICAL REVIEW C65 054303
FIG. 1. The experimental values ofStg(2N), Eq. ~5!, for the F0 multiplets: ~a! F053/2 from (28,50u50,82)2 ; ~b! F0524 from
(50,50u82,82)1 ; ~c! F050,1,2 from (50,82u82,126)1 ; ~d! F051 from (50,82u82,126)1 for I 52,4,6.
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essentially different~light and heavy! valence shell configu-
rations (28,50u50,82)2 and (50,82u82,126)1 , respectively,
the staggering amplitude generally differs by more than
order in magnitude. While for the lighter shel
(28,50u50,82)2 the function Stg(2N) oscillates between
20.8 and 0.6 MeV@Fig. 1~a!#, for the heavier~rare-earth!
shells it drops in the interval@20.06,0.04# MeV @Fig. 1~c!#.
Some intermediate staggering magnitude in the interv
@20.03,0.05# MeV is observed for the multipletF0524
@Fig. 1~b!#, which belongs to the ‘‘intermediate’’ valenc
space (50,50u82,82)1 .

As a result, we find that the generalDN52 staggering
scale tends to be large for the light nuclear valence shells
essentially smaller, by more than one order in magnitude,
the heavy nuclear regions. However, we should remark
the more detailed comparison is restricted due to the fact
the ‘‘length’’ of the F0 multiplets increases towards th
heavier valence shells and, as it will be pointed out bel
more complicated structure of the staggering patterns
pears there.

So, in the region of heavy nuclei we find that for an
particular F0 multiplet the DN52 staggering function
strongly varies in dependence on the quantum numberN. In
Fig. 1~c! we show three well developed~long enough! pat-
terns of the multipletsF050,1,2 of the rare earth valenc
shells (50,82u82,126)1 , illustrated in Table I. We find that in
the beginning of any multiplet (N54212) as well as nea
its end (N.20), a considerable staggering amplitude
05430
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about 0.05 MeV is observed, while in the middle of the m
tiplet (N515–20), which corresponds to the effectiv
middle of the valence shells, the staggering effect is ess
tially suppressed to practically zero amplitude. Also, we
mark that in some cases@see the multipletF052 in Fig.
1~c!# irregularities in the zigzagging curve with subseque
changes in the phase of the staggering pattern are obse
This is a possible indication for the presence of a subs
closure atZ564 in the 152Gd isotope atN510 of the mul-
tiplet. The classification permits one to take into account
subshells, but in this work these are not considered, altho
their features are seen on the experimental staggering
terns.

Further, in Fig. 1~d! we illustrate theDN52 staggering
patterns obtained for the experimental levels with angu
momentumI 52,4,6 within the longF051 multiplet. The
different curves are characterized with the same phase
the oscillation, while the amplitude increases with the
creasing of the angular momentum, conserving the same
pendence on the quantum numberN.

Now, let us consider the fine structure of the odd-evenF0

multiplets obtained by uniting two neighboringF0 multiplets
from the spacesH1 andH2 . The respective 21

1 energy se-
quences are obtained by switching between the subseq
members of the two considered multiplets. The unified o
even F0 multiplets contain much larger number of nucl
than the single multiplets, which allows one to extend t
3-5
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analysis by applying the discrete function~8! to all the
nuclear shells, including the first (28,28u50,50)6 and the last
~open! (82,126u126, . . . )6 major shells. In all of them we
found that the experimental energies exhibit rather well p
nouncedDN51 staggering patterns. Some typical examp
illustrating different combinations of odd-even multiple
from all the shells are shown in Fig. 2.

First of all, we see that the general scale of theDN51
staggering is larger by almost one order of magnitude t
the scale in theDN52 staggering patterns of the respecti
separateF0 multiplets. For example, compare Fig. 1~c! and
Fig. 2~c!, where the staggering patterns of the energies of
nuclei from Tables I and II, respectively, are plotted.

Further, we find that the trend of the decrease of the s
gering amplitude with the increase of the shell dimension
observed with no exceptions in this case, e.g., in theDN
52 case. This can be seen, for the odd-even multiplets w
F05$25/2,22% from the shell (28,28u50,50)6 in Fig. 2~a!
and from the shell (82,126u126, . . . )6 @30# in Fig. 2~d!,
where the maximal staggering amplitude drops from
MeV in the first one, to 0.003 MeV in the last one. Th
decrease is gradual through the consecutive shells@Fig. 2~a–
d!#.

As in theDN52 case, we observe that in the beginni
and the end of any particular unified odd-even multiplets
staggering amplitude is larger, than in the middle of it. It
however, important to remark that in the middle of the u
fied F0 multiplets in the ‘‘lighter’’shells (28,28u50,50)6 ,
(28,50u50,82)6 , and (50,50u82,82)6 the decrease in the
staggering magnitude is not very well expressed, as coul
seen for the multipletsF05$25/2;22% in Fig. 2~a!, F0
5$1,3/2% in Fig. 2~b! andF05$24;27/2% in Fig. 2~e!, re-
spectively. In the middle of all the combinedF0 multiplets in
the rare-earth (50,82u82,126)6 region the staggering ampli
tude is almost vanishing, as illustrated for theF05$1,3/2%
multiplet in Fig. 2~c!.

The application of Eq.~8! to the energies of the nex
exited statesI 54,6 in the combined odd-even multiplet
shows as in theDN52 staggering, that all the typical fea
tures of the energy behavior of the 21

1 states, outlined above
are even enhanced with the increase of the angular mom
tum. An example for one of the longest combined multipl
F05$24;27/2% from the shell (50,50u82,82)6 is given in
Fig. 2~e!.

The nuclear isotonic chains obtained in the scheme
too short, so theStg(1N) function is investigated only in the
isotopic chains of even-even nuclei, obtained by the conse
tive action of the boson operatorsn1 ~pairs of neutrons!. It
does not exhibit a pronounced staggering effect. An exc
tion is presented in Fig. 3, for the Os isotopes, but the ma
mal amplitude in this case is two orders smaller~0.006 MeV!
than the odd-evenDN51 staggering in the same shell@Fig.
2~c!#.

Hence, we apply the staggering filters~5! and ~8! on the
theoretically obtained by means of Eq.~3! energies of the
low-lying collective states of even–even nuclei in all t
multiplets, in which experimentalDN52 andDN51 stag-
gering was observed. We found that the behavior of Eqs.~5!
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and~8! is reproduced rather well by the theoretical energi
This result is illustrated for 21

1 energies from the multiple
F050 of the shell (50,82u82,126)1 from Table I and for the
odd-evenF05$0,1/2% multiplet of the same shell in Figs
4~a! and 4~b!, respectively. We see that in both cases w
DN52 and DN51 the specific systematic dependence
the staggering magnitude on the quantum numberN is repro-
duced. Moreover in the ends of the multiplets the larger a
plitudes are reproduced together with the correct signs.
theoretical amplitude is a bit smaller than the experimen
one and its irregularity is more clear in the region of the w
deformed nuclei. As illustrated in Figs. 4~c–e! the staggering
behavior of the energies of the states withI 52,4,6, respec-
tively, in the combined multipletF05$1/2,1% from the shell
(50,82u82,126) is reproduced by the generalized formula~3!,
including the sign and typical features of the amplitude
the higher states. This means, that all the presented ana
for the first exited 21

1 states is appropriate for all the highe
yrast states, which were included in the fitting procedu
when Eq.~3! was deduced in@5#. The slight discrepancies in
the theoretical reproduction of the staggering amplitudes
due to the accuracy of the phenomenological description
the restriction to integer values ofv.

V. MODEL ANALYSIS

A relevant model interpretation of the presented inve
gation can be obtained on the basis of the geometrical fa
v, nonexplicitly depending onN andF0, defining the nuclei
in the multiplet. Its phenomenological values@5# vary in the
limits v51 –30 and specify the character of the collecti
motion. In decreasing order, these values consequently c
acterize the collective excitations of nearly spherical, vib
tional nuclei @large values ofv'15–30; U~5! limit of
IBM1#; the transitions region~with fast decrease ofv) in-
cluding theg-soft nuclei with v'5; @O~6! limit # and the
region of well deformed, rotational nuclei@v51; SU~3!#. In
the lighter shells@Figs. 1~a!, 1~b!, 2~a!, 2~e!# we have a tran-
sition only from spherical tog-soft nuclei and back to almos
the same value ofv, which corresponds to the transitio
from the U~5! to the O~6! limit of the IBM1 @31# ~only one
side of the Casten’s triangle@32#!. The typical model distri-
bution of 21

1-energy levels between the differentv modes of
collective motion is illustrated in Fig. 5 for the longF050
multiplet of the shell (50,82u82,126)1 in the first column of
Table I. There the thin curves represent variousv-fixed
modes of theEyrast(hk,2,v) as functions of the valence pair
numberN, while the thick curve connects its phenomen
logically determined values, taken from Table I. We see t
in the beginning of the multiplet (N54) the theoretical 21

1

energies start from the highv517 ‘‘vibrational’’ curve, but
with the increase ofN they rapidly dump down~throughv
58,6) to the ‘‘rotational iso-line’’ withv51 that ‘‘receives’’
all levels in the middle regionN510–22. Further, in the end
of the multiplet ~shell closure regionN524–30) several
jumps up to the transitional (v53,6,8) collective modes are
observed.

The above rather large discrete jumps of energy as a fu
3-6



STAGGERING BEHAVIOR OF THE LOW-LYING . . . PHYSICAL REVIEW C65 054303
FIG. 2. The experimental values ofStg(1N), Eq. ~8!, for the odd-evenF0 multiplets: ~a! F05$25/2,22% from (28,28u50,50); ~b!
F05$1,3/2% from (28,50u50,82);~c! F05$1,3/2% from (50,82u82,126);~d! F05$25/2,22% from (82,126u126, . . . );~e! F05$24,27/2%
from (50,50u82,82) forI 52,4,6.
054303-7
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tion of N between the differentv lines cause the pronounce
DN52 staggering effect in the beginning and the end of
theoretically ‘‘filled’’ F0 multiplet. The small~but nonzero!
staggering amplitudes appearing in the middle region can
considered as the effect of the five-point discrete derivat
Eq. ~6!, which has a ‘‘memory’’ of the preceding states a
also ‘‘propagates’’ the information about ‘‘what happens’’
the ends.

At the same time, the change in the geometric factorv,
through its dependence onN, reflects phenomenologicall
the respective change in the intrinsic nuclear structure an
influence on the character of collective motion. On this ba
we can directly interpret the experimentalDN52 staggering
patterns as a result of rapid change in nuclear collec
properties with respect to different intrinsically determin
modes, related in this case to the accumulation ofa-like
clusters, as obvious from the ordering of the nuclei
Table I.

Now, we can directly extend the above consideratio
with respect to theDN51 staggering patterns correspondi
to changes in the intrinsic nuclear structure with alternat
kinds of nucleon pairs. In the combined symplectic mu
plets the analysis concerning the geometric factorv and its
contribution to the fine systematical behavior of 21

1 energies
is still valid for their members, but their more gradual chan
must be taken into account. It provides an analogous ex
nation of the largeDN51 staggering amplitudes in the end
of given odd-even multiplet. However, in this case there
another factor that appears to be decisive especially for
essentially larger staggering scale compared to theDN52

FIG. 3. The experimental values ofStg(1N), Eq. ~8!, as func-
tion of the neutron numbersNn , obtained for the Os isotopic mul
tiplet from (50,82u82,126).
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case. In the singleF0 multiplet the difference between tw
neighboring energies is entirely determined by the quan
numberN and the geometric factorv ~all other model quan-
tities and parameters are fixed!. In the combined multiplets
there is additional dependence on the quantum numberF0,
Eq. ~4!. The alternative change of theF0 values with1 1

2

then2 1
2 in the two neighboringF0- multiplets provides re-

spective change in the inertial factorsa$hk% Eq. ~4!, and thus
a priori produces a mutual energy oscillation in the resp
tive energy sequences. Hence, even in the energy differe
~9! some staggering is obtained, due to its dependence on
oscillating values ofF0 as seen in Fig. 6.

The latter results in magnifying theDN51 staggering
background. Thus, our theoretical analysis suggests tha
form and the sensitivity ofDN51 staggering effect to the
nuclear shell structure are determined by discrete change
the quantum numberv with respect toN, but its general
magnitude is also determined by the fluctuations of theF0
values,~see as an example Table II!. The magnitude and the
form of the staggering pattern, together with the respec
set of phenomenologicalv values provide both, relevan
qualitative and quantitative, characteristics of nuclear coll
tivity in the framework or the Sp(4,R) classification scheme

VI. CONCLUSIONS

The investigation and the physical interpretation of t
two typesDN52 andDN51 staggering patterns reflect th
fact of the specific ordering of the even-even nuclei in t
two types of multiplets of the Sp(4,R) classification scheme
in which they differ by ana-like cluster or alternating pairs
of protons and neutrons. The results presented so far allo
to outline the following systematic behavior of the expe
mentally observed low-lying collective energy levels in t
framework of the considered Sp(4,R) model scheme. The
energies of the levels classified in any singleF0 multiplet of
Sp(4,R) exhibit DN52 staggering behavior, while the leve
of more general odd-even multiplets provide respectiveDN
51 staggering patterns of their fifth order discrete deriv
tive. In both cases the general staggering magnitude is r
tively large for the light nuclear valence shells and consid
ably smaller for the valence shells of heavy nuclei.
addition, bothDN52 and DN51 staggering patterns o
heavy nuclei are characterized by relatively large amplitu
in the ends and their suppression in the middle region of
respective single and combined odd-evenF0 multiplets. On
the other hand, we find that theDN51 staggering effect is
by an order of magnitudestrongerand moreregular in form
than theDN52 staggering. For the odd-evenF0 multiplets
the staggering is inherent even for the energy difference
the neighboring states~9!, with F0 integer and half-integer
The weakest staggering effect is observed in the isoto
nuclear chains, where there is no oscillation of theDF0
values.

The application of the Sp(4,R) classification scheme pro
vides relevant physical interpretation of the experimenta
observedDN52 andDN51 staggering effects in terms o
the nucleon correlations in nuclear valence shells. TheDN
52 effect indicates very fine systematic behavior of nucl
3-8
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FIG. 4. The experimental and theoretical values~3! of the functions: ~a! Stg(2N), Eq. ~6!, for the multiplet F050 from
(50,82u82,126)1 ; ~b! Stg(1N), Eq. ~8!, for the odd-even multipletF05$0,1/2% from (50,82u82,126);~c! same as~b! for the F05$1,1/2%
from (50,82u82,126) forI 52; ~d! same as~c! for I 54; ~e! same as~c! for I 56.
054303-9
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collectivity associated with thesimultaneousadding of pro-
ton and neutron pairs (a-like clusters! to valence shells, rel-
evant to the effect of four-nucleon interaction. In theDN
51 staggering effect the situation is different. Here the fi
ing of valence shells is realized in two ways:~1! In the odd-
even multiplets by the alternate adding of proton and neu
pairs, which is reflected by the alternate change of theF0

values and thus strongly magnifies the staggering effect;
~2! in the isotopic multiplets by adding of only neutron pair
which gives a very small staggering.

In these two cases the observed effect is due to the pa
correlations, which are of lower order, but its magnitu
strongly depends on the charge fluctuations in the cons
tive adding of the nucleon pairs.

This analysis provides an indication of the different wa
of influence of the different orders of valence nucleon cor
lations ~pairing and quartetting! on the fine systematic char
acteristics of the nuclear collectivity.

The general formula for the yrast energiesEyrast(hk ,I ,v)
obtained for the even-even nuclei, as classified in the s
plectic multiplets reproduces rather accurately the exp
mental DN52 and DN51 staggering. The geometric pa
rameterv, introduced in@5#, not only unifies the description
of the energies of the ground-state bands of the spher
transitional and well-deformed nuclei, but also is the m
reason for obtaining the effects of the shape transitions
flected in both the staggering effects. The amplitude of
staggering generally follows the same trend asv, so it could
be considered as relevant characteristic of the type of co
tivity of nuclear spectra and the nuclear shape. In the reg
of the well-deformed nuclei, whenv51 the staggering ef-
fect is strongly suppressed, which is observed in the ra

FIG. 5. The theoretical energiesEyrast(N,v), Eq. ~3!, for dif-
ferent values of the parameterv and the real behavior of the ene
gies~thick line! for the specificv for the multipletF050 from the
shell (50,82u82,126).
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earth and actinide shells and is the reason for the larger s
in the light ones.

The generalizations of the interaction coefficienta$hk%,
Eq. ~4!, as functions of the classification quantum numbe
are important for the reproduction of the staggering effec
In the DN52 caseF0 is fixed, as well as in the isotopic
multiplets with DN51, while in the combined odd-eve
multiplets its values oscillate from state to state. This refle
in the larger values of the amplitudes and their regularity
the Stg(1N) function in the combined multiplets.

The investigation in this work, reveals once again that
symplectic classification scheme is rather convenient fo
generalization and reproduction of important physical pro
erties of the even-even nuclei. It also has a predicting pow
since in the consideration of the staggeringDN51 effects in
the last shell, we used experimental data@30#, which was not
included in the fitting procedure in@5#. As the ladder series
of the boson representations are infinite dimensional,
symplectic multiplets can be extended to the newly obtain
data for exotic nuclei and they can be considered as a
test for this kind of fine structure investigations. Moreov
the suggested quantitative analysis could provide a ra
fine estimation of the possible energy regions, where lo
lying collective excitations of exotic nuclei can be expecte
A perspective field of further elaborations is the physic
interpretation of the observed irregularities in the stagger
behavior.

In conclusion, the above results show that the investi
tion of the different types of the staggering effects based
a convenient classification scheme is a useful tool to und
stand not only the collective properties of the lowest state
even-even nuclei, but it also provides various quantitat
considerations on the fine structure of the changes in nuc
collectivity.
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FIG. 6. The experimental values ofD1E(N), Eq. ~9!, for the
odd-evenF05$1/2,1% multiplet from the shell (50,82u82,126).
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